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Abstract

Importance sampling is a widely used variance reduction technique to compute sample
quantiles such as value at risk. The variance of the weighted sample quantile estimator is
usually a difficult quantity to compute. In this paper we present the exact convergence rate
and asymptotic distributions of the bootstrap variance estimators for quantiles of weighted
empirical distributions. Under regularity conditions, we show that the bootstrap variance
estimator is asymptotically normal and has relative standard deviation of order O (n~1/4).
Keywords: Weighted quantile; bootstrap; variance estimator; importance sampling

2010 Mathematics Subject Classification: Primary 62F40
Secondary 65C05

1. Introduction

In this paper we derive the asymptotic distributions of the bootstrap quantile variance
estimators for weighted samples. Let F' be a cumulative distribution function (CDF), let f
be its density function, and let ¢, = inf{x: F'(x) > p} be its pth quantile. It is well known
that the asymptotic variance of the pth sample quantile is inversely proportional to f(ap)
(cf. [6]). When f(a)) is close to O (e.g. p is close to 0 or 1), the sample quantile becomes very
unstable since the ‘effective sample’ size is small. In the Monte Carlo scenario, one solution
is to use importance sampling for variance reduction by distributing more samples around a
neighborhood of the interesting quantile . Such a technique has been widely employed in
multiple disciplines. In portfolio risk management, the pth quantile of a portfolio’s total asset
price is an important risk measure. This quantile is also known as the value at risk. Typically,
the probability p in this context is very close to O (or 1). A partial literature list of using
importance sampling to compute the value at risk includes [14], [23]-[25], [29], and [42]-[44].
In recent work Hult and Svensson [30] discussed efficient importance sampling for risk measure
computation for heavy-tailed distributions. In the system stability assessment of engineering,
the extreme quantile evaluation is of interest. In this context, the interesting probabilities are
typically of a smaller order than those of the portfolio risk analysis.

Upon considering p to be close to 0 or 1, the computation of &, can be viewed as the inverse
problem of rare event simulation. The task of the latter topic is computing the tail probabilities
1—F(b) when b tends to co. Similar to the usage in quantile estimation, importance sampling is
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also a standard variance reduction technique for rare event simulation. The first to work on this
topic was Siegmund [41], who not only presented an efficient importance sampling estimator but
also defined a second-moment-based efficiency measure. We will later see that such a measure
is also closely related to the asymptotic variance of the weighted quantiles. Such a connection
allows us to adapt the efficient algorithms designed for rare event simulations to the computation
of quantiles (cf. [26] and [30]). More recent works of rare event simulations for light-tailed
distributions include [17], [19], and [39], and for heavy-tailed distributions include [3], [4],
[8]—-[11], [18], and [31]. There are also standard textbooks, such as [2] and [13].

Another field related to this line of work is survey sampling where unequal probability
sampling and weighted samples are prevailing (cf. [32] and [36]). The weights are typically
defined as the inverse of the inclusion probabilities.

The estimation of the distribution quantile is a classic topic. The almost-sure result of the
sample quantile was established in [6]. The asymptotic distribution of the (unweighted) sample
quantile can be found in a standard textbook, such as [15]. Estimation of the (unweighted)
sample quantile variance via bootstrap was proposed in [5], [22], [37], [38], and [40]. There
are also other kernel-based estimators (to estimate f («)) for such variances (cf. [21]).

There are several other works that are closely related to this work. The first is that of Hall and
Martin [28], who derived the asymptotic distribution of the bootstrap quantile variance estimator
for unweighted independent and identically distributed (i.i.d.) samples. Another is the work
of Glynn [27], who derived the asymptotic distribution of weighted quantile estimators; see
also [14] for a confidence interval construction. A more detailed discussion of these results is
given in Section 2.2.

The asymptotic variance of the weighted sample quantile, as reported in [27], contains
the density function f(a,), whose evaluation typically consists of the computation of high-
dimensional convolutions and is therefore usually not straightforward. In this paper we propose
using the bootstrap method to compute/estimate the variance of such a weighted quantile.
Bootstrap is a generic method that is easy to implement and does not consist of tuning parameters
in contrast to the kernel-based methods for estimating f(«p). In this paper we derive the
convergence rate and asymptotic distribution of the bootstrap variance estimator for weighted
quantiles. More specifically, the main contributions are to first provide conditions under
which the quantiles of weighted samples have finite variances and develop their asymptotic
approximations. Second, we derive the asymptotic distribution of the bootstrap estimators for
such variances. Letn denote the sample size. Under regularity conditions (for instance, moment
conditions and continuity conditions for the density functions), we show that the bootstrap
variance estimator is asymptotically normal with a convergence rate of order O (n~>/%). Given
that the quantile variance decays at a rate of O(n~'), the relative standard deviation of a
bootstrap estimator is O (n~'/4). Lastly, we present the asymptotic distribution of the bootstrap
estimator for one particular case where p — 0.

This work is technically challenging because many classic results of order statistics are not
applicable. This is mainly caused by the variations introduced by the weights, which in the
current context is the Radon—Nikodym derivative, and the fact that the weighted sample quantile
does not map directly to the ordered statistics. In this paper we employ Edgeworth expansion
combined with the strong approximation of empirical processes (see [33]) to derive the results.

This paper is organized as follows. In Section 2 we present our main results and summarize
the related results in the literature. A numerical implementation is given in Section 3 to
illustrate the performance of the bootstrap estimator. The proofs of the theorems are provided
in Sections 4, 5, and 6.
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2. Main results

2.1. Problem setting

Consider a probability space (€2, #, P) and a random variable X admitting CDF F(x) =
P(X < x) and density function

fx) = F'(x)

for all x € R. Let ), be its pth quantile, that is,
ap =inf{x: F(x) > p}.

Consider a change of measure Q, under which X admits a CDF G (x) = Q(X < x) and density

gx) = G'(x).
Let
Jx)
L(x) =
g(x)’
andlet X, ..., X, bei.i.d. copies of X under Q. Assume that P and Q are absolutely continuous

with respect to each other. Then EQ L(X;) = 1. The corresponding weighted empirical CDF is

Y LXDI(Xi < x)

Fx(x) = : ()
> it LX)
where [ (-) denotes the indicator function. A natural estimator of «, is
&,(X) = inf{x € R: Fx(x) > p}. )

Of interest in this paper is the variance of &, (X) under the sampling distribution of X;, that is,

o2 = var(&,(X)). (3)
The notation EQ(-) and varQ(-) are used to denote the expectation and variance under the
measure Q.
Let Yq, ..., Y, beii.d. bootstrap samples from the empirical distribution

A 1 <
G) =~ ;‘ 1(X; < x).
The bootstrap estimator for a,% in (3) is defined as

52 = 3 Q@ (¥) = Xp(Xi — &,y (X)), @

i=1

where Y = (Yy,...,Y,) and Q is the measure 1nduced by G that is, under Q Yi,..., Y, are
ii.d. with emplrlcal distribution G. Note that both G and Q depend on X. To snnphfy the
notation, we omit X in the notation of Q and G.
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Remark 1. There are multiple ways to form an estimate of F. One alternative to (1) is

- 1<
Fx(x) ==~ 3 LX) (X; < ). 5)
i=1

The analysis of Fy is analogous to and simpler than that of (1). This is because the denominator
is a constant. The weighted sample CDF in (5) depends only on samples below x. This is an
important feature for the variance reduction of extreme quantile estimation when the change of
measure Q is designed to be concentrated on the region below F~!(p). We will provide more
detailed discussions later.

