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Abstract

It is well known that Thom-Boardman symbols are realized by nonincreasing sequences of nonnegative
integers. A natural question is whether the converse is also true. In this paper we answer this question
affirmatively, that is, for any nonincreasing sequence of nonnegative integers, there is at least one map-
germ with the prescribed sequence as its Thom—Boardman symbol.
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1. Introduction

Thom—Boardman symbols were first introduced by R. Thom and later generalized by
J. M. Boardman to classify singularities of differentiable maps. They are realized
by nonincreasing sequences of nonnegative integers. Although Thom—Boardman
symbols have been around for over 50 years, computing those numbers is extremely
difficult in general. Before Lin and Wethington [3] proved R. Varley’s conjecture on
the Thom—Boardman symbols of polynomial multiplication maps, there were only
sporadic known results. Lin and Wethington [3] provide infinitely many examples of
map-germs with distinct Thom—Boardman symbols. Since Thom—Boardman symbols
are given by nonincreasing sequences of nonnegative integers, a natural question is
whether the converse is also true. In this paper we answer this question affirmatively.
We prove that for any given nonincreasing sequence of nonnegative integers, there is
at least one map-germ with the prescribed sequence as its Thom—Boardman symbol.

For the reader’s convenience, let us briefly recall the definition of Thom-Boardman
symbols from [2].

Let xy, ..., x,, be local coordinates on a differential manifold M of dimension m.
Denote by A the local ring of germs of differentiable functions at a point x € M. For
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any ideal B in A, the Jacobian extension, A B, is the ideal spanned by B and all the
minors of order k of the Jacobian matrix (0¢;/0x ), denoted by 6B, formed from partial
derivatives of functions ¢; in B. We say that A;B is critical if A;B# Abut Ai_|B=A
(just A;B# A when i=1). That is, the critical extension of B is B adjoined with
the least-order minors of the Jacobian matrix of B for which the extension does not
coincide with the whole algebra.

Suppose that N is another differential manifold of dimension n and let yy, ..., y,
be local coordinates on it. For a differential map F: M —- N, F = (f1, f2, ..., f), We
denote by J the ideal generated by fi, ..., f, in A. Then AJ is spanned by J and all
the minors of order k of the Jacobian matrix 6J = (0f;/0x;).

Now we shift the lower indices to upper indices of the critical extensions by the rule
A'J = A,41_;J. We repeat the process described above with the resulting ideals until
we have a sequence of critical extensions of J,
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The nonincreasing sequence (i1, i, ..., I, ...) is called the Thom—Boardman
symbol of J, denoted by TB(J). The purpose of switching the indices is that doing
so allows us to express TB(J) as follows:

iy = corank(J), i» = corank(A"J), . . ., ix = corank(A*! - - - A" J), . ..

where the rank of an ideal is defined to be the maximal number of independent
coordinates from the ideal and the corank is the number of variables minus the rank.

We also need the following construction from [3]. Let M, be the set of monic
complex polynomials in one variable of degree n. M, =~C" by the map sending
f)=x"+ Ap_1 X1+ -+ qg to the n-tuple (ag, ay, . .., a,-1) €C".

If we take f(x) of degree n as above and g(x) = x" + b,_;x"~' + - - - + by of degree
r, then the product 2(x) = f(x)g(x) is a monic polynomial of the form A(x) = x"*" +
Cpar1 X" 4o 4 ¢o, where the ¢ ; are polynomials in the coefficients of f and g.
This gives us maps

Uy Cn % Cr N Cn+r
defined by
(a(), Y P 1N b(), ey br—l) - (Cn+r_1, ey CU).

Assume that n > r and consider the Euclidean algorithm applied to » and r:

n=qr+r, 0<r<r
r=qri+r, 0<rn<r,

Tk=1 = Q1 Ths O <7k <71
Let I(n, r) be the tuple given by the Euclidean algorithm on » and r:
In,ry=@r, ..., ey Flye ey Ty e o5 13 0,000

where r is repeated ¢; times, and r; is repeated ¢;;; times.
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Let I(uy,,) be the ideal in the algebra A of germs at the origin generated by the c;
in the map y,,, : C" x C" — C"". Denote by TB(I(u, ,)) the Thom—Boardman symbol
of this ideal. Robert Varley conjectured that TB(I(w,,)) = I(n, r) for any n > r. In [3],
Lin and Wethington confirmed Varley’s conjecture. For the reader’s convenience, let
us state their result here.

