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Abstract

We show that solvability of the abstract Dirichlet problem for Baire-two functions on a simplex X cannot
be characterized by topological properties of the set of extreme points of X.
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1. Introduction

Let X be a compact convex subset of a locally convex space, let 2(X) stand for the
space of all continuous affine functions on X and let ext X denote the set of all extreme
points of X. If f is a bounded function on ext X, we may ask under what conditions
f admits an affine extension that preserves as many properties of f as possible. This
question is called the abstract Dirichlet problem (see [5, Theorem 3.17]).

The question of solvability of the abstract Dirichlet problem naturally leads to a
geometric notion of a simplex (see [5, Section 3]). If X is a simplex, every bounded
continuous function defined on ext X can be extended to an affine continuous function
on X if and only if ext X is closed (see [5, p. 615] or [1, Satz 2]).

An analogous problem for Baire-one functions on simplices was solved in
[16, Theorem 1], namely, every bounded Baire-one function defined on ext X is
extendible to an affine Baire-one function on X if and only if ext X is a Lindelof
H-set.

Both these conditions characterize solvability of the abstract Dirichlet problem for
certain classes of functions purely by a topological condition imposed on ext X. In
particular, if X1, X; are simplices whose sets of extreme points are homeomorphic, the
abstract Dirichlet problem for continuous (or Baire-one) functions is always solvable
on X if and only if it is always solvable on X5.
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These results prompt a natural question whether it is possible to provide such a
characterization for functions of higher Baire classes. Since affine functions of Baire
class two need not satisfy the barycentric formula, it is more reasonable to look for
Baire-two strongly affine extensions. (We recall that a universally measurable function
f € U(X) on a compact convex set X satisfies the barycentric formula (or is strongly
affine) if u(f)= f(r(w)), u € MY(X), where r(w) is the barycenter of a probability
measure i on X. It is easy to see that any strongly affine function is bounded; see, for
example, [8, Satz 2.1].)

The aim of our paper is to show that simplices, whose sets of extreme points are
homeomorphic, may behave quite differently from the point of view of the abstract
Dirichlet problem for Baire-two functions. Indeed, we obtain a stronger result in the
following theorem.

THEOREM 1.1. There exist metrizable simplices X1, X> and a homeomorphism ¢ :
ext X| — ext X, such that:

(@) ¢(ext X1) =ext Xp;

(b) there exists a bounded Baire-two function on ext X| that cannot be extended to
a Baire-two affine function on X1;

(©) ifael2, wy), any bounded Baire-o function on ext X» can be extended to a
function of affine class o on X3.

If F is a set of real-valued functions, we inductively define the following sets of
functions: we set Fo = F and, with Fg, B < o, already defined for an ordinal number
a € (0, wy), we define F to be the space of all pointwise limits of bounded sequences
of functions from Uﬁ<a Fg. If X is a topological space, we write B2(X) = (C(X))a
for the space of all bounded Baire functions of class «, @ € [0, w;). If F = A(X), the
space Ay (X) = (RU(X)) is called the functions of affine class .

The proof of Theorem 1.1 is a modification of the construction used in [14], where
a simplex with peculiar properties was presented. The main tool was to find a suitable
function space and transfer its properties to a compact convex set. (By a function
space H on a compact space K we mean a linear subspace of the space C(K) of all
continuous functions on K such that H contains constants and separates points of K .)
The idea of the construction used in [14] was to start with a simple function space and
inductively increase its complexity. At the end the projective limit of the constructed
function spaces was taken.

It turns out that a variant of this construction can be used to produce examples
required by Theorem 1.1. The inductive construction goes as follows: we start
with a simple function space Hg on the unit interval [0, 1] and a set A C [0, 1] and
increase the complexity of Hy in two different ways. Roughly speaking, the first
modification ensures that points of A are split up infinitely many times, whereas
the second modification splits the points up only once. But both procedures provide
function spaces with the same Choquet boundaries. At the end we take the projective
limits of constructed spaces to get a pair of function spaces on a compact space that
give rise to the required examples.
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Since a rather detailed survey of function spaces and their properties is presented
in [14], for the sake of brevity we shall follow the notation and definitions in [14].