2.2. Related results

In this section we present two related results in the literature. First, Hall and Martin [28]
established the asymptotic distribution of the bootstrap variance estimator for (unweighted)
sample quantiles. In particular, they showed that if the density function f(x) is Holder
continuous with index % + &o then

n 467 — o) = N©O,2r 2 p(1 — PP flap)™) (6)

as n — 00, where ‘=’ denotes weak convergence. This is consistent with the results in
Theorem 2 below, setting L(x) = 1. This paper can be viewed as a natural extension of [28],
though the proof techniques are different.

In the context of importance sampling, as shown in [27], if EQ |L(x)|? < oo, the asymptotic
distribution of a weighted quantile is

varQ(W,,)> N

f(ap)z

asn — oo, where W, = L(X)(I(X < a)p) — p). More general results in terms of weighted
empirical processes are given in [30].

We now provide a brief discussion of the efficient quantile computation via importance
sampling. The sample quantile admits a large variance when f(«p) is small. One typical
situation is that p is very close to 0 or 1. To fix ideas, we consider the case where p tends to 0.
The asymptotic variance of the pth quantile of z i.i.d. samples is

V@, (X) —a,) = N(O,

1-p_ p*
np f(ap)z

Then, in order to obtain an estimate of an ¢ error with at least a 1 — § probability, the necessary

number of i.i.d. samples is proportional to p_lpz/f2(a[,), which grows to oo as p — 0.

Typically, the inverse of the hazard function, p/f (o), varies slowly as p tends to 0. For

instance, p/f (ap) is bounded if X is a light-tailed random variable and grows at most linearly in

o for most heavy-tailed distributions (e.g. the regularly varying and log-normal distributions).
The asymptotic variance of the quantiles of Fy defined in (5) is

var(L(X)[ (X < ap))  p?
np? flap)?

There is a wealth of literature on the design of importance sampling algorithms, particularly
those adapted to the context in which p is close to 0. A well-accepted efficiency measure is
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precisely based on the relative variance p 2 varQ(L(X)I (X < « p)) as p — 0. More explicitly,
the change of measure is called strongly efficient if p_2 varQ(L(X)I (X < « p)) is bounded
for arbitrarily small p. For recent developments in importance sampling algorithms in a rare
event setting, see, e.g. [1], [7], [9], [12], and [17]. Therefore, the change of measure designed
to estimate p can be adapted without much additional effort to the quantile estimation problem.
For a more thorough discussion, see [14] and [30]. We will provide the analysis of one special
case in Theorem 3 below.

2.3. The results for regular quantiles

In this subsection we provide an asymptotic approximation of anz and the asymptotic
distribution of 2. We first list a set of conditions which we will refer to in the statements
of our theorems.

(C1) There exists an & > 4 such that
EQ|L(X)|* < .

(C2) There exists a 8 > 3 such that
EQ|X|)# < oo.

(C3) Assume that

o p+2

_ > —.

3 p-3
(C4) Thereexists adp > 0 such that the density functions f(x) and g(x) are Holder continuous

with index % + Jp in a neighborhood of o, that is, there exists a constant ¢ such that

If(x) = FOI < clx — V20 Je(x) — g(»)] < clx — y|/3F%,
for all x and y in a neighborhood of «,.

(C5) Themeasures P and Q are absolutely continuous with respect to each other. The likelihood
ratio L(x) € (0, oo) is Lipschitz continuous in a neighborhood of o).

(C6) Assume that f(ap) > 0.

Theorem 1. Let F and G be the cumulative distribution functions of a random variable X
under the probability measures P and Q, respectively. The distributions F and G have density
functions f(x) = F'(x) and g(x) = G'(x). We assume that conditions (C1)—(C6) hold. Let

Wp=L(X)I(X <ap) — pL(X),
and let G, (X) be as defined in (2). Then,
VarQ(Wp)

ol = var?(@,(X)) = nf (ap)?

+on™M,  EU&H(X)) =, +o(nHH),

asn — OQ.

Theorem 2. Suppose that the conditions in Theorem 1 hold and that L(X) has density under Q.
Let 8,,2 be defined as in (4). Then, under Q,

467 — o)) = N, 1)) (8)

asn — oo, where
r[% = 271_1/2L((x,,)f(otp)_4(VaIQ(Wp))3/2~
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Remark 2. In Theorem 1, we provided bounds on the errors of the asymptotic approximations
for EQ (a p(X)) and onz in order to assist the analysis of the bootstrap estimator. In particular, in
order to approximate 0,12 with an accuracy of order o(n~>/%), it is sufficient to approximate
EQ(&,, (X)) with an accuracy of order o(n=>/%). Thus, Theorem 1 indicates that &, can
be viewed as asymptotically unbiased. In addition, given that the bootstrap estimator has a
convergence rate of O (n=>/*), Theorem 1 suggests that, when computing the distribution of
the bootstrap estimator, we can use the approximation of 0,12 to replace the true variance.

In Theorem 2, if we let L(x) = 1, that is, P = Q, then & p 1s the regular quantile and the

asymptotic distribution (8) recovers the result of [28] given in (6).

Remark 3. Note that the weak convergence in (7) requires weaker conditions than those in
Theorems 1 and 2. The weak convergence does not require &, (X) to have a finite variance. In
contrast, in order to apply the bootstrap variance estimator, we need to have the estimand well
defined, that is, varQ(& »(X)) < oco. Conditions (C1)—(C3) are imposed to ensure that &, (X)
has a finite variance under Q.

The continuity assumptions on the density function f and the likelihood ratio function L
(conditions (C4) and (C5)) are typically satisfied in practice. Condition (C6) is necessary for
the quantile to have a variance of order O (nh.

2.4. Results for extreme quantile estimation

In this subsection we consider the particular case in which p tends to 0. The analysis in
the context of extreme quantile estimation is sensitive to the underlying distribution and the
choice of change of measure. Here, we only consider a stylized case, one of the first two
cases considered in the rare event simulation literature. Let X = Z;": 1 Zi, where the Z;s are
i.i.d. random variables with mean O and density function %4(z). The random variable X has
density function f(x) that is the mth convolution of A(z). Note that both X and f(x) depend
on m. To simplify the notation, we omit the index m when there is no ambiguity. We further
consider the exponential change of measure

Q(X € dx) = ™ £(x)dx,

where ¢(0) = log [ e’ h(x) dx. We say that ¢ is steep if, for every a, ¢(6) = a has a solution.
For ¢ > 0, let @), = —me be in the large deviations regime. We let 6 be the solution to
supy (—0'e — (6")) and I = supy (—0'e — (6”)). Then, a well-known approximation of the
tail probability is given by

e©®) +o()
Jm

P(X < —me) =

as m — oo. The likelihood ratio is given by
LR(X) — e—9x+m<p(9).

