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Stein quasigroups ll:
algebraic aspects

M.J. Pelling and D.G. Rogers

This paper furthers the foundation of the theory of quasigroups
obeying the law z(xy) = yx by studying their algebraic
properties. Much information is obtained by analysing the cycle
decomposition of left translations regarded as permutations, and
other results are obtained by representation in terms of abelian

groups with an operation.

1. Definitions and elementary properties

Our paper [5] considered quasigroups obeying the law x(zy) = yx ,
also known as Stein quasigroups or systems, from a combinatorial viewpoint:
in this sequel we explore their algebraic properties. The main achievement
is perhaps the analysis, in Section 3, of medial Stein systems - that is
those obeying the medial law (xy)(zt) = (xz)(yt) . This section also
contains results on canonical forms for abelian groups with an automorphism

which are of interest in their own right.

Elementary consequences of the defining law are idempotence, axx = x ,
and anticommutativity, xy =yx = x =y , and while the associative law
can not hold universally except in the trivial system of order 1 (since
an idempotent group is trivial) we do have the special case
x(yx) = (xy)x . The cartesian product of Stein systems is also a Stein

system. Less trivial is the following theorem.

THEOREM 1. If S <s a finite Stein system with a proper subsystem
T then |S] = 3|7 +1 .
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Proof. Let a € S\T . Since T is a subsystem, for any x € T
there exists bx € S\T , bx # a , such that bxx = a , and then
e, € S\T , c, *a, bx , such that xbx = bxa =c, .
Let y €T, y# x . Then bxx = byy implies bx # by , and hence

¢_#c¢ . Further, if b_= ¢ then
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which is a contradiction.

So for any choice of x, y €T , bx # cy , and it follows that the
set T, {bx | = € 7}, {cx | = €7} , {a} are all disjoint; so
5| z 37| +1 . //

COROLLARY. There are no Stein systems of orders 2 and 3 . For in
the theorem, if |5| > 1 one may always take |T| =1 and deduce
|s] = b

Cases when equality holds in the theorem are discussed in [5]. Note
also that any Stein system S such that ISI < 13 must be minimal; that

is there are no non-trivial proper subsystems.

The notions of homomorphism, endomorphism,isomorphism, automorphism of
Stein systems are defined in the usual way. Thus we have the following

definition and theorem, whose proof, being elementary, is omitted.

DEFINITION. If S and K are Stéin systems then a homomorphism f
of S to K is amap f : § > K such that flay) = flz)f(y) for all
x, y in §

THEOREM 2. If f : S~ K 1is a homomorphism of Stein systems and B
18 any subsystem of K then f’l(B) 18 a (possibly empty) subsystem of

S . In particular if a € f(S) then f’l({a}) 18 a non-empty subsystem
of S .

Any homomorphism f of S defines an equivalence relation R on S
by xRy <= flz) = fly) , with the property that xRy & uRv = (xu)R(yv)

Conversely given an equivalence relation R with this property then if
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[x] denotes the equivalence class of x € S , the set of equivalence
classes becomes a Stein system, denoted S/R , on defining [x]lly] = [xy] ,
and the map x =+ [x] is a homomorphism of S onto S/R . Further if

f : 5> K is an onto homomorphism with associated equivalence relation R

then K ~ S/R and the map [x] » f(xz) <s an isomorphism.
EXAMPLE. 1et Z) be the cyclic group of order L and let

S

Zh ® Zh with quasigroup multiplication defined by xz = (xl, xg),

—— = = ~ .
y = (yl? y2) », .y =Tx + Ty where Tx = (xg, xl—xz] . Then S 1is a
Stein system of order 16 (S o~ J(16) in the notation of Section 3} and

z » 2r defines a homomorphism f of S onto a subsystem X Gz J(4)) of

order 4 . As a runs through the elements of X , fFl({a}) runs
through four disjoint subsystems of § all isomorphic to X . Thus the
equivalence classes composing S/R are actually subsystems of S , as is

the case generally.

An important technique in the study of finite Stein systems is the
analysis of the cycle decomposition of a left translation x - ar regarded

as a permutation Pa of S\{a} , where a is a given element of the
system S . The notation Pa = Enl] + Dn2] + .00+ Enk] will mean that

P has a decomposition into cycles of lengths m

a mk . For

1o Mos wees
example the system J(16) above has P, = [3] + [6] + [6] for any a ,
while its subsystem J(4) has Pa = [3] for all a . The cycle

decomposition can be different for different a (see, for example, Section

6), and a system for which Fb is a single cycle Zor at least one a will

be called cyelic.

2. The analysis of vyrles i, -
o

THEOREM 3. Let S be a finite Stein system, |3 > 1 . Then
(2) for any a € S the length of a cycle in P_ /(s at "zt
3,

(ii) <if (xoxl e xk-l) is a cycle in P of levath k. e
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ax. = x. x.a = x, r.x. . =ZX.
7 i+l ° 1 i+2 17i+2 1+1 °

XL = E T s suffices being reduced modulo k ,
(iti) if P, has a cycle C of length k where k =3 or

k =k, then C u {a} is a subsystem of S of order
k+1.