We recall that 2/®(K) stands for the space of all bounded universally measurable
functions on a compact space K (that is, functions that are z-measurable with respect
to the completion 7 of any Radon measure i€ MT(K)). If FcCU’(K), we
write F+ for the space of all measures u € M(K) with u(f) =0 for each f € F,
and F++ for the space of all bounded universally measurable functions f satisfying
w(f) =0 for each u € F+.

2. Auxiliary results
The following notion will be useful in the main construction.

DEFINITION 2.1. We say that a function space H on a compact space K is Baire-one
complemented if there exists a mapping x — iy, X € K, such that:

(1) uy € M(K) and sup{||ux|l : x € K} < 00;

(i) px(h) =h(x)foreachx € K and h € 'H;

(il) if £ € BY(K) and h(x) = pu.(f), x € K, then h € B2 (K) N H*.

REMARK 2.2. If x — p,, x € K, is the mapping from Definition 2.1, the mapping
P:Bi(K) — BY(K) N'H*L defined as Pf(x) = px(f), x € K, feBY(K), is a
projection of Bll’ (K) onto Bll’ (K) N'HA+. Since it follows from [9, Theorem 5.1]
that Bi’(K) N HY+ = H;, the projection P maps B’l’(K) onto H;.

As in [14, Lemma 3.3], we start with the following classical family of sets (see
[11, pp. 82-86] or [6, Lemma 2.3]).

2.1. Family of sets Let{F;:seN <N bea family of subsets of [0, 1] such that:

(@ Fyp=1[0, 1]
(b) {Fsr, : n € N}is adisjoint family of nonempty nowhere dense perfect subsets of
Fy;

() |U{Fsn, :n € N}is dense in Fy;
(d) diam F; <2~ Gittss) g e N<N,

We remark that the set (72} Uy =, Fs € I3([0, 11) \ Z3([0, 1]) (we refer the reader
to [7, Ch. II, Section 11.a] for the notation concerning Borel classes of sets).

LEMMA 2.3. Let 'H be a Baire-one complemented function space on a compact
space K. Then BS(K) NH =Ho.

PROOF. Assume that P : Bll’(K) — H is the projection given by a mapping x — [y,
x € K, that satisfies the properties from Definition 2.1.

Given f € Bé’ (K) N'H+L, let { f,,} be a bounded sequence of functions from Bi’ (K)
pointwise converging to f. Then Pf, € Hi,n € N, and Pf, — Pf by the Lebesgue
dominated convergence theorem. Thus f = Pf € Ho. O
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Before proceeding, we recall that a probability measure p on a compact space K
is termed discrete if w =7 - | aney,, where the sum is either finite or infinite,
numbers a, are positive, Zf;l a, =1 and points x, lie in K. We mention the
following well-known easy observation.

LEMMA 2.4. Let f be an affine bounded function on a compact convex set X and
w € MY(X) be discrete. Then u(f) = f(r(u)).

3. Construction of function spaces

The construction of suitable simplicial function spaces will be done by a
modification of the method used in [14]. Assume that H is a simplicial function
space on a metrizable compact space K such that A.(H)="H. Let T be the
kernel associated with the mapping x — J,, x € K. (We recall that §, is the unique
‘H-maximal measure H-representing a point x € K. We refer the reader to [2, p. 38]
for the definition of a kernel.) Assume that T f € B,(K) for each bounded Baire-two
function f on K.

Let {F} : k € N} be a pairwise disjoint family of compact subsets of Chy; K and let
n e (0, 1).

Let H be Baire-one complemented by a projection P with ||P|| <3 such that
Pf = fonlJp2, Fr.

We define sets L;, Lo, L C K x R as

Ly = [ JFe x {1/k) U (F x {=1/kD),
k=1

Ly = | J(Fk x {2/k}) U (Fi x {=2/k}),
k=1
L =(K x{0})UL{U L.