We use the notation LR(x) to distinguish it from the previous likelihood ratio L (x).

Theorem 3. Suppose that X = ZT:] Zi, where the Z;s are i.i.d. mean-zero random variables

with Lipschitz continuous density function. The log-moment-generating function ¢(0) is steep.
For ¢ > 0, the equation

¢'0) = —e¢
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has one solution denoted by 6. Let a, = —me, and let X1, ..., X;, be i.i.d. samples generated
[from the exponential change of measure

Q(X € dx) = e £(x)dx.

Let .
~ 1 -
Fx(x) ==Y LR(X)I(X; <x),  @p(X)=inf(x eR: Fx(x) = p). (9
n
i=1
Let Yy, ..., Y, beii.d. samples from the empirical measure Q and let 8,% be as defined in (4).

If m (growing as a function of n and denoted by m,) admits the limit mfl/n — ¢y € [0, 400)

asn — oo then

nS/4 ) )
— (6, —0,) = N(0,1)
Tp

as n — 0o, where onz = varQ(&p (X)),

Ty =21 '2LR(ap) f (o) (var®(W)) /%, and W, = LR(X)I(X < o).

Remark 4. Theorem 3 establishes the asymptotic distribution of the bootstrap variance
estimator for a very stylized rare event simulation problem. For more general situations, further
investigations are necessary; for example, in the heavy-tailed cases the likelihood ratios do not
behave as well as those of the light-tailed cases even for strongly efficient estimators.

Remark 5. To simplify the notation, we drop the subscript n in the notation of m, and write
m whenever there is no ambiguity.

As m tends to oo, the term 72 is no longer a constant. With the standard large deviations

results (see, e.g. Lemma 6 below), we know that fg is of order O(m>*). Therefore, the
convergence rate of 6,,2 is O(ms/sn_5/4). In addition, onz is of order 0(m1/2n_1). Thus, the
relative convergence rate of &,,2 is O(m'/8n=1/%). Choosing 7 so that m3 = O(n) is sufficient
to estimate o, with & accuracy and o> with e-relative accuracy.

The empirical CDF in Theorem 3 is different from those in Theorems 1 and 2. We emphasize
thatitis necessary to use (9) to obtain the asymptotic results. This is mainly because the variance
of LR(X) grows exponentially fast as m tends to co. Then, the normalizing constant of the
empirical CDF in (1) is very unstable. In contrast, the empirical CDF in (9) depends only on
the samples below x. Note that the change of measure is designed to reduce the variance of
LR(X)I (X < ayp). Thus, the asymptotic results hold when n grows on the order of m? or faster.

3. A numerical example

In this section we provide a numerical example to illustrate the performance of the bootstrap
variance estimator. In order to compare the bootstrap estimator with the asymptotic approxi-
mation in Theorem 1, we choose an example for which the marginal density f(x) is in a closed
form and o, can be computed numerically. Consider the partial sum

m
X=> 7.
i=1
where the Z;s are i.i.d. exponential random variables with rate 1. Then, the density function of
X is
xmfl

fx) = meﬂ{
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TaBLE 1: Comparison of variance estimators for fixed m = 10 and n = 10000. Here 0 is the quantile
variance computed using crude Monte Carlo simulations, 62 is the asymptotic approximation of a in
Theorem 1, and 6 crn is the bootstrap estimate of 02

P al—p Qi—p o2 52 62
0.05 1570 15.67 0.0032 0.0031 0.0027
0.04 16.16 16.13 0.0034 0.0033 0.0029
0.03 16.73 16.70 0.0037 0.0036 0.0032
002 17.51 17.47 0.0042 0.0041 0.0037
0.01 18.78 18.74 0.0054 0.0052 0.0047

TaBLE 2: Comparison of variance estimators as m — oo for o, = 1.5m and n = 10 000.

A 2 =2 A2
m P aj—p a1 oy, o o,

10 7.0 x 10792 15 1495 11x107% 1.0x1079% 12x10%
30 7.3 x 10793 45 4495 22x107% 22x1079% 17x107%
50 9.0 x 107%™ 75 7498 3.0x 1078 32x1078 24x 10
100 59x107% 150 14999 48x107% 49x107% 50x 107

We are interested in computing the X's (1 — p)th quantile via an exponential change of measure,
that is,

dQe 1—[ 0Zi—¢(6),

where ¢(0) = —log(1 — 6) for & < 1. We further choose 6 = arg supy/ (6’ ap — me(@)).

We generate n i.i.d. replicates of (Zy,..., Z,,) from Qp, that is, (Z ) ,Z,(f)) for
k = 1,...,n; then, we use X} = Z;":l Z ) k=1, ,n, and the assoc1ated weights to

form an empirical distribution and further &1 p(X ). Let a = var® (G;_ p(X )), let & be the
asymptotic approximation of U , and let 02 be the bootstrap estimator of 0 . We use Monte
Carlo simulations to compute both o, and 02 by generating independent rephcates of &1—p(X)
under Q and bootstrap samples under Q, respectlvely

We first consider the situation in which m = 10. In Table 1 we present the numerical results
of estimators based on the empirical CDF in Theorem 2 with n = 10 000. The column labeled
0,12 gives the variances of &1_, estimated using 1000 Monte Carlo simulations. In addition,
we consider the case in which o, = 1.5m and m — o0. In Table 2 we present the numerical
results of the estimators given in Theorem 3 based on n = 10 000 simulations.

4. Proof of Theorem 1

Throughout our discussion, we use the following notation for the asymptotic behavior. We
say that0 < g(b) = O(h(b))if g(b) < ch(b) for some constantc € (0, co)andallb > by > 0.
Similarly, g(b) = Q(h(b)) if g(b) > ch(b) for all b > by > 0. We also write g(b) = O(h(b))
if g(b) = O(h(b)) and g(b) = Q(h(b)). Finally, g(b) = o(h(b)) asb — ocoif g(b)/h(b) — 0
as b — oo.

Before we present the proof of Theorem 1, we need a few useful lemmas.
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Lemma 1. Let X be a random variable with finite second moment. Then

EXzf P(X>x)dx—f P(X < x)dx,
x>0 x<0

E X? =f 2xP(X > x)dx —/ 2x P(X < x)dx.
x>0 x<0

Lemma 2. Let X1, ..., X, be i.i.d. random variables with E X; = 0 and E |X;|* < oo for
some o > 2. For each ¢ > 0, there exists a constant k depending on ¢, E Xl2 and E | X;|* such
that

n X;
27

i=1

a—e
<K

E

foralln > 0.
The proofs of Lemmas 1 and 2 are elementary, and are thus omitted.

