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Abstract. Stereographic projection of Hopf field on the 3-sphere into Euclidean 3-space is used
as a model of 3D steady flow of ideal compressible fluid in MHD. In such case, flow lines are
Villarceau circles lying on tori corresponding to the levels of Bernoulli function. Existence of an
optimal torus with minimal relative surface free energy is shown. Optimal tori are considered
as precursors of planetary orbits.
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1. Introduction
The equations of ideal incompressible magnetohydrodynamics (Landau & Lifshitz

1959) for stationary flow are clearly satisfied when the fluid moves along the magnetic
field lines with velocity (see Chandrasekhar 1961). If density is constant it is easy to
show that the equation of ideal magnetohydrodynamics can be rewritten in the sta-
tionary Euler equation form. In such case, �v and ∇ × �v are tangential to surfaces of
Bernoulli function level. Structural theorem of Arnold & Khesin (1998) determines that
if α- Bernoulli function for steady flow �v on orientable 3-manifold M without boundary,
and Γ ⊂ M is preimage of critical value ∇α = 0, every connected component of the set
M\Γ is fibered into two-dimensional tori invariant under the flow of �v, the motion on
each torus is quasi-periodic.

Solution of the equations of ideal magnetohydrodynamics describes a localized topo-
logical soliton with use of Hopf mapping shown by Kamchatnov (1982). Hopf field on
S3 has minimal energy among all the fields diffeomorphic to it (Arnold & Khesin 1998).
Stability of Hopf field on S3 has been proved by (Gil-Merdano & Llinares-Fuster 2001,
Yampolsky 2003). Hopf fibration of S3 with stereographic projection induces the toroidal
coordinates on E3 (Gibbons 2006).

2. Results
On a torus ν = arcsinh(k)/k stress tensor for steady flow of ideal compressible fluid in

toroidal coordinates is determined by metrical tensor only

pij |T = −pδj
i

(√
k2 + 1 − cos(kα)

)2
/R2k2 .

It is easy to show that the pressure on the torus surface P ∝ r−2 where r-distance
from the torus axis to the point on the torus. Let’s define cartesian torus form factor
g = a/c where c is main torus radius, and a-tube radius. Notice that g = sin(θ) where θ -
inclination of Villarceau circles to the main plane of torus symmetry, we call this angle as
“stream inclination”. The form factor g = (

√
2)−1 ≈ 0.7071... when the ratio of the solid
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torus volume to the force of pressure on it’s boundary has maximum. We will call the torus
meeting form factor as “optimal torus”. Physically, it corresponds to minimal relative
surface free energy. Beat of oscillations with wave numbers corresponding to structural
radii of optimal torus leads to spatial scaling with scaling factor K = 1 + g. Spatial
intersection of homothetic tori within one torus forms cluster with the size depending on
a scaling factor.

It is easy to show that scaling factor of solar system corresponds to optimal torus
precisely. Scaling factors of satellite systems have deviations depending on their axial tilt
and local ratio of semi-major axes of neighbor planets. Large axial-tilt of Uranus is well
explained with the suggested model. We found that the cluster size of solar, Jupiter’s,
Uranus’ systems C = 4, but for Saturn’s, Neptune’s, Pluto’s and Mars’ systems C = 3.

At least two stages of toroidal flow development have been determined in nebula. At
first stage, nebula was uniform, and tori separation brought about linear dependence of
logarithm of relative planets’ volumes on logarithm of relative semi-major axes. Coef-
ficient of proportionality called dimensionality of accumulation ranged from Z = 3.067
for solar system to Z = 4.413 for Neptune’s satellites. At second stage, main stream of
toroidal flow located on tori has resulted in formation of paired planets with neighbor
orbits and equal volumes. Number of pairs depended on a value of cluster size. If cluster
size was C = 4, two pairs could be observed, while one pair could be seen when C = 3.

We found that Triton’s parameters fit well the dependence of logarithm of relative
volumes on logarithm of relative semi-major axes of regular Neptune’s satellites. This
means that formation of Triton and regular Neptune’s satellites was simultaneous. We
have shown that orbit inclination of Triton corresponded to its formation in opposite
phase to regular satellites being similar to Pluto’s system.

All regular satellites of giant planets with increasing volumes at increasing orbital
semi-major axes have distribution of logarithms of relative volumes on the logarithms
of relative semi-major axes approximated with linear dependence and high degree of
correlation. In suggestion on absence of dissipation of particles involved in toroidal flow
around planets, high correlation confirms that density of particles in all satellite systems
was similar. Moon has closest parameters to concerned distribution, thereby suggesting
that its formation has been processed by a common mechanism.
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