Let p: L — K denote the natural projection. Then L is a metrizable compact space
with the topology inherited from K x R and K can be considered as a subspace of L
via the mapping x — (x, 0), x € K. Let

H'={feC(L): flk € Hand

Fx, 0 =cf(x,1/k)+ (1 —c)f(x,—1/k),x € Fr, ke N}, (3.1
H>={feC(L): flx € Hand

2f(x,0)= f(x,2/k) + f(x, =2/k), x € Fy, k € N}. (3.2)

Let S denote the kernel on L associated with the mapping

o0
& ifxelL Fy,
e \kLZJ1

%(S(M,Z/k) +ew,—2/k) ifx=(u,0),uecF,keN.
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LEMMA 3.1. The following assertions hold:

(@) both H' and H?* are simplicial function spaces (for i =1, 2, let 8; denote the
unique H'-maximal measure for x € L and let T' be the kernel associated with
the mapping x +— 8;, xel)

(b) H =AH)H i=12

(¢) Chy1 L=Chypp L=(L\ K)U (Chy K \ U2, Fx);

(d) the mapping h+— ho p, h € H, provides an isometric embedding of 'H into
H!NHZ;

(e) S8, =682 xeK;

() T2f eBY(L) for each f € BS(L);

() if f eUP(L) satisfies equations (3.2) and f|x € A(H), then f € A(H?);

(h) H? is Baire-one complemented by a projection Q with || Q| <3 such that, for
each f € Bf(L),

(hl) (Qf)lk = P(flk), and
(h2) QNI = flL,-

PROOF. Since the proof is a slight modification of [14, Lemma 5.1], we point out only
the changes that have to be made.

First we observe that (a), (b), (c) and (d) can be proved in exactly the same way as
in [14, Lemma 5.1].

If x € K, then Sé, is carried by Chy,2 L and S8, € M, (H?). Thus

S8, =82,

This proves (e).

Next we verify (f). Assuming that Tf € BS(K) for each f € B5(K), let f be a
bounded Baire-two function on L. We need to show that 72 fe€ BS(L). We notice
that Sf € BY(L).

By (e), for each x € K we get

(T2 f)(x) = 82(f) = (S8:)(f)
= 5,:(Sf) =T ((S)lk) ().

Since Tf € BZZ’(K) for each f € BS(K) by our assumption, T2f is a Baire-two
function on K. Since T>f = f onthe openset L \ K, T>f € BIZ’(L).
To verify (g), let f € U (L) satisfy the hypothesis. Given x € K, (e) implies that

83(f) = (S8)(f) = 8:(Sf) = 8:(f) = f(x).

Obviously, 8§(f) = f(x) forevery x € L \ K. Using [14, Lemma 2.7], we conclude
that f € ACH?).

For the proof of (h), let x — u,, x € K, be the mapping that generates the
projection P guaranteed by the assumption. By our hypothesis, u, = &, for every
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X € U,fil Fi. We extend this mapping on the whole space L by setting

Iy ifx ek,
n2=1ex ifxe L U(LyN (K x (—o0, 0))), (3.3)
28(,4,()) — Eu,—2/k) ifx = (u, 2//(), ue Fk, k e N.

Then
Of @) =pi(f), xeL, feBiL),

is the required projection. Indeed, it is easy to verify that Qf € B? (L) for f € Bf (L)
and || Q|| < 3. Also conditions (h1) and (h2) are satisfied. To show that Qf € A(H?),
we realize that Qf satisfies the assumptions of (g). Indeed, Qf |x€ A(H) by
(h1) and (3.3) yields validity of equations (3.2) for Qf. As H? is simplicial and
H? = A.(H?), [14, Theorem 2.6(b2)] yields Qf € (H*)+L. This concludes the
proof. O

3.1. Inductive construction Let{F; :s € N<N} be the family of perfect sets in [0, 1]
provided by Lemma 2.1 and let A =(">2 Uisj=n Fs- Let {n,} be a sequence of
numbers in (0, 1) such that

> (1 —ni) < oo (3.4)

For every n > 0, we construct by induction:

(i)  simplicial function spaces H!, H2 on a metrizable compact space K, C
R"*! such that Chy1 K, = Chype K, and H2 is Baire-one complemented by
a projection P, of norm at most 3;

(i) closed subsets L,11, L,21 of K,;

(iii) a countable family F, = {F, (k) : k € N} of pairwise disjoint compact sets in
Chyy1 K5 and

@iv) a continuous surjection p,11 : K,+1 — K, as follows.