Lemma 3. Let h(x) be a nonnegative function. There exists o > 0 such that h(x) < x% for
all sufficiently large x. Then, for all {1, {2, A > 0 such that ({1 — )X < &, we obtain

A A

n n
/ h(x)®P(—x + o(x'n~ %)) dx = / h(x)®(—x)dx + o(n™%2)
0 0
as n — oo, where ® is the CDF of a standard Gaussian distribution. In addition, we write
ap(x) = o(x'n=%2) if a, (x)x5'n%2 — 0 as n — oo uniformly for x € (e, n).
Proof. We first split the integral:

/n h(xX)®(—x + o(x*1n™%2)) dx
0

n*

(logn)2
= / h(x)P(—x + o(x*1n™%2)) dx +f h(x)®(—x 4+ o(x%1n™%2)) dx.
0 (logn)?

Note that we can bound the second term:
" (logn)?
/ h(xX)P(—x + o(x51n~2))dx < @D 22 ) = o(n™9).
(logn)? B 2
For the first term, note that, for all 0 < x < (log n)z,

D(—x +0(xn2)) = (1 + oI T n™92))d(—x).

Then

(logn)? (logn)?
/ h(X)®(—x + o(x*1n~%2)) dx = [ h(xX)®(—x)dx + o(n™%2).
0 0

Therefore, the conclusion follows immediately.
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Proof of Theorem 1. Let &,(X) be defined as in (2). To simplify the notation, we omit the
index X and write &,(X) as &,. We use Lemma 1 to compute the moments. In particular, we
need to approximate the following probability:

Q'@ — ap) > x) = QFx(ap +xn~ ") < p)
= Q(Z LX) (X < op +xn~) — p) < 0). (10)
i=1

Forsome A € (1/4(xx —2), %), we provide approximations for (10) in the following three cases:
0 <x <n* n* <x <cyn, and x > \/n. The development for

/24
Qn / (@ap —ap) < x)
in the region x < 0 is the same as that of the positive side.

Case I: 0 < x <n*. Let
Weni = LX) (X; <ap+xn~ %) = p) = Flap +xn7'%) + p.
According to the Berry—Esseen bound (cf. [20]),
n
Q(Z LX) (X; <ap+xn~'/?) —p) < 0)
i=1

<(1/n) Z?:] Wx,n,i -_ F(Olp +xn71/2) - p)
vvarQ W, , 1/n VvarQ Wy, 1/n
B GI>(—(F(a,, +xn712) — p)

VvarR W, , 1/n

There exists a constant «; such that

)+D1(X). (1)

K1 —-1/2
D X < ——-n .
| 1( )| = (VarQ Wx,n,1)3/2

Case2: n* <x < c/n. Thanks to Lemma 2, for each ¢ > 0, the (@ — &)th moment of

(1/4/n) Y7 Wy n,; is bounded. By Chebyshev’s inequality, we obtain

Q(Z LX) (X <ap+xn~?) = p) < 0)

i=1
~of - Z Wi =i~ (0 + 5= )))

SKI( 1 )ot—s
Vn(F(ap +xn=1/2) — p)

—a+e

=< KX

Since A > 1/4(a — 2), we choose ¢ small enough such that

A

NG
/ xQép —ap > xn 12y dx = 0727y = o (/). (12)
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Case 3: x > c4/n. Note that
n
Q(Z LX) (X; < ap+xn7 ") = p) < 0)

i=1

is a nonincreasing function of x. Therefore, for all x > c+/n, from case 2, we obtain

Q(Z LOXDU (Xi < ap + 20712 = p) < o) < Ka(e/m) " = segn 2T,

i=1

For c/n < x < n®/%7¢/% we have

n
Q(Z LX)U(X; < ap+xn~%) = p) < 0) < k3”2 < iga
i=1

In addition, note that, for all x#~3 > p1tA/2,

L) <Q(supX; > « +xn_1/2)

vn) ~ ip ' b
=1-G"(ap +xn" 1%
< Oo()n'TPry=P
=0@x7d).

Q(&p > o), +

Therefore, Q(@, > ) + x/+/n) = O(x~>) ontheregion {c/n < x < n®/5~¢3}U{x >
nB+2/2(6=3)} " Since o/3 > (B+2)/(B —3), we can choose ¢ small enough such that

x > ne/6=¢/6 implies that xB=3 > nl+B/2 Therefore, for all x > ca/n, we obtain
Qlay > a, + )< X3
p p \/ﬁ —
and
o0
/ xQ(&p >a,,+i> dx = 0(n~12), (13)
c/n \/ﬁ

Summarizing cases 2 and 3, more specifically (12) and (13), we obtain
/OOxQ ap > o)+ = dx = o(n™'/*%).
n v
Using the result in (11), we obtain

/0 xQ(&p >ap+%>dx

A

n —(F(ap +xn=12) — P)) ~1/2 } ~1/4
= ® 0 d
[ oo i ) o e sy

nt _ —1/2y _
=/ xcb( (Flap +xn ) p)>dx+0(n2“/2)+o(n1/4). (14)
0

VvarQ W, , 1/n
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Given that A < g, we have O (n*—1/2y = o(n=1/%). Thanks to condition (C4) and the fact that
varQ(W, 1) = (1 + 0 (xn™1%)) varQ(Wy ,.1), we have

—(Flaptan™%) —p) _ xf(ep) 4 Oty —1/4=b0/2)
/varQ Wy , 1 /n VvarQR Wy, 1

Insert this approximation into (14). Together with the results from Lemma 3, we obtain

/"A xQ(&p > ap + L) dx = /n* x@(—M> dx +0(n_1/4).
0 Vv 0 Vvar Wo 1

Therefore,

o 1 [ X
o, —op, > x)dx = — a, > 4+ — | dx
J; xe == no=C [Trofa - ap+ 1)

* xf(ap) ) —5/4
- O ————_ )dx +
n /0 g < VvarQ Wy, 1 o)

Qw, 00
= u x®(—x)dx + o(n_5/4)
nf<(ay) Jo
Qw,
_ var ; 0,n,1 +0(n_5/4).
2nf=(ap)

Similarly,
Q@) >« +x)dx=—/ Q(& >« +—>dx
/() p p «/_ p p [

_ xflap) )d _3/4
\/_ f ( varQ W() n,1 X ol )

For Q(&, < ap — x) and x > 0, the approximations are identical and are therefore omitted.
Summarizing the results for x > 0 and x < 0 we obtain

o0

o0
EQ(&p —ap)2 =/ xQap > ap +x)dx +/ x Q&) < ap —x)dx
0 0
Q
_ - (var 2W(),n,l I 0(n]/4)>,
f (C‘fp)
o o
EQ(&p —ap) =/ Qap > ap +x)dx —/ Qap < ap —x)dx
0 0
=0(n_3/4).
5. Proof of Theorem 2

We first present a lemma that localizes the event. This lemma can be proven straightforwardly
by standard results of empirical processes (cf. [33]-[35]) along with the strong law of large
numbers and the central limit theorem. Therefore, we omitit. Let Yy, ..., ¥, be i.i.d. bootstrap
samples, and let Y be a generic random variable equal in distribution to Y;. Let Q be the
probability measure associated with the empirical distribution G(x) =(1/n) Z?:l 1(X; <x).
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Lemma 4. Let C,, be the set in which the following events occur.