Proof, Given a € S suppose b # a . Then Pb(b) = ab ,

Pg(b) = a(ab) = ba , and by introductory remarks in Section 1, b, ab, ba

are all distinct. This proves (7).

For (ii), by definition of Pa > ax, = x... SO
x.a = a(axi) =am, . =L -
Alsc
Tty ep = O lega) = am = a2,
and

2 = T (e ) = w0
For (iii), suppose first Pa has a 3-cycle ( = [xoxlxz) .  Then, by
(i<),

r.a =&, =

x. X, =x. .X. = x =q
7 142 1+l 1+3 14177

= zy(zgm ) T em
Using (%), it follows that Cu {a} isclosed under the quasigroup operation,

and so constitutes a subsystem of order &

If P has a Lecycle C = (xoxlxng) , then

.x . =zx, . =z, . =x. =z,
Ty 7+1 Zi40%g xz—é%, i xz+3
and
.a =x. =z, .=z, . =x.|x.x.
%5 42 T %% T ET T (xle +3) ’
so that %, . =a . Thus again ¢ v {a} 1is closed under the quasigroup
operation, and forms a subsystem of order 5 . //

The method of proof also shows that there do exist unique (up to
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isomorphism) systems of orders 4 and 5 which in conformity with Section
3 we denote J(4), J(5) respectively. These systems are cyclic, minimal,
medial, and have sharply 2-transitive automorphism groups - see Sections

3 and 5.
A P cycle C is said to be self-reciprocating (relative to a ) if

x, ¥y exist in € with xy =a . The following theorem describes the

basic properties of self-reciprocating cycles.
THEOREM 4. 1In a finite Stein system S suppose P has a self-

reciprocating cycle C = [xoxl cen xm_l) of length m . Then

(1) if m is odd, m =3, and the only cyclic system of even

order is J(L) ;

(ii) if m = 2k 1is even and TyE, = a then, 1f 1 1is even k
18 odd, 1 =k +1 and xjxj+k+l =a, xj+k+lxj = xj+2
for all even § ;
(ii4) if m =2k and xE;, =a with 1 odd, the relations
xjxj+i =a, xj+lxj = xj+2 hold for J even, and the
relations xjxj+2-i =a, xj+2_ixj = xj+2 hold for J
odd.
Proof. With no assumptions about the parities of m and ¢, if
Ty, = a then z.x, = xo(xoxi) =xga =z, , x5, = xi[xixo] =z@, = a
Repeating this argument starting from xixe =a it follows x2xi+2 =a,

and so iterating,

(1) =qaq for all ¢ .

TotTiror T F 0 TiiofTose

If m 1is odd then 2¢ runs through all residues {mod m),so in

particular

T Ly =A@ =TT, = Typ = Tp =2 22 (modm) =7 =1
But then Ty T a xoa = x5 TGTy = xl » which means that Pxo has a
3-cycle [xlaxz] so that, by Theorem 3 (iii), {a, Zys T x2}
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constitutes a J(4) subsystem and m = 3

2k and 1 are even then taking 2t =< in (1), xix2i =a

whence 27 = 2 (mod 2k) so that ©7 =1 or ©Z =k +1 . But, as before,

If m

7 =1 leads to m = 3 , which is impossible, and so % =k + 1 . Part

(77) now follows on putting 2t = j in (1) and noting that

FTONL I xj(xjxj+k+l) =ra =z,

Part (4iii) follows similarly from {(1). //

COROLLARY. If m=2k >4 then < # 1, 3, 2k-1 . In particular a

self-reciprocating cycle of length 6 is impossible.

Proof. If % =1 then = a leads, as above, to

To*1
{a, T Ty x2} = J{4) , contradicting m >4 . If < =3 then

xyEs =a , TxH=a by part (Z77),so that

= = = = =
.’L’l.’L‘O .’.CO (xoxl) a IL‘O.'L‘3 CCO.’El

1
8

But then P has a b-cycle (z.xz.azx,), whence
zg 173772

- s S
{a, Zys Lys Lo x3} J(5) , contradicting m > L

If © =2k - 1 then, by part (z7Z) with j = 2, XLy =Ty - But by

Theorem 3 (11}, x,x

= = = = =

el %5 1 5 again contradicting

m>L

Iif ¢ = (x0x1x2x3xhx5) were self-reciprocating of length 6 and

ToE, = a then by the preceding, % is not odd whence, by part (7%),
i =k+1=»,4 . Taking j =0 in part ({Z), Xxy = Ty = XD = T 5 @
contradiction since Ty £ xs . So (¢ can not exist. //

If S were a system of order 9 then, since S must be minimal, Pa

can have no cycles of length less than or equal to 4 and thus comprises a
single cycle of length 8 , which must of course be self-reciprocating.
Part (2i7) of the preceding theorem and corollary are then applicable to

deduce that if (xoxl R is the cycle then xjx. =a ,

7) J+5

xjxj+3 = xj+5 for all J , and with this information it is easy to
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complete in a unique and consistent way the multiplication table for §
This unique system of order 9 , denoted J(9) , is cyclic, minimal,
medial, and has a sharply 2-transitive automorphism group - see also

Sections 3 and 5.

