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THE AMALGAMATION PROPERTY AND URYSOHN STRUCTURES IN
CONTINUOUS LOGIC

SU GAO'* AND XUANZHI REN

Abstract. In this paper we consider the classes of all continuous £-(pre-)structures for a continuous
first-order signature £. We characterize the moduli of continuity for which the classes of finite, countable,
or all continuous £-(pre-)structures have the amalgamation property. We also characterize when Urysohn
continuous L£-(pre)-structures exist, establish that certain classes of finite continuous L-structures are
countable Fraissé classes, prove the coherent EPPA for these classes of finite continuous £-structures, and
show that actions by automorphisms on finite £-structures also form a Fraissé class. As consequences, we
have that the automorphism group of the Urysohn continuous £-structure is a universal Polish group and
that Hall’s universal locally finite group is contained in the automorphism group of the Urysohn continuous
L-structure as a dense subgroup.

§1. Introduction. Continuous first-order logic was developed by Ben Yaccov
and Usvyatsov in [3] as a variant of the continuous logic studied by Chang and
Keisler [4]. This logic turns out to be very useful in the study of metric structures.
For instance, Ben Yaacov [1] proved that the linear isometry group of the Gurarij
space is universal among all Polish groups by viewing Banach spaces as continuous
first-order structures. Another example is the metric Scott analysis developed in [2]
where the infinitary continuous first-order logic is used.

This paper is a contribution to the continuous model theory as a theory of metric
structures. Previous developments of the continuous model theory have been done
mostly as a generalization of the classical model theory. In this paper, we take
the slightly different point of view of regarding the continuous model theory as a
generalization of the rich theory of separable metric spaces.

It is well known that there is a unique complete separable metric space that is both
universal (i.e.. containing a copy of every separable metric space as a subspace) and
ultrahomogeneous (see [18]). This space has been known as the universal Urysohn
metric space and has been denoted as U to emphasize its canonical nature. Built
on results of Katétov [13], Uspenskij [19] showed that the isometry group of U is
a universal Polish group. Thus one naturally wonders whether for any continuous
first-order signature £ there exists a Urysohn continuous £-structure, i.e., a complete
separable continuous L-structure which is both universal and ultrahomogeneous.
Moreover, if it exists, whether its automorphism group is a universal Polish group.
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2 SU GAO AND XUANZHI REN

It turns out that the answer depends on the continuous first-order signature L.
In general, a continuous first-order signature £ consists of relation symbols and
function symbols of various arities. In this paper, we consider continuous first-order
signatures £ with only finitely many relation symbols. Just as in a classical first-order
signature we do not formally include the equality relation = but consider it to be
a part of the logic, in continuous first-order logic we also tacitly include a symbol
d which is always interpreted as a metric on a continuous structure. For each n-ary
relation symbol R € £ and 1 < i < n, we also associate a modulus of continuity
ug,;. In an interpretation of R in a model (which is a function from the domain of
the model to the interval [0, 1]), R as a function of the ith coordinate is required to
be a uniformly continuous function with uz; as a modulus of continuity.

We will define two notions which are properties of the moduli of continuity
associated with a continuous signature £. They are called proper and semiproper,
the difference being wether the moduli of continuity for unary relation symbols in
L (if any) are upper semicontinuous. We will prove the following theorem.

THEOREM 1.1. Let L be a continuous signature with only finitely many relation
symbols, where all the associated moduli of continuity are nondecreasing. Then the
following hold:

(i) There exists a (separable) Urysohn L-structure iff L is proper.

(i) There exists a Urysohn L-pre-structure iff L is semiproper.

Here a continuous L-pre-structure is one in which the symbol d is interpreted
as a metric; in contrast, in a continuous £-structure d is interpreted as a complete
metric.

It turns out that properness and semiproperness also characterize the amalgama-
tion property for various classes of continuous £-structures. In particular, we have
the following theorems.

THEOREM 1.2. Let L be a continuous signature with only finitely many relation
symbols, where all the associated moduli of continuity are nondecreasing. Then the
following are equivalent:

(i) L is semiproper.
(ii) The class of all finite continuous L-pre-structures has the amalgamation
property.

(iil) The class of all finite continuous L-pre-structures has the strong amalgamation

property.

THEOREM 1.3. Let L be a continuous signature with only finitely many relation
symbols, where all the associated moduli of continuity are nondecreasing. Then the
following are equivalent:

(i) L is proper.
(i1) The class of all (countable) continuous L-pre-structures has the amalgamation
property.

(i) The class of all (countable) continuous L-pre-structures has the strong

amalgamation property.

We also define an intermediate notion of strong semiproperness between
semiproperness and properness, and characterize the amalgamation property of
the class of continuous L£-structures.
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THEOREM 1.4. Let L be a continuous signature with only finitely many relation
symbols, where all the associated moduli of continuity are nondecreasing. Then the
following are equivalent:

(i) L is strongly semiproper.
(ii) The class of all (countable) continuous L-structures has the amalgamation
property.
(iii) The class of all (countable) continuous L-structures has the strong amalgama-
tion property.

The separable Urysohn continuous L-structure will enjoy similar canonicity as
its classical counterpart, and thus we denote it by U,. Because U, is constructed
with a Katétov-style construction, it will follow from Uspenskij’s argument that the
automorphism group of U, is a universal Polish group.

We will also consider certain classes of finite continuous L-structures for
semiproper £ and show that they are countable Fraiss¢ classes. In particular,
we obtain a rational Urysohn continuous L-pre-structure QU in analogy with its
classical counterpart QU.

We will show that for any semiproper £ the class of all finite continuous
L-structures have the coherent EPPA. EPPA stands for the Extension Property for
Partial Automorphisms and is a term coined by Hrushovski when he first showed
the EPPA for graphs (see [11]). Later on, the EPPA has been proven for a great
number of classes of structures, most notably for classical finite relational structures
(Herwig—Lascar [10]) and for finite metric spaces (Solecki [17]). For a survey of
recent results on EPPA see [12]. Siniora—Solecki [16] defined the coherent EPPA
and proved it for a large number of classes of classical structures. Here we prove the
following theorem.

THEOREM 1.5. Let L be any semiproper continuous signature. The class of all finite
continuous L-structures has the coherent EPPA.

It turns out that the (coherent) EPPA for the class of all finite continuous
L-structures is essentially equivalent to the semiproperness of L.

The method of Herwig-Lascar made deep connections between properties of free
groups and extensions of partial automorphisms or group actions. These group-
theoretic properties were studied further by other authors, including Coulbois [5],
Rosendal [14, 15], and Etedadialiabadi—Gao [6, 7]. These investigations culminated
in [8] to show that the actions by automorphisms of finite groups on finite classical
relational structures form a Fraissé class. Here we prove an analogous result for
continuous structures as follows.

THEOREM 1.6. Let L be any semiproper continuous signature. The class of all
actions by automorphisms of finite groups on finite continuous L-structures form a
Fraissé class. Consequently, if L is proper, the automorphism group of Uy contains
Hall’s universal locally finite group H as a dense subgroup.

The rest of the paper is organized as follows. In Section 2 we recall some
basic definitions. In Section 3 we define properness, semiproperness, and strong
semiproperness for continuous first-order signatures and prove Theorems 1.2-1.4. In
Section 4 we give a Katétov-style construction of the Urysohn continuous structure
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4 SU GAO AND XUANZHI REN

for a proper continuous first-order signature. In particular, we prove Theorem 1.1.
In Section 5 we consider certain classes of finite continuous structures and show that
they form countable Fraissé classes. We also show that the completion of QU is
isomorphic to Uz when L is proper. In Section 6 we prove Theorem 1.5. In Section 7
we prove the first half of Theorem 1.6. For this the main effort is to prove an analog of
a theorem of Rosendal on finite approximations of actions on continuous structures.
In Section 8 we prove the second half of Theorem 1.6.

§2. Preliminaries. We first recall some basic definitions in continuous first-order
logic. This is mostly following [3] but we do deviate at various places for the
convenience of our presentation.

DEFINITION 2.1.

(i) A modulus of continuity is a function
u: (0,00) — (0, 00]

such that lims_,o u(6) = 0.

(ii) Letu be a modulus of continuity. Let (X7, d;) and (X>. d>) be metric spaces.
We say that a mapping f : X| — X3 is uniformly continuous with respect to u
(or simply that f respects u) if for all x, y € X7, we have

dr(f(x). f(¥)) <uldi(x.p)).

Whenever convenient, we consider a modulus of continuity function u to be
defined at 0 and set u(0) = 0. Then u is continuous at 0. If f respects a modulus of
continuity u, then by redefining

W (0) = supu(r)
<0
we get that u’ is nondecreasing but still a modulus of continuity that f respects. Later
when we consider superadditive and upper semicontinuous moduli of continuity,
this redefinition with the supremum operation can still keep the superadditivity
and upper semicontinuity, respectively, and at the same time makes the modulus
of continuity nondecreasing. So throughout this paper we assume that all of the
moduli of continuity we consider are nondecreasing.

DEFINITION 2.2.

(i) Afunctionu : [a,b] — Rissubadditiveifforallx. y € [a,b].iff x + y € [a. b].
then

ulx +y) <ulx) +u(y).

(ii) A function u : [a, b] — R is superadditive if for all x,y € [a.b], if x + y €
[a, b], then

ulx +y) = ulx) +u(y).

(iii) A function u : [a.b] — R is upper semicontinuous if for all x € [a.b] and
&> 0, there is d > 0 such that for all x’ € (x -4, x +J) N [a, b], we have
u(x’) < u(x)+e.
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It is easy to see that if u : [0, ] — R is superadditive and nondecreasing then u
is strictly increasing. For a nondecreasing u : [a, b] — R, u is upper semicontinuous
iff for all x € [a, b, lims_,¢+ u(x +J) = u(x). The following lemma is also easy.

LemmA 2.3. Let u be a modulus of continuity and ¢ >0 be such that u is
nondecreasing and superadditive on [0, c]. Let a = u(c). Defineu* : [0, a) — [0.c] by

u*(z) =inf{r € (0,c] : t <u(r)}.

Then uw*(0) = 0 and u* is a subadditive, nondecreasing, and upper semicontinuous
function. Moreover,

(1) u* is continuous at 0,
(2) forallr €0, c], w*(u(r)) = r, and
(3) if'wis upper semicontinuous, then for all t € [0, a), u(u*(¢)) > t.

DEFINITION 2.4. A continuous (first-order) signature consists of

(i) A specific binary predicate symbol d, known as the distance symbol.

(ii) A set of relation symbols, each with a finite arity, such that for each n-ary
relation symbol R and for each 1 < i < n there is a modulus of continuity
ug,;, which we call the uniform continuity modulus of R with respect to the
ith argument.

(iii) A set of function symbols, each with a finite arity, such that for each n-ary
function symbol F and for each 1 < i < n there is a modulus of continuity
ug;, known as the uniform continuity modulus of F with respect to the ith
argument.

When we speak of a continuous signature £, it is customary to omit the distance
symbol d and consider only the relation symbols and function symbols as elements
of L.

DEerINITION 2.5. Let £ be a continuous signature. A continuous L-pre-structure
M is a set M together with an interpretation d™ for d, R™ for every relation symbol
Rin £, and FM for every function symbol F in £, such that:

(i) d™ is a metric on M;
(ii) for each m-ary relation symbol R, RM™ : M" — [0, 1] is such that for each

I <i<nandforall xi,...,x; 1, ), 2, Xix1,... Xy € M,
|RM (X1, coe s Xi1s u X1 e X)) —
ucC
RM (X1, Xi 1, 20 X1, e s X)| S ugi(dM (3, 2)): (UCe)

(iii) for each m-ary function symbol F, FM : M" — M is such that for each
Il <i<mandforall xp,....x; 1, .2, Xj41,... Xn € M,

AM(FM (X, oo Xi12 Y Xig 1 oo X))
FM(xla s Xj-1, Z, xi+1v cee axn)) < uFl(dM(yJZ))'

A continuous L-structure is a continuous £-pre-structure in which d* is a complete
metric.

Note that in [3] the interpretation d* in an L-pre-structure M can be a pseudo-
metric instead of a metric. Our definition here is more restrictive. Also, in this paper
we will be considering relational continuous structures, that is, those continuous
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L-structures for which the continuous signature £ does not contain function
symbols. Thus only the moduli of continuity ug; for relational symbols R € £ will
be of interest to us. For this reason we use (UC,) to denote the uniform continuity
conditions only for relation symbols.

DEerINITION 2.6. Let £ be a continuous signature and M be a continuous
L-pre-structure. We say that M is finite, countable, separable, etc. if (M.dM) is
finite, countable, separable, etc. respectively.

Note that a finite continuous L-pre-structure is necessarily a continuous
L-structure. In general, given a continuous signature £ and a continuous L-pre-
structure M, one may consider the completion (M,d™) of (M.d™) and define,
for any relation symbol R € £ and function symbol F € £, RM™ and FM naturally.
However, the resulting structure might not satisfy (UC,) and hence might not be
a continuous L-structure. Under the assumption that all the moduli of continuity
associated with £ are upper semicontinuous, one can deduce (UC.) and obtain a
continuous L-structure by completion.

DErFINITION 2.7. Let £ be a continuous signature and M, N be continuous
L-pre-structures. We say that N is a substructure of M if all of the following hold:

(i) NC M:
(ii) dM (N x N) =d"V;
(iii) for each n-ary relation symbol Rin £ and for all uy. ..., u, € N,
RM (uy,....uy) = RN (uy. ... uy,);
(iv) for each n-ary function symbol F in £ and for all u;. ....u, € N,

FMup,ooup) = FN(up, ... up).
When N is a substructure of M, we also say that M is an extension of N.

Note that in case M and N are continuous £L-structures, from the requirements
of completeness of the specified metrics, it follows that the domain of a substructure
N is necessarily a closed subset of the domain of the ambient structure M.

DeriNITION 2.8. Let £ be a continuous signature and M., AN be continuous
L-pre-structures. An isomorphism from M to N is a bijection ¢ : M — N such

that:
(i) ¢ is anisometry from (M.d™) to (N.d"):
(i) for each n-ary relation symbol R in £ and for all x1, ..., x, € M,
RM(x] AR xl’l) = RN(SO(XI)' cee ()D(xn))
(iii) for each n-ary function symbol F in £ and for all xi....,x, € M,

(FM(x1cooxn) = FY (p(x1). e (x0))-

An isomorphism from M to itself is called an automorphism. The set of all
automorphisms of M is denoted Aut(M).

DErFINITION 2.9. Let £ be a continuous signature and M, A be continuous
L-pre-structures. An isomorphic embedding from N into M is an isomorphism
from N to a substructure of M.
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DeFINITION 2.10. Let £ be a continuous signature and M be a continuous
L-pre-structure. A partial isomorphism of M is an isomorphism p from N7 to N5,
where NV and N, are substructures of M. The set of all partial isomorphisms of M
is denoted Part(M).

§3. Characterizations of amalgamation properties. Throughout the rest of the
paper we consider continuous signatures with only finitely many relation symbols.
In this section we give characterizations of those moduli of continuity associated with
a continuous signature £ for which the classes of finite, countable, or all continuous
L-structures have the amalgamation property.

We first recall the definitions of the amalgamation property and of the strong
amalgamation property.

DeFINITION 3.1. Let £ be a continuous signature and X be a set of continuous
L-pre-structures.

(i) K hasthe amalgamation property (AP)if forany M, P, Q € K and isomorphic
embeddings ¢ : M — Pand y : M — Q, there exist N € K and isomorphic
embeddings 1: P - N and 7:Q — N such that iop =70y, ie., the
following diagram commutes:

The continuous L-pre-structure A is called an amalgam of P and Q over M.
(ii) K has the strong amalgamation property (SAP) if in the above definition we

have in addition that

range(z) Nrange(tr) = range(z o ) = range(z o w).
Our characterizations will involve the following definition.
DEermNITION 3.2. Let £ be a continuous signature with only finitely many relation
symbols, where all the associated moduli of continuity are nondecreasing.

(i) L is semiproper if:

e foranyn-ary R € Land 1 <i < n,

Igi = {r €[0,400) : ug;(r) <1}

is bounded, and ug ; is superadditive on /g ;; and
o for any n-ary R € £, where n > 2, and 1 < i < n, there is Kg; > 0 such
that ug ;(r) = Kg;r forallr € Ig;.
(i) L is proper if L is semiproper and each ug; is upper semicontinuous on /Ix ;.

The amalgamation property requires a method to construct extensions of partially
defined continuous structures to fully defined ones. In the following we first develop
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this method. For this, we fix a continuous signature £ with only finitely many relation
symbols, where all the associated moduli of continuity are nondecreasing.

DEerFINITION 3.3. Let (X, d¥) be a metric space and u be a nondecreasing modulus
of continuity. For any x, y € X, define a pseudo-metric on X by

m

d¥(x.y) = inf{Zu(dX(zil,zi)) P20 = X2l Zy =V EX

i=1

DEFINITION 3.4. Let (X, d") be a metric space and let R € £ be n-ary. Define
dR Y 7 Z d xl s yl

forx = (x1.....x,). 7 = (V1. ..., yn) € X",
For each n-ary R € L, dj is a pseudo-metric on X".