(E1) EQIL(Y)[F < 2EQ LX), ¢ =2,3,0; EQIL(Y)]> > LEQ|L(X)%; and EQ |X|P <
2EQ XA,

(E2) Supposethata, = X . Then, assumethat |r/n—G(ap)| < n=1/2 lognand|&,—o,| <
-1/2]
n ogn.

(E3) There exists 8 € (0, 1) such that, forall 1 < x < /n,

I I(X) € (@p,@p +xn71/2])

§ < <!
T nQap <X <oap+n12x)
and . . Uy
5 < I I(Xa) € @y —xn~12,&,]) -
T nQap—n2x <X <ap T
Then,

lim Q(Cy) = 1.
n—>oo

Lemma 5. Under conditions (C1) and (CS5), let Y be a random variable with CDF G. Then,
for each )\ € (0, %),

sup |varQ[L(Y)(I(Y <@, +x) — p)] —var?[L(X)(I (@) + x) = p)]]
x| <cn?=1/2

— 0,12,
Proof. Note that

EC L2 (V) (¥ <& +x) — p)]

Ny <& — p)?

== ZL (XDU(Xi <ép+x)—p)
i=1

_Ix 2 4 Y

= ZL XU (X; <ap+x)—p)

n
i=1

1 n
+ Lz(ap)o,,<— > I(min(ey. @) < X; —x < max(a,. &p))>.
n
i=1

For the first term, by the central limit theorem, the continuity of L(x), and Taylor’s expansion,

we obtain
1 n
sup  |= D LPXD)U(X; < ap+x) — p)’ —BULXX)UT (X < ap +x) — p)?)
x| <cn=1/2+ 1 S

1
—1/242
= 0,(n~ "2,
Thanks to the weak convergence of the empirical measure and @, — ), = O (n~172), we have

n

Lz(a,,)o,,G Zl(min(a,,, &) < X;i—x < max(ap,&p))) =0,(n" ).

i=1
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Therefore,
Qy2 ~ 2 Q72 2
sup  |[EXL"(NUY 2ap+x)—p)" —E-(L"(X)UX Zap +x)— p))l

|x|56n—1/2+}\

— Op(n—l/2+k)

Using a very similar argument, we have

sup [EQL(Y)I (Y <@, +x) — p) —BULX)T (X < ap +x) — p))|
—en—12<x<en—1/2
= 0,(n~1/?"%),

This completes the proof.

Proof of Theorem 2. Let X(1y, ..., X(u) be the order statistics of X1, ..., X, in ascending
order. Since we aim to prove weak convergence, it is sufficient to consider the case in which
X € G, as in Lemma 4. Throughout the proof, we assume that X € C,,.

As in the proof of Theorem 1, we abbreviate &, (X) to &, but we keep the notation &, (Y)
to differentiate between them. We use Lemma 1 to compute the second moment of &, (Y) — &,
under Q, that is,

o o0
&,12:/0 xQ(&p(Y)>&p+x)dx+fo xQ(&,(Y) < &, — x)dx.

We first consider the case in which x > 0 and proceed using a derivation similar to that used in
the proof of Theorem 1. Choose A € (1/4(x —2), %).

Case 1: 0 < x < n*. Similarly to the proof of Theorem 1, by the Berry—Esseen bound, for all
x € R,

" LX) (X; <& -2y
Z,_l (XU ( i <ap+xn ) P))_’_DZ,

\n varQ Wx,,,

Qn'*@&,(¥) —a,) > x) = <1>(—

where

~ . X 1< . X
Win = L(Y)(1<Y <ap+ ﬁ) —p) - ;;L(Xi)<l<xi <ap+ ﬁ) —P>

and (thanks to (E1))

Dy < 3EQ |Wx,n|3 _ O(n_l/z).
- \/ﬁ(varQ Wx,n)s/z

In what follows, we further consider the cases in which x > n*. We will essentially follow
cases 2 and 3 in the proof of Theorem 1.

Case 2: n* < x < c/n. Note that

Y LX)U(X; < @p) — p) = O(1).

i=1
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With exactly the same argument as used in case 2 of Theorem 1 and thanks to (E1), we
obtain, for each ¢ > 0,

Q(&,,(Y) — Gy > %)
1 n A X —a+e
Bl 5)-0)

:K<f ZL(X )1<a,, <X <ép+ 7) + 0(%))a+g.

Furthermore, thanks to (E3), we have

Q(&,;(Y) _&p > L) — 0(x7a+s).
NG

With sufficiently small ¢, we have
Vo x
x0(a,¥Y)—a, > — Jdx = On @72y = o(nV/*).
/nA Q< p¥) —ap ﬁ) ( ) ( )

Case 3: x > c+/n. Note that

o(gron(r(n = 75) 1) <o)

is a monotone nonincreasing function of x. Therefore, for all x > c4/n, from case 2, we

obtain
n
Q(Z L(Y,')<I<Y,~ <ap+ %) — p> < 0) < Kan—%/2+el2,
i=1

a/6—¢/6

Forx <n , we obtain

n
Q(Z L(Yi)(l (Yi <a,+ %) - p) < 0) < sean R < xS,
i=1

Thanks to condition (C3), with sufficiently small &, x > n/6—¢/6 implies that xP3 >
n!*+P/2 Therefore, because of (E1), for all x > n®/0=¢/6 (therefore, x# =3 > n!+£/2),

Q(&(Y) > G, + i) < Q(sup Y; > @, + — 0" F2x B — 0(x73).
i

7 )

Therefore, we have

foo xQ(& Y)—éa, > i) dx = O(n~'7%)
c/n P r \/ﬁ .
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From the results of cases 2 and 3, we obtain, for X € C,,

/: xQ(&,,(Y) > G, + %) dx = o(n— /4. (15)
Using exactly the same proof, we can show that
. X
/nA xQ(&p(Y) <@, - ﬁ) dx = o(n™1/%). (16)

Case 1 revisited. Cases 2 and 3 imply that the integral in the region where |x| > n* can be
ignored. In the region 0 < x < n*, on the set C,, for A < %, we obtain

A

N . X
/0 xQ(ap(Y)>ap+ﬁ)dx

_ f n x[®<— Liny LAXDUX; <& +xn”1?) - m) + Dz} .
0

\n varQ Wx,,,
A

_/” xq)(_zj-’:luxi)(l(xi s&p+xn—1/2>—p>)dx
0

,/nvarQ Wx,,,

+o(n~%). (17)