It may also be conjectured that in general if C 1is a self-
reciprocating cycle in P of length 8 then C u {a} forms a J(9)
subsystem though we have not been able to prove this. It is true if one

assumes the system is left-distributive.
In the case where xy = a with x, y in different cycles of Pa the

following theorem may be proved by similar methods - we omit the details of

the proof.
THEOREM 5. Let P have disjoint cycles (xoxl . xm-l) and

(yoyl ces ym'—l) of lengths m, m' respectively, and suppose x =a.

Yo
Then
(Z) if m, m' are both even, m =m' and
Tog¥or T YoiTogee T 4 0 Yoi¥op T Tojup 0 Topaddop T Ypiao
for all < ,

.. . ' 5 — ] —_ -
(i2) if m, m' are both odd, m =m' and XY, =YL= a

Y% T Tiap o Tiaply T Yp, forall i,

’

(iit) i1f m is odd and m' is even, m' = 2n and

Toi¥op T YoiToten T 0 YpiTop T Tpjan v Topad¥og T Ynian
for all 1 .

The preceding theorems can now be used to prove the non-existence of

Stein systems of certain orders.

THEOREM 6. There are no Stein systems of orders 6, 7, 8, 10, 12,
1k

Proof. Orders 6, 7, 8, 10 are ruled out because Pa could have no

cycles of length less than or equal to 4 and thus would consist of a
single self-reciprocating cycle of length S5, 6, 7, 9 respectively. Such

cycles can not exist by Theorem % and corollary.
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If S were of order 12 then S would be minimal so again Pa has
no cycles of length less than or equal to U4 . Thus Pa = [11] or

P = [5] + [6] which are ruled out by Theorems 4 () and 5 (ii%).

If S were of order 14 then Pa can not have a cycle of length &

since 14 < 3.5 + 1 but conceivably cycles of length 3 could occur. The
(131, [s] + (8], (6] + [7], [3] + [3] + [7] are ruled

possibilities Pa

out by Theorems 4 (7) and 5 (7i%Z) which leaves {3] + [10] and
[3] + [5] + [5] . It follows that each element of S would be contained
in exactly one J(L4) subsystem: these subsystems would therefore be

disjoint which is impossible since 4 does not divide 1k . //

As regards other systems of low order it is easy to show that the
cycle decomposition for a system of order 11 must be [10] or
[5] + [5] . Both are possible and by tedious construction of the
multiplication tables one can show that there are precisely two systems of
order 11 , denoted J(11, T7), J{(11, 3) respectively. These are medial
and minimal with sharply 2-transitive automorphism groups (see Sections 3

and 5).
It seems unlikely that a system of order 15 exists - if it does Pa

must have cycle decomposition [14] or [7] + [7] or [3] + [3]) + (8]
and the last case can not occur for every a . It also seems unlikely that
a system of order 18 exists. For further information about the spectrum

see reference [5].

3. Medial Stein systems

In this section we consider Stein systems obeying the medial law
ML : (xy)(zt) = (xz)(yt) . It is known [6] that for quasigroups the
modular law ML' : xz(yz) = 2(yx) implies ML ,and in the case of Stein

systems the converse is true: for given x, y, 3 we have x = yxl s

gz = yzl for some xl, zl , and
a(yz) = (yo) (y(v2,)) = (y=)) (29) = (v2)) (=) = 2(y(y=z))) = 2(y=) .

Also, if a qQuasigroup is idempotent and obeys ML' +then it is a Stein

system since z(xy) = y(xx) = yz . Any quasigroup which is medial and
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idempotent is left and right distributive [6],and although the converse is
not true in general, we do not know any Stein system which is left
distributive but fails to be medial. However, by a result of Fischer [1] a

left distributive minimal finite Stein system would be medial.

By Murdoch's result [3] on medial quasigroups with an idempotent
Stein systems which are medial can be characterised in terms of abelian

groups.

THEOREM 7. ILet S be a medial Stein system and a € S and let

r=7T, be the left translation by a , Tx = ax . Then there is a binary
operation + = t, on S which converts S into an abelian group  S{a)
in which a is the group zero and T an automorphism of S(a) satisfying

(2) =1,

and such that the quasigroup multiplication on S is given by xy = 7% + Ty .
Conversely this equation defines a medial Stein system, given any abelian
group and automorphism satisfying (2). The groups S(a) with automorphism

7& are all operator isomorphic for different choices of a .

Proof. Since S is left distributive, T{(zy) = (Tx)(Ty) , and since
S 1is a quasigroup, T has an inverse T_l . Define + on S xS by

T +y = (T_2x)(T—ly] . Then

zay = (%) (@) = (%) %) =y + =
by ML',so that + is commutative. Also
=+ (y32) = (17%) 1L ((27%) (r7%) = (27%) . ((27%) (77%))
= (17%) ((172%) (%)) = 2 + (y32) = (avy) + =

using ML' and commutativity of + , so that + 1is associative.