LemMA 3.5. Let (M, dM) be a metric space with RM defined on M" for all n-ary
Re L. Then M = (M, dM_ (RM)rer) is a continuous L-pre-structure, i.e., (UC,)
holds for M iff for any n-ary R € L, RM is 1-Lipschitz with respect to d}!.

PROOF. Suppose R € L is n-ary and R is 1-Lipschitz with respect to d}’. Let
X.y € M" only differ at the ith coordinate. Then

[RM (%) - RM ()| < dyy, (xi. yi) < upi(d™ (xi. pi).

Conversely, suppose (UC,) holds for M for n-ary R € L. Let X.7 € M". For
0< p<n,let

20 = (X1 oo . Xpo Ypids e Vi)
Foreach 1 <i < n,letw;p = x;,wi1,....Wwim = i € M be arbitrary and let
il = (X1 oo s X1 Wi j Vil eoe s Vi)
for 0 < j < m;. Then
R (%) Z\RM () - RM (@)

< Z Z [RY (Z71) — RM(z%)]
i=1 j=1

m;

Z > g (dM (wi . wy).

i=1 j=1

Taking the infimum among all w;y. ..., w;m; . we get

|RM( ZduR, Xi, .Vz dR (Y )_/) -
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DEFINITION 3.6.
(i) A partially defined continuous L-pre-structure is a tuple

X =(X.d¥, (R )rer).

where (X, d*) is a metric space. and for each n-ary R € £, R : dom(R¥) —
[0.1] is a function with domain dom(R*) C X" which is 1-Lipschitz with
respect to djp .

(ii) Let X be a partially defined continuous £-pre-structure. A continuous £-pre-
structure M is a conservative extension of X if (M,d™) = (X,d”*) and for
any R € £, RM[dom(R¥) = R¥.

LeEMMA 3.7. Any partially defined continuous L-pre-structure has a conservative
extension.

Proor. Let X be a partially defined continuous L-pre-structure. Define
(M, dM) = (X.d*) and for any n-ary R € £ and X € M", define

RM(x) = max{0.sup{R¥ (¥) —d} (x.7) : 7 € dom(R")}}.

It is clear that if ¥ € dom(R¥). then R (¥) = R¥ (xX).

To complete the proof, it suffices to verify that M satisfies (UC. ). By Lemma 3.5
it suffices to show that for any n-ary R € £, R™ is 1-Lipschitz with respect to
d. Suppose X,y € M". Assume toward a contradiction that R (¥) - RM (y) >
dp (x.7). Let ¢ > 0 such that

RM(x) - RM(3) > dY (X.7) +e.

In particular RM (X) > 0. By the definition of RY (¥) there is Z € dom(R¥) such

that
RY(Z) -di (x.2) > RM(X) —e.
Then
RY(Z) - RY(3) = R*(2) - RM(3) + RY(3) - RY (7)
>dY(X.2)—e+df (X.7) +¢
> di (Z.7).
Thus R¥(Z) - di (z.7) > RM (7). contradicting the definition of RM (7). .

We are now ready to prove the first characterization.

THEOREM 3.8. Let L be a continuous signature with only finitely many relation
symbols, where all the associated moduli of continuity are nondecreasing. The following
are equivalent:

(1) L is semiproper.

(2) The class of all finite continuous L-structures has the AP.

(3) The class of all finite continuous L-structures has the SAP.

PrOOF. We prove the implications (1)=(3) and (2)=(1).
For (1)=-(3). let M, P, Q be finite continuous L£-structures, and let ¢ : M — P
and y : M — Q be isomorphic embeddings. To ease notation we regard ¢ and y
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as identity maps. Let X be the disjoint union of M, P\ M. and Q \ M. Define a
metric d* on X by the obvious definitions except forx € P\ M and y € Q \ M we
set

d¥(x.y) =inf{d"(x.z) + d%(z.y) : z € M}.

For an n-ary R € £. R¥ is naturally defined on dom(R¥) = P" U Q".
We verify that X = (X,d¥,(R¥)res) is a partially defined continuous
L-pre-structure. For this, fix an n-ary R € £ and consider X = (x1, ..., x,).

¥ = 1. ... yu) € dom(RY).
First suppose n = 1. In this case we claim that for any u,v € P U Q.

[RY (u) = R* (v)| < ug1(d* (u,v)).
From the claim it follows quickly that
|R¥(x1) = R*(31)] < dg (x1.3).

To prove the claim, we only need to consider the situation where u € P\ M and
v € Q\ M. Note that forany z € M,

R¥ ()~ R¥(0)] < |R¥ () ~ R¥(2)| + |R¥ (=) - R¥(v)|
— |R”(u) - R”(2)| + |R2() - RO(w)
Supi(d’(u.z)) + ug1(d9(z.v))
by (UC,) for R” and R2. If d¥ (u.v) ¢ Ix . then we certainly have
|RY (1) — R* (v)| < 1 <ugy(d¥(u.v)).
Otherwise, we may consider only those z € M with d”(u.z) + d9(z.v) € Iz. By
the superadditivity of ug; on Iz, we have
|R¥ (u) = R* (v)| < up1(d(u.2) + d9(z.0)).

Taking the infimum over such z € M. and noting that M is finite, we have by the
monotonicity of ug | that

[R* (1) - R¥ (v)] < uga(d™ (u,0)).

Next suppose n > 2. In this case we have that for all 1 < i < n, there is some
Kg; > 0 such that ug;(r) = Kg;r for all r € Ig;. It is easy to check that for any
u,v e P,

dej(u,v) = de_l_ (u.v) = Kp;d? (u.v).

Similarly for u,v € Q. From these, the cases when X,y € P" and X,y € Q" quickly
follow from Lemma 3.5.
Next we consider the case where X € P" and y € Q". Define
So={i : x;.yi € M},
Si={i :x;e P\M,y; € M},
SH={i:x;eMy, € Q\ M},
Si={i:x;e P\M,y; € Q\ M}.
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Define 7 = (uy.....u,).v = (v1.....v,) € dom(R¥) by

w = x;, ifieSuUSs,
P )y, ifieSoUSy,

and

o)X ifi €S>,
v vi. ifi e SouSuUsSs.

Given any z € M", by Lemma 3.5 we have
[R¥ (@) - RY(0)| < [R* (@) - R¥ ()| + |RY(Z) - R* (0))]
<di(@.z)+d2(z.v)

n n
= deR_i(”iy zi) + ZduQR_, (zi vi)
i=1 i=1

=Y Kri(d®(u;. zi) + d2(zi.v)).
i=1
Taking the infimum over all Z € M", we get that
|RY () ZKR, (u;, v; —Zdi;j(u,-,vi)zdg(ﬁj).
i=1

Thus
IR¥ (%) - RX@)\
|R¥(X) - R*(u)| + |R* (u) - R* (V)| + |R* () - R*(7)|
X.u) +dp (u.v) +dy (v.7)
d

di (
Doodl Gy + Y dl y) + ) dl (xi i)
ieSyuU

S €Sy i€S,
_aX (% T
=dp (X.7).

We have thus completed the verification that X is a partially defined continuous
L-pre-structure. Applying Lemma 3.7 to X', we obtain a conservative extension A/
of X. This N satisfies the requirements of the strong amalgamation property.

(2)=(1). Let R € L be n-ary and 1 < i < n. We claim that

<
<
<

ugi(ri +r2) = ug;(r1) + ugi(ra)
for all ri,r, >0 with ri +m €lg;, ={r: ug;(r) < 1}. To prove the claim, let
r1.r2 > 0 so that r| + r, € Ig;. Consider finite continuous L-structures M, P, Q
where for all R’ € £ with R’ # R, the values of R'M R'T R'C are identically 0,
and
o M = {xo}. RM(X) = ug,(r1) where X = (xq.....xq) € M":
o P ={xp.x1}.d"(xg.x1) = ri.and forall 7 = (y1.....y,) € P".

p— _ Juri(r). if y; = xo.
R*(y) = {0, otherwise;
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e 0 ={x0.x2}.d9%(x9. x2) = ro. and for all 7 = (yy..... y,) € O".

RO() = ug,i(r). if yi = xo.
min{1,ug;(r;) +ug;(r2)}, otherwise.
Let AV be an amalgam of P and Q over M. Let X’ be obtained from X by replacing
the ith coordinate of X by x{, and similarly X" be obtained from X by replacing the
ith coordinate of X by x,. Then by the monotonicity of ug;, we have

min{lvuR,i(rl) + uR_]j(Vz)} = |RN(Y/) _ RN (Y//)|
<ugi(dN(x1.x2))
Suri(d?(x1.x0) +d®(x0.x2) = upi(r1 + r2).

Since ug;(r1 + r2) < 1, we have ug; (r1) + ug,;(r2) < ug;(r; + ry) as desired.

It follows that I ; is bounded. In fact, if Iz ; were unbounded then Iz ; = [0, +00)
and M = sup{ug;(r) : r >0} < 1. Let r, 7, > 0 be such that ug;(ry), ug;(r) >
M/2. Then ug;(ry + r2) > M, contradicting the definition of M.

For the rest of the semiproperness of L, suppose n > 2. Without loss of
generality consider i = 1. The proof for 1 < i < n is similar. Let |, r, be such that
ri +ry € Ig;. Letr > r; + rp be an upper bound for I ,. Consider finite continuous
L-structures M, P, Q where for all R’ € £ with R’ # R, the values of R’ R'”,
R'? are identically 0, and

o M = {xg.up}, dM(Xo,uo) =ry+r;, RM(X) =0forallx € M";

o P ={xq.up.x1}.d¥(x0.x1) = d® (ug. x1) = r>ry +ra.

p— _ Juri(ri4+r). if yi =xand y, = xi.
RU(y) = {0, otherwise;

e O = {x0.up.x2}. d9(x0.x2) = r1. d%(ug. x) = r,. R2(Z) = 0 forall z € Q".
Let AV be an amalgam of P and Q over M. Let
72 (X().,X(), ,X().,Xl) S P,
7/ = (uo,Xo, ...,X(),Xl) c P,

Then
ug1(r +r2) = [RY(¥) - RV ()|
<|RY(3) - RY(w)| + |RY (w) - RN (7))
N

)
=ug1(r) +ugi(r).

Thus we actually have ug 1(r; +r2) = ug1(r;) + ug(rz) for all r; +r, € Iz . This
implies that there is K| > 0 such that ug ((r) = K7 forall r € I . 4

THEOREM 3.9. Let L be a continuous signature with only finitely many relation
symbols, where all the associated moduli of continuity are nondecreasing. The following
are equivalent:

(1) L is proper.

(2) The class of all countable continuous L-pre-structures has the AP.
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(3) The class of all countable continuous L-pre-structures has the SAP.
(4) The class of all continuous L-pre-structures has the AP.
(5) The class of all continuous L-pre-structures has the SAP.

ProoF. The proof of (1)=(3) follows exactly the same proof of (1)=>(3) of
Theorem 3.8, except in the last step of the verification of the 1-Lipschitz property
for the unary relation symbol. instead of using the finiteness of M we use the upper
semicontinuity of ug . The proof of (1)=-(5) is identical.

Conversely, for (2)=(1) or (4)=(1), we make the following observation. If R € £
is unary and not upper semicontinuous at ry € I, then choose some #y € (0, 1) such
that

uRﬁl(}"o) <1< min{inf{uRﬁl(r) r> ro}, 1}

Consider countable continuous L-pre-structures M, P. Q where for all R’ € £
with R’ # R, the values of R'M R, R'? are identically 0, and
oM ={x; :i>1},dM(x;x;)=27"-27| foralli,j > 1, and RM(x¢) =0
foralli > 1;
e P=MU {XO}, dP(X(),Xl') =ro+ 27, RP(X()) = 1p:
© 0 =MU{y}.d%yo.xi) =27, R%(y) = 0.
Let A/ be an amalgam of P and Q over M. Then

ro = [d™ (xo0. xi) — d™ (yo. x;)| < d" (xo. y0)
< dN(xo.xi) +d™ (po. x;) = rg + 271!
foralli > 1. Letting i — oo. we get d"(xg. yo) = ro. Now

to = |RY (x0) — R (yo)| < ur1(d™ (x0. y0)) = ur1(ro).
a contradiction. -

Finally we give a characterization the AP and the SAP for the class of all
(countable) L-structures. For this we need to introduce the following notion of
strong semiproperness.

DEeFINITION 3.10.  Let £ be a continuous signature with only finitely many relation
symbols, where all the associated moduli of continuity are nondecreasing. We say
that L is strongly semiproper if L is semiproper and for any unary R € Landr,r, > 0
withry +r € I,

uri(r1 +r2) = inf{ur (r) : r>r}+inf{ugi(r) : r>nr}.

It is obvious that strong semiproperness implies semiproperness, and it is easy to
see that properness implies strong semiproperness.

THEOREM 3.11. Let L be a continuous signature with only finitely many relation
symbols, where all the associated moduli of continuity are nondecreasing. The following
are equivalent:

(1) L is strongly semiproper.

(2) The class of all countable continuous L-structures has the AP.

(3) The class of all countable continuous L-structures has the SAP.
(4) The class of all continuous L-structures has the AP.
(5) The class of all continuous L-structures has the SAP.
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Proor. The proof of (1)=(3) again follows exactly the same proof of (1)=-(3)
of Theorem 3.8, except that we need to modify the argument in the last step of the
verification of the 1-Lipschitz property for the unary relation symbol. First we note
that the metric space (X, d¥) is complete if both (P, d”) and (Q.d?) are complete,
and countable if both P and Q are countable. Let R € £ be unary, u € P\ M and
v e Q\ M. Then

|R¥ (u) - R* (v)| < inf{ug)(d(u,2)) +ur1(d(z.v)) : z € M}.
We may choose {z,} C M such that

d¥(u.v) =inf{d"(u.z) +d%(z.v) : z€e M} = li’{n (d”(u.zy) +d?(zy.v))

and both {d*(u.z,)}, and {d?(z,.v)}, are monotone. Let
o= lizndp(u, z,) and r, = lirIlndQ(u,z,,).

If r1 + r» & Ig1 then we have

IR (u) = R* (v)| < uga(ri +r2) = ug1(d* (u.v)).
Suppose r; + 1y € Ig 1. Then

|R¥ (1) — RY (v)| < inf{ugi(df(u.z)) +ug1(d%(z.v)) : z € M}
< lim (upa (d” (. 2)) + ur1(d% (2. v)))

inf{ugi(r) : r>r}+influg(r) : r>nr}

ug1(r1 4 r2) = up 1 (d* (u.v)).

NN

The proof of (1)=-(5) is identical.

Conversely, we prove (2)=-(1) and (4)=-(1). By the proof of (2)=(1) of
Theorem 3.8, £ is semiproper. To see that £ is strongly semiproper, let R € £
be unary and let r, 7, > 0 be such that r| + r, € Ig ;. Without loss of generality
assume r; <. Let M = {x, : n € N} be a countably infinite set and define
dM(x,.x,) = r for all distinct n,m € N. Define R™(x) = inf{ug(r) : r>r}
for all x € M and for any other R € £. let R be identically 0. This defines a
countable continuous L-structure M. Let P = M U {y} where y is a fresh point.
Define d¥(x,.y) = (14+2")r for all n € N, R¥(y) =0. For R € L. let R” be
identically 0. This defines a countable continuous £-structure P that is an extension
of M. Let Q = M U {z} where z is a fresh point. Define d9(x,, z) = r, +27r; and

R9(z) = min {1.inf{ug (r) : r>r} +inf{ug (r) : r>r}}.

For R € L. let R2 be identically 0. This defines a countable continuous £-structure
Q that is an extension of M. Let N be an amalgam of P and Q over M. Then for
anyn € N,

dN(y»Z) < dp(xn,y)+dQ(xn,Z) = rl +r2_~_2*l’l+1r1.

Since 7 is arbitrary, we have d N y.z) <1y +r2. Then
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min {1, inf{ug(r) : r>r}+inf{ug (r) : r>r}}
= |R%(z) - R"(y)| = [R(z) - RV ()]
= up1(d¥(.2)) uri(r +ra).

This shows that L is strongly semiproper. -

§4. Urysohn continuous structures. In this section we give a Katétov-style
construction of a Urysohn continuous L-structure for any proper continuous
signature £. This will not only establish the usual properties of the Urysohn
structure such as universality, ultrahomogeneity, and uniqueness, but also prove
that its automorphism group is a universal Polish group.

Throughout this section we assume that £ is a proper continuous signature unless
explicitly stated otherwise. For each unary R € L, the modulus of continuity ug | is
nondecreasing, superadditive, and upper semicontinuous on /g ;. As in Lemma 2.3,
we define u}, : [0.1) — Ig 1. which is in particular subadditive on [0. 1). For n-ary
R € L where n > 2, we fix Kg; >0 for 1 <i < n so that ug;(r) = Kg;r for all
r € Ip;.