We now take a closer look at the integrand. Note that

;‘L(X»(l (X,- <a,+ %) — p)

=Y LXDU(X; <@p) — p) + ZL(Xm(&,, <Xi<ap+ %) (18)

i=1 i=1

Suppose that &, = X(). Then

r n r—1 n
Y LX@)zpY LX) and Y LX) <py LX) (19)
i=1 i=l1 i=1 i=1

Therefore,

PO LX) <Y L(X)I(Xi <@p) < L@p)+p Y _ L(Xj).

i=1 i=1 i=1

Substituting this into (18) we obtain

gux,-)(l (X,- <a,+ %) - p)

= 0(L(@,)) ; L(X~)I<A X <& L) (20)
= ap ~|—; i op < ,_ap+ﬁ .
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In what follows, we study the dominating term in (17) via (20). For all x € (0, n*), thanks
to (20), we obtain

q)< i LXDU(Xi <@p +xn” 1/2)—1!7))

\n varQ Wy

- q><‘ Ll LIy < Xi 28 42700 O(n—1/2>>. @
\/nvarQ Wy,
Note that the above display is a functional of (X1, . .., X,,), and also a stochastic process indexed

by x. In what follows, we show that it is asymptotically a Gaussian process. The distribution
of (21) is not straightforward to obtain. The strategy is to first consider a slightly different
quantity and then connect it to (21). For each (x(), ) such that |x¢) — ap| < n~1/2 logn
and |[r/n — G(ap)| < n—1/2 log n, conditional on Xy = x¢+), X(+41), - .., X(n) are equal in
distribution to the order statistics of n — r 1.i.d. samples from Q(X € - | X > x(»)). Thanks to
the fact that L(x) is locally Lipschitz continuous and (E3), we obtain

—1/2
CI><— Yior 1 LX) () < Xy < Xy +2n7'12) n O(n_l/2)>

\Jn varQ Wx,,,

n

- <—& > I<X(i) € (xm,x(r) + LD + O(xzn‘”z))- (22)
JrvarQ W, , i vn

i=r+l

In the above inequality, we replace L(X(;)) by L(X(). The error term is

L'(X)xn™ 20 Ty < Xy < Xy +xn7 1)

\Vn varQ Weon

Note that (22) equals (21) if &, = X() = x(). For the time being, we proceed by condi-
tioning only on Xy = x( and then further derive the conditional distribution of (21) given
&, = X() = x(). Owing to Lemma 5, we further simplify the denominator and (22) becomes

L(X(r)) i ~ 2 —1/24x )
q)< \/m lz <X(l) S <X(r),X(r) + ﬁ]) —+ O(x n ) . (23)

r+1

o) = 0x*n" %),

Let
G(xgy +x) — G(x))

1 — G()C(r))

Thanks to the result of strong approximation (see [33]-[35]), given X () = x(,), there exists a
Brownian bridge {B(¢): ¢ € [0, 1]} such that

I(X(,') € ()C(r), Xy + L])
i:;‘rl ﬁ
= (1 -Gy, ( f> B (me (7)) +0pogn—r)),  (24)

Gx(r)(x) = =QX =x¢) +x | X > x(n).
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where the O, (log(n — r)) is uniform in x. Again, we can localize the event by considering a
set in which the error term in the above display is O (log(n — r))?. We substitute this strong
approximation into (23) and obtain

L(x@)) X -
¢(-—W)Ww (n— r)Gm»(ﬁ) +0,(x’n V”*(lognﬂ))

L(x, )
_ (p(_\/r%—é)v)%(n —1r)Gy, (%) + Op(le/l 1/4(logn)2)>

— 2L
y (n—r) (x(r) B <Gx(,> (L)) (25)
VnvarQ W , NG
In addition, thanks to condition (C4),

) _p,, (i) = LX) gzt o)

VnvarQ Wy, NG V/varQ W ,

(- r)1/2L(x(,))B G X -
)= VnvarQ W , ( )m(ﬁ))’ @D

which is a Gaussian process with mean 0 and covariance function

_ (n =)L (x() x y
cov(é(x),&(y)) = me) (ﬁ) (1 — Gy, (ﬁ))

_ L(x¢)) f(xgy) x
— (14 Om—1/4+1/2 X
(I4+0(n ))—VarQ Won i

Let

for0<x<y< n*. Insert (26) and (27) into (25) to obtain, given X() = X(),

A

/" 2xq)(— Z?=’+] LX) (xgry < Xy < X(r) +xn*1/2)
0

A7 varQ Wx,n
s

n

J(x@) 2 —1/4 )

= 2P| ———————x +o(x"n ) ) dx
/0 ( VvarQ W ,

s

_ /On 2x¢<—%x + 0(x2n1/4)>§(x) dx + o™/, (28)

where ¢(x) is the standard Gaussian density function. Owing to Lemma 3 and |x¢) — ap| <
n~1/21og n, the first term on the right-hand side of (28) is equal to

+ O(n_l/2)> dx

_ o fap) _
(1+o(n 1/4))[) 2x®<—ﬁivo,nx) dx +0p(n 1/4), 29)

The second term on the right-hand side of (28) multiplied by n'/* converges weakly to a
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Gaussian distribution with mean O and variance

f/ / 4xy<p( f o) x+o(x2n1/4)>
VvarQ W,

x ¢(_%y " o(xzn_l/4)> coV(E (), £()) dx dy

f(x@y) ) ( Fx@y) )

=(1 1 4 __J TV

= (140 ))/ / xytp( VvarQ W, S we. )¢ VvarQ W , Y

L(x¢y) f(x¢))
X e —

varQ Wy ,,

L(ap)(var® W ,)3/2
f4(ap)ﬁ

To obtain the last step in the above display, we need the following calculation:

min(x, y)dx dy

= (1 +o(1)

(30)

o o0 o0
Var</ 2xp(x)B(x) dx) = / / 4xyp(x)p(y) min(x, y)dx dy
0 0 _Jo_ 1 i
= / / 473 cos 0 sin 6 min(cos f, sin 0)2_64 /2 dx dy
T

—38 " 0 sin’ 6 L 24, d0
= r COS sm _— r
/ / m 2T

— 51
323/zm 2
1

N

We insert estimates (29) and (30) into (28) and obtain, conditional on X ) = x(),

A

—-1/2
n1/4[/" 2x®<_ Yiorn LX) () < Xy < 2y +an”'12) n 0(n1/2)) dr
0

nvar Wyon

— /00 2xCI><—Mx> dxi|
0 VvarQ W ,
= N(0. 37,) (31)

asn — r,r — 00 subject to the constraint that |r/n — G_l(oep)l <n 12 log n, where rg is
defined in the statement of the theorem. We could consider the left-hand side of (31) indexed
by r and n — r. The limit is in the sense that both r and n — r tend to oo in the region where
Ir/n — G~ Ya,)| < n~2logn.