Since x +a=a+x = (T-Qa][T_lx] = a(T'lx] z and since the
equation z +y =a = (77%) (YY) = a = (rYx)y

solution for y given x , it follows that under + , S 1is an abelian

a always has a

group S(a) with zero a . Obviously xy = % + Ty and the law

x(zy) = yx requires 7 er=1
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If b # a, define f : S(a) »S(b) by flz) == *, b , so that

T fY’lm =x+ Tb . Then
a’a a‘“a
2 ~1
Ty =bx =T b+ Tx=Tx- Th+ b=fTrf"x,
a a’a a "aa a a
so that T, = fT f’l and
b a

-2 -1 2 el 2.2 -1
flx) * fly) = Tb f(x).Ib fly) = fo x.fo y = Iaf?b T+, Z&f?h y
_ 2 - -
=z + Th+y+ Th=x+ y+ b= fl= * y)
Thus f is an operator isomorphism of (S(a), Zﬁ) and (5(b), J%] . //
In the preceding proof [ is an automorphism of S and in fact it is
easy to determine aut(S) in terms of S(a) and T, . If g¢ aut(S)
then g(x) = h(x) + b for some b where h 1is an automorphism of S
leaving a invariant. Then
hzy) = R(z)h(y) = h(0%ceTy) = T2n(x) + Thiy)

Putting « =a , h(Ty) = Th(y) so that h, T commute, whence
h(x+y) = h(x) + h(y) for all x, y € § . Hence aut(S) 1is the set of
maps g(x) = h(x) +, b where % 1is an automorphism of S(a) commuting
with Ib . The left translations of S are the maps x +—]bx *y b and
the group translations x =+ x +a b form a transitive normal subgroup of
aut(S)

If K is a subsystem of S and a € K, then K(a) is a Ta—

invariant subgroup of S(a) , and conversely. Any other subsystem can be
obtained by translating in S{a) a subsystem containing a . Also, as S
is medial, one may form [6] the cosets xK , x € S , and the quotient

system S/K with multiplication (ak)(yX) = (xy)X . 1In terms of S(a)

the coset xK is the group coset Iﬁx + K(a) and
(k) (yK) = T2(zy) + K(a) = T’z + T3y + K(a) = T2(zK) + T_(4K)
a a & a a‘¥

It follows that S/K may be identified with the quotient group S(a)/K(a)
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and its induced automorphism TK(x+K(a)) = Tax + K(a) where in S/K ,

En = T;E + TKn . In the sense of Section 1 the map x =+ xK defines a
homomorphism of § onto S/K .

The preceding analysis is valid for all medial Stein systems; we now

proceed to a detailed analysis of finitely generated systems.

LEMMA 1. S <s finitely generated as a quasigroup if and only if

S(a) 1is finitely generated as a group.

Proof. Let a, xl, ey xk generate S as a quasigroup. Then &(qa)
is generated by xl, vy xk, T&xl, ey Taxk since the subgroup generated
by these elements is Ih-closed and contains a, xl, ey xk

Conversely if S(a) 1is generated by Yys oo Yy then, since

_ -2 -1 :

x +y = [Ta x]ITa y) » any sum 7.y, + ... 4 nYy can be obtained from

a, yl, ey yk by repeated quasigroup multiplication and left division by
a [E T;l) so that a, yl, ey yk generate S as a quasigroup.

The proof shows that if s, ¢ are the smallest possible numbers of
generators for S, S(a) respectively,then s < ¢+l and ¢t < 2s~2 . It is
easy to construct examples which show that neither of these inequalities

can be sharpened.

DEFINITIONS. (i)} If p 4is a prime we say S is a p-system if

S{a) is a p-group and S is torsion-free if S(a) is torsion-free.

(ii) If p =1, 4 (mod 5) then J(p°, A) will denote the p-system

S given by S(a) =2 s I&x = Ax where Ae +A-1=0 (mod ps) (there
p
are two distinct possible values of A for given p and s Y. J(5) will

denote the 5-system given by 2 Tx = 2x¢

5 )

(iii) If p=2, 3(mod 5) or p =5 then J(p=°) will denote the

p-system given by S(a) = Zps @)Zps s Ta(x, y) =y, x-y)

(iv) The torsion-free system given by S(a) = 2@ 2

>
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Ta(x, y) = (y, x-y) will be denoted by J

THEOREM 8. [Let S be a finite medial Stein system. Then
(2) S=T] Sp is isomorphic to a cartesian product of
p

p-systems for various p ,
s, ‘
(ii) if p =1, 4 (mod 5) then sp BT_TJ[p , xi) , a
i

cartesian product of various factors J(ps, )\) N

2s.
(i1} if p = 2, 3 (mod 5) then Sp ~TTJp %), acartesian
Z

product of various factors dJ(p°°)

In all cases the number and types of each factor are wniquely determined.

Proof. Part (Z) follows directly from S(a) being the direct sum of

its Sylow p-subgroups,each of which must be T‘a-invariant for the
automorphism Ta . Each Sp is unique up to isomorphism by the uniqueness
of (S(a), Ta] up to operator isomorphism.

The proofs of parts (i) and (ZiZ) depend on finding canonical forms,
in various cases, for a finite abelian p-group with an automorphism.

LEMMA 2. Let U be a linear transformation of a finite dimensional
vector space V = V(F) over a field F such that its minimal polynomial

m(A) = ml()\)me()\) - mk(k) factors into distinct irreducidbles mi(A)

over F . Then if X 4is a U-invariant subspace of V there is a

U-invariant subspace Y such that V=X@Y .
The proof is a simple exercise in linear algebra and is omitted.

