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The main purpose of this paper is to discuss the categories of the minimal
topological spaces investigated in [1], [2], [7], and [8]. After these results
are given, an application will be made to answer the following question:
If & is the lattice of topologies on a set X and ¥ is a Hausdorff (or regular,
or completely regular, or normal, or locally compact) topology does there
always exist a minimal Hausdorff (or minimal regular, or minimal com-
pletely regular, or minimal normal, or minimal locally compact) topology
weaker than ¥?

The terminology used in this paper, in general, will be that found in
Bourbaki: [3], [4], and [5]. Specifically, T, and Fréchet spaces are the
same; T, and Hausdorff spaces are the same; regular spaces, completely
regular spaces, normal spaces, locally compact spaces, and compact spaces
all satisfy the Hausdorff separation axiom. An open (closed) filter-base
is one composed exclusively of open (closed) sets. A regular filter-base is
an open filter-base which is equivalent to a closed filter-base. Finally in
the lattice of topologies on a given set X, a topology is said to be minimal
with respect to some property P (or is said to be a minimal P-topology)
if there exists no other weaker (= smaller, coarser) topology on X with
property P,

The following theorems which characterize minimal Hausdorff topo-
logies and minimal regular topologies are proved in [1], [2], and [5].

THEOREM 1. A Hausdorff space is minimal Hausdorff if, and only if,
(i} every open filter-base has an adherent point; (ii) if such an adherent point
s unique, then the filter-base comverges to 1t.

THEOREM 2. A regular space is minimal regular if, and only if, (i) every
regular filter-base has an adherent point; (ii) if such an adherent point is
unique, then the filter-base converges to it.

Since a compact space satisfies the conditions of both theorems 1
and 2, then a compact space is both minimal Hausdorff and minimal
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regular. Now it is well-known that a compact space is of second category.
In fact if the space is denumerably infinite, then it contains infinitely many
isolated points. In this paper, it will be shown that the latter result can be
extended to all minimal Hausdorff topologies and all minimal regular
topologies defined on denumerable spaces. Also, it will be shown that the
former result can be extended to all minimal regular spaces.

THEOREM 3. (i) Every countably infinite minimal Fréchet space is of
ferst category; (ii) every wumcountably infinite minimal Fréchet space is of
second category.

ProOF. Let X be any infinite set. From [1] and [6], the minimal

Frechet topology & defined on X is given by the family
T ={4CX|X—A4 is finite} U {¢}.

(i) For each z e X, {x} is nowhere dense. Since X is countable and
X = U ex {z}, then (X, T) is of first category.

(ii) Let X = (U2, B,. Since X is uncountable, then at least one B,
is infinite and hence dense in X. Thus X is of second category.

Remark 1. (i) The example of the space of rational numbers with the
natural topology will demonstrate that on denumerable Fréchet spaces
minimal Frechet and first category are not equivalent properties. For this
space is of first category but many open sets have infinite complement.

(ii) The example of any uncountably infinite discrete space will
demonstrate that on uncountably infinite Fréchet spaces minimal Fréchet
and second category are not equivalent properties.

THEOREM 4. Any minimal Hausdorff topology defined on a denumerable
infinite set has an isolated point.

ProoF. Let T be a minimal Hausdorff topology defined on X, a de-
numerably infinite set. Assume (X, £) has no isolated point. We will now
construct an open filter-base on X without any adherent points, thus
contradicting a necessary condition for X to be minimal Hausdorff. List
the points of X: X = {z,, x,, - }. Since X has no isolated points and
since X is Hausdorff, then every open set is infinite. Hence any neigh-
borhood at any point is infinite. Take and fix a point a4, € X such that
a, # ;. Now there exist disjoint open neighborhoods G, and V] of 4, and
, respectively. Since G, is infinite, then there exist a point a, € G,, 83 7 75,
and disjoint open neighborhoods G, and V, of 4, and z, respectively such
that G, D G,. Repeating this argument for any element z,, we can find
an element 4, €G,_,, a, # z,, and disjoint open neighborhoods G, and
V, of a, and z, respectively such that

G,JG,D+-DG,.

https://doi.org/10.1017/51446788700022758 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700022758

80 Manuel P. Berri 3]

Thus we obtain a descending chain of non-empty open sets of X which
of course forms an open filter-base; call it . Now for any element z, € X,
we have by construction V, n G, = ¢. Thus © has no adherent point.
Hence X is not minimal Hausdorff which contradicts our hypothesis.