The limiting distribution of (31) conditional on &, = X() = x;). We now further
consider the limiting distribution of the left-hand side of (31) conditional on &, = X,y = x(1).
To simplify the notation, let

A

" (ap)
V., = —n1/4/ 2x<p<—f—px +0(x2n_1/4)>L(ot )
" 0 VnvarQ W , b

8 i 1y < Xy < x¢y) + xn V%) — (n — r)Gy, (xn~1/2)

/nvarQ Wo,n

X.
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Then,

A

/ n q’(‘ Zicrin LX) (k) < Xa) < x +xn717)
o

_/ 2.XCD(—MX> dx
0 Jvar@ Wy,

=n Y4V, +o(n~1/%).

+ O(n_1/2)> dx

The weak convergence result in (31) says that, for each compact set A,
Q(Vn €A | X(r) = )C(r)) — P(Z € A)

asn —r,r — 00 subject to the constraint that |r/n — G_l((xp)l < n~2logn, where Z is
a Gaussian random variable with mean 0 and variance 1:,% /2. Note that &, = X() = x() 18
equivalent to

r n
0<H=)Y LX)U=p)—p Y LXp) < Lxe).
i=1 i=r+1

Let

n
Un = Z LX) (x¢y < Xgy < x(r) + 02712 = nP(xgy < X < x¢y + 027 12)
i=r+1
and
By = {|Uy| < n*/*™/*1ogn).

Note that, given the partial sum U,, H is independent of the X;s in the interval (x(), x¢) +
nt=l 2) and is therefore independent of V,,. For each compact set A and A, = {V,, € A}N B,
we have

QA | &p = X(r) = x(r))
QO < H =< L(x¢) | X(r) = x(r), An)
- - SO QA | X = )
QO < H < L(x() | X(ry = x()
0<H < L(x( X = , U
ZEQ[Q( = H = L) | Xy =x00. Un) | o =x(r>,An}
QO = H = Lx¢r) | X¢r) = X(r))
X Q(Ay | Xy = X)) (32)

The second step of the above equation uses the fact that, on the set By,
QO =H =Lx¢) | X¢) =%¢), Un) =QO0 < H < L(x¢)) | Xy = X(r), Un, Ay).

Note that U, depends only on the X;s in (x(»), X + n*~1/2), while H is the weighted sum of
all the samples. Therefore, on the set B, = {|U,| < n*/*t1/*1logn},
QO =<H = Lx¢)) | X¢) =x¢), Un)
QO < H < L(x¢)) | Xy = X))

=14o(1), (33)

and the o(1) is uniform in B,,. The rigorous proof of the above approximation can be straight-
forwardly developed using the Edgeworth expansion of density functions, but is tedious, so we
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omit it. We substitute (33) into (32). Note that Q(B, | X() = x¢) — 1 and we obtain, for
each A,

Q(Vn e A | &p =X =x) —QV, € A | Xy = x¢)) > 0.
Thus, we obtain, conditional on &, = X, |&) — ap| < n~2logn, |r/n — G’](ap)| <
n~1/2 logn, and, as n — oo,

A

il " ofs NI PR _ﬂ)}
[ = ap Y- [Taxe( S, )

- n1/4[/n q;(_ i LX) (&) < Xy <@p+xn'/?)
0

,/nvarf2 Wy
o flap) ) }
- 2xP| ———————x |dx | + 1
fo * ( V/varQ W , x)dx|+op)
=V, +0p(1)

.[2
N(o0, 2.
=v(07)

Together with (E2), this convergence indicates that, asymptotically, the bootstrap variance
estimator is independent of & ,. Therefore, the unconditional asymptotic distribution is given by

+ O(n_l/z)) dx

nl/4|:/.nA Q(&p(Y) > ap + L) dx — /OOZxCD(—Mx) dxi|
0 NG 0 VvarQ Wy ,
2
N N(O, 7”). (34)

Using exactly the same argument, the asymptotic distribution of the negative part of the
integral is given by

A
v [ _M)
" [/0 Q(ozp(Y)<Olp ﬁ)dx /()2’““’( N
1.2
o) -

Using a conditional independence argument, we find that the negative and positive parts of the
integral are asymptotically independent. Putting together the results in Theorem 1, (15), (16),
(34), (35), and the moment calculations of Gaussian distributions, we conclude that

62 = / 2x[Qé,(Y) < @p — x) + Q@,(Y) > @, + x)]dx
0

1 [ N . af A
= ;/0 2x|:Q<ap(Y) <dp— %) —I—Q(ozp(Y) > dp + %)] dx
varQ(Wp)
nf(ap)z

= O’nz + Zn /4 + o(n_5/4),

1]

+ Zn 74 o=

where Z ~ N(0, 7).
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6. Proof of Theorem 3
Lemma 6. Under the conditions of Theorem 3, we have

c®) +0) s
Coydm

We clarify that LRY (X) = (LR(X))? is the yth moment of the likelihood ratio. With this
result, if we choose m3 = O (n), it is sufficient to guarantee that, with probability tending to 1,
the ratio between the empirical moments and the theoretical moments are within an ¢ distance
from 1. Thus, the localization results (Lemma 4) are in place.

EQULRY (X); X < ap) =

Lemma 7. Under the conditions of Theorem 3, for each y > O, there exist constants &
(sufficiently small), u,,, and ly such that

EQLRY (x);ap < X <, +6)
EQ(LRY (x); X < ap)

l,6 < <u,d

for all sufficiently large m.

The proofs of the above two lemmas are standard and use the exponential change of measure
and Edgeworth’s expansion. We omit the details.

Proof of Theorem 3. The proof of this theorem is very similar to those of Theorems 1 and 2.
The only difference is that we need to keep in mind that there is another parameter m that tends
to oo. Therefore, the main task of this proof is to provide a careful analysis and establish a
sufficiently large n so that similar asymptotic results hold as m tends to oo in a slower manner
than n.

From a technical point of view, the main reason why we need to choose m3 = 0®) is
that we use the Berry—Esseen bound in the region [0, n*] to approximate the distribution of
Vn(@, — ap). In order to have the approximation hold (see case 2 of part 1 below), it is
necessary to have m'/4 = o(n*). On the other hand, the error term of the Berry—Esseen bound
requires that n* cannot to too large. The order m> = O(n) is sufficient to guarantee both.

The proof consists of two parts. In part 1 we establish similar results as those in Theorem 1;
in part 2 we establish the corresponding results given in Theorem 2.

Part 1. We now proceed to establish the asymptotic mean and variance of the weighted
quantile estimator. Recall that in the proof of Theorem 1 we developed the approximations
of the tail probabilities of the quantile estimator and used Lemma 1 to conclude the proof.
In particular, we approximated the right tail of & r, in three dlfferent regions. We go through the
three cases carefully for some max(1/4(a — 2), 10) <A< 8 (recall that L(X) has at least ath
moment under Q).

