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1. Introduction

If velocity and temperature profiles are known at a particular distance
along a vertical heated plate, the equations of motion determine the
velocity and temperature at points downstream, for a given variation of
plate temperature. The problem of continuing the boundary layer solution
for given initial conditions was investigated by Goldstein [2], for the
isothermal case of the laminar, incompressible flow past a flat plate, with a
given streamwise variation of pressure gradient outside the boundary
layer. He showed that the solution is not always free from singularities and
developed an expansion procedure to calculate the flow downstream when
these occurred. Typical singularities occur, for instance, near the leading
edge of the plate where the no-slip condition is imposed on the plate surface
and near the trailing edge, where this condition is relaxed to one of zero
stress along the axis of symmetry of the wake.

The method of Goldstein has been applied by Rheinboldt [6] and
Watson [8] to the flow with suction or blowing of the boundary layer.
It is extended here to advance the solution for the free convection boundary
layer along a vertical heated plate, past the height at which a discon-
tinuity of plate temperature occurs. It is assumed that the plate is flat and
is maintained at constant temperatures T,, T,, below and above a height
L, above its lower edge. The environment is assumed to be at rest at uniform
temperature T, and the Prandtl number of the fluid is taken to be unity?2.
Results are obtained for the two subcases, Ty > T, > Tgand T, > T, > T,.

1 Present address: Department of Mathematics, Monash University, Clayton, Victoria
3168, Australia.

2 The theory can be applied to fluids with Prandtl numbers of order unity but not to
those with Prandtl numbers large or small compared to one--see § 7.
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A pronounced, secondary thermal layer is formed at the temperature
discontinuity and grows downstream along the plate. The velocity field
responds more gradually to the discontinuity since the velocity conditions
on the plate are unaltered. Hence, the subsequent motions of fluid particles
near the plate are determined by the buoyancy field of the new thermal
layer, which establishes itself downstream at a steady rate. The solutions
emphasize the speed with which the temperature field adjusts itself to the
abrupt change in plate temperature.

2. The equations of motion

The laminar free-convection flow about a vertical, uniformly heated
plate has been studied by a number of authors (see Ostrach [5] for
references). For a rigorous derivation of the equations, the reader is referred
to Ostrach [4].

Let L be a representative length along the plate; T, and T, the ambient
and plate temperature and 8, », «, the volumetric coefficients of expansion,
kinematic viscosity and thermometric conductivity of the fluid. The flow
is characterised by two dimensionless parameters; the Grashof number,

Gr = gB(T,—T,) L3)»*,

comparing buoyancy to viscous terms in the equations, and the Prandtl
number ¢ = »/«, comparing the molecular diffusivity of momentum to
that of heat. Free-convection flows occur for a range of Gr much larger than
unity.

The equations of motion in non-dimensional form are,

ou ov

2.1 — — =0
ou on P2u
2.2 — — = _,
(2:2) ¥ oz i oy + oy
00 o0 1 020
(2.3) U — -|— VD — —

oz ' dy o oy

where z, y are co-ordinates measured along and perpendicular to the plate
from the leading edge; %, v, are the velocity components in these directions
and 0 is a scaled temperature difference given by 6 = (T —T,)/[(T,—T,),
where T is the temperature at a general position in the flow. (Here, scales
L, (»2L/6)%, (L6)}, (»26/L)%, have been taken, corresponding to the quantities
%, y, u, v, where § = gf(T,—T,), is a scale for the buoyant acceleration
term.)
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For a plate maintained at a uniform temperature in an otherwise still
environment, the full boundary conditions are:

u=0=0 on z=0,y>0;
(2.4) u=9=0,0=1 on y=02>0;
%, 0 -0 as y-—> 0,z > 0.

Equations (2.1)—(2.8) are reduced by introducing a stream function ,
defined by the relations

(2'5) U=19, V= —Y,,
and taking
= x¥F (),
(2.6) v =)
6 = G(£),
where
(2.7) ¢ =uyxt

In terms of y equation (2.1) is satisfied identically and equations (2.2) and
(2.3) reduce to two ordinary differential equations for F and G, thus

(2.8) F"+3FF"'—-1F?4+G = 0,

(2.9) G"'+30FG = 0.