DEerFINITION 4.1. Let £ be a proper continuous signature, M, N, U be continuous
L-pre-structures, and K a class of continuous L-pre-structures.

(i) N is a one-point extension of M if M is a substructure of N and N \ M is a

singleton.

(ii) U has the Urysohn property if given any finite continuous £-structure M, a
one-point extension A" of M, and an isomorphic embedding ¢ from M into
U, there is an isomorphic embedding w from N into U such that w [ M = ¢.
We say U is Urysohn if it satisfies the Urysohn property.

(ii1) U is universal for K if for any M € K there is an isomorphic embedding from
M into U.

(iv) U is ultrahomogeneous if for any finite substructures M and A of I and an
isomorphism ¢ between M and N, there is an automorphism y of U such
that w[ M = o.

Given a proper continuous signature £, let
KE = the class of all finite continuous £-structures
and

ICS’CCP = the class of all separable continuous L-structures.

By a standard argument, a separable continuous L-structure has the Urysohn
property iff it is ultrahomogeneous and universal for ICffn. In this case, it is in
fact universal for ICS‘ép and unique up to isomorphism.

By Theorem 3.9, the class of all continuous L£-pre-structures has the SAP. We
call the continuous L-pre-structure A/ constructed in the proof of Theorem 3.9 the
canonical amalgam of P and Q over M.

DEFINITION 4.2. Let M, N be continuous L-pre-structures such that M is a
substructure of A'. N is said to be a finitely supported extension of M if there is a
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finite subset F C M such that, letting F be the substructure of M with domain F
and A be the substructure of A" with domain 4 = F U (N \ M), N is the canonical
amalgam of A and M over F. In this case the set F is called a finite support of N
over M.

We will be working with finitely supported, one-point extensions of continuous
L-pre-structures. In the following first step, we focus on one-point extensions.

4.1. One-point extensions. In this subsection we study one-point extensions of
continuous L-pre-structures and their amalgams.

Fix a continuous L-pre-structure M. If A/ is a one-point extension of M, we
denote the unique element of N \ M by x. Conversely, if x is the unique element
of N\ M, we also denote ' by M.

If M, and M, are two one-point extensions of M, consider the map
0 My — M, with ¢(x) =y and ¢(z) = z for all z € M. Define an equivalence
relation x ~ y if ¢ is an isomorphism between M, and M, as continuous
L-pre-structures.

Let £E(M) be the collection of all x, for one-point extensions A" of M. Let
E'(M) be the quotient space E(M)/~. In E’(M) we identify ~-equivalent x and
y and consider them the same object, and write x = y. Finally, let

EM)=MUE' (M)

be the disjoint union of M and E'(M).

We define a continuous L-pre-structure on E(M) as follows. For any n > 1,
x.y € EIM)andu = (uy, ..., u,) € E(M)", defineu(y|x) = (v1,...,v,) € E(M)"
by letting, for 1 <i < n,

{ui, if u; # x.
v = .
y, ifu; = x.

Also, foru € E(M)", let

7l = Y Ke..

u,'QM
For x,y € E(M), define a metric d% (x, y) so that

dM(x,y), ifx,yeM,
df(x,y) ={dM=(x.y). ifxc E'(M)andy € M,
dMv(x.y). ifxe M andy € E'(M).

If x,y € E'(M), we define

u(x.y) = max {ul  (|[R*(x) - RM(p)|) : R € Lisunary}.
p(x.y) = sup {|[u] | R (@) - R™ (@(y|x))| :

we M!\M" R e Lisn-ary forn > 2},
Ax.y) =sup{|d™(x.z) —d™ (y.2)| : z € M}.

https://doi.org/10.1017/js1.2024.26 Published online by Cambridge University Press


https://doi.org/10.1017/jsl.2024.26

AP AND URYSOHN STRUCTURES IN CONTINUOUS LOGIC 17

and

d¥(x.y) = max{u(x.y). p(x.y). Alx.y)}.
LemMA 4.3. d% is a metric on E(M).

PrOOF. We verify thatif € (x, y) = 0 then x = y. This is clear when at least one
of x, yisin M. Assume x, y € E'(M). Letp : M, — M, be the map with ¢(x) = y
and p(z) =z forallz € M. If d¥(x.y) =0 then u(x.y) = p(x.y) = Alx.y) = 0.
which implies that ¢ is an isomorphism between M, and M, as continuous L-pre-
structures. Thus x = y.

Note that u satisfies the triangle inequality because by Lemma 2.3 uj, is
subadditive for unary R € £. Forall x,y.z € E'(M). d(x.y) +d(y.z) > d(x.z),
because all of u, p and A satisfy the triangle inequality. Also, it is easy to
verify that max{u(x. y). p(x.y). A(x. y)} <inf {dM(x.z) +d™ (y.z) : z € M},
thus d ¥ also satisfies the triangle inequality. —

Define (X.d*) = (E(M),d*) and for any n-ary R € £ define R¥ naturally on
dom(R¥) = U{Mf :x € E'(M)}.

LeMMA 4.4. X = (X.dX.(RY)rer) is a partially defined continuous L-pre-
structure.

PrOOF. We verify that for any n-ary R € £, R¥ is 1-Lipschitz with respect to dz .
Suppose first n = 1. It suffices to show that for any x. y € E'(M),

[RY(x) = R (y)] < uri(d¥(x, p)).
For this, note that by Lemma 2.3(3), we have
[RY(x) = R (y)| = [RM (x) = R™ (y)]
ug. (ug ([RY (x) = RM(y))))

ri(u(x.y))
r1(d¥(x.y)).

Next suppose n > 2. The statement follows from Lemma 3.5 in all cases except
whenu € M} \ M", v € M} \ M" for distinct x, y € E'(M).
Suppose # = (uy.....u,).v = (vy....,v,) are given as above. Let

N

u
u

NN

Soz{i:ui,viGM},

Si={i :uy=x,v, € M},

Szz{i:uiGM,vi:y},

Sy={i 1 u; =x.v; =y}
Define w = (wy, ..., w,) € M by

o ui ifi e SUSs,
Wi = v;, 1ifieSyuUsS;.
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Then
|RY (@) - R"(E)\
< [R¥(@) - RY ()| + |RY (@) - R*(@(y|x))| + [R¥ (w(y|x)) - R*(¥)]
<dg (@ U)Jrllwllp(x y) +di (@(y|x). )
< Krid® (u;, v; +ZKRJ-d Ui, v +ZKR, (uj. v;)
i€SHUS i€S;3 i€S)
= dj (@.7)
as required. .

By Lemma 3.7 we obtain a continuous L-pre-structure which is a conservative
extension of X. We denote this continuous L-pre-structure as

EM) = (E(M).d*, (R¥)rer).
From the proof of Lemma 3.7, we have that for any n-ary R € Land X € E(M)",
R*(X) = max { 0. sup{R™ (@) —dg (X.%) : y € E'(M).u € M}}}.
4.2. Finitely-supported one-point extensions. In this subsection we turn to finitely-
supported one-point extensions.

Suppose M, is a one-point extension of M with finite support F C M. Then
M is a canonical amalgam of M and F, over F. This implies that forany y € M,

dMx(x,y) = inf{d™(x.z) +dM(z.y) : z € F}.

and for any n-ary R € L wheren > 2andu € M,
RMx () = max{O sup{ RM~ (%) — d " (u. ) :EEF;’UM"}].

We define
EM,w)=MU{x € E'(M) : M, is a finitely-supported
one-point extension of M },

and let £(M, w) be the substructure of £(M) with domain E(M, ).

THEOREM 4.5. Let L be a proper continuous signature and M be a continuous
L-pre-structure. If M is separable, then so is E(M, ).

Proor. Let N be the largest arity of all R € L. Let K be the least of all Kg; for
n-ary R € Lwheren > 2and 1 < i < n. Let J be the largest value of all Kz ;/K for
n-ary R € Lwheren >2and 1 <i < n.

Let D be a countable dense subset of M. Let

V ={d™(x.y).RM(u) : x.y € D.u € D".R € L is n-ary}.

and let G be the additive subgroup of R generated by V' U Q. Then G is a countable
dense subset of R.
We say that a continuous L-pre-structure A is G-valued if

{d*(x.y).R (u) : x.y € A.u € A". R € Lisn-ary} C G.
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Let
B = {x € E'(M) : thereis a finite support F C D for M,
such that Fy is G-valued}.
Then B C E(M,w) N E’(M) is countable. It suffices to show that B is dense in
EWM.0)NE'(M).
Let x € E(M,w)NE'(M) and 1 > ¢ > 0. Suppose 4 = {ag. ....an} C M is a
finite support of M, such that

d™(x.a0) = d™(x.a1) = - = d"*(x.ay) > 0.

Let
0 =min{d™(y,z) : y#Az€ A, =AU{x}}>0.
Choose
emin{l,0} min{1. K}
0
SOS T omronN
Then
¢ < min min{e, 0} & Ked
0 9m+9  (9m+9)N 4
Since D is dense, we can find distinct by, ..., b,, € D such that
My p) < 50
d™(a;, b;) < INT

forall0 <i < m.Let F ={by.....b,,} C D.

Defineg : F — G by
g(b;) = dM(x.a;) + (3i + 1)ey + %

for 0 < i < m. where we choose ¢/ € (0,¢) so that g(b;) € G. Then the following
computations demonstrate that for all0 < i < j < m,

g (bi) — g (by)| < dM(bi.b;) < g(bi) +g(by).
Indeed, suppose 0 < i < j < m. We have
g(b;) = g(bi) =d™ (x.a;) —d™ (x.a;) +3(j — i)eo + &) — &
< (Bm+1)gg
=3(m + 1)gy — 2¢

+ ¢

,a; —de(x,aj)—3(j—i)£0+££—e}
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and
dM (b, b;) < dM (x,a;) +d™ (x,a;) +d™(a;, b;) +d™(a;. b))
<dMx(x,a;) +d™ (x.a;) + 2
<g(bi) +g(b;).

We can thus define a one-point extension of the finite metric space (F. d¥') by a point
u such that for all 0 < i < m, d™(u, b;) = g(b;). By defining
dM(u. y) = inf{g(b;) +d™ (bi.y) : 0 <i <m}
for any y € M, we extend the metric to M, = M U {u}.
Next we define a continuous L-structure F, with domain F, = F U {u} by
defining the values of R forall R € L.

Suppose first R € £ is unary. Since G is dense in R, we may choose R (u) €
G N[0, 1] such that

|RF (1) — RM>(x)| < ug (%) .

We verify that (UC.) holds for R in F,. In fact, for any 0 < i < m, if g(b;) € Ig;.
then by the superadditivity of ug 1, we have

[RY (bi) - R (u)|
<|RY(bi) = RM(a;)| + |RM (a;) = R ()] + [RM (x) — R (u))|

<upi(d™(bi,a;)) +upi(d™(x.a;)) + uR,l(%)

<ug(eo) +up i (dM(x, a;)) + uR.l(i)

2
<upi(g(b) = up i (d™(u.b;)).
Ifg(b,) ¢ IR,l then
IRM (b;) - R™(u)| < 1 < upi(g(b;)) = upi(d™(u.b;)).

Next suppose R € L is n-ary for n > 2. If v € F", then let Rf*(v) = R™ (v).
Next we define R (v) forv = (vy., ....v,) € F' \ F". Forthis, letv’ = (v]....,v}) €
A"\ A" be defined by

r_)a;. lf’l}l’:bj,
v; = .
X, if v; = u.

We define Rfv : F'\ F" — G N[0, 1] such that:
(a) forallv € F'\ F", |Rf«(v) - R (7')| < K%, and
(b) forallv,w € F"\ F",
. —_ & — —
[RA (@) - RP (@) < (1= 5) |R* (@) = R* (@)
Note that our choice of g guarantees that
€0 &

5 S Om+oN

&

280
1 — <K
< land S < >
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To define Rf" we enumerate all elements of F" \ F” as
0.7, .7
such that
RY @) < RM (@) < < RN@Y).
If R4*(5'') =0 we define R¥«(7)=0. We also make the commitment that if

RAx (') = RAx(57") then RF«(w') = RF«(3/). With this commitment we assume
without loss of generality that

0 < R*(T") < R4 (T") < - < RAx (7).

We will then make our definition by induction on i =0, ..., ¢ with the following
inductive hypotheses:

(H1) Rf«(7') € G and

(12§°)RA*(—’> <RU@) < (1-3) R @"):

(H2) forall j < i,
R () < RP@) + (1-2) (RN () - RM ().

For i = 0 (H2) is vacuous and (H1) can be accomplished by the density of G. In
general. suppose we have defined R (v’ ) for j < i to satisfy (H1) and (H2). Note
that

<1 280) RA (5} < RF(T) + (1

. ) (RA (—t+1 ) RAx (51")).

0

We can then define R« (3'*!) € G to be a value in between the above two quantities.
To see that the inductive hypotheses are maintained, note that by this definition (H2)
and the left half of (H1) are immediate. For the right half of (H1), just note that

RA(@) + (1-2) (RU @) - RV @) < (1-F) R @),

This finishes the definition of Rf#. It is easy to see that (a) and (b) hold.
We verify (UC.) for R in F,. For this, let v,w € F/ differ at exactly one
coordinate, say the ith coordinate. If both v,w € F" then

[R"(@) - R™(w)| = |RY (@) - RM (@)| < Kpsd™ (vi. wi)
by the (UC,) for Rin M. If bothv,w € F \ F", then by (b) we have
< (1-F) IR @)~ RY @)
( )KR,dA* (v}, wy)

Kgid™* (v]. w]) = Kpg.éo.

(R (@) - R (w

N
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Now if v;. w; € F then we have v/, w! € A, d*>(v], w]) = d™ (v}, w]).

& P
dM (v].v;). dM (w!, w;) < 02

2NJ T2
and
|R"(v) — R"(w)| < Krid™ (v].w]) — Kp.ieo
< Krid™ (v].w]) — Kpi(d™ (v}, v;) + d™ (w]. w;))
< Kpid™ (vi.w;)

Ifv; € F and w; = u, then v] € 4 and w] = x, and
|R™ (W) — R™(w)| < Krid™*(v]. x) - Kpigo < Krid™ (vi,u).

This finishes the proof of (UC.) for R for the case v,w € F)* \ F". Finally, suppose
ve F!\F"andw € F". Since v and w differ at only coordinate i, we have v; = u
and w; € F. We have

|RFu () — R™(w)|
<R (@) = R (@) + R (@) - RM (w")| + |RM (w') - RM (w)
< K% +d@ W)+ dY (W W)
n
< K% + KR,,'dAX (X, w,’) + ZKR/(J’M(’[U;, w_,-)
j=1

< Kpid™ (x.w]) + KRJE + NJKR«,»%

< KR,,'dF“ (u, ’U),‘).

Now we have established (UC,) for all R € £ in F,, we get that F, is indeed a
one-point extension of F as a continuous L-structure.

By Theorem 3.9, the canonical amalgam of F,, and M over F gives us a one-point
extension M, of M. Hence u € E(M,w) N E'(M).

To complete the proof of the theorem, we claim that dZ (x,u) < (NJ + 1)e. For
this, we note that forany y € M,

dMx(x.y) = inf{d**(x.a;) +d™(a;.y) : 0 <i <m}
and
dMe(u, y) = inf{d™ (u.b;) +d™(b;.y) : 0<i <m}.

Fix an arbitrary y € M. Suppose first d M« (u, y) < d™~(x,y). and let d M« (u, y) =
dfu(u.b;) +dM(b;.y). Then

dMX(X, y) - dM“(”:J/)
<d*(x.ai) +dY(a;.y) = (d"(u.bi) +d" (bi. y))

<d*(x.a;) —d"(u.b;) +d™ (a;. by)
< o _¢ 0,
2NJ 2 '
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contradicting our assumption. Hence we must have d™«(u, y) > d™x(x.y). Let
dMx(x,y) = d*(x,a;) + d™(a;.y). Then

dM(u.y) —d™ (x.y)
<d"(u.b;) +d" (bi.y) - (dA (x.a;) +d"(a;. y))
< dFu(u bl) dAY(xa al) (aiabi)
5
(3m+2)60+2+m<58

It follows that A(x, u) < e.
For any unary R € £, we have

W (R (x) = R (u)]) < gy (unr (5)) = 3

Thus u(x,u) <e.
To compute p(x,u). we fix an n-ary R € £ forn >2 and v € M" \ M". Since
M, is the canonical amalgam of F,, and M over F, we have that

RMu () = max{0, sup{RM“(Z) —dy"*(v.Z) : Z € F! UM"}}.
Similarly,
RMx(5(x|u)) = max{0. sup{ RM* (w) — dé”x ((x|u). w) : we AL UM"}}.