In the first step, let Ko = Lj = L§ = [0, 1], H} = H§ = C([0, 1]), Py be the identity

mapping and Fo = {Fs : |s| = 1} Assume that the objects have been defined for each

k=0, ...,n. To construct H?2 n41> We use Lemma 3.1 for K,,, F,,, n,, and H,lz to get

Knt1, Ln—H’ LiH, Pn+1 - Knr1 = K, and new simplicial function spaces H, H> on
K,+1. We set Hl = ﬁl Since ChHl K, = Cth K, we can use Lemma 3.1 again
for the same objects we only replace Hl by H2 and get another pair of simplicial
function spaces H 1, ’Hz on K, 1. In this case we set H? w1 = Hz
If the family J,, was enumerated as F, = {F (k) : k € N}, for each k € N and a
sequence s € N2 of length n + 2, we consider the following couple of sets:
FG, k,+)={x=x0),....,x(n+1) € Ky41:
Prn1(x) = (x(0), ..., x(n)) € F(k), x(0) € Fy, x(n+ 1) = 1/k},
F(s,k, =) ={x=x©),...,x(n+1)) € K41 :
Pnr1(x)=x0), ..., x(n)) e Fk),x(0) e Fs, x(n+ 1) =—1/k}.
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We set
Fni1 ={F(s, k,+), F(s, k, =) :s e N**2 k e N}.

Let
Pui1: BY (K1) = BY(Kuit) N (K2, DM

be the projection from Lemma 3.1(h). This finishes the inductive step.

3.2. Definition of function spaces We define the function spaces similarly as in
[14, Section 5.2]. We have obtained sequences {H}}, i =1, 2, of simplicial spaces
on compact metrizable spaces {K,} together with surjective mappings p, — in short,

Kol ki 22Ky <., (3.5)

Let K =lim K,, be the limit of the inverse system (3.5) (see [4, Chapter 2.5]) of the

sequence {K,}, that is,
o0
K = :x ={xa} e [] Kn: posiCony) =x0,n > 0}
n=0

with the product topology. Then K is a metrizable compact space and we can consider
each compact space K; homeomorphically embedded in K via the mapping

e, K, — K
x> (pro---o p)(). - (pact © p)(x). pal@). X x. ...
Conversely, we can define retractions of K onto K, as
rn i K — Ky {xnb > (X0, ooy Xn—1, Xny Xy Xnp v 2 2).

Using these mappings, we can regard each function space H!, i = 1, 2, as a subspace
of C(K); specifically, we use the mapping

hishor,, heM, i=12

In what follows we shall use these identifications implicitly.
We fix n>0. For x = (xqg, x1, x2,...) € K, we write x, € K, c R*t! in
coordinates as
xn = (xp(0), X, (1), ..., X5 (n)).

We define a ‘coordinate’ function ¢,, : K — R as
cp(x)=x,(n), xek. (3.6)

We define function spaces H;,i =1, 2, on K as

) oo
H=JH,. i=12
n=1

As in [14, Lemma 6.1], we get the following properties.
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LEMMA 3.2. Let H', H? be the spaces defined above. Then:

(@) M, i=1,2 are well-defined simplicial function spaces on K ;

(b) H =AM i=12

(¢) Chyy K =Chypp K =K\ U2y U Fo

3.3. Maximal measures Given n >0, x € K,, and i =0, 1, let 8;” denote the
unique H! -maximal measure representing x. For x € K and i = 1, 2, let § denote
the H'-maximal measure representing x.

3.4. Cantor set Asin [14, Section 6.1, Lemmas 6.2 and 6.3], for every pointa € A
we get a homeomorphic copy

o0
Ca:{x:(xo,xl,xz,...)eK\UKn:xoza}
n=0

of the Cantor set {0, 1}~. The homeomorphism ¢, : {0, W ¢, is provided by the
mapping

ga: (0, Coimma ) x=(a,x1, %2, ..),
defined as
>0 ifr,=1,
<0 ifr,=0,

cn(x) =x,(n) { neN.