Also, from (2.5), the velocity components are given by

u = 2} F’,

2.1
(2.10) v = Yo} F'—3F).

Equations (2.8) and (2.9) for F and G have been solved numerically
subject to conditions (2.4), for a wide range of Prandtl numbers and details
are given in Ostrach [4]. The computations for ¢ = 1 were repeated here
using a routine facility for two-point boundaiy value problems of this
type on the Manchester Atlas Computer. In this case, F''(0) = .90797 and
G'(0) = —.40103, :

3. The continuation problem

The continuation problem outlined in § 1 is to advance the solution
to equations (2.1)—(2.3), given velocity and temperature profiles at = 0
and the variation of temperature along the plate; i.e.

https://doi.org/10.1017/51446788700006340 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700006340

152 R. K. Smith [4]

u=uy(y), 0= 06y(y) on z =10,y > 0;
u=v=0 (x=0)
(3.1) on y = 0;
0 = Oy=0,2+ O,z - - - (x > 0),
#,0 >0 as y—» o0, 2> 0;
where
uo(y) = ayy+ay*+azy®+ - - (a, # 0),
and
Oo(y) = bo+byy+bay>+ - - -,
neary = 0.

(Note: We restrict ourselves here to initial velocity profiles with a single
zero at the origin; if « is finite at the origin, the problem becomes one of
mixed or forced convection; if @, = 0, severe complications arise and the
equations are unmanageable — see Goldstein op. cit.).

If there is no singularity at £ = 0, we can expand y and 6 as double
power series in  and y. If these series are substituted into equations
(2.1)—(2.3) and the boundary conditions (3.1) are satisfied, we find that
certain relations must hold between the coefficients a,, b, and @, in (3.1).
The first few are

bo+2'a, =0, b,+3la;=0, 18b;+5la;—=0,---,

(3.2)
by = O, by = 0, 316y = a,0,, -

Further, if these conditions hold, we have

o0 4la,
69 () —er o
Y/ 4o a,
and
a6 4! (a,b,—aub,)+a, 0,0,
4 — — .
(3 ) (ay)y=0 b1+ 2“% *

The coefficient a,, a,, b,, b,, etc. are not determined by the relations (3.2);
once these are specified, we can find the skin friction and local heat transfer
from the plate, which are proportional to (3.3) and (3.4) respectively.

If the relations (3.2) are not satisfied, there is an algebraic singularity
atz = 0.

4. Inner expansion

With the stream function ¢ defined by equation (2.5), we make the
following transformation of variables
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(4.1) E=ab, 5 =1yz}
and take

(4.2) v = &f(, 1),

and )

(4.3) 0 = Z,&7g(E ).

the velocity components are given by
3ély;

— €7V [2f &gt

Further, equations (2.2) and (2.3) become

(4.5) fyA-&tnety—21ty =&ty = Fygn T8

Then, from (2.5) and (4.2

I

(4.4)

I

),
u
v

1
(4‘6) —fﬂg+£g§fq—2fg1/—'5f£g'q = ;gm]'

The transformed boundary conditions from (3.1) are

(4.72) f=1=0, (520),}01“7:0
' g =2TE[@y+ 0,840,884+ - -2) (£ 0), )
fo = 887 (ay(8En) +ay(36n)*+ - - +), .
(4.7b) g = 2TE(Bytby(38n)+ - - - } as §— 0 and n — co.