LEMMA 3. Let A be a finite abelian p-group and T an
automorphism of A satisfying f(T) = 0 where f 1is a monic polynomial

of degree n over 2 which is irreducible mod p . Then A 4is a direct
swn of swmmands of the form [zl ® [Tz] @® ... & [Tn'lz] where 2z € A 1is

different for different swmmands and each [.’[Jz] ~2 , for some t = t(z)
p
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depending on z but not on q .

Proof. Let s be the least integer such that pSA =0 . Then ps_lA

is a vector space vt over GF(p) and T acts on Vl as a linear

transformation with minimal polynomial f(A) (mod p) . By the Jordan
Canonical Form, Vl is a direct sum of T-invariant subspaces

-1 . . s-1 1
., Ty., ... , =1 = . . = A
EJ'P’ Yo > " y_;l >, 1 T 1’1 Let y‘b p 205 then the

<
szi , 0=g<n, 1=1°= il , are linearly independent (mod ps] . For
i l _ = j S‘l l —_ = = = -
¥ aijszi 0=y aijTJp 2, =0%a;; 20 (mod p) a;; = pbij
= js=-11 = = = = = = s
Z bijij > 0 bij 2 0 (mod p) aij =0 (mod p ]

Thus A has a subgroup A4, = @ I:T']zﬂ where each l:]’jzﬂ ~ 7

1 i, 3

p

Now let V2 = ps—z{x | z € A and ps_lx = 0} > which is also a vector

space over GF(p) and VlgV2 .V ana V2 are T-invariant, so by

Lemma 2, V2 = Vl ® V2 for a T-invariant subspace V2 . As before V2
. . . . Trz—l
is a direct sum of T-invariant subspaces wi’ Twi’ e, wi s
184S i2 (or is empty), and putting w, = ps_ng where ps_lzf =0,
we obtain a subgroup A2 = @ szﬂ where each EZJz;I ~ 7 a1 - Also,
T,J p

as 1is easily verified, Al + A2 = Al @A2 .

Continuing thus, V3 = ps_3{x | x € 4 and ps_2x =0} = V2 ® V3 and
so on, we eventually express 4 = Al ®A2 @® ... @AS in the form required

by the lemma.

COROLLARY. If 4 <is a finite abelian p-group, p°A =0, and T an

automorphism of A with f(T) =0 where f(A) =T [ fk()‘) (mod pS) and
k

the fk are monic of degree . and distinet (mod p) and irreducible
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(mod p) , then A 1is a direct sum of swmands of the form

n, -1

(zl@[mz]@ ... @[T K z] where fk(T)z =0 and [’I‘J.a] ~2 , for
p

t = t{z) . The number and types of each swmmand are uniquely determined.

(k) (%)

For we may write A =® A where 4 = {x | f'k(T)x = 0} and
k
apply the lemma to each A(k) separately. The uniqueness follows by the
uniqueness of the A(k) and the uniqueness of the canonical form for

finite abelian groups (without automorphism).
Finally parts (Z1) and (417) of the theorem follow directly from Lemma

3 and its corollary applied to the case T2 + 7 -1 =0, on noting that

2 . -
AT + X -1 factors [)\—)\l) ()\—)\2) [Xl # >‘2) in Zps for p =1, 4
(mod 5) and is irreducible in 2 s for p = 2, 3 (mod 5) . //
p
. . 2 _ 2
The case p = 5 is anomalous since A° + X -1 z (A-2)° (mod 5) and
is irreducible [mod SS) for s > 1 . For an example of a 5-system not

of the kinds appearing in Theorem 8 (Z7Z) and (Zii) consider
225 @ Z5 = [__el] & [62_] with 7 defined by

T((5l4m)e +ne, ) = (10l+2m-Sn)e, + (2n1+m)e

1 1 2"

Then T2 +7 ~1 =0, s0 this is a 5-system, which we denote P . We have
developed a method for determining all 5-systems of a given order, but as
it is complicated and does not yield the isomorphism classes explicitly we
omit the details. The isomorphism classes for orders Ss , l=s=bU,

are as follows:
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Order Associated group Systems
5 Zs J(5)
25 Z5® 2 J(5) x J(5), J(25)
125 s @ 25 @ Zg J(5) x J(5) x J(5), J(5) x J(25)
Z 5 OZ5 P

625 I @ Zs @ L5025 J(5) x J(5) x J(5) x J(5), J(5) x J(5) x J(25)

J(25) x J(25)
2,5 ® 25 @ Zg - J(5) x P

z 5@225 J(625)

THEOREM 9. Let S be an infinite finitely generated medial Stein
system. Then S ~H X K where H 1is torsion-free and K <is finite.

h
Further H o~ J where each Ji is a copy of J . The integer h is
=1

uniquely determined and K is unique up to isomorphism.