Case 1: 0 < x < n*. We approximate the tail probability using the Berry—Esseen bound:
—(F(ap +xn~1%) — p)

VvarQ W, , 1/n

QW@ —ap) > x) = <1>( ) +Di(x).  (36)

Here
Wini=LRX)I(X; <ap+ xn /%) — F(op + xn~1?)
and

CE|Wxn1| a2 — ml/4
DI = " = 05
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The equality in the approximation of Dj(x) follows from Lemma 6. In the current case,
W, .n,i has all the moments, that is, & can be chosen arbitrarily large.

Case 2: n* < x < c/n. Applying Theorem 2.18 of [16], for each § > 0, there exist «1 (§) and
k7 (8) such that

Q(ﬁ(&p —ap) > x) = Q(Z Wini < n<p - F(ap + %)))

i=1

3 1/8
< (1 + 8n var(Wy 1)~ (p — F(a +xn—1/2))2>
+ Q(lznlnnn Wyni <dn(p — Flap + xn—l/z))>
Ka@n— /T
Jm
The last inequality follows from Lemma 7 with y = 1. Given that we can choose §

arbitrarily small and o arbitrarily large (thanks to the steepness), and m> = O(n), we
obtain

< k1 (8)(m~Y4x)720 4 (m~12x)"¢,

QWn(@p —ap) > x) = 0(x™*"),

where ¢ can be chosen arbitrarily small. Thus,

ey
/ x Q(Wn(@y —ap) > x)dx = o(n=1/4.
n)n
Case 3: x > c+/n. Similarly to the proof of Theorem 1, for c/n < x < n®/6=¢/6,

Q(ﬁ(&p —ap) > x) < K3X73.

For x#=3 > n!*28/3 (recall that X has at least Sth moment under Q),

Q(ﬁ(&p —ap) >x) < Q(sup X >oap+ %) < 0(1)n1+’3/2m’3/2x_’3 = O(x_3).
i n

Given the steepness of ¢(6), o and B can be chosen arbitrarily large. We then have

l=a/6>(14+28/3)/(B — 3). Thus, we conclude that

Q(\/z(&p - ap) > x) = 0(_x73)
for all x > c/n and
/Oo xQWn(&, —ap) > x)dx = 0(n™"/?).
NG

Summarizing the three cases, we have

/Oon(\/ﬁ(&p —ap) > x)dx
0

A

:/n xcb(—(F(a,,+xn—1/2)—P)>dx+0(m1/4n1/4)
0

VvarQ Wy, 1/n
A

n

flap)x ) 1/4 —1/4

= x| ————— dx—l—o(m/n 4.
/() < V/varQ Wo , 1
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For the last step, we used the fact that varQ Wen1 =0+ O (xn~172)) varQ Wo.n,1, which is
an application of Lemma 7. Using Lemma 1, we obtain

Q
var~<(W
EQ@,) = ap + o(m'4n=3%), o2 = vard(@,) = —(1;) +om/An=51%),
nf(ep)
where
W, =LR(X)I(X <o)
and the convergence is uniform in m when m3 = O(n). Note that we aim to show that

the bootstrap variance estimator converges to onz at a rate of O(m>/3n=3/%). Then, we can
basically treat the above approximations as true values in the derivations for the bootstrap
variance estimator.

Part 2. 'We now proceed to the discussion of the distribution of the bootstrap variance
estimator. The proof needs to go through three similar cases as in part 1 where we derived
the approximation of the mean and variance of &, under Q. The difference is that we need to
handle the empirical measure Q instead of Q. As we explained after the statement of Lemma 6,
the localization conditions (Lemma 4) are satisfied when m3> = O(n). Let the set C,, be as
defined in Lemma 4. The analyses of these three cases are identical to those in part 1. We
obtain similar results as in part 1, i.e.

/jo xQ(&,,(Y) > G, + %) dx = o(n~ /4. 37)

We omit the detailed analysis. In what follows, we focus on revisiting case 1 in the proof of
Theorem 2, which is the leading term of the asymptotic result. Then, we continue the derivation
from (17). On the set C,, and with a similar result (for the empirical measure Q) as in (36), we

have
A

/() xQ(&p(Y) >a,+ %) dx

B /" x@(_zg’zl LR(X{)I(X; < é&p+xn~"2) —np
0

\n varQ Weon

We take a closer look at the above Gaussian probability. Using the same arguments as in (18)
and (19), we obtain

) dx + o(m'*n=1%). (38)

c1>(_ S LRX)I(X; < &, +xn~'/%) — np)

,/nvaré2 Wyon

N varQ Win

We replace LR(X;) by LR(& p) and obtain

¢<—LR(&p) Y 1@y < Xi <dp+axn”'7?) L OWm 1 +m1/4n_1/2)>.

\/nvarQ Wy.n
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Lastly, we replace the empirical variance in the denominator by the theoretical variance.
Similarly to the development in Lemma 5, we obtain the estimates

VarQWo,, — var® Wy | = (1 + 0, (m4n =12 4 xn=1/2)) var? W,

for |x| < n*. Since we are deriving weak convergence results, we can always localize the events
so that O (-) can be replaced by O(-). Then, the Gaussian probability is approximated by

q)(—LR(&,,) I 1@y < Xi <@, +xn~1/?)
VnvarQ W ,

where ¢ (x, m, n) = O(x>m™Y*n=12 4 xn=12 4 m'/*n=1/2). Using the strong approximation
of empirical processes in (24) and the Lipschitz continuity of the density function, we can further
approximate the above probability by

d)( flap)
V/varQ Wo ,
f@p) >(n—r>‘/2L(&p)B< < x >>
— o =22 ,m, ——B| Gy | — ) ).
g0<\/varQ Wo.n ¥+ £ (x,m, m) JnvarQw, P\/n

where B(?) is a standard Brownian bridge and

+§(x,m,n)>,

X +§(x,m,n))

Gy(x)=QX =y+x|X>y).

Note that
" f@p)
2| =22+ c(x, m, n)) dx
/(; (w/varQ Wo.n
" f@p)
= 2xd —px> dx+0(m3/4n_1/2).
/0 <‘/VarQ Wo.n

We write

f(@p) (n =)L) x
Z :—n1/4/ 2x<p(—px+§(x,m,n)>—pB Gg | — ) ) dx.
" 0 VvarQ W , ynvarQ W, “»\ n
The calculation of the asymptotic distribution of Z,, is completely analogous to (30), so we
omit it. Putting all these results together, the integral in (38) can be written as

A

n N . X
/0 2xQ(ap(Y)>ap+ﬁ>dx
:/OOZxd)(Mx) dx + Zn +0(m5/8n7]/4),
0

A% varQ WO,n nl/4

where

L = N(O, 1), 15 =212 L(ap) f(ep)~ (varQ(W))) 2 = 0 (m'*)

VTp/2

as n — oo uniformly when m3 = O(n). The derivation for fgl xQ(&p(Y) < @&, —x//n)dx
is analogous to the positive part. Together with (37), we conclude the proof.
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