Tueorem 1.1. TB(I(uy,)) = I(n, r) for any n > r.

Professor J. M. Boardman provides us the following example which has constant
Thom—Boardman symbol.

ExampLE 1.2. The zero map-germ at origin F : C* — C? has Thom-Boardman symbol
(a,a,...,a,...).

Denote the map-germ in Example 1.2 by uo,. We have the following theorem.

THeEOREM 1.3. Let  (ipy .- . 00501y - silyen-slky---,ify...) be a nonincreasing
sequence of nonnegative integers, where ig > i) >---> i >0 for some k, i; repeats
I times for each j <k and iy repeats infinitely many times.

(1) Denote by u the Cartesian product of the map-germs of

HigGio=iv)io—ir X Mo+ —ia)ii—ia X" X Mlo+ly 4+l ko1 —ig)sivor i X Moo,y

at the origin.  Then (g, ..., 00,01y «silse-nsliy-ensifs...) IS the Thom—
Boardman symbol of the map-germ p.
(2) Denote by yr the Cartesian product of the map-germs of

Wigio=is X Wg+ly)ir—in X *** X W(lgtly 4ol i1 =it X Mooy

at the origin, where yi;; : C' — C' is given by yj= xi.”, j=1,...,i Theny has
the same Thom—Boardman symbol as u.

RemMark. Theorem 1.3(2) was communicated to us by an anonymous referee. His/her

/""/[\
example is much simpler because the Thom—Boardman symbol (i, . . ., 7,0, ...) of ¢;;
is easy to compute. Historically there were only sporadic known Thom-Boardman
symbols for some map-germs. Now Theorem 1.3 provides at least two complete
sets of representatives of map-germs classified by their Thom—Boardman symbols.
However, we should warn the reader that the classification of map-germs by their
Thom—Boardman symbols is not complete. Two left-right nonequivalent map-germs
may have the same Thom-Boardman symbols. Under such a circumstance, other
invariants are needed (see, for example, [1] or [2, p. 67]).

RemMark. Although Theorem 1.3 is stated in the complex context, it also holds true in
the smooth real case. We state it in the complex context because Varley’s conjecture
was originally motivated by the classification of the singularities of Gauss maps of
theta divisors of the Jacobian variety of complex curves. Theorem 1.1 and Example 1.2
are also true even if one replaces the complex numbers C with the real numbers R.
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Note that the maps we are looking for are not generic in any sense. The Thom-
Boardman symbol of a generic map has only finite many nonzero entries. So if i # 0,
the map will never be generic.

The proof of Theorem 1.3 is very simple. We first prove that Thom—Boardman
symbols have the additive property under Cartesian product. Theorem 1.3(2) follows
immediately from this property. Combining this property with Theorem 1.1, we obtain
Theorem 1.3(1).

2. Proof of Theorem 1.3

We first prove that Thom—-Boardman symbols have the additive property under
Cartesian product.

Prorosition 2.1. Let F;: M; — N, t=1,2, be two differentiable maps. Then the
Thom—Boardman symbol TB(F) of F = (F1, F3): My X My — N1 X N, is equal to the
sum of TB(F) and TB(F,), where F = (F, Fy) : M| X My — N X N, is the Cartesian
product of F; : M; — N, t =1, 2.

Let x(lt), ce xfflz be local coordinates of points p, on the differential manifold

M;,t=1,2. Denote by A, the local ring of germs of differentiable functions at
pit=1,2, and A the local ring of germs of differentiable functions at (p;, p») on
M, x M,. Proposition 2.1 follows easily from a corollary of the following lemmas.

Lemma 2.2. Given ideals B, C A, t =1,2, the Jacobian extension Ay(By + B») is
generated by By, By and products |D1||D2| with |D1| € J,,(0B1), |D2| € J4,(6B>) and
q1 + q> = k, where (B| + By) is the ideal generated by By and B, in A, J,(6B) denotes
the set of all g X g minors of the Jacobian matrix 6B, and we stipulate that the 0 X 0
minor has value 1.