Proof. (i) Assume first that if S is torsion-free; then Sc:l I J;

for some h and copies Ji of H . Givenany S and g € 4, let K(a)
be the torsion subgroup of s(a) , which will be Ta-invariant and so

defines a finite subsystem XK of S . S(a)/K(a) , which is the group
associated with the quotient system S/K , is torsicr-free; so by hypothesis

h
Sla)/kla) ~ ® (z& Z)i’ where each summand (2 ® Z)i is invariant under
i=1

R

the induced automorphism T, and TK acts in it by TK(x, y) = (y, z-y) .

By the canonical form theorem for finitely generated abelian groups it

h

follows that we may write S(a) = € (Z @& Z)i ® K(a) , where if
=1

(z® Z = [227;| @ [22 +1] then Tae% = o tUps o

Tae2i+l = en; ~ @np41 T Ypyy TOT sOme Yo, y,. ., € Kla), and also

i/"yei+y2i+y2i+l=0,31nce T§+Ta=l.
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1 ! . = - ! . = v . - ! . = ! -
Pt eo; = €np 5 Cppa T Copa Y Yy - them Tpfpp S fppyy o
h
] - ' ' 3 = 7 .
T @hie1 = ©p; = €hp4q» SO that we may now vrite S(a) 221 (ZG’Z)i @ k(a)
where each summand is Ib-invariant and in each (Z ® Z)i , T& acts by

Ia(x, y) = (y, x-y) . From this the required representation S o~ H X K
follows.

Conversely given such a representation and any a € §, then X ~ K(a)
(qua quasigroup), so {by Theorem 7) K 1is unique up to isomorphism. Also

2h = rank S{a)/K(a) (qua group),so h 1is uniquely determined.

(ii) Now suppose that S 1is torsion free so, S{a) ~ Zk for some k.,

k

and T = Ta 2 2 Zk is a linear transformation satisfying

Flr) = 7° 47 -1 =0 . From the linear algebra theory for Zk (see

[4, Sections 15, 16]), we obtain a canonical form for T ; the matrix of

T with respect to some basis of Zk consists of k/2 diagonal blocks,

each a copy of the companion matrix C of f,and zeros elsewhere. This

i
completes the proof of Theorem 9. //

4. Extended medial systems

The class of finite medial Stein systems is not large and the spectrum
consists of all integers whose square free part does not contain any
prime p £ 2, 3 (mod 5) . A closely related but much larger class is that
of extended medial (EM) systems,defined as Stein systems with the property
that any 2-element generated subsystem is medial. ©Stein systems
constructed by the method of block designs (see [ 5], Theorem 1) with medial
block systems are EM-systems,and since there are medial systems of orders
4, 5, 11, it follows by ([5), Theorems 6 and 7) that EM-systems exist for
all orders greater than or equal to 1198 , a figure which can probably be
improved. All EM-systems satisfy the restricted modular law:
x(y(zy)) = (xy)(yx) - in fact we do not know of any Stein system in which
the restricted modular law fails,although we have not proved its universal

validity.

A Stein system which satisfies either of the laws x(yz) =y ,
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(yx)x = xy satisfies the other and is an EM-system in which every
2-element generated subsystem is isomorphic to J(L4) ; these subsystems
form a block design (see Stein [7]). 1If a Stein system obeys the law
(xy)z = (=2y)x , then (xy)y = yx, so also x(yx) = (xy)xr =y holds. Then
(xy)(yt) = ((ytly)z = tx = t(y(xy)). so that putting xy = 2 we see the
modular law ML holds and the system is medial. It is easy now to verify
that the law (xy)z = (3y)xr characterises the medial 2-systems S for
which 25(a) = 0 ; hence if S is finite then S 1is isomorphic to a

cartesian product of copies of J(k)

Finite EM-systems have the interesting property that one can always
deduce information about subsystems from a knowledge of the cycle

decomposition of a left translation 1& regarded as a permutation of the

system. For if T = has an n-cycle Y = {yy' ...) then
IZy =y=F ,-FTy (n even)
=FTYy-F (n odd)

(working in the associated group of the medial subsystem generated by «

and y ) where Fn is the nth Fibonacci number. This gives a relation
of the form my + m'Tay = 0 from which the possible types of subsystem
la, y] can be determined.

For example if I& has a 10-cycle,then

Tioy=y=3hy-55Tay=’55Tay=33y

. . -1 =
Since, in [a, y] , T, =T,+1, 33y =22, and so

(2.55-3.33)Tay = llTay =07 1ly = 0 . The group of [a, y] is generated
by y and Tay, so is of order 11 or 121 according as Zby is
linearly dependent on y or not. It follows that [a, y] ~ J(11, 7) or

J(11, 7) x J(11, 3), since the system J(11, 3) does not have any
10-cycles.

Similarly one can show that if Ib has an 8-cycle then
la, y] =~ J(9) or J(9) x J(5) . As special cases of the general theory we

can obtain again [a, y] =~ J(4) for a 3-cycle and [a, y] - J(5) for a
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k-cycle.

5. Further Constructions with abelian groups

THEOREM 10. Let (S, *) be any quasigroup of order n possessing a
transitive abelian group A of n automorphisms. Then it is possible to
define an addition + on 5 so that (S, +) =4 and x*y = x + U(y-x)
where U : S S 1is a permutation of S such that U -1 1is also a

permutation. The converse is true.