Suppose first RMu (v) > RMx(v(x|u)). If RM«(7) = 0 we must have R~ (v(x|u)) =0
and there is nothing to prove. Assume RM«(7) > 0. Let > 0 be arbitrary. Then for
somez € F] UM",

RM(w) < RM(2) —dg'(v.2) + 1.
Consider first the case Z € M". Then
RMu(w) — RMx (v(x|u))

< RM(2) = dg"(9.2) + 7 — (R (2) — di™ (B(x[u). 7))
< o]l A, x) + 1.

Since # is arbitrary, we have
@] [RM (@) — RM> (w(x[u))] < e.
Next consider the case z € F \ F". Then
R (@) — RM~ (0(x|u))
< RMu(2) —dg" (0.2) + 7 — (R™ (') — di™ (0(x|u).Z)
= RMu(z) - R (2') + (dg"* (0(x|u).Z') - R (3.2)) + 1
< KE + NKJe + 7.
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The last inequality follows from the observation that there are four cases for the
values of v;, z; € M,,:

Casel. v; =u and z;=u. Then z/=x and v;(x|u) =x. In this case
dMx (vi(x|u), z]) — dM(v;, z;) = 0.
Case2. v; € Mandz; = b; € F.Thenz] = a; € Aandv;(x|u) = v;. In this case
Mx (4 N dMi(y 2V < dM(a b)) < <0 <
|d™x (v (x|u), z}) — d™(v;. z;)| < d (a],b])<2NJ<£

Case3. v; =uand z; =b; € F. Then z] = a; € A and v;(x|u) = x. In this case

|d M (v; (x|u), z}) — dMe (v, z;)| = |[dM* (x.a;) — d ™ (u, b;)|

< (3m+2)60+§<8.

Case4. v; € M and z; = u. Then z] = x and v;(x|u) = v;. In this case
|d ™M (v (x|u). z]) = d M (v z;)| = |d M~ (vi, x) — d M (v, u))

< AMu, x) <e.
Since # is arbitrary, we have
RMu () — RM~x(B(x|u)) < K(NJ + 1)e.
Since ||v|| > K, we have
5] [RM(5) = RM (w(x[u))| < (N + De.

For RMu(v) < RMx(v(x|u)) we get a similar estimate by a symmetric argument.
Thus we have p(x,u) < (NJ + 1)e and d® (x,u) < (NJ + 1)e. 4

4.3. Construction of the Urysohn structure. Given any proper continuous signa-
ture £ and continuous L-pre-structure M, define by induction
Moy=M
Mn+l = g(M}’l! CU),
and let
My = M,.
new

Then by Theorem 4.5, if M is separable, then so is M,,. From the construction of
M., it is easy to see that it always has the Urysohn property.

By the properness of £. M, has a unique completion M,, which is a continuous
L-structure. We show that M, still has the Urysohn property. For this we first note
the following corollary of the proof of Theorem 4.5.

LEMMA 4.6. Let L be a proper continuous signature and let M be a continuous
L-pre-structure. Suppose M has the Urysohn property. Given any finite substructure
A of M, a one-point extension Ay of A, and & > 0, there isu € M such that

|d4~ (x.a) - dM(u,a)| <eforalla € A,
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and for any n-ary R € Landy € A%,
|RY(3) = RM (3 (u|x))| < e.

Proor. Let A, and ¢ > 0 be given. Let ]\_f K, J be defined as in tpe proof of
Theorem 4.5. Suppose 4 = {ag. ....an} C M. Since M is dense in M, we get a
finite subset F = {by, ..., b, } C M such that

M, py. _ &
d™ai.bi) < 53

for all 0 < i < m. By the proof of Theorem 4.5, we obtain an one-point extension
F, of F such that

|d*x(x,a) —d"™ (u,b)| < %

foralla € A where b = b; if a = a; for 0 < j < m, and for any n-ary R € £ and
y e AL,

R (7) - RP ()| < 2.

where 7' is defined as in the proof of Theorem 4.5.
Since M has the Urysohn property, we may find such a u € M. Now for any
a € A, letting b € F be defined as above, we have
|d 4 (x.a) —d™ (u.a)]

<|d*>(x.a) —dP (u.b)| + |dF"(u.b) — d™ 1 (u, a)l
&

&

<273

Forn-aryRe€ Landy € 4
R () - R%(u\x))\

< |R*(3) = RF(3)] + |RT(3) - RY (3 (ulx))|

= é&.

& T
<3 +dp (7. 7 (ulx))
& &
<t 41Nk
2 PNKINKT =¢ B

The following lemma is also obvious.

Lemma 4.7. Let M be a continuous L-pre-structure, and M, and M, be two
nonisomorphic one-point extensions of M. Then M has an extension M, with M, =
M U {x,y} such that

dMy(x,y) = max{u(x, ), p(x. ¥). A(x, y)} = dE (x, p).
ProoF. Take My, to be the substructure of £(M) with domain M,,. -

THEOREM 4.8. Let L be a proper continuous signature and let M be a continuous
L-pre-structure. If M has the Urysohn property, then so does its completion M.

https://doi.org/10.1017/js1.2024.26 Published online by Cambridge University Press


https://doi.org/10.1017/jsl.2024.26

26 SU GAO AND XUANZHI REN

PrOOF. Let A C M and A, bea one-point extension of A. Let
0 =min{d**(a.x) : a € A} > 0.

We define a sequence (y,,) in M by induction on m. By Lemma 4.6 there is yo € M
such that

d** (x.a) —d™ (yy.a)| < 6 foralla € A,
for any unary R € L,
R (x) = RY (0)] < ura(6).
and for any n-ary R € Land z € A%,
[R*(2) - RY (Z(y0]x))| < oK.

where K is defined as in the proof of Theorem 4.5. Let By = A U {3} C M. By
Lemma 4.7 we obtain a one-point extension (By), = ALy, such that

d'Box (x, yo) = max{u(x, yo). p(x. yo). A(x. yo) } <.

In general, assume y,, has been defined to satisfy the following inductive hypothesis:
for

Bm:AU{)}O»maJ’m}gM,

there is an one-point extension (B,,), of B,, (obtained from Lemma 4.7) such that

0
d(Bm),\‘(x, J’m) = maX{,u(x, ym)a p(x»J/m)ai(x»J/m)} < 2_m

By Lemma 4.6 there is y,,,1 € M such that

. 0
|d<Bm>x(X’b) —dM(ym+1,b)| < ST forallb € B,,,

for any unary R € L,

_ 0
RO () < R (0] < (7).

and for any n-ary R € Land Z € (B,,)"

X

~ - oK
|R(Bm)x (z) - RM(Z(ymH X)) < om+1°

Now let
B+ =B, U {ym+l} =AU {yO, ’ym:ym+l} Cc M
and (B,,41)x be given by Lemma 4.7 such that
0
d<B’"+I)X (X, ym+1) = max{,u(x, ym+1)=ﬂ(><= ym+1)v;”(xa ym+1)} < W

The inductive step of the definition is complete, and the inductive hypothesis is
maintained. Note that
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dM(ym, ym+l) < d(Bm>x (Xa ym) + d(Bm“)x (xa ym+1)
0 0 0
ﬁ + om+1 < om-1"
Thus (y,,) is a d-Cauchy sequence in M. Let y = lim,, y,, € M. Then for any
a € A, since

y 1)
|d4(x.a) —d™ (y,.a)| < o

letting m — oo, we get that

d*(x,a) =d™(y.a).

For any unary R € £, we have

R4 (x) — R (3,)] < ug, (zi) .

Since u is continuous at 0, by letting m — oo we get
R (x) = RY(y).
For any n-ary R € Land z € A%,

- - oK
|RAX(Z) _RM(Z()’m|X))| < ﬁ

Letting m — oo, we obtain
R (2) = RM (Z(y[x)).

This shows that A, and A, are isomorphic, and in particular there is an isomorphic
embedding ¢ : A, — M withp(a) =aforalla € A. -

Thus we have shown that for any proper continuous signature £ and continuous
L-pre-structure M, M,, is a continuous L-structure with the Urysohn property.
Since any two separable continuous L-structures with the Urysohn property are
isomorphic, by the above procedure we obtain this unique separable continuous
L-structure as M,, for any separable continuous £-pre-structure M.

We denote this unique separable continuous L-structure with the Urysohn
property as U,.

4.4. Properties of the Urysohn structures. In the preceding subsection we showed
one direction of Theorem 1.1(i), i.e., if £ is a proper continuous signature, then
there exists a (separable) continuous £L-structure with the Urysohn property. In the
following we prove the rest of Theorem 1.1.

We first show that if £ is semiproper, then for any continuous £-pre-structure M,
M,, is a continuous L-pre-structure with the Urysohn property. Note that £(M, w)
is not necessarily complete or even has a completion. We also do not need to address
the separability of M. The proof requires only an observation that the upper
semicontinuity is not used in the construction of M,,.

THEOREM 4.9. Let L be a semiproper continuous signature and M be a continuous
L-pre-structure. Then M, is a continuous L-pre-structure with the Urysohn property.
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Proor. We first claim that for any continuous L-pre-structure M and finite
subsets F C G of M, if the one-point extension M has support F, then it also has
support G. It is easy to verify that for any y € M,

dMx(x.y) = min{d™* (x.2) + dM (z.y) : z € F} = min{dM*(x.2) + dM (z.y) : z € G}.
If R € Lisn-ary, where n > 2, and i € M, then
RMx(i7) = max{0, sup{ RM*(3) — dy'* (i1, %) : 5 € M" U F'}}
< max{0, sup{ R (v) —d " (i, v) : v € M" U G"}}.
On the other hand, if v € M" U G,
RMx (%) — d Y™ (i1, 5) < sup{RM*(w) — dp (4, w) — dy™ (i1, %) : w € M" UF"}
< sup{RMx(w) — d Y (it ) : w € M" UF!}.

<)

So we have
RMx(i1) = max{0, sup{ RM> (%) — d ¥ (i) : v € M" U G"}}

as required.

To complete the proof, it suffices to show that £(M. w) is a continuous L-pre-
structure, since M, would be easily defined from iterating the definition of £(M, ).
and M., would have the Urysohn property by the construction. For this, we only
observe that Lemmas 4.3 and 4.4 can be proved for £(M, w) without using upper
semicontinuity. For Lemma 4.3, only note that the use of Lemma 2.3 to obtain
subadditivity of u} ; does not require upper semicontinuity of ug ;. For Lemma 4.4,
the use of Lemma 2.3(3) in its proof does require upper semicontinuity. Below we
provide an alternative proof of the relevant part for £(M, w) without using upper
semicontinuity.

Let R € £ be unary and x, y € E’'(M., w), we need to show

|RMx (x) = RM(p)| < upi(inf{d™ (x,2) + d™(z,p) : z € M}).

Suppose M, has finite support ¥ C M and M, has finite support G C M. Then
by the above claim both M, and M, have finite support H = F U G. It follows
that

inf{d™>(x.z) +d™ (z.y) : z € M} =min{d™(x.z) +d" (z.y) : z€ H}.
By the superadditivity of ug ;, we have that for any z € H,
[RYS () = RY (3)] = [R(x) = R ()]

< |R™x(x) = R7(2)[ + |R"(z) - R"» (y)]
Sugi(d™(x.2)) +upi(d™(z.p))
Supi(d™(x.z) +d"(z. ).

The required inequality follows from the monotonicity of ug ; because H is finite.

THEOREM 4.10. Let L be a continuous signature with only finitely many relation
symbols, where all the associated moduli of continuity are nondecreasing.
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(1) If there exists a continuous L-pre-structure U with the Urysohn property, then
L is semiproper.

(2) If there exists a (separable) continuous L-structureU with the Urysohn property,
then L is proper.

Proor. (1) By Theorem 3.8 it suffices to show that the AP holds for ICﬁﬁn. Let M,
P. Q be finite continuous L-structures with isomorphic embeddings ¢ : M — P and
w : M — Q. By the Urysohn property of /. we can find a substructure P’ of I/ that
is isomorphic to P. Let i : P — P’ be an isomorphism. Let M’ =iop(M) C U.
Then i o ¢ is an isomorphism between M and M’ as a substructure of U (or P’).
Lete: w(M) — M'beiopow ! Then eisanisomorphism, and we have i o ¢ =
eoy.

By the Urysohn property of U we can find an extension Q' of M’ with Q' C U
such that Q' is isomorphic to Q, and letting j : Q — Q' be the isomorphism,
we have jly(M) =e. Now let N = P’UQ’ C U. Then N is a substructure of
U.i:P — N is an isomorphic embedding from P into NV, and j : P — N is an
isomorphic embedding from Q into NV. By our construction, i o ¢ = j o . Thus N’
is an amalgam of P and Q over M.

(2) Assume that I/ is a continuous £L-structure with the Urysohn property. By (1),
L is semiproper. It remains to show that given any unary R € L, ug; is upper
semicontinuous on I ;. Let I3, be the interior of Iz | and assume a € Iy . Since U
has the Urysohn property, there is a countable substructure M of &/ where:

o M = {xu}p>1U{y}.

eforallmn>1,dM(x,.p)=a+2" dM(xy. x,) = 27" 27",
e RM(y) = lims_,+ ug1(a +3) <1, RM(x,) = 0foralln > 1, and
e for all other R € £, R"™ is identically 0.

Then by the completeness of U/, there is z € U such that dY(y.z) =a and
RY(z) = 0. which implies that

lim ug(a +0) = [R(y) — R(z)| < ugila). .
d—0t

In case L is proper, one naturally wonders whether the metric space underlying
U, is isometric to the universal Urysohn metric space U. The answer is not always.

DeriNITION 4.11. A continuous signature £ is Lipschitz if £ consists of only
finitely many relation symbols and for each n-ary R € £ and 1 <i < n, Ig; is
bounded and there is Kg; > 0 such that ug;(r) = Kg;r forallr € I;.

Any Lipschitz continuous signature is proper. If £ does not contain any unary
relation symbols, then £ is proper iff it is Lipschitz.

THEOREM 4.12. Let L be a proper continuous signature. Then the following are
equivalent:

(1) L is Lipschitz.

(ii) The metric space underlying U is isometric to U.

Proor. For (i)=(ii) let A C U, be finite and 4, be a metric space which is a

one-point extension of 4 as a metric space. It suffices to show that x can be realized
as a point in U.. For this we only need to make a continuous L-pre-structure A,
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as a one-point extension of the substructure 4. Observe that for any n-ary R € L,
since £ is Lipschitz, we have that for any metric space (X.d*) and @ = (uy, ... uy,).
U= (v1,....0,) € X",

dé/(ﬁ, 5) = ZK,‘dX(u,‘,’U,‘).
i=1

Now for any n-ary R € £, R is defined on 4" and is 1-Lipschitz with respect to
dj by Lemma 3.5. It follows that R is partially defined on dom(R“*) = 4" and
is 1-Lipschitz with respect to d g*. Thus by Lemma 3.7 we can define R4x on A" so
that A, is an extension of A. By the Urysohn property of U, x can now be realized
as a point in U, as desired.

For (ii)=-(i) assume L is proper but not Lipschitz. Then for some unary R € £
we have ry,r, > 0 with r{ +r, € Iz and

ug1(ri +r2) > ugi(r) +ugi(r2).
Now consider the continuous £-structure M defined as follows.
M = {a.b}, d™(a.b) =ri +ry. RM(a) =0. RM(b) = ugi(r1 + 1r2).

and for any other R’ € £, R’ Mis identically 0. Let A be a substructure of U that is
isomorphic to M. Suppose 4 = {x,y} C U, wheredV(x,y) =r; +r2. RV(x) =0
and RY(y) = ug(r; + r2). Now consider a metric one-point extension of (4, d")
with an extra point z such that

d*(z,x) =r and d* (z.y) = r,.

Assume toward a contradiction that U, is isometric to U. Then there is such a
z € Ug. Then

[RY(x) = RY(2)| + |RY(z) - RY(y)|

ug 1 (r1) +uga(r).

ugi(ri +r2) =|RY(x) - RY(y)| <
<

contradicting our assumption. .

When L is proper but not Lipschitz, we can decompose U into continuum many
substructures each of which has an isometric copy of U as its underlying metric
space. The parameter space is [0, 1]¢ for some finite k. In fact, let R;,..., R be
all the unary relation symbols in £ whose associated moduli of continuity is not
Lipschitz. Foreach 7 = (py., .... px) € [0. 1], let

Urgp={xecU;: RY(x)=p;foralll <i< p}

1

Then for each 7 € [0, 1]¥, the metric space underlying each U 5 is isometric to U.
Let £ be a proper continuous signature. For any separable continuous £-structure
M. equip Aut(M) with the pointwise convergence topology. Then Aut(M ) becomes
a Polish group.
It follows easily from Uspenskij’s method [19] and our construction that Aut(U)
is a universal Polish group.
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§5. Fraissé classes of finite continuous structures. In this section we consider some
classes of finite continuous L-structures for semiproper £ and show that they are
Fraissé classes. In particular, we construct the rational Urysohn L-pre-structure
QU and show that its completion is isomorphic to U, when L is proper.