Foranyn e N,a € | J{Fs : [s| =n} and ¢ € {0, 1}" we define a point

Xar = (Xa.1(0), X0.0(1), .. ., Xq,(n)) € K, C R"F!
by setting
>0 ifl‘,' =1, .
0) = and j =1,...,n.
X0 (0) =a Xa.1 (i) {<0 #-0, n

Let S be a countable subset of {0, 1} defined as
S={re{0, 1}N : 7, = 0 for at most finitely many natural numbers n}.
Let u,, n € N, be measures on {0, 1} defined as

({0 =1—n, and w,({1})=n,, nelN
Let € M'({0, 1}V) denote the product measure [, | tn.
For each € {0, 1}", let
ni ift; =1,

n
a; = b; where b; =
t £!‘ - it =0.

If r € {0, 1}", let
U={tel0, )N 7| =1)

denotes the standard clopen set in {0, 1}N determined by ¢. Then w(U;) = a;.
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LEMMA 3.3. Let a be a point in A. Then:
@)  @qu= 8; (here @, 11 denotes the image of the measure |L);
(b)  84(pa(S) = 1.

PROOF. For the proof of (a), we notice that the measure ¢, is carried by Chyi K
(see Lemma 3.2(c)). We claim that g, € M, (H"). Indeed, let i be a function in H,L
for some m > 0. If r € {0, 1}"", then h = h(x,,) on ¢,(U;), and thus

(@ar)(h) = p(h o @)

= >y /Uhosoadu

1e{0,1}"
m

- /h(xa,t)d(]'[u,)

refo,1ym Y U i=1

= Y wUdh(xas)

te{0,1}m

= Z ath(xa,t)
te{0,1}"
= h(a),

where the last equality follows from the construction (see Equations (3.1)). Thus
@apt € My(H"). Since g, is carried by Chyi K and H! is simplicial, g, = 8.
To verify (b), we notice that (a) yields

84 (9a(8)) = (9att) (9a($)) = u(S).

Hence, it is enough to show that ({0, i \ §) = 0. But this follows from (3.4), since

p({0. 1\ 8) = u(ﬂ Utreto. %z, =0})

n=1 k=n
o
— T1i N. —
= lim_ M<1<L:Jn{f ef{o,}V:7, = 0})
< N
< lim Y u({r {0, )5, =0))
k=n
(0.¢]
- nllzgo Z(l —
k=n
=0.
This finishes the proof. O
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LEMMA 3.4. Let x be a point of K,,. Then:
@ 87, =38
(b) if f eU"(K) satisfies f|g, € A(H2), n >0, then f € A(H?).

PROOF. It is easy to see that 3)%’ a1 1S an H?-representing measure for x. Further, by
virtue of Lemmas 3.1(c) and 3.2(c), (Sf’ 141 18 supported by

LZ U <ChH% K\ }',,) C Chyp K.

2 ) : 2 _ 2 :
Hence, 6x,n+l is H~=-maximal and 5x,n+1 = &;. This proves (a).

For the proof of (b), let f € U b(K) be as in the premise. By (a),

83(f)=f(x) foreachx e | J K,. (3.7)

n=1

As K\ ;2 Kn CChyp K, (3.7) holds for every x € K \ |2, Kn as well. By

n=1

[14, Lemma 2.7], f € A(H?). O
LEMMA 3.5. Forany f € BIZ’(K), the function

x> 82(f), xeKk,

is a Baire-two function on K.

PROOF. Let f be a bounded Baire-two function on K. By Lemma 3.4(a),
(N =88 (). x Ky

Thus the function x»—)S%( f), x €K, is Baire-two on each K, by virtue of

Lemma 3.1(f).
By Lemma 3.2(c), f(x)= 8%(f) for x e K\ U;’lozl K,. It follows from
[14, Lemma 3.4] that f is a Baire-two function on K. O

LEMMA 3.6. The space H> is Baire-one complemented by a projection of norm at
most 3.