Guided by this form, we expand f and g as power series in &. Thus
(4.8) ! = fot+éh+&f+ -,
(4.9) g = £g+Eg+8%+ -

where f, and g, are functions of # only. Inserting (4.8) and (4.9) into (4.5)
and (4.6), we obtain two sets of ordinary differential equations for f, and
&,- These are:

fo'+2foto —12 = 0,
f;,,+2fof’1"'3f(/)f;+3ﬂ)’f1 = —§1»

O e ot f—afy o4t fy = — a8 f 24,

fs +2fots —5fofs+515 fs = —8a—4fafy +51,-1—3F fr.,
and

g1 +20f081 = 0,
w11y 8 Thgi—ologs = ~3ohg,

&5 +20f, 85— 20/08s = o(f18a— 3N 8, — 47 £1),
g4 +20fo81—30f08s = 0(2f185+1,8:— 31 85— 4/28,—51381)-
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Comparing conditions (4.7) with the series (4.8) and (4.9), we obtain
the following boundary conditions for f, and g,,

(4.12a) f,=f=20 or n=20,
(4.12b) Barrn = 270,, go = g3y, =0 or 7=0,
N AC)
(4.13) hm _;I = 3r+2ar+1’
o0 1
(4.14) lim graln) _ 3r+3p .
1me0 N

The solution for f, having a double zero at the origin and satisfying

(4.13) is
(4.15) fo= % arn®.
If we take
(4.16) z=oan = (9a,)tn,
then
(4.17) fo = 3as® = Ay22,

and these last two equations define « and 4,.
The equation for g, is now

d*g
dz?
This equation can be integrated directly and the solution satisfying con-
ditions (4.12b) and (4.14) is

bo—6,
(4.19) &= %_1))

3

d
+o2 81 _ o

(4.18) =

y(%, 3072%)4-276,,

where
y(n, z) = f:t”—le—’dl,

is the incomplete gamma function and

I'(n)—y(n, x) ~ e =1 (H— n—1 + (n—l)gn—z) + .. ) as ¥ — o0,

X T

We note in passing that
,_ 27(by—6,)0t3E .

.2 = —}os?,
(4.20) &1 T % )
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In terms of z, the equations for f, and g, can be written

& a*f af g
.21 T2 (r42)2 T = 5 L4F,,
(4 ) dz3 +z dzz (r+ )Z dz +(r+z)fr gal +a’ r
and
g, o %, -
(4.22) T + 022 T —o(r—1)zg, = «7'G,,
where F_ and G, are functions involving f;, g;(1 =¢ < r—1) and their
derivatives.

Complementary functions for f,, satisfying equation (4.21) with zero
right hand side, are obtained by a power series substitution

o0
fr=2 c,2™

n=0

The recurrence relation, obtained by equating powers of 2, is
(n—1)(n—r—2)
Cntg = — Cn-
(n+3)(n+2)(n+1)

The solutions can be conveniently expressed as generalized hypergeometric
functions of the type ,F, and three independent complementary functions
fri € =1,2,3), are:

ifl = 2F2(—%: -——%1“——%; %; %; —%23),

(423) fr2 =3,

Complementary functions for g, (r > 1) are found as follows. The sub-
stitution s = 22 in equation (4.22) with zero right hand side gives

9s

a*g dg,
r 2 2 __g(r— =0.
P + 3(2+o0s) s alr—1)g,

Inserting
o0
g’_ = z C”SP'F”,
n=0

into this equation and equating powers of s, we obtain the recurrence
relation

r4-1
~do (wte~ ")
Cpyy =
T (e 1) (n+p+-2)
The coefficient of 2° gives the indicial equation

3p(3p—1) = 0,

Cu+
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from which p = 0, and p = %, give independent solutions. These solutions,
& (1 = 1, 2) say, can be expressed in terms of the confluent hypergeometric
function. Thus, in terms of z,

r—1
&€n = 1F, (— T; %; “‘%‘723) ,
(4.24)

r—2
g = 2.F, ("‘ 3 i ¥ _‘%"23) .

The boundary conditions on f, and g, as z — o0, are

(4.25) lim @) _ (i)'+2 @1,

[+ 4

and
3T+3
hm g r+1 (2.’ ) . b

200 2T o

(4.26)

P

To apply these conditions, we must investigate the asymptotic behaviour of
f.and g,, and thus the behaviour of the functions f,, and g,,, for large z.
Asymptotic series for f,; and f,; have been obtained by Goldstein op.
cit.. These are quoted below.
If » = 3x for some integer #, f,, is a finite series. Similarly for f,; if
r=3n+1; g, if r=3n+1; g, if r =3n—1.