DEFINITION 5.1. Let £ be a continuous signature. Let A C R™ and ¥ C [0, 1].
(1) We call A a distance value set if for all a, b € A,

min{a + b,sup(A)} € A.

(ii) We call the pair (A, V') a good value pair for L if:
e A is a distance value set,
e if Aisbounded, then foranyn-ary R € Land 1 <i < n,ug;(sup(A)) > 1,
e(0c IV, and
eforanyv € V,anyd € A,anyn-aryRe€ Land | <i < n,ifv> uR,,-(é),

then v —ug;(0) € V.

(iii) We say that (A, V) is finite (countable, respectively) if both A and V" are finite

(countable, respectively).

DerFINITION 5.2, Let £ be a continuous signature and M a continuous
L-pre-structure. Let (A, V) be a good value pair for £.
(i) We say that M is (A, V)-valued if for all x, y € M, d™(x. y) € A and for all
n-aryRe Landx € M". RM(xX) e V.
(ii) Let KC(o 1) be the class of all finite (A, V)-valued continuous L-structures.
LEmMMA 5.3. Let L be a semiproper continuous signature.

(i) For any finite continuous L-structure M., there exists a finite good value pair
(A, V) for L such that M is (A, V')-valued.

(i) For any finite (countable, respectively) distance value set A and finite (countable,
respectively) W C [0, 1], there exists a finite (countable, respectively) V such
that W C V and (A, V) is a good value pair for L.

Proor. (i) Let
P={d*(x.y) : x#y € M}.

Let 6 be sufficiently large such that 6 > sup(P) and for any n-ary R € £ and 1 <
i <n, 0 >sup(lr;). Let A be the smallest distance value set such that P C A and
sup(A) =6 € A. Since P is finite, so is A.

Let

0 ={ugr;(0) : Re Lisn-ary,1 <i <nd €A}
W ={RM(X): R€ Lisn-ary,x € M"},
and

£

V={0uwuqo.n{w-> g :weWq...qc0p).
i=1

Since £ is semiproper, O, W, and V are all finite. It is clear that (A, V) is a good
value pair for £ and M is (A, V')-valued.
(ii) is proved similarly. -

https://doi.org/10.1017/js1.2024.26 Published online by Cambridge University Press


https://doi.org/10.1017/jsl.2024.26

32 SU GAO AND XUANZHI REN

DEerFINITION 5.4. Let £ be a continuous signature and K be a set of continuous
L-pre-structures.

(i) K has the hereditary property (HP) if for any continuous £-pre-structures M
and NV, if M is a substructure of A and N/ € K, then M € K.

(ii) K has the joint embedding property (JEP) if for any M, N € K there exist
P € K and isomorphic embeddings ¢ : M — Pand y : N’ — P.

(iii) K is a Fraissé class if K has the HP, JEP, and AP.
Our main theorem of the section is the following.

THEOREM 5.5. Let L be a semiproper continuous signature and let (A, V) be a
countable good value pair for L. Then the class K y) is a countable Fraissé class.

PRrROOF. It is obvious that K, y is countable. The HP for KC(4 ) is obvious. For
the JEP, suppose M and N are finite (A, V')-valued continuous L-structures. Let X
be the disjoint union of M and N. Let § € A be such that § > diam(M ), diam(N)
and for any n-ary R € Land 1 <i < n,6 > sup(/g;). Note that such ¢ exists since
(A, V) is a good value pair for £. Then define a metric d* on X by

dM(x,y), ifx.yeM,
d¥(x.y)={d"(x.y). ifx.y€N.
0, otherwise.

For every R € L. R¥ is naturally defined on
dom(R¥) = M" UN"

and takes values in V. It is clear that X = (X, d~, (R¥)ger) is a partially defined
continuous L-pre-structure. Then by Lemma 3.7, X has a conservative extension P.
It is easy to see that M and N embed into P as substructures.

The proof of Theorem 3.8 gives the AP. Only note that for the partially defined
structure X defined in that proof, d* can be made to take values in A and for any
R € L. RY takes values in V. Then in the application of the proof of Lemma 3.7, for
the amalgam P and any R € £. R” takes values in V. Thus the resulting amalgam
P is an element of (4 1. 4

By a standard argument there exists a Fraissé€ limit of the class K4 ;) when L is
semiproper and (A, V) a countable good value pair for £. We denote it as Uy AV)-

U(a ) is the unique countable continuous L-pre-structure that is universal for
all finite (A, V')-valued continuous £-structures and is ultrahomogeneous. It is also
universal for all countable (A, V')-valued continuous £-pre-structures.

It is well known that for any countable distance value set A, the class of all finite
metric spaces whose distance takes values in A (known as A-metric spaces) form
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a Fraissé class (see, e.g.. [8]). and the Fraissé limit is denoted Up. As usual, Uy is
characterized by the property that it is universal for all finite A-metric spaces and it
is ultrahomogeneous.

By an argument identical to the proof of Theorem 4.12 (i)=(ii), we have that if
L is a Lipschitz continuous signature and (A, V') is a countable good value pair for
L. then the metric space underlying Uy, j) is isometric to Uy.

When L is semiproper and (A, V') is a countable good value pair for £, we consider
the automorphism group of U, ) and denote it as Aut(Uy ). Since Uy py is
countable, we may regard Aut(TU(A.V)) as a subgroup of the infinite permutation
group S. Under the usual topology of S, it is a closed subgroup, hence is itself
a Polish group. From the above discussions. we know that Aut(Uy, ;) is universal
among all Aut(M) for (A, V')-valued continuous £-pre-structures M.

When A = QF, we know by Lemma 5.3(ii) that there is a countable V" such that
QnN[0,11C V and (A, V) is a good value pair for £. Moreover, there is a smallest
such V., which we fix. We denote U, 5 also by QU following the convention for
the analogous classical structure. We also call QU the rational Urysohn continuous
L-pre-structure.

In the following we show that if £ is proper, then the completion of QU is
isomorphic to the unique separable Urysohn continuous £-structure U.

THEOREM 5.6. Let L be a proper continuous signature. Then the completion of QU .
is isomorphic to U.

ProoF. Let A = Q% andlet V be the smallest such that Q N [0,1] C V and (A, V)
is a good value pair for L.

QU, obviously has the following rational Urysohn property: given any finite
(A, V)-valued continuous L-structure M, a one-point extension N of M that is
(A, V)-valued, and an isomorphic embedding ¢ from M into QU there is an
isomorphic embedding w from N into QU such that | M = ¢.

Using the rational Urysohn property to replace the Urysohn property, the proofs
of Theorem 4.5 and Lemma 4.6 can be repeated so that the following statement
holds: given any finite substructure A of QU = M. a one-point extension A, of
A. and ¢ > 0, there is u € QU such that

|d4(x.a) —d™(u.a)| <& foralla € A.

and for any n-ary R € Landy € A%,

IR (3) = RM (3 (ul|x))| < e.

Then by repeating the proof of Theorem 4.8, again replacing the Urysohn property
by the rational Urysohn property in the assumption, we get the Urysohn property
for the completion of QU .. This shows that the completion of QU is isomorphic
to Ug. 4

If £ is proper, by Theorem 5.6 every element of Aut(QU,) extends uniquely to

an element of Aut(U.). Let 7 : Aut(QU,) — Aut(U.) be this canonical extension
map. Then it is easy to see that # is a group isomorphic embedding.
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Before closing this section we show that 7(Aut(QU,)) is dense in Aut(U.). For
this we need to fix some notation. For any continuous L-pre-structure M with
one-point extensions M, and M, let

di(x.y) =max{u(x.y). p(x.y). A(x.y)}

be defined as in Section 4.1. Let 4 > max{NJ, 1}, where N and J are defined as in
the proof of Theorem 4.5.

Lemma 5.7. Let M = QU A be a finite substructure of M, A and A, be one-
point extensions of A, and ¢ > 0. Suppose y € M, df‘ (x,y) < &, and there is xo € M
such that d%(x.xo) = 0. Then there is some x’ € M such that d%(x.x') =0 and
dM(x'.y) <e.

ProOF. Let A = QF and let V be the smallest such that Q N [0,1] € V and (A, V)
is a good value pair for L.

By Lemma 4.7 there is an amalgam A,, of both A, and A, such that 4,, =
AU{x.y}and d*(x,y) = df‘(x, ¥). We define a finite continuous £-structure F
where F and A, agree on everything except that d (x. ) is a rational number such
that both

df(x.y) <inf{d?(x.z) +d? (y.z) : z € 4}
and
d? (x,y) <df(x.y) <e.

It follows from our assumptions that F is a finite (A, V)-valued continuous
L-structure that is an extension of .A,. By the rational Urysohn property of M, we
obtain a point x” € M such that d§(x,x’) =0and dM(x'. y) =d" (x.y) <e.

THEOREM 5.8. 57(Aut(QU,)) is dense in Aut(U,).

PrOOF. Let M =QU, and M =TU,. Let g € Aut(M). xi.....x, € M and
¢ > 0. We will define yy, .... y,. z1, ..., 2z, € M such that themap y; — z;, 1 <i < n,
is a partial isomorphism of M, and forall | <i < n,

dM(x,-.y,-) <é

and

dM(g(x;).zi) <2(1 +id)e.

First, let yi.....y, € M be such that d™(x;,y;) <e for all 1 <i<n. Let
uy.....u, € M be such that d£(g(y;).u;) <e and d™(g(y;).u;) < &. We define
Z1,....zy € M by induction on 1 < i < n with the following inductive hypothesis:
letting 4; 1 = {z1.....z;i1}. the map y; — z;, 1 < j <i-—1, is a partial isomor-
phism of Mand d™ (u;.z;) < 2jA’eforalll < j <i-1.LetF 1 ={yi.....yi1}.
Then by our inductive hypothesis A; | and F; | are isomorphic. Let 7; | : F;| —
A;_; be the isomorphism given by 7;1(y;) = z; for 1 < j <i—1. Consider the
one-point extension of F; | by y;. Via 7; | this gives a one-point extension of A; |
by a point which we denote by v;. Consider also the one-point extension of A;
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by u;. In the following calculation we denote A; | by A and F; | by F for notational
simplicity.
For any unary R € £, we have

iy (R4 () = R (0)]) = ugey (|RM (i) = R ()

Thus u(u;, v;) <e.
Let 1 < j <i— 1besuch that A(u;,v;) = |[d* (u;, z;) — d*i (v;, z;)|. Then

Mugvi) = |d i (uy, z;) — d i (v, z;)|

= |d™i (uj. z;) — d™i (yi. y;)|

= dM(u;.z;) —d™ (yi. ;)|

=d™(u;.z;) —d™(g(yi). g(¥;))
dM(”zag(yi))+dM(g(yj)7Zj)
d™ (u;, g(3;)) + d"(g(y;).u;) +d™ (u;.z;)
Se4e+2jdle <2ide.

<
<

Finally. let R € £ be n-ary where n > 2, and let w € 4] \ A". Define w €

g(F)g(y) b
p {g(yj), ifwg =z; forsomel < j<i-1,
Wy = i —
glyi),  ifw, =u.
We have

[ R (w) — R* (w (v |uy))|
||w||1\RAw< ) - R0 (@)
(d™ (u;. g(y:)) + max{d™(z;.g(y;)) : 1< j<i-1})

<4
< A(d™ (u;. g (1)) +max{dM(Zjauj) +dM(”j»g(yj)) 1< j<i-1})
<A(e+2(i —1)A e +¢) < 2ide.

This implies that p(u;, v;) < 2id’e.

Combining the above computations, we get d 4 (u;. v;) < 2idie. By Lemma 5.7,
there is some z; € M such that themap y; — z;. 1 < j < i.isa partial isomorphism
of M and d™(u;.z;) < 2iA’e. This completes the induction.

We note that for any 1 < i <

dM(g(x;). z;) < d™(g(x;). g(y) + d™ (g (o). ws) + d™ (ws. z) < 2(1 +iA))e

as desired. =

§6. Coherent EPPA for continuous structures. In this section we continue to work
with a semiproper continuous signature £. We prove that the class of all finite
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continuous L-structures has the coherent EPPA as defined by Hrushovski [11] and
Siniora—Solecki [16].

THEOREM 6.1. Let L be a semiproper continuous signature and let M be a finite
continuous L-structure. There is a finite continuous L-structure N such that:

(i) N is an extension of M;
(ii) thereis a map ¢ from the set Part(M) of all partial automorphism of M to the
set Aut(N) of all automorphism of N such that for any n € Part(M), ¢(rx)

extends ;
(iii) for the map ¢ in (ii) we have that for all . v € Part(M), if range(tr) = dom(n)
then
p(not) = ¢(n)od(z).
Proor. Let

P={d"(x.y): x#yeM}
and
V ={RM(X) : X € M", R € Lis n-ary}.

We introduce a new binary relation symbol D, for each p € P and an n-ary relation
symbol R, for each n-ary R € £ and v € V. Let L£* be the classical signature
consisting of all D, and R, for p € P, R € Land v € V. Let T be the collection of
all finite classical £*-structures S satisfying one of the following conditions:

(a) for somem > 1 and p. p1..... pm € P such that

m
Z pi <.
i=1

S has at most m + 1 elements and there are zg, z1, ..., z,, € S such that
St Dp(z0.2m) ADp(zm.z0) A\ (D, (zic1.2:) A Dy, (2. 2i1)):
1<i<m
or
(b) for some n-ary R € £, v,v' € V,my,....m, > 1 and

DLl ey Planys P21+ oo s D2iys -+ s Pils ove s Pnmy € P
such that

m;

n
Z ZuR,i(Pi,j) <|v-2'|,

i=1 j=1
Shasatmost )} (m; +1) =n+ Y_!_ m; elements and there are
21,05 e s ZLimys 22,05 -+ » Z2mys +oe s 2005 +ev s Znamy € S

such that

SE NN D, ijaezig) ADy, (2120 )

1<i<n 1<j<m;
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and

S ': Rv(zl,Oe 2205 400 s Zn,O) A Rv’(zl,ml s 22y s eee s Zn‘m,,);

or
(c) for some n-ary R € Landv # v’ € V', S has at most n elements and there are
X1, ..., X, € S such that

SER,/(x1,....xn) ARy (X1, .0n, Xp).

Since D and V are finite, 7 is also finite.
For any continuous L-structure .4 we obtain a classical £*-structure A* in the
obvious way: for x, y € 4* and p € P, define

A" EDy(x.y) < d*(x.y) = p.
and for any n-ary R € £L,v € V and X € (4*)", define
A" = R,(X) <= RY(X) =w.

By Lemma 5.3(i) there is a finite good value pair (A, W) for £ such that M is
(A, W)-valued. Moreover, P C Aand VV C W. By Theorem 5.5 the class IC(A‘W) isa
countable Fraissé class and thus has a Fraissé limit U, . Then Uls ) is a classical

L*-structure which extends M* such that any partial automorphism of M* extends
to an automorphism of U* . Moreover, U* ) is T -free under homomorphisms,

i.e., thereisnoS € T and homomorphlsm from S into IU( A"

By Theorem 1.11 of [16] there is a finite £*-structure X such that X is an extension
of M* and there is a map y : Part(M*) — Aut(X) such that for any 7 € Part(M*),
w(n) extends 7, and for all 7. € Part(M?*), if dom(rn) = range(z), then

w(not)=y(n)ow(r).

Define an equivalence relation ~ on X by x ~ y iffthereare x = zg,....z, =y € X
and pi, ..., py € P such that

X E /\ Z, 1, Zi /\Dpi(ziazi—l))-

1<i<m

Clearly M is contained in one of the ~-equivalence classes. We denote this class by
Y. Let ) be the substructure of X with domain Y. We define a metric d¥ on Y as
follows. For any x, y € Y, define d¥(x, y)=0if x = y, and

m
d¥(x.y) _inf{Zp,» Pl P €EPIzg=x.21. 0.2y =y EY

such that X | /\ pi(Zictzi) ADy, (21, 2i1))

1<i<m

if x # y. Since Y is T -free. it follows that ¢ ¥ is a metric on Y and that (¥, d?) is an
extension of (M. d™) as a metric space.

https://doi.org/10.1017/js1.2024.26 Published online by Cambridge University Press


https://doi.org/10.1017/jsl.2024.26

38 SU GAO AND XUANZHI REN

For each nonempty n € Part(M*), w(n) € Aut(X) must fix Y setwise, thus
w(m)] Y is an automorphism of ) still extending 7, which implies that y(z)[ Y
is an isometry of (¥, d?) extending 7 as a partial isometry of (M.d™).

We continue to define a partially defined continuous L-pre-structure on Y. For
anyn-ary Re€ L,v € V,andX € Y", let RY (X) = v if ¥ = R,(X). Thus

dom(R")={xe€Y": eV XER,:))}

Since ) is T -free. it follows that for any n-ary R € £ and X, 7 € dom(RY). we have
RY(X).RY(y) € V.and

IRY(x) - RY(y)| < dj (x.7).