Proof. Select any element of S as 0 and define + by

flx) where f € A is such that f(0) =y . Clearly

£+ 0=0+g=x and if g(0) =z then
y +x =gly) = gf(0) = fg(0)

Also if h(0) = z then

i

xr +y

flz) =z +y

(x+y) + 2 = h(x+y) = hfg(0) = gfh(0) = (z+y) + x = = + (y+z)

by commutativity of + . Finally x + f(0) =0 if f € 4 is such that

flx) = 0 so that additive inverses exist and (S, +) 1is an abelian group.

The group 4 1is the set of translations « - x + a . Define
U:8~>8 by Uz =0%% so that 0*(y-z) = Uly-z) and x*y =z + U(y-x)
on translating by x . The equation z*y =2 + U(y-x) = 2 has a unique
solution for any one of &, ¥, 2 given the other two just when U and
U -1 are permutations of S . The converse of the theorem can be

verified directly from this equation. ]/
COROLLARY. S constructed as above is a Stein system if and only if
U has the property that VPr = Ul-z) +x forall x €8 .

Medial Stein systems are included in this construction (take U =T
in Section 3) but also some non-medial systems. For example if R 1is a
right-distributive near ring with unit containing an element ¢ such that

- -1
02 +e~-1=0, - =c¢(-1), and cc 1 =¢ ¢ =1 for some inverse

c_l , then defining x*y = x + e(y-x) turns R into a Stein system which

in general will not be medial if R is not a ring.

We have no general decomposition theorems for Stein systems

constructed in this way,but in all known examples the restricted modular
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law does hold. One may verify directly that if U(-z) = -Ux ,
U(ex) = 2Ux , x € S , then the restricted modular law holds.

If stronger properties of aut(S) are assumed then more can be

proved.

THEOREM 11 (see Stein [7]). Suppose (S, *) <s a finite quasigroup
with a sharply 2-transitive group of automorphisms. Then S can have the
structure of a right-distributive near field imposed on it in such a way
that x*y = x + e(y-z) for some fixed ¢ # 0, 1 in S . The converse is

true.

Proof. By the fundamental characterisation theorem on near fields
(see, for example, [2], p. 382) S can certainly be presented as a near
field so that the given group of automorphisms appears as the group of
linear substitutions x +a +xb , b # 0 . Let 0*1 =c¢ . Then since
x +a + x(b-a) is an automorphism when a # b and maps 0 +a , 1-+5b ,
it follows a*b = a + e¢(b-a) . Also if 0*0 = d then the same
automorphism shows that a*a = a + d(b-a) - but since this can not depend
on b, d=0,and a*a =a =a + ¢(a-a) . Obviously one does not get a

quasigroup if ¢ =0 or ¢ =1
For the converse note that
z + cely-x) = 2 = ely~x) = (2-z) = (c-1)(y-x) = (z-y) ,
so that provided ¢ # 0, 1 one can always solve x*y = z for any one of

x, ¥, &, given the other two. //

COROLLARY. S comstructed as above is a Stein system if and only if

02 +c¢-1=0,

We now proceed to construct a class of Stein systems on the basis of
the preceding theorem and corollary. Any finite near field, excluding
seven exceptional cases, can be constructed as follows (see, for example,
{23, p. 390).

Let g = ph be a power of a prime p and let v be an integer all
of whose prime factors divide g - 1 , where also v § 0 (mod k) if
q =3 (mod 4) . Then with hv = r a near field K of p' elements can
be defined thus:

Hl. the elements of K are the elements of the Galois field
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r
GF(p7) s
r
N2. addition in K is the same as addition in GF(p') ;
N3. the product w o u in K 1is defined in terms of the
. r . .
product x.y in GF(p ] in the following way: let =z be

a fixed primitive root of GF(pr) 5 then if wu = zkv+J

El

an integer < is uniquely determined (mod v) by

q" =1 + j(g-1) (mod v(g-1)) and the product ® o u is

given by w © U = uU.W 5
NL. the centre of K is GF(g)

THEOREM 12. The finite near fields K of the type described by
N1-N4 and which contain an element ¢ such that ¢ o c +¢ -1 =0 and

¢ © ¢ = c.¢c are precisely the following:
(1) those with p = 0, 1, 4 (mod 5) ;
(1) those with p = 2, 3 (mod 5) and 2|k ;

(i21) ‘those with p = 2, 3 (mod 5) and p =1 (mod 4) and
2t n, 2v.

Proof. Cases (7) and (7i) are immediate since then ¢ exists in the

centre of K . Suppose then that p = 2, 3 (mod 5) and 2 | h . If e

it

exists then ¢

then 2 I {g-1)

GF[pz), so 2|r and 2|v , which excludes p = 2, since

If z 1s the primitive root of GF(pr) defining X , suppose
7
= SRvtd

and ¢ oc =c.c . Then gq° =1 + j(g-1) (mod v(g-1)) ana

Z 2 r
2|7 (since & = =c in cr(p")) = 2|j = c%(p 1) . 1

in GF(pP] . Conversely if this last equation holds then ¢ © ¢ = ¢c.c .