Proor. By the definition, Ai(B; + B;) is generated by the ideal (B; + B;) € A and
the k X k minors of the Jacobian matrix 6(B; + B;). A key observation is that the
generators of B, in A, t =1, 2, still can be used as the generators of (B; + B,) in A.
So the Jacobian matrix 6(B; + B») has the form

0B 0
0 0By)°

Now if a k X k minor of 6(B; + B,) consists of p; rows and g; columns from 6B
and p, rows and ¢, columns from 6B,, it must be zero unless p; = g, p» = ¢» and
q1 + q» = k. So the Jacobian extension Ai(B; + B,) is generated by Bj, B, and products
|D] ||D2| with |D]| [S JlII ((SB]), |D2| € qu((SBz) and q1+qr = k. [m}

0(B1 + By) = (

Lemma 2.3. Suppose that By CA"B; C A, and B, CA2B, CA, are critical
extensions. Then:

(1) A"™2(By + By) = (A"By + A2By) # A;
(2) A"RFY(B + By) = A

So Ai*2(By + By) is the critical extension of (B + B,) in A.
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Proor. Take k=mj +my + 1 —i; — i in Lemma 2.2. If g; > m; + 1 — i}, then |D{| €
A"By; if g <my — iy, then g >my + 1 — i, and hence |D,| € A2B,. In either case
we have A"*2(B; + B,) C (A" By + A2B;). We will show that the opposite inclusion
is also true. By the definition of critical extension, we have ARy = Ay, s0
there exists an (m; — ip) X (my — ix) minor |D| of 6B, which is a unit in A,. For
any |Di| € Jy,+1-;,(6B1), the determinant of the diagonal matrix [D;, D] is a kX k
minor of 6(B; + B,). Thus (A"B;) C A"*2(B; + B,). Similarly, we can prove that
(A2By) C A'*2(By + By). This gives (A"B; + A2B,) C A'*2(B; + B,). Therefore
AilHZ(B] + B;) = (AilBl + Aisz)'

The last inequality (A" By + A?B,) # A in (1) can be proved as follows. Suppose
that (A" B| + A?B,) = A. Then by Lemma 2.2 and

A2(B + By) = (A" B + A2B,),

we have

1= Z Aiby; + Z Kijj + ZXW'DIWHDZWI,

where A;, kj, xx € A, b1; € By, byj € By, |D1y| € Jipy+1-i,(0B1) and |Dyy,| € Ty 41-1,(0B2).
We claim that )] «;b,; is not a unit in A. Otherwise )] ;b evaluated at some values
for x(ll), e, xg,%]) will produce a unit in B,, which implies that B, = Ay, in contradiction
to By CA2By # Ay. So ) kjbyj is not a unit in A. Because A is a local ring, that

2. Kjbyj is not a unit implies 1 — ; k;b,; is invertible. Rewriting the equation

1= Z Aiby; + Z Kibyj + ZXlelk”DZkl
1- Z Kibyj = Z Aiby; + Z/\/k|D1k“D2k|

and dividing both sides by 1 — 3} k;b,;, renaming the coefficients of by;, |Dx||D2l as
Ais Xk, we obtain that 1 = Y, 4;by; + 3 xi|Dikl|D2k|. Evaluating this equation at some
values for x(lz) 2

as

s o5 X, givesthat 1 € A' By, a contradiction to A" By # A;. This proves
that (A" By + A”B,) # A and (1) follows.

Take k =m; + my — iy —ip, g =my —i; and gy = my — ip. By Lemma 2.2 and the
definition of critical extensions, we can choose a [D| € J,,(6B1) and a |D,| € J,,(6B>)
to be units, then |D;||D,| € A"*2*1(B, + B,) generates A. So A"*2*1(B, + B,) = A. O

Repeatedly applying Lemma 2.3, we immediately have the following corollary.

CoroLLARY 2.4. Given sequences of critical extensions for By € Ay and By € Ay, we
get a sequence of critical extensions for (By + By) in A by adding the indices.

Applying Corollary 2.4 to the ideals By = Jr, and B, = Jp,, we immediately get
Proposition 2.1. Theorem 1.3(2) follows directly from Proposition 2.1. Combining
Proposition 2.1 with Theorem 1.1, we prove Theorem 1.3(1).
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RemMark. As an easy consequence of Proposition 2.1 and Theorem 1.1, we also obtain
that the map-germs 4, and Cartesian product of r copies of 1 | have the same Thom—
Boardman symbols. So Theorem 1.3(1) can be restated in term of the p; and peo ;.
A similar conclusion holds true for Theorem 1.3(2). Those special map-germs form
building blocks for map-germs with arbitrary Thom—Boardman symbols.
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