PROOF. According to the inductive construction, for each n € N,
(PaD)lKyy = Paci(flk,_) and  (Puf)lpy = flo.  feBIKD. (3.8

Further, L = | J°, L2 is an open subset of K .
By (3.8), the mapping

Pu(flg,)(x) ifx € Ky, n =0,

f(x) if x e K\ () K.

n=0

Pf(x) = feBl(K),
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is well defined and Pf € Bé’ (K) for each f € Bll’ (K). Indeed, it follows from
Lemma 3.1(h) that PflL% € Bll’(L%), n € N. Thus Pf is a Baire-one function on L.
AsPf=fonK\L,PfeBiK).

Given a function f € Bf(K), then Pf|k, is H,%-afﬁne for each n>0. By

Lemma 3.4(b), Pf € A(H?).
Finally, as || P, || < 3, we get || P|| < 3 by definition. This concludes the proof. O

4. Proof of Theorem 1.1

We are now in a position to prove the main result. Let 7!, ? be the simplicial
function spaces on the metrizable space K constructed in Section 3. Fori =1, 2, let X;
be the state space of H' and ¢; : K — X; be the standard homeomorphic embeddings
from [14, Section 2.5]. Then X, X, are metrizable simplices and ¢, o ¢, ! restricted
to ext X is the homeomorphism required by Theorem 1.1(a).

Ifi=12and s € X;, let ;SZ stand for the unique 2A(X;)-maximal measure 2A(X;)-
representing s.

For the proof of Theorem 1.1(b), let f = x K\U, Ka and

F)=F@7' (), seextX).

Then fe Bg (ext X1) and there is no affine Baire-two function on X; extending f
R Indeed, assume that % is such a function. By [12, Théoreme 3] or [3, Proposition 9],
h is bounded. We pick a point a € A. By [10, Proposition 3.2],

1 n!
P18, =84, (a)-

Thus /8\11( a) is a discrete measure (see Lemma 3.3). According to Lemma 2.4 and
[15, Lemma 4.2],

h(1(@)) = 8 (o () = ($18) ()
=68 (hop)=81(Fod)
=81(f).

As 5u1 is carried by K \ U:io K, (see Lemma 3.3),
5N =1.
On the other hand, if a € K¢ \ A, then
h(¢1(a)) = F¢1(a)) = fla) =0.

Thus
0 on¢1(Kg\ A)or

1 on¢(A).

h=
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By choice of A, 71 is not a Baire-two function.
For the proof of (c), let T2 be the kernel on X, associated with the mapping s —
s € X». We remark that

52

s

T2g € pr(X2), g € BP(ext X). @.1)

(Since any function from B’ (ext X3) is the restriction of some function from B?(X5),
claim (4.1) follows from [9, Corollary 6.2].)

Let f be a bounded Baire-two function on ext X». By extending f by 0 on
X» \ ext X3, we may assume that ]?is defined on the whole of X;. We claim that

TZfE A (X7). 4.2)
To this end, we notice that
h(x)=82(f o), xeK,

is a Baire-two function on K (see Lemma 3.5). Using [9, Corollary 6.2],
[14, Theorem 2.6(c)] and Lemma 3.2(b), we get that & € (H?)*1. As H? is Baire-
one complemented, it follows from Lemmas 3.6 and 2.3 and Remark 2.2 that 4 is a
pointwise limit of a bounded sequence {A,} of functions from Bé’ (K)nNn (H»)*+ =
(H?)1.

Let 1:UP(K)N (HY)1E — App(X2) be the isometry from [14, Section 2.6].
By [14, Theorem 2.5(e)], Th, — Ih and Ih € 2> (X>).

Since

Tzf: Ih on ext X3,

Tzf:z Ih on X, (we use the minimum principle [13, Proposition 3.6]). Hence
T2 f € Ao (X7).

If o € (2, w1), we observe that TzfAn — Tszhenever { fAn} is a bounded sequence
of Borel functions on ext X, pointwise converging to f and use (4.2) as the starting
point for a straightforward transfinite induction. Hence, given fe Bg (ext X»), the
function Tzfis the required extension of affine class «.

This concludes the proof.
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