CoRrOLLARY 1. A minimal Hausdorff space X, where X is denumerably
infinite is of second category.

Remark 2. The example of any denumerably infinite space with the
discrete topology will demonstrate that on denumerable Hausdorff spaces
minimal Hausdorff and second category are not equivalent properties.

In [1], it is shown that any open and closed subspace of a minimal
Hausdorff space is minimal Hausdorff. Using theorem 4, we can easily
establish the following result.

COROLLARY 2. A minimal Hausdorff space (X, X), where X is denumerably
infinite, contains infinitely many isolated paints.

ProoF. Let 4 be the set of all isolated points of X. Assume A4 is finite.
Then A is both open and closed. Thus X—4 is both open and closed. Since
X—A is minimal Hausdorff, then X —A contains an isolated point which
is also isolated in X. Thus 4 does not contain all the isolated points of X
which contradicts our definition of A.

COROLLARY 3. A compact space X where X is denumerably infinite,
contains infinitely many isolated points and hence is of second category.

THEOREM 5. Any minimal regular topology defined on a countably in-
finite set has an isolated point.

ProoF. Let ¥ be a minimal regular topology defined on a countably
infinite set X. Assume (X, ¥) has no isolated point. By theorem 2, a neces-
sary condition for a regular space to be minimal regular is that every regular
filter-base, i.e., an open filter-base equivalent to a closed filter-base, have
an adherent point. We will now construct a regular filter-base which has
no adherent point. List the points of X: X = {&;, =,, - +}. Since X has
no isolated points and since X is Hausdorff, then every open set is infinite.
Hence any neighborhood of any point is infinite. Take and fix a point
a, € X such that 4; # =,. Since X is regular, there exist disjoint open neigh-
borhoods G, and V] of @, and z, respectively and a closed neighborhood
F; of a, such that G; D F,. Since F, is infinite, then there exist a point
as € Fy, a, # x,, and disjoint open neigborhoods G, and V, of a, and =z,
respectively and a closed neighborhood F, of a, such that G, D F; D G, D F,.
Repeating this argument for any element z,, we can find an element
a,eG,,, a,#z,, and disjoint open neighborhoods G, and V, of a,
and z, respectively and a closed neighborhood F, of a, such that
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Let O={G,|1=1,2,--} and §={F,| 1=1,2,---}. Thus D is an
open filter-base, J is a closed filter-base, and £ and < are equivalent. Since
© has no adherent point, then X is not minimal regular which contradicts
our hypothesis.

From theorem 5, one may conclude that any minimal regular space
X, where X is denumerable, is of second category. We shall now prove
that all minimal regular spaces possess this property.

THEOREM 8. If (X, ) 4s a minimal regular space, then (X, X) is of
second category.