If ¢ 1is a root of x2 +2x -1 in GF(pg] then the other root is

cp, so that cp+l = -1 and

https://doi.org/10.1017/50004972700011059 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700011059

Stein quasigroups 341

r-2) r—2]

c%(pr—l) - e%(pe-l)(l+p2+...+p - (_l)%(p—l)[l+p2+...+p .

if and only if p = 1 (mod 4) or L|r . But if 4|r then L|v 6 and

q = ph 3 (mod 4¥) ® p =1 (mod 4) . So in all cases p = 1 (mod k) ,
which completes the proof. //

COROLLARY. If p 1is a prime such that p = 2, 3 (mod 5) and

p =1 (mod b4) there exists a minimal Stein system of order p2 which is
netther medial nor left-distributive. The system has a sharply

2-transitive automorphism group. This follows on taking h =1, v =r = 2
in the theorem - the smallest systems of this kind have orders 132 = 169

and 172 = 289 .

6. A system with trivial automorphism group

In contrast to the systems of the preceding section we conclude the
paper by constructing a Stein system of order 21 which admits only the
identity automorphism. As a set S is defined as J(4) x J(5) u {e}
where e 1is an adjoined element and the multiplication is defined as

follows.

(i) If a# e, b#d, then (a, b).(e, d) = (ac, bd) where ac
is multiplied in J(4) and bd in J(5)

(ii) Suppose J(L4) = {al, ay aszs ah} , J(5) = {bl’ b2, b3, bh’ bS}'
Let {ai} x J(5) be made into a copy ¢, of J(5) by imposing any
suitable multiplication and similarly let J(L) x {bj} v {e} be made into

a copy Rj of J(5)

Then (a;, b).(a;, b') = (a;, bb') where Dbb' is multiplied in C

(iii)

(a, bj).(a', bj)

(aa', bj) if aa' multiplied in R, isnot e,

= e if aa' = e in Rj

(iv) (a, bj)e = (ae, bj] and efa, bj) = (ea, bj) vhere ae, ea

are multiplied in Rj .
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It is straightforward to check that S is a Stein system and that the
cycle decompositions are P = (4] + (4] + [12) , =z #e , and
Pe = [4] + [4] + [) + [4] + [L] . S is 2-generated by any pair of
elements (a, b), (¢, d) with a#c¢ , b #d , and its subsystems are

precisely the Ci and Rj , all of order 5 . S 1is not left-distributive

or medial and is not an EM-~system; however the restricted modular law

does hold. We shall show that the multiplications in Rj and Ci can be
chosen in such a way that if f is any automorphism of S then f = lS .
First, f must leave e invariant and map subsystems to subsystems,

so will be of the form g X g, restricted to J(k) x J(5) . The column
subsystems Ci = {ai} x J(5) , 1 =1 =k , are permuted amongst themselves
b,

by g, and the rows J(b) x {bj 1=j=5, are permuted by g, »

inducing a permutation of the row subsystems Rj’ which may also be called
92 without confusion. 1In virtue of (1), gl must be an automorphism of
J(4) , and since aut({J(L)) is the alternating group on L4 symbols, g, 1is
an even permutation.

Let the Stein system of order 5 be represented as 2Z_ 'with

>
multiplication x.y = bxr + 2y and define the multiplications on the sub-

systems Rj by mapping them onto Z5 as follows: for 1 =4 <4 map

J.)»i and e -~ 0 , vhile for j = 5 map (al,b5)+1,

@Z,bQ > 2, @3,b9 >4, @h,bQ +3, e~>0.

(ai, b

Since g, must map some 53 to Rj’ with 1 =4, g' sl , g, must

induce, via the representations of Rj and Rj' as ZS’ an automorphism of

Z5 of the form 0+ 0 , < =+ k , vhere gl(ai) =a . But 9, is an even

permutation,and if not the identity,this automorphism can only be given by
x' = bx ; that is (14)(23)
However if g, maps R. to R_. then 9, via the representation of

5 5

R5 as Z5 would induce an automorphism (13)(24) of Z5 , while if g,
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maps RS to Rj , J < 5, then 9, via the representations of FS and

Rj as Z5 would induce an automorphism (1423) . This is contradictory,

since neither (13)(24) or (1423) are in fact automorphisms of Z5 .
From this it follows g, is the identity on J(4) and also, by a similar

argument, that g, maps R5 to R5 .

Suppose without loss of generality that J(5) = {bl’ b2’ b3, bh’ b5}

is identifiable with Z_. by the map bi + 7 , in which case, in virtue of

5

(i) and g2(b5) =bg , g, is an automorphism of J(5) which induces one

of the following automorphisms of 2 (1), (1243), (13k2), (1k)(23)

5 :
Now define the multiplication on Cl by mapping it onto Z5 by

(al, bl] ~1, (al, be) > L, (al, b3) >3, [al, bh) -2,

(al, b5) -+ 0 . Then g, maps Cl to Cl and g, induces an

automorphism of Cl by [al, b.) - (al, gz(bj)) ,» which in turn, via the

J

representation of Cl as Z_ and the known possibilities for 95, induces

5

an automorphism (1), (1423), (1324), (12)(3L) of Z5 . But of these only

(1) is in fact an automorphism, so that g, can only be the identity.

Hence f = lS as required. //
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