Ifr £ 3n—1,
4 r+2
zr+2F(l) N (_ g‘)ﬂ(— —3—)” .
™ = _23) 4
fl 3(r+2)/3r(7+4) g (r+1—3u)u! (3
(4.27)
r+1
rar(-"y)
+ 3 +O(Z_' aN 1)’
34T (_ ’+__2)
3
and
4 r+2
cerg v 3,0, Lo
fr3 37/31‘7(7+5) ﬂgo 7_}_1‘_*3“)‘“' (32 )
(4.28)
wr@)r(- 1)
+ L O(raN),

r(-3)
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If » = 3n—1, the terms with 4 = n, in the Y-expression of each series
must be omitted and the last term in (4.27) replaced by

(=1)rI'(5)z
8t L(n+1)I'(—5—n)

(4.29) [log (52%) +w(n-+1)—v(3)—v(—3)],

and the last term in (4.28) replaced by

(=17 347 @)z

T F DTG —n) (o8 G390 —v @) —y ()

(4.30)
where y(z) 3 is the logarithmic derivative of I'(z).

The asymptotic expansion of the confluent hypergeometric function
with negative argument is given by

re)y ¥ (a),(1+a—-0),

Fi(a; b; —s)~
1 l(a s) F(b"a) o ”!

smo# -0 (s~*~N-1),

(see Slater, 1964). Thus, the expansions for g,, are

2 (0,5,

[

( ) . (r—1)/3 (1 5
431) g ~2z" (—) 302%)7#,
! 3 F(r-{-l) o ! 3
3
and
r—1 r—2
o\"23 (& X (— _3_) (— 3 )
(4.32) Zra~ 21 (_) z & # (laz")“/‘
i 3 r(’f_?) #=0 oo ’
3
The solution for f,. The equation for f, is
a*fy a*fy dfy 81
4, ol gyt =21
(4.33) dz T+ dz? 3 dz +3h 9a,

For large z,
g1~ 276,40 (exp(—3}0z%)),

and therefore, a particular integral for f,, valid for large z, is

b
4.34 ~ 28,
(434) ho~ = g

The asymptotic behaviours of the complementary functions f,,, obtained
from the series (4.27) and (4.28) are:

? Only in this sentence does y nof denote the stream function.
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fu=1-%2
(4.35) ha=2,
frs~ A3+ Bz+-C,

where A, B, C(= —2A4), are constants determined by equation (4.28) with

r = 1. In particular,
A = 2I'(2)/3%.

The complete solution for f, may be written

h = hptrifutsifietiihs,

where 7,, s;, ¢;, are constants. Moreover, the asymptotic behaviour of this
solution has the form

(4.36) fo~ A28+ B z+C,.

The solution with a double zero at the origin and satisfying (4.25) is
obtained numerically as follows. Equation (4.33) is integrated outwards
with starting values £,(0) = /;(0) = 0, f{(0) = 1, and the derivatives
calculated for a large value of z (z =7, is found to be sufficiently large).
This solution is regarded as a particular integral for f,, say f,,. Then, the
general solution with a double zero at the origin is

(4.37) h = hetifs

for any value of 4;. Further

= ft i
~ f1.+6, Az as z— .

From equation (4.36) ¢ we see that f;,/z — a constant as z— co and using
condition (4.25) we find

7 6
(4.38) lim & = %% i fe g4,

zo00 < a 200

The limit f;,/z is obtained numerically and 4, is then deduced from (4.38).
Then from (4.37), we have

£(0) = f1o(0) 24, = 1-+24;.