Hence (Y, dY,(RY)ger) is a partially defined continuous £-pre-structure.
Let AV be a continuous L-pre-structure that is a conservative extension of

(Y.d" (R")rec)

given by Lemma 3.7. Then A is an extension of M. For any = € Part(M), let ¢(n) =
w(n)] Y. To complete our proof, it suffices to show that for any = € Part(M),
¢(n) € Aut(N). For this, we only note that for any n-ary R € LandZ € N" = Y",

RY (Z) = max{0,sup{R" (X) - d} (X.Z) : X € dom(RY)}.

Thus RV (Z) = RV (¢(n)(Z)) since ¢(n)(X) € dom(RY) iff ¥ € dom(R?Y). and for
X € dom(RY). RY(X) = RY (¢(n)(X)). .

In Theorem 6.1 the first two clauses define the property EPPA for ICfi:n and (i)—(iii)
together give the definition of coherent EPPA. Before closing this section we show
that these properties are equivalent to the semiproperness of the continuous signature
L. Note, however, that we assume a slightly stronger background condition than
before for the continuous signature L.

THEOREM 6.2. Let L be a continuous signature with only finitely many relation
symbols, where all the associated moduli of continuity are strictly increasing. The
following are equivalent:

(1) L is semiproper.
(2) KE has the EPPA.
(3) KL, has the coherent EPPA.

Proor. (1)=(3) by Theorem 6.1. (3)=(2) is obvious. We show (2)=-(1). For
this, let R € Lbe n-aryand let 1 <i < n.

We first show that Iz; is bounded. Toward a contradiction, assume Ig; is
unbounded, that is, Iz; = [0, +00). Let M = sup{ug;(r) : r > 0} < 1. Since ug;
is strictly increasing, we have ug,;(r) < M for all r > 0. Let a, b > 0 be such that
ug;(a) +ug;(b) > M. Let ¢ > 0 be such that e < M —ug,;(a +b). Let § > 0 be
sufficiently large such that ug;(a +J +b) > M —¢. Consider the metric space
(M. dM) consisting of four points y. 5. ¢, z on the real line where s — y = a.t —5s =
andz —t =b. ForX = (x1,...,x,) € M", define
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M—¢ ifx; =y,
RM(x) = {ugi(b). ifx;=s orx; =t
O, ifx,- = Z.

Forallother R € £, define RM to beidentically 0. It is easy to check that this defines a
finite continuous L-structure M. Let p : {s.7} — {s.} be defined as p(s) = ¢ and
p(t) = 5. Then p is a partial isomorphism of M. By the EPPA, there is a finite
continuous £-structure A and an automorphism /" of A such that A/ is an extension
of M andf isanextensionof p. Let ' = f(y). Thend™ (y'.t) = dV (f(y). f(s)) =
dN(y.s) =dM(y.s) = a. Define ¥°, X', X° as follows.

xo_ y, if]:l, xl— y/, if]:l, xz_ z, ifJ:l,
i P VA e P IS T AT )
Then ' = /(x°) and thus RY (') = RY¥(Z°) = RM (%) = M — ¢. It follows that
M —e= RN - RY(¥)] urs (@™ (0'.2)) upid™ (0 0) +d¥ (1.2) = ugila + ),

contradicting our choice of ¢.

Next we show that ug; is superadditive on /g ;. For this we use a construction
similar to the above one. Let a,b > 0 be such that a + b € Ig;. Let 0 > sup Ig;.
Consider the metric space (M, d™) consisting of four points y, s, ¢, z on the real line

wheres —y =a.t—s=0.andz -t =b. For X = (x1,....x,) € M", define
min{1,ug;(a) +ug;(b)}, ifx; =y,
RM (%) = {ugi(b). ifx;=s orx; =t
0, if x; = z.

Forall other R € £, define RM to beidentically 0. It is easy to check that this defines a
finite continuous L-structure M. Let p : {s.7} — {s.} be defined as p(s) = ¢ and
p(t) = s. Then p is a partial isomorphism of M. By the EPPA, there is a finite
continuous £-structure A and an automorphism /" of A such that A/ is an extension
of M andfisanextensionof p. Let ' = f(y). Thend™ (y'.t) = dV (f(y). f(s)) =
dV(y.s) =dM(y,s) = a. Define X°, X', X as before.

xo _ y, if] = i, xl _ y,, if] = i, x2 _ z, if] = i,
R T Y T T Ak VT I i PR

j
Then X'=f(X°) and thus RN (X')=RY(F")=RY(X")=min{l.ug;(a)+
ug;(b)}. It follows that

min{1.ug;(a) + ug;(h)} = |[RY(Z') - RV (Z?)|

Since ug;(a +b) < 1, we have ug;(a) + ug;(h) < ur;(a + b) as desired.

Finally we show that if R € £ is n-ary with n > 2 and 1 < i < n, then there
is Kg; >0 such that ug;(r) = Kg;r for all r € Iz;. For this we show that
ug,; is subadditive on Iz;. Let 1 <k < n be such that k #i. Let a,b >0 be
such that a + b € Ig;. Consider the metric space (M.d™) consisting of five
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points r, s, ¢, z, y, where r, s, ¢t form an equilateral triangle with side length a + b,
dN(y.s)=b, d¥(y.t)=a, dV(y,r) =min{2a +b,a +2b}, and dV(z.r) =
dN(z.s) =dV(z.t) =d"N(z.y) =6 for some 6 > supIz,;. For X = (x1.....x,) €
M", define

M— _ Jurila+b)., ifx;=r and x4 =z,
RY(x) = {0, otherwise.

For all other R € £, define R™ to be identically 0. It is easy to check that this defines
a finite continuous £L-structure M. Let p : {r,s,t} — {r, s, 1} be such that p(r) =

p(s) =t and p(¢) = r. Then p is a partial isomorphism of M. By the EPPA, we
obtain a finite continuous £-structure N and an automorphism f of A/ such that A is
an extension of A" and f is an extension of p. Let 3’ = f(y) € N. Thend ™ (y’.r) =
dN(f(y). f(2)) =d"(y.t) = a and dN(y'.1) = dN(f(y). f(s)) = d"(y.s) = b.

Define YO, YI, %2 as follows.

0 {r, ifj =i 1_{1, ifj =i, 2_{y', ifj =i,
Z

A FARE T A FRE O E Y if j 1.
Then
uila +b) = |RY (") - RN (3|
<RV - RN ()] + RV (3?) - RN (3|
Supi(d™(r.y") +uri(dV (y'. 1)) = ugi(a) + ug.i(b). a

§7. Actions by automorphisms on continuous structures. In this section we prove
that the actions by automorphisms on finite continuous £-structures form a Fraissé
class for any semiproper continuous signature L.

DEerNITION 7.1. Let £ be a semiproper continuous signature. Let C, be the class
of all actions I' ~ M such that:

e M is a finite continuous L-structure,
e ["is a finite group, and
e I' ~ M is an action by automorphisms.

Our objective is to show that C is a Fraissé class. By this we mean that C, has the
hereditary property, the joint embedding property, and the amalgamation property.
They are defined below.

DErINITION 7.2. Let £ be a semiproper continuous signature. Let A, I" be groups,
M. N be continuous L-pre-structures, and 7 : A ~ M and n : T' ~ N be actions
by automorphisms.

(1) An embedding from 7 into 7 is a pair (e, /) where e is a group isomorphic
embedding from A into I" and f is an embedding from M to N as continuous
L-pre-structures such thatforallg € Aandx € M.e(g) -, f(x) = f(g - x).

(2) We say that C. has the hereditary property (HP) if for any 7 : A ~ M and
7 : T ~ N, whenever 7 € C and there is an embedding from 7 into =, then
T€Cr.
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(3) We say that C. has the joint embedding property (JEP) if given any .7 € C
there is a k € C, and embeddings from 7 into x and from 7z into &.

(4) We say that C. has the amalgamation property (AP) if given any u,t,n € Cr
and embeddings (e. /) from u into 7 and (p, ¢) from u into 7, there exist a
% € Cr and embeddings (g, #) from 7 into & and (r, s) from 7 into x such that

goe=ropandhof =so0q.

Our proof will follow the general line of arguments for Theorems 3.9 and 4.8
of [8]. Two key ingredients of the proof are analogs of some results of Rosendal
(Lemma 16 of [15] and Theorem 7 of [14], also cf. Lemma 4.7 of [8], Theorem 4.6
of [8]. and Theorem 3.3 of [7]). We develop these results first.

7.1. Extensions of actions by automorphisms. In this subsection we generalize a
lemma of Rosendal (Lemma 16 of [15]; also cf. Lemma 4.7 of [8]) to finite continuous
L-structures for a semiproper continuous signature L.

We will prove a more general result with the stronger assumption that £ is a proper
continuous signature. The same proof will give the desired result for semiproper L.
So, for the time being let us assume L is proper.

Assume T is a group, A < T is a subgroup, M C N are continuous L-pre-
structures, and I’ ~ M and A ~ N are compatible actions by automorphisms.

Define a pseudo-metric d on N x I" by

3(()’1,gl)e (yzsgz))
_ [dV (g g1 yi.y2).  ifeither y1.yy € M org,'gr € A
“|infren{d¥ (yi.g" - x) +dN (328" - X)) otherwise.

Then 8 is a pseudo-metric on N x I and for all (y1.g1). (12.22) € N x I,
((r1.81). (y2.£2)) < ;gg{dN(yl,gfl x)+dV(y2 8" x)}
Define an equivalence relation ~ on N x I" by

(r1.g1) ~ (12.82) <= 9((y1.81). (12.82)) = 0.
Then (y1.g1) ~ (y2.£2) iff

(y1.y2 € Morgs'gy € A)and g5'g - y1 = y».
Let [y. g] denote the ~-equivalence class of (y, g). Let

P=(NxI)/~.
and let
d"(yi. &1l 2. 221) = 8((y1.&1). (12. 22)).

Then d” is a metric on P.
Let ¢ : N — P be defined as ¢(y) = [y.1]. Then ¢ is an isometric embedding
from (N, d") into (P, d¥), since

d"(e(n).o(32)) = 0((31.1). (32. 1)) = d™ (1. 32)
for any y;, y» € N.
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Define I’ ~ P by
g [v.h]=1y.gh]

forg.h € T'and y € N. Itis easy to see that this is well defined.
Now suppose R € L is an n-ary relation symbol. Define

R (1.1l .. [1.gn]) = RV (21, ... z,)
ifzy,....z, ¢ N.g €T, and
.gil=1[z1.8l - . [vn. gnl = [20. ]
Thus

1.1 ... [V1.gx] € dom(RF) <=
dJgel.zi...za € N N i gi] = [zi. 8-

We verify that R” is well defined on its domain. For this let
(1-&1). - . [vn. gn]) € dom(R").
Suppose zi..... Z.21.....z, € N and g, g’ € I' such that forall 1 <7 < n,
i.g]=lzi.8]1=z.&].
We need to show that R¥(zy.....z,) = RV(z{.....z,). Note that we have

n
-1,

g g -z]=zforalll <i < n, and thus
RN(zy.....z)) =RV (g'g - z|.....g7"¢" - z) = RV (z].....2)).

We also note that dom(R?) is invariant under the I action. That is, if [y, 4] €
dom(R?) and g € T then

g [7.h] = [7.gh] € dom(R")
and
R (g [7.h]) = R¥(¥) = R"([7. h).
LemMma 7.3. Forany R € L, R on dom(R”) is 1-Lipschitz with respect to df .

Proor. Wefirstconsiderunary R € L. Forany [y, g1].[v2.g] € P.ify1,y» € M
or g;'g1 € A then

IR"([y1.1]) = R (2. &2D)| = RV (g3'g1 - y1) — RN (1)
<ur1(dV (g g y1.32) = ura (dP (1. &1]. 2. £20))-
Otherwise, for any x € M,

IR"([y1.g1]) — R ([y2. &21)| = |RY (»1) — RV (32)]

<IRY(n) = RN (g1 ) + RN (5" x) - R (1)
Sugi(@¥(yr.gr' - x) +uri(d¥ (2. 8" - x))
Suri(dV(y.g' - x) +dV (2.8, - x))
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ifug 1 (dV(y1.g;" - x) +dV (y2.g," - x)) < 1. and otherwise we have nonetheless

IR”([y1.1]) — R (2. &])| < uri (@ (y1.gy" - x) +d™ (32.85" - x)).

Taking the infimum of the right-hand side over x € M, and using the upper
semicontinuity of ug ;, we get that

IR"([y1.&1]) = R” ([y2. &2D)| < ura (d” (1. @11 2. £20)-
Thus (UC,) holds for R”. It follows that for any [y;.g:].[y2. 2] € P.

IR (y1.&1]) = R*([y2. 22))| < di (1. &1l [v2. £2)).

Next we consider n-ary R € £ where n > 2. Let y1....,V,.21,....2, € N and
ghel. Ifh'lgeAory.....y,.21.....2, € M. then

IRP([1.€]. ... [yn- &) — R*([z1. h). ... . [20. h])|
=|RN(h'g - y1.....h'g - yu) = RY(z1..... 2)]
<dy(h'g-3.2) =dg([y.gl.[Z. h]).
Otherwise, for any X € M", we have
IR ([y1.€]. ... [yn- 1) = R¥([21. h]. ... . [z0. )|

< \RN(yl,...,yn) ~RY(g xp, gt x|
|RN(h’1 . o h x) = RN (21, z)|

ZKRI y: i)"‘KR_idN(Z,‘,hfl 'xi)

—ZKRz iog - xi) +d™(z " x0).

Taking the infimum of the right-hand side over all X € M, we get
IR"([7.g]) - R* (2. h])| < dx ([7. &) [Z. h)).
Here we use the fact that if y;, z; € M then we also have
d*([yi.g).[zi.h) =dN(h g - yi.zi) = igﬁl{dN(yi’gfl xi) +dN(z kX))
_|

Thus P = (P.d”. (R?)rer) is a partially defined continuous £-pre-structure. We
define a conservative extension Q of P withanactionI" ~ Q. Let (Q.d?) = (P.d").
For any n-ary R € L and w € Q", define

R (w) = max{0.sup{R"(Z) —d} (w.Z) : Z € dom(R")}}.
Then for any g € T,
R9(g -w) = max{0.sup{R" (g -Z) —df (g -w.g-Z) : Z € dom(R")}
= max{0,sup{R”(Z) - df (w.Z) : Z € dom(R")}
= R(w).
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We show that Q is a continuous £-pre-structure, i.e., (UC,) holds for Q. For unary
R € L there is nothing to prove since all [y. g] € dom(R”) and we have Lemma 7.3.
For n > 2 and n-ary R € L the proof is identical to the proof of Lemma 3.7.

Thus we obtain an extension Q of N with an action I’ ~ Q. It is clear that the
action ' ~ Q is compatible with bothT' ~ M and A ~ N

Thus we have proved the following.

THEOREM 7.4. Let L be a proper continuous signature. Let T be a group, A < T
be a subgroup, M C N be continuous L-pre-structures, and T ~ M and A ~ N be
compatible actions by automorphisms. Then there is a continuous L-pre-structure Q
and an action T ~ Q by automorphisms such that Q is an extension of N, the action
I’ ~ Q is compatible with bothT ~ M and A ~ N

Moreover, if L is semiproper and N and T are finite, then the same holds with a

finite Q.

Before closing this subsection we note that the above extension properties are
in fact equivalent to the semiproperness and the properness of L, respectively.
Here again we assume the slightly strong background condition for the continuous
signature L.

THEOREM 7.5. Let L be a continuous signature with only finitely many relation
symbols, where all the associated moduli of continuity are strictly increasing. The
following are equivalent:

(i) L is semiproper.

(i) Let T be a group, A <T be a subgroup, M C N be finite continuous
L-structures, and T ~ M and A ~ N be compatible actions by automor-
phisms. Then there is a finite continuous L-structure Q and an action T ~ Q
by automorphisms such that Q is an extension of N. the action T ~ Q is
compatible with bothT ~ M and A ~ N'.

(i) Let T be a group, A <T be a subgroup, M C N be finite continuous
L-structures, and T ~ M and A ~ N be compatible actions by automor-
phisms. Then there is a continuous L-(pre)-structure Q and an action T ~ Q
by automorphisms such that Q is an extension of N, the action T ~ Q is
compatible with bothT ~ M and A ~ N.

Proor. (i)=-(ii) by Theorem 7.4. (ii)=(iii) is obvious. For (iii)=(i) we use
the same constructions and similar arguments in the proof of (2)=-(1) of
Theorem 6.2. -

THEOREM 7.6. Let L be a continuous signature with only finitely many relation
symbols, where all the associated moduli of continuity are strictly increasing. The
following are equivalent:

(i) L is proper.