Proor. Let {0,}2; be a denumerable family of open, dense sets in X.
We shall now show that (,.,0, # ¢. Let ¥; = 0, n 0,. Now ¥, is open
and dense on X. Take and fix a, € V;. Since X is regular, there exist neigh-
borhoods G, and F, of a, such that G, is open, F, is closed and V; D F,; D G,.
Now let V, = G, n 0. Since G, is non-empty and O, is dense, then ¥,
is open and non-empty. Take and fix a, eV,. Since X is regular, there
exist neighborhoods G, and F, of a,, such that G, is open, F, is closed
and V,D F,D0G,. Thus VD F,DV,D F; D G,. Now for n = 2, we may
repeat this last argument. Let V, =G, ,n 0,,,. Both G,_, and O,,,
are open. Since G,_, is non-empty and O, is dense, then V, is open and
non-empty. Take and fix a, € V. Since X is regular, there exist neighbor-
hoods G,and F,ofa,. Thus ;D F,DG,DV,DF,D0G,D---DV,DF,DG,.
Let © = {G,|n =1} and & = {F,| » = 1}. From the above remarks, we
see that £ is a regular filter-base equivalent to the closed filter-base &. By
theorem 2, © has an adherent point. Let 7 be such a point. Since p € (21 F .,
then pe(,2:G,. But [),2:6,C(),210,.. Hence N,3,0, # ¢. Thus
(X, ) is of second category.

Remark 3. (i) On regular spaces, minimal regularity and second category
are not equivalent conditions. As an example, let X be any uncountable
space with the discrete topology.

(ii) For an example of a non-compact minimal Hausdorff space, the
reader is referred to [1], [7], [8] and [9].

(iii) For an example of a non-compact minimal regular space, the reader
is referred to [2].

From [1] and [8], it is proved that all minimal completely regular
spaces, minimal normal spaces, and minimal locally compact spaces are
compact. Hence we have the following result.

THEOREM 7. AU minimal completely regular spaces, minimal normal
spaces, minimal locally compact spaces are of second category.

COROLLARY 4. Let (X, ) be a topological space such that X is denumerably
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nfinite and X is minimal completely regular (minimal normal, minimal locally
corzpact). Them (X, ) contains isolated points.

As an application of theorems 4 and 6 and corollary 3, we shall now
answer (in part) the following general question concerning the lattice of
topologies on a set X. Given a P-topology ¥ on X. Does there exist a minimal
P-topology X' such that ' is weaker than T? We shall answer this question
for the different type of P-topologies discussed in this paper. If P = Fréchet
or locally compact, from [1] and [6] the answer to the question is always
affirmative. If P = Hausdorff, or regular, or completely regular, or normal,
the answer is negative. Consider the following example. Let (X, T) be the
set of all rational numbers with the natural topology. Then X is Hausdorff,
regular, completely regular, and normal. But X has no isolated points.
Hence by theorems 4 and 5 and corollary 3, there exist no corresponding
minimal P-topologies on X weaker than &.

Question: Are all minimal Hausdorff spaces of second category?

References

[1] Berri, Manuel P., Minimal Topological Spaces, Trans. Amer. Math. Soc. 1 (1963), 97-105.

[2] Berri, Manuel P. and Sorgenfrey, R. H., Minimal Regular Spaces, Proc. Amer. Math.
Soc. 3 (1963), 454—458.

[3] Bourbaki, N., Eléments de Mathématique (le partie). Livre III: Topologie Générale.
Chapitres I—-II. (Actualités Sci. Ind. 858—1142, Hermann, Paris, 1951).

[4] Bourbaki, N., Eléments de Mathématique (le partie). Livre III: Topologie Générale.
Chapitre IX. (Actualités Sci. Ind. 1045, Hermann, Paris, 1948).

[5] Bourbaki, N., Espaces Minimaux et Espaces Complétement Séparés, 215—218.

[6] Kelley, J. L., General Topology (Van Nostrand, New York, 1955).

[7] Ramanathan A., Maximal Hausdorff Spaces, Proc. Indian Acad. Sci. Sect. A 26 (1947),
31—42.

{8] Smythe, N. and Wilkins, C. A., Minimal Hausdorff and Maximal Compact Spaces, this
Journal 3 (1963), 167—171.

[9] Urysohn, P., Uber die Michtigkeit der zusammenhangenden Mengen, Math. Ann. 94
(1926), 262--295.

Tulane University of Louisiana

https://doi.org/10.1017/51446788700022758 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700022758