(ii) LetT beagroup, A < T beasubgroup, M C N be continuous L-pre-structures,
and T ~ M and A ~ N be compatible actions by automorphisms. Then there
is a continuous L-pre-structure Q and an action I' ~ Q by automorphisms such
that Q is an extension of N, the action I ~ Q is compatible with bothT' ~ M
and A ~ N.
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Proor. (i)=-(ii) by Theorem 7.4. For (ii)=-(i), we have from the implication
(iii)=-(i) of Theorem 7.5 that £ is semiproper. It remains to show that for any unary
R € £, ug is upper semicontinuous. For this, let a be a point of the interior of /g ;.
Letd > sup Iz 1. Let (N.d") be a metric space consisting of the following points on
the real line

"y, eee sy eee s 1o V81,82, o0 s S eee s

wherer — 1, =27y —r =6.5, — y = a +27". Define RY (y) = inf{ug(r) : r > a}
and RV (x) = Ofor x # y. Forall other R € £. define RV to beidentically 0. It is easy
to check that this defines a continuous L-pre-structure. Let M be the substructure
of N with M = {ry,....7.....81.....8p.... }. Let [ = (g) where g?> =1, and let
F~Mbyg-r,=s,and g -s, = r,. Let A be the trivial group. By (ii) there is a
continuous L-pre-structure Q and an action I' ~ Q by automorphisms such that
Q is an extension of A and the action I' ~ Q is compatible with ' ~ M. Let
s=g-recQ. Then d9(s.s,) =d%(g-r.g-r,) =d%r.r,) =d"(r.r,) =2". It
follows that d2(y, s) = lim, d2(y. s,) = a. Also R2(s) = R2(r) = 0. We have

inf{up(r) : r>a} = |Re(y) — RO(s)| Sura(d?(y.s)) =upila). A

7.2. Finite approximations of actions. In this section we prove a generalization of
a theorem of Rosendal (Theorem 7 of [14], also cf. Theorem 3.3 of [7] and Theorems
3.7 and 4.6 of [8]) to continuous L-structures for semiproper L.

In order to state the theorem we need the definition of the HL-property of a group
(cf. [10] and [7]; HL stands for Herwig—Lascar).

DeriNITION 7.7. Let G be a group.

(i) Let Hy. ..., H, < G. A left system of equations on Hj, ..., H, is a finite set
of equations with variables xi, ..., x,, and constants g;, ..., g, € G such that
each equation is of the form

xiH; =g H;jorx;H; = x,g.H;.

where l <i,r<m,1<k<{,andl1<j<n.
(ii) We say that G has the HL-property if for every finitely generated Hj. ... . H, <

G and left system of equations on Hj, ..., H, that does not have a solution,
there exist normal subgroups of finite index Ny,..., N, < G such that the
same left system of equations on Ny Hj,.... N, H, does not have a solution.

Note that by introducing new variables we may also include equations of the form
XigkHj = x,g,H;
in a left system.

THEOREM 7.8. Let L be a semiproper continuous signature. Let I" be a countable
group with the HL-property. Assume that n : T ~ M is an action by automorphisms
on a continuous L-pre-structure M. Then for any finite A C M and finite F C T there
exist a finite continuous L-structure N and an action by automorphisms n’ : T ~ N

such that N is an extension of A and for all y € F and a € A, if y -, a € A then we
havey -;ra =7y - a.
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The remainder of this subsection is devoted to a proof of Theorem 7.8. Our
strategy is to follow Rosendal’s proof of Theorem 7 [14] (a)=(b) for the metric
part (also cf. [6]) and then the Etedadialiabadi-Gao’s proof of Theorem 3.3 [7]
(i)=(ii) for the relations part. Rosendal’s proof uses the so-called property (RZ) or
RZ-property of the group I', and Etedadialiabadi-Gao’s proof uses the HL-property.
Since the RZ-property is implied by the HL-property. we will see that the two parts
of the proof produces compatible requirements, which can be resolved by invoking
the HL-property of I once. In fact, we remark that the proof can go through with
assuming RZ-property only; however, we use the HL-property as the presentation is
notationally simpler. Our application of the HL-property will give a finite partially
defined continuous L-structure, and we complete the proof by Lemma 3.7.

Suppose a proper continuous signature £, a continuous £-structure M, a group I'
with the HL-property, an action by automorphism z : I' ~ M, and a finite 4 C M
are given.

Without loss of generality we may assume that the action = is faithful, i.e., for all
y € I' such that y # I, there is some x € M such that y -, x # x. In the following,
when there is no danger of confusion, we omit the subscript in -,.

Let

Pa={d"(x.p) : x £y € A}
64 = max{diam(A4),sup{/z,; : R € Lisunary,1 <i <n}}

and

P={d4}U ({Zpi D Pl Pm € PA} N [0,5/1])-
i=1

Since A4 is finite, P is finite. ~ ~
We define a continuous L-pre-structure M as follows. Let M = M and

M _min{p e P : dM(x.y) < p}. ifd¥(x.y) <da.
d(xy) = {5/1-, otherwise.

Then d™ is a metric on M. ,and the action 7 : I’ ~ M is still an action by isometries
on (M.d™) (cf. Lemma 4 of [14]). For any R € £. we define RM = R™ . Since
dM(x,y) < dM(x,y) for any x.y € M with d(x,y) <J4. we have that (UC,)
holds for R™ for all R € L. This shows that

M= (M.d" (RM)per)

is a continuous L-pre-structure.

Note that the action 7 : T ~ M is still by automorphism, and that A is a
substructure of M. Thus without loss of generality we may assume M = M. In
particular, we have that for all x, y € M. dM(x.y) € P.

Also without loss of generality we may assume that for any x € M thereisa € A
and y € I' with x =y - @. In fact, let

M ={xeM:JacAdFyelx=y- a}.
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Then M’ is obviously a n-invariant subset, and hence M’ a z-invariant substructure
with 4 C M’. Thus without loss of generality we may assume M = M’.
Fix ay, ..., a, € A such that {T'a; : 1 <i < m} form a partition of M, where

Ta;={y-a; :yeT}.

Define p : I’ — Part(A) by letting, for any y € T and a € 4, p(y)(a) =y - a if
y-a € A, and p(y)(a) is undefined otherwise.

Let F C T be finite. Since =« is faithful, by extending 4 and F with finitely many
elements if necessary, we may assume without loss of generality that:

(i) Ir e F:

(ii) F=F;
(iii) for all y € F such that y # 1, thereis a € A such that a # p(y)(a) € 4:;
(iv) forall y € T thereis some # € F such that p(y) = p().

For 1 < i < m, define

Hy ={y1...7¢ : y1.....ye € Fand p(y1) (... (p(ye) (@) ...) = a;}.

Since A and F are finite, H; is a finitely generated subgroup of I'. Note that for any
y € H;, wehave y - a; = a;.
Let X be the disjoint union of left-coset spaces

X=T/H U---UT/H,.

Let I" act on X by left multiplication.
We define a pseudometric 4% on X as follows. For . neland 1 <i,j <m,

d*(yHi.nH;) = d™(y - a;.n - a;).

Then it is easy to see that ¥ is well defined. and the I" action on X is by isometries.
Defince : 4 — X by

6(61)_ H,', ifa:ai,
" |\yH;, ifa#a anda=7y-a; fory e F

To see that e is well defined, first note that for any @ € 4 N Ta; but a # a;, by (iv)
there is y € F such that y - @; = a, and thus e(a) is defined. Next, assume y.y’ € F
such that y - a; = 9" -a; € A. Then y! € F and p(y ") (p(y’)(a;)) = a;. and hence
vyl € H; and yH; = y'H,.

We claim that e is an isometric embedding from (4, d4) into (X, d¥). To see this,
assumea =y -a; € Aandb =n-a; € Afory.n € F. Then

d¥*(e(a).e(b)) =d* (yH;.nH;) =d™(y - a;.nn - a;) = d*(a.b).
For any n-ary R € L, define R* on
dom(R¥) = {(yp1Hi,.....ypaH;,) : v €T. y;-a;, € Aforall 1 < j <n}

n
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by
RX(yylHi],...,yynHi,,) = RM(y1 T a,).

We claim that for any n-ary R € L and by, ..., b, € A4, letting y; € F be such that
bj =y;-a;forl < j<n.wehave

R¥(y1Hyy.....yaH;,) = R (by. ... by).
This is because
R¥(yHyy.....yuH;,) = RM (91 - @y oo yn - @) = RA(by. .. by).
We claim that the following conditions hold:

(Cl) For any yp.n.y".y' € Fand 1 <i.j <m.if y-a;.y -aj.n-a;.n'-a; € A
and

d*(y-ai.n-a;) #d* () -ai.n' - aj).
then there does not exist g € I" such that
gyH; = y'H; and gnH; = n'H;.

(C2) Foranyy.n € Fand1 <i<m,ify-a;.n-a; € Aand y - a; # 5 - a;, then
vy ¢ H;.ie. yH; # nH;.

(C3) Forany y.7.y1.11.....7¢.1¢ € Fand 1 <io.....ip <m.ify - aj.n-a;, € A
and forall 1 < <£,yj-a,~jil,;7j-a,~/. € A, and

¢
d(y - ag.n - ai,) > ZdA(V_/ “dip oM ai;).
j=1

then there do not exist g;., ..., g, € I' such that

yH;, = g1y Hj,
gaimHi = gnH;.

ge e Hiy, | = geyeHiy |
gemeH;, = nH,;,.

(C4) For any n-ary R € L, 71 ....Vn-M1. ...}y € F and 1 < iy, ..., i, < m, if for
alll <j<n.yj-a;.n;-a;, € Aand

RYp1- @iy iyn - aiy) # RO - iy oot - aiy).
there there does not exist g € I such that

yH; = gnH,;,

ynH;, = gnnH,,.
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(C5) For any n-ary R € £ wheren > 2,
E={e,....e,} CA{l,...,n},
Plowees Pna s et € K
Vids s V1t M1 oee s M1ty € F

Vedsooos Vele-Hels e s Hepy € F
L < iy eeesips Jlseens ju S 1,
and
T <it0.i00s oo s Iy s vee 2 005 Bl oo s B, <L,
ifforall 1 <k <n,
Vit @i Mk aj, € A,
foralll <s<rand 1< p < ¥4,

is,O = issa is.[s = jESa

Vst igg Ms * Qjog - Vsp * iy, 1 Ms.p - i, € A,
foralll <s <1,

Ly
Cs = ZdA<ys,p . ai&p,lsrls,p . ai;,p) < 51‘1’
p=1

and
|RY(p1 - @y oo pn - ay) = RO - ajy o i - @) >

> KriCi+ Y Krida.

k=esE€E kgE

then there do not exist g. /. g1.1.....&g1.¢,+ .-+ &¢.1- .- &g, € I such that for
all1 < s <1t

&reHigy = ga1ys1 iy,
gs,lnsAlHiS_l - gs,Zys.ZHi_,‘_yl s

st Ms.ts Hi»,_zx = hnss Hix_[x .

The conditions (C1), (C2), and (C4) are easy to verify. For (C3). leta =y - a;,.
b=n-a,andforall 1 <j <€ leth;=y;-a;, and ¢; =7; - a;,. Note that all
these elements are in 4. By our assumption, we have

¢
d*(a.b) > " d*(b;.c;).

Jj=1
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If there were gy,...,g¢ € I' for which the left system of equations hold, then
we have e(a) = g1 -e(b1), g¢-elcg) =e(b).and forall 1 < j <€ -1, g;-elc;) =
gj+1 -e(bj). Thus

-1
d¥(e(a).e(b)) <y d*(g;-e(b)).g; - elc;))
j=1

-1
- ZdX(e(bj)‘,e(Cj))
=

-1
= d*(bj.c;) < d*(a.b) = d*(e(a).e(b)).

j=1
a contradiction.
For (C5), assume that all the hypotheses hold but there are
gh.gii.....81e 815 &y €T
such that the displayed left system of equations hold. Then forall 1 < s < ¢,

&Ves ~igg = &s.1Vs.1 ~ i q»

85151 - Qi) = 85252 " dig >

Es.tlsty * i, = hnes - aj, .

Thusfork = ¢, € E,

Ly
dM(ng : aikehnk : ajk) g ZdA(ysAp : ai&p,lans‘p : al‘y»p) = CS < 5A~
p=1

Since M is a continuous L-pre-structure and the action of I' on M is by
automorphisms, we have
IR (y1 - @iy oo pn - @iy) — Ry - @yt - a,)|
= |RM(gy, - iy oo 0+ diy) — RM (hy, - aj.....hpy, - aj,)|

n
< ZKdeM(ng : aik>h}7/€ ! ajk)

=1
< Z KriCs + Z KRri04.

k=es€E kZE

a contradiction.

All of the conditions (C1)—(C5) are of the form which state that certain left systems
of equations do not have solutions. Together, they amount to a finite number of such
left systems. By the HL-property of I', we obtain normal subgroups of finite index
Ki, ..., K,, <T such that the same left systems of equations on KH, ..., K,, H,,
still do not have solutions. By taking K = (), ;,, K; we may assume without
loss of generality that K| = --- = K,,, = K. This will simplify our notation and our
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discussions. The fact that the left systems on KH, ..., KH,, do not have solutions
can in turn be expressed as the following conditions.
(K1) For any y.n,y".n’ € Fand 1 <i.j<m.,ify-a.y -a.n-a;.n a; €A
and
d(y-ain-a;) #d*G' - ain' - a;),
then there does not exist g € I such that
gyKH; = y'’KH; and gnKH; = n'KH;.
(K2) Foranyy.n € Fand1 <i <m.ify-a;.n-a; € Aandy - a; # 5 - a;. then
v'n & KH;.ie.yKH; # nKH,.

(K3) Forany y, 7, y1,71,....,7¢. ¢ € F and 1 < i, ...
and forall 1 < j <€,yj-a,-].fl,;7j~a,-j € A4, and

Jp <m.ify - a;.n-a;, € A

¢
d(y - aig.n - ai,) > ZdA(Vj AN di).
j=1

then there do not exist g1, ..., g, € I" such that:

yKH;y = g171KH;,.
gimKH; = g2, KH;, .

o1 KH;, | = geyeKH,, |,
geneKH;, =nKH,;,.
(K4) Forany n-ary R € L, y1,....yn. M1+ ..oy € Fand 1 < iy, ..., 0, < m, if for
alll1 < j<n,y; “ai;.mj - di; € A and
RA(VI cljps s Vn e ain) # RA(;?I L TERTERY/ /i ain)v
then there does not exist g € I" such that:
1 KH; = gmKH;,.

ynKH;, = gn,KH,.
(K5) For any n-ary R € £ wheren > 2,
E={e,....e} CH{l,....,n},
Ve PnaMls e i € E
Vs s P18 MLs - Mgy € F
Veds oo s Veky s Mids oo s Megy, € F

1 g ila'”sinsjls"'>jl‘l < m,
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and
L <idvo.ing, e iy oo s 000 i ds oen s g, <,
ifforalll <k <n,
Vit @i Nk aj, € A,
foralll <s <rand1 < p <4,
iS,O = issv l.s,& = jssv
Vs * aiss N/ aj.gs s ys,p . ais.p,l P 77s,p . ais,p S A,

forall 1 <s <t¢,

Ls

CS = ZdA(ys,p . ai&p,p;’/&,p ' ais.p) < 5/1:
p=1

and

|RA())1 iy e s Vn e ain) _RA(WI “djiseeesMn e ajn)l >

Y KriCs+ ) Krida,

k=¢s€E k&E

then there do not exist g. 4. g1.1.....81.¢,.-.-. &.1- ... - &e, € I such that for
alll <s <¢,

8Ves KHislo = gs.lys.lKHi&Oe
gs,l”/s,lKHis_l = gs,ZVs,ZKHisﬂl >

85554 KHiS_[S = hﬂxs KHiMS .
Let Y be the disjoint union of the left-coset spaces
Y=T/KH U--UTI'/KH,.

Let I' act on Y by left multiplication.
We define a metric d¥ on Y as follows. For y.n € Tand 1 <i.j < m.
)

dY (yKH;.nKH;) = min {34, inf{p1 + -+ pg : (p1..e. pe) € Sypij}}
where (pi. ... p¢) € S, if there are
g1,....& €T,
YL Ve e € F
and
1 <igyoovipg <m
such that

i =ig.j = .
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foralll <k <4,
Ykt Wiy Mk - iy, € A,
pi=d* oy - ai i - aqy).
and

yKH;, = g171KH;,.
gimKH;, = g KH;,.

ge e 1 KH;, | = geyeKH;
geneKH;, = nKH,,.

17

It is clear that d ¥ is invariant under the action of T

Lemma 7.9. dY is a metric on Y.

ProoOF. We first verify thatif i # j or (i = j but y 'y ¢ KH;) then

d¥(yKH;.nKH;) > 0.

If S,,:; =2 thend” (yKH;.nKH;) =64 > 0. So suppose S, ; # @. Note that,
however, since F and A are finite, the number of elements (p;..... ps) € Sy such
that py,.... pe # 0 and p; + --- + py < 4 1s finite. Now suppose i # j. Then since
Ta; NTa; =@, for any (pi..... pe) € Sypij. p1 + -+ pe > 0 because some term
is positive. Thus d ¥ (yKH;.nKH;) > 0. Next suppose i = j but vy ¢ KH;. In this

case if some iy #i for 1 < k < £, then by the same argument p; + --- + py > 0.
Otherwise, i, = i for all 1 < k < £. In this case

4
1+t pe= ZdA(Vj Sap, 1) - a;).
j=1

Again, if some of them are positive, then we are done. If all of them are zero, then
y]’-liyj € H; for all 1 < j <{. In particular y;KH; = n;KH; for all 1 < j < £. By
the defining relation for (pi..... p¢) € S,,..; we get

yKH,; = g1y KH;,
gimKH; = gy, KH;.

ge-1Me1 KH; = goye KH;,
geneKH; = nKH;.

But now all the terms of these equations are equal. So we get yKH; = nKH,.
Next we verify the triangle inequality. Suppose

d¥(yKH;.nKH;) = p1 + -+ pq
and

d¥(nKH;. uKHy) = q1 + - + ¢
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for (p1.....pe) €S,,:; and (q1.....q,) € Sy, jx. Concatenating the defining rela-
tions for (pi.....,ps) and (gi.....q;). we obtain a left system for (pi..... pe.
qi.....q:) € Sy uir. Thus

d” (yKH;. uKHy) < d¥ (yKH;. nKH,) +d” (nKH;, uK Hy). gy
LeMMA 7.10. Forany yp,n € Fand1 <i,j <m.ify-a;.n-a; € A, then
d*(y-ai.n-a;) =d" (yKH;.nKH;).
PrROOF. Suppose
d"(yKH;.nKH;) = pi + -+ pe.

where (pi,.... pe) € Sy, is witnessed by gi.....gc € I, y1.91,.... 70, ¢ € F and
1 <ip.....ig < m. Then by the defining left system of equations for (p...., p;) €
S, .. and (K3), we have

d*(y-ai.n-a;) < pi+ -+ pe =d" (yKH;.nKH;).

Conversely, from the trivial system of equations

yKH; = yKH;,
nKH; =nKH;,
we get that
d¥ (yKH;. nKH;) < d*(y - a;.n - a;). a

Next we define RY for an n-ary R € £ on
dom(RY) = {(yn1KH,,.....yp.H;,) : y €Ty, € Ey; - a;; € Aforall1 < j<n}
by
RY(yiKHiy. oo ypnHi,) = RY(p1- @iy ooy - i)

By (K4), this is well defined. It is clear that dom(RY) and RY are invariant under
the action of T.

Lemma 7.11. Y = (Y.dY,(RY)rer) is a partially defined continuous L-pre-
structure.

PrOOF. Suppose first R is unary. We verify (UC.) for R. Let y.n € T and 1 < i,
J < m. Assume

d”(yKH;.nKH;) = p1 + -+ pq.

where (pi.....pe) € S,,.:; is witnessed by g1.....g € T, yi.m1.....p¢.m¢ € F. and
1 <ig.....ip <m.Forl <k <L lethy =y -a; € Aand ¢ = ny - a;, € A. Then

RY(yKH;) = R*(a;) = R*(y1 - a;) = R*(by).

RY(nKH;) = R*(a;) = R*(n; - a;) = R*(cy).
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and
d¥(yKH;.nKH;) = pi + -+ pr = Zd (bi. cx).-

We may assume d ¥ (yKH;,nKH;) € Ir;: otherwise the desired inequality trivially
holds. Now by the defining equations of S, ,; ;. we have

14
IRY(yKH;) — RY (nKH;)| <> |RY (e KH,, ) — R (e KH,,)|
k=1

~

=Y |RA(br) - R*(cy)]|

>

s
—_

ur1(d* (b, c))
h—

<upi(d¥ (yKH;.nKH;)).

—

Now it follows that
|RY (yKH;) - RY (nKH;)| < dg (yKH;.nKH,).

Next suppose R is n-ary for n > 2. Let y,y € I, y1, ..., V0.1, ..., 51, € F and
1 <iy,ooosin Jio oo jo < m.Supposeyi - a;, .1 - aj, € Aforalll <k < n.Weneed
to show that

|RY (y91KH;,. ....ypuKH;,) — RY (qm KH, . ... .y, KH,;,)|

R
n

< Krid¥ (yye KH;, .o KH,,).
f=1

Let E be the set of k € {1, ....n} such that
d" (ypKHi i KH,y ) <.

Enumerate the elements of E as ¢y, ..., &. Then for each 1 < s < ¢, by the definition
of d¥, there are

85,15 oo 8ty S r:
yS‘lz cer ys,f‘wns.lv ans.l_y e F

and
1 S is.,Oa is,l seees is.Zs < m
such that

lé\ - i&O: lh - i&ﬁ\va
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forall1 < p < ¢,

Vs.p - ais_p,lrrls,p i, SH

4
d” (yye, KH, e, KH;, ) =Y d* (ysp - iy, 5y - ai,) = .
p=1
and
V7es KHiS_O = gs,lys.lKHist’
gsans 1 KH; | = gs2752KH; |,
8o, KH; , = nne, KH;, .
Fork ¢ E,
dY (ypKH; . KH;,) = 64.
Thus

n
Y Krxd" Oy KHy i KH;, ) = Y KriCs+ ) Krida.
=1 k=e; €E kgE

By (K5) we have
|RA(y1 R ai,) — RA(771 “djy. ..M -aj, )|
< Z KriCy + Z Kridg
k=¢s€E k&E

= Z Krid " (yp KHy i KH,, ).
k=1

However, note that
[RY (yy1KHiy....yyaKH;,) = RY (o KHjy. .. .pu KH,, )|
= [RY(nKHjy.....7aKH,;,) = RY(nKHjy. ....n. KH,;,)|
= [R (1 - aypsoe oy @i,) = Ry - ajyoom - aj,)|.
We thus obtained the desired inequality. -

Let AV be the conservative extension of ) given by Lemma 3.7. In particular, for
every n-ary R € Land X € N",

RY(¥) = max{0.sup{RY (7) -d¥(X.7) : ¥ € dom(RY)}}.

It is clear that RY is invariant under the action of T.
Define f : A — N by

KH;, ifa = a;,
fla) = :
yKH;, ifa+#a; anda=vy-a; fory € F.

It is easy to see that f is well defined. We claim that f is an isomorphic
embedding from A into NV. For injectivity, let y,# € F such thaty - a;,7 - a; € A but
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y-a; #n-a;. Then by (K2), yKH; # nKH;. Isometry follows from Lemma 7.10.
The preservation of R-value follows directly from the definition of RY.
Finally. we verify that forallg € F anda € 4.if g - a € A then

fg-a)=gf(a).

Assumea =y -a;andg-a =n-a; fory,n € Fand 1 <i < m. Then

P ) (p(@)(p() (@) = a.
Thus 4 'gy € H; C KH;, and

f(g-a)=f(n-a;) =nKH; = gyKH; = gf (a).

This completes the proof of Theorem 7.8.
We remark that the same method can be used to give a direct proof of Theorem 6.1
(also cf. [6]).

7.3. The Fraissé class of actions by automorphisms. In this final subsection we
prove that for any semiproper continuous signature £ the class C, defined in
Definition 7.1 is a Fraissé class. The argument follows closely the proof of Theorems
3.9 and 4.8 of [8]. We give some details for the convenience of the reader. The key
fact is the following theorem.

THEOREM 7.12. Let L be a semiproper continuous signature. Then Cr has the AP.

Proor. Assume I'; and I'; are finite groups, and A is a subgroup of both
I'y and T',. Assume M; and M, are finite continuous L-structures, and A a
substructure of both M; and M,. Assume 7y : 'y ~ My, 7y : T, ~ M, and
7 : A ~ A. Furthermore, assume that

t=m[(AxA) =m](AxA).

Let I' = I'y x5 2. By Proposition 4.4 of [8], I" has the HL-property.

Since by Theorem 3.8, ICén has the SAP, we may obtain a strong amalgam of M,
and M, over A, which we denote by N, such that |, 7», T are actions respectively
on Mj, M;, A as substructures of N, still satisfying the compatibility condition
above. Moreover, by the proof of Theorem 3.8, we may assume Ny = M; U M, and
M; N M, = A. Now A as a subgroup of both I'; and I'; acts on \j in a natural way.
and this action is still by automorphisms.

We now inductively define a sequence of extensions

MCAMC..

of Ny. To define N, apply Lemma 7.4 to the actions A ~ Ny and I'y ~ M. We
obtain A and an action I'{ ~ N that is compatible with the actions A ~ Ny
and I'1 ~ M. This action also induces an action A ~ Nj. To define N>, we apply
Lemma 7.4 to this induced action A ~ N; and ', ~ M. The result is an extension
N together with an action T’y ~ N, that is compatible with the actions A ~ A/ and
I'> ~ M. In general, suppose N>, has been defined with an action I'y ~ A, and
'y ~ Nyx_1. We apply Lemma 7.4 to the induced action A ~ Ny and the action
I'1 ~ Ny to obtain Ny, with an action I'y ~ A, that is compatible with the
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two actions mentioned before. Similarly, apply Lemma 7.4 to the induced action
A ~ Ny41 and the action T', ~ Aoy to obtain M5, and action Ty ~ Ny o.

Let Noo = U, Na. Then T = Ty %4 I'; acts on N naturally, and this action is by
automorphisms. We denote this action by 7.

Now applying Theorem 7.8 to T ~ N. Ay and T'; UT,, we obtain a finite
continuous £-structure N and an action by automorphisms z’ : I' ~ N such that
N is an extension of Ny and for all y e Ty UT, and x € N, if y - x € A4, then
VX =7 n X.

Let G be the subgroup of Aut(N') generated by I'; U I',. Since N is finite, so is G.
Now the action G ~ A isanamalgamof 'y ~ Mjand T, ~ MyoverA ~ A. -

The following theorem implies the JEP for C.

THEOREM 7.13. Let L be a semiproper continuous signature. Let I', A be groups,
let M and N be continuous L-pre-structures, and T ~ M and N' ~ N are actions
by automorphisms. Suppose diam(M ), diam(N) < oo. Then there exists a continuous
L-pre-structure P, an action by automorphisms T x A ~ P and embeddings i from
I~ MintoT x A~ Pandjfrom A ~ N intoT x A ~ P. In particular, the JEP
holds for C.

Proor. Let X be the disjoint union of M and N. Let § > diam(M ), diam(N)
and for allm-ary R € Land all 1 <i < n,0 > sup Ig;. Then define a metric d¥ on
X by

dM(x,y), ifx.yeM,
d¥(x.y)={d"(x.y). ifx,y €N,
0, otherwise.

For every R € £, R¥ is naturally defined on
dom(R¥) = M" UN".

It is clear that X = (X.d*.(R¥)ger) is a partially defined continuous L-pre-
structure. Then by Lemma 3.7, X has a conservative extension P. It is easy to
see that M and N embed into P as substructures.

Define an action I' x A ~ P by

N e y(x), ifx e M,

(. 2) - x = {A(X) ifx € N.
It is easy to see that this action is by automorphisms on P. Also, I' ~ M and
A~ Nembedintol' x A ~ P. .

COROLLARY 7.14. Let L be a semiproper continuous signature. Then C is a Fraissé
class.

Proor. Noting that the HP is obvious, this follows immediately from Theorems
7.12 and 7.13. B

§8. Dense locally finite subgroups of the automorphism groups. In this last section
of the paper we prove that Hall’s universal locally finite group H can be embedded
as a dense subgroup of Aut(U,) for proper L.
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P. Hall first constructed H in [9] and proved that it is the unique countable locally
finite group that is universal for all finite groups and is ultrahomogeneous. He also
showed that H is universal for all countable locally finite groups. It is well known
that H is the Fraissé limit of the countable Fraissé class of all finite groups. It was
shown in [8] that H embeds as a dense subgroup of the isometry group of Uy, for
any countable distance value set A; the same is true for the isometry group of U
(Theorems 3.14 and 3.16 of [8]).

Here we consider first a semiproper continuous signature £ and a countable good
value pair (A, V) for £. By Theorem 5.5. the class K ) of all finite (A, V)-valued
continuous £-structures is a countable Fraissé class. We consider the subclass of C
defined as

C(av) = the subclass of C. consisting of actions by automorphisms I' ~ M
where I is finite and M € K, y).

The entire Section 7 can be repeated for C(4 ) to give the following result.

THEOREM 8.1. Let L be a semiproper continuous signature and let (A, V) be a
countable good value pair for L. Then C (4 yy is a countable Fraissé class.

Proor. The proof is identical to the proof of Corollary 7.14. -

Let ' » Mo be the Fraissé limit of C, ). Then M is a countable (A, V)-
valued continuous L-pre-structure, ', is a locally finite group, and the action is by
automorphisms. By the arguments for Theorem 3.14 of [8], we prove the following
lemmas.

LemMA 8.2. M is isomorphic to Uy y).

PROOF. U, y) is is the unique countable continuous L-pre-structure with the
(A, V')-Urysohn property: given any finite (A, V')-valued continuous £-structure M,
a one-point extension N of M that is (A, V')-valued, and an isomorphic embedding
@ from M into Uy, ;). there is an isomorphic embedding y from A into Uy, j) such
that w[ M = .

We verify that M, has this property. It is clear that M, is (A, V')-valued.
Suppose 4 C M, and let A, be a (A, V')-valued one-point extension of A. Let I
be the trivial group. Then I' ~ A embeds into I' ~ A, trivially. By the universality
and ultrahomogeneity of I'o, ~ M. we obtain an embedding ¢ of I' ~ A, into
.o ~ M, suchthat | M is the identity. Thus ¢ witnesses the the (A, V)-Urysohn
property of M. -

Lemma 8.3. T acts faithfully on M.

Proor. Let g € T',, be a non-identity element. Let " be the subgroup of I',
generated by g. Since ' is locally finite, I is finite. Consider the finite continuous
L-structure M defined as follows. Let § € A. Let M = I'. Define d™ (x, y) = 6 for
any x # y € M. For any R € L. define R to be identically 0. Then M is a finite
(A, V')-valued continuous £-structure and the left multiplication action " ~ Misan
action by automorphisms. By the universality and ultrahomogeneity of ', ~ Mo,
we know that M can be realized as a substructure of M. If follows that there is
X € Moo such that g - x # x. -
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Lemma 8.4. T, is isomorphic to H.

Proor. Histhe unique countable locally finite group with the following extension
property: given any finite groups G < H and a group isomorphic embedding ¢
from G into H, there is a group isomorphic embedding  from H into H such that
ylG=ep.

We verify that I',, has this property. Assume G, H, ¢ are given. Consider the
trivial structure M which is a singleton and such that all relations symbols are
interpreted as identically O functions. Then by the universality and ultrahomogeneity
of I'ee » M there is an embedding w of H ~ M into 'y, ~ M, such that
w| G = . This proves the extension property as required. -

Since M is countable, we equip M, with the discrete topology and Aut(M )
with the corresponding pointwise convergence topology. Thus Aut(M.,) becomes
a Polish group. In fact, it is isomorphic to a closed subgroup of S.. the infinite
permutation group.

LEMMA 8.5. T is dense in Aut(My).

Proor. Letg € Aut(M,) and let 4 C M, be finite. We need to find a y € 'y,
such that for every a € 4, g(a) =y -a. Let T be the subgroup of Aut(M.)
generated by g.

Suppose first T is finite. Then let B =TI'(4). B is finite, and T acts on B
by automorphisms by definition. By the universality and ultrahomogeneity of
' » M, we may realize I' as a subgroup of I',. This gives a y € I', such
that foreverya € 4, g(a) =y - a.

Next suppose I is infinite. Then I = (g) is a free abelian group, and by a theorem
of Herwig-Lascar (Theorem 3.3 of [10]). T has the HL-property. Consider F = {g}
and B = AU g(A). By Theorem 7.8 there is a finite continuous £-structure N and an
action 7 : I’ ~ N such that AV is an extension of Band foralla € 4. g -, a = g(a).
Let A be the subgroup of Aut(N) generated by g. Since N is finite, A is finite. By the
universality and ultrahomogeneity of I'o, ~ M., we may realize A as a subgroup
of I's, and AV as a substructure of M, extending B. This gives a y € I'y, such that
foreverya € A, gla) =y - a. =

Putting these lemmas together, we have proved the following theorem.

THEOREM 8.6. Let L be a semiproper continuous signature and let (A, V) be a
countable good value pair for L. Then Aut(U s 1)) contains H as a dense subgroup.

We have the following corollary.

COROLLARY 8.7. Let L be a proper continuous signature. Then Aut(U,) contains
H as a dense subgroup.

ProoF. By Theorem 8.6 we have that Aut(QU ) contains H as a dense subgroup.
Since U, is isomorphic to the completion of QU by Theorem 5.6, there is an
isomorphic embedding i : QU — U, with a dense range. This induces a group
isomorphic embedding 7 : Aut(QU,) — Aut(U.). By Theorem 5.8, 7(Aut(QU,))
is dense in Aut(U,). It is easy to see that # is continuous. Thus #(H) is a dense
subgroup of Aut(U,) isomorphic to H. =
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