Equation (4.33) is now solved numerically with this as the appropriate
second derivative at the origin. In the asymptotic expansion for this
solution, the coefficient 4, in (4.36) has been obtained by satisfying the

4 It can be shown that an asymptotic power series, valid in a sector of the complex plane,
can be differentiated (Erdélyi, [1]).
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boundary condition as z —»> oo, i.e. 4; = a,/a,. The corresponding coef-
ticient B, is calculated numerically using the values for f; and f;". Hence

B, = lim (f;—42fy).

Also gmee
C,= —24,.
The solution for g,. The equation for g, is
azg dag 30
(4.39) —dz—: -+ o2? Ti;z — 028y = — — fi&1-

The equation has a particular integral g,,, which is exponentially small for
large z. The complete solution is theiefore

(4.40) 82 = B2p+ME211+1NEss,
where m and » are constants and for large 2,

3
(4.41) g2~ (m (%) 1‘(—§-)+n) .

Equation (4.39) is integrated outwards with starting values g,(0) = 0,
g:(0) =1, to give a particular integral g,,. The general solution with a
single zero at the origin is then

82 = 8aq 1822
~ (ag+u)z as z-— oo,

where a, = lim,_ g, is calculated numerically and g is any constant.
Then, using (4.26)
3%
lim xR g+,
2000 % o
giving u. The integration is repeated with g, (0) replaced by 1+ to give the
required solution. For this,

(4.42) e~ o 2= —2 as Z-—> 0.
-4

The solution for f,. The equation for f, is

adf, a*f, af, &2 2f;2"3f1f{’
—= —_— 4y — 4f, = — == —_
dz’ az? # dz + 4 +

9a, o
With the asymptotic series for f, given by (4.36) and g, given by (4.42), we
can find a particular integral f,, to this equation such that

(4.43) + 22

fop~ a'244+0"22+-c'24+d', as 2z — oo,
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vhere a’, b’, ¢/, d’ are constants depending on 4,, B,, C, and «,. The general
solution for f, is

fa = fap+7ofor+Safoattafes,

where 7,, s,, {5, are constants. Then, using the asymptotic series for the
functions f,, given above, we find that

(4.44) fy~ Ay2+ By22+Cyzlog 2+ Cyz+Dy+ E 272 4-0(27%)  as z — 0.
Also, from equation (4.28), we have

3ir(%)

224-0(2*) as z— o0.

23~

Hence, the general solution for f, with a double zero at the origin is

fz = f2q+12f23’
and

102
(4.45) ot (At 0

)23+0(z) as 2 — o,

where f,, is the particular integral for which f,,(0) = 1; A,, is the leading
coefficient in the asymptotic series for this solution and 4, is any constant.
The value of 4,, and the next three coefficients in the series (4.44) are
obtained numerically. This value of 4,, is used together with (4.25) and
(4.47) to find A,. The appropriate solution for f, and the corresponding
coefficients 4,, B,, C, and C, are there found by integrating equation
(4.43) numerically with " (0) = 1424,.

A similar procedure can be used for calculating g, fs, &4, f4, 85, **°
etc., in that order. However, the labour involved increases rapidly for
higher terms. We therefore restrict ourselves to calculating four terms in
each of the series for f and g. These appear sufficient to enable a reasonable
account to be given of the initial development of the inner layer. The
asymptotic series obtained for g, f; and g, are given below

83~ %322+ By+ysz 7 +0(z74),
(4.48)  fy~ A3254 By22+Cy? log 24-Cy22 4 Dyz+ Eglog 24+ E3+-0(z7),
ga~ 2,23+, log 24-8,+0(z1).

5. Outer expansion

The series expansions for y and 0 obtained in § 4, satisfy the boundary
conditions on the plate (z = 0) and at the initial section (x = 0). However,
for large 2, the expansions have the form
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p~ Ag82224-§3(A, 2%+ B, 2+Cy)

(5.1) +E4{A 20+ By22+Cyz log 2+ Coz+Dy+ Eyz724 - - 7)
4-&5(A 325+ By 23+ Cyz2 log 24+ Cy22+Dy2+Eglog 24+ Ez+ + + *)
_+_ RN

and

(5.2) 0~ ”‘[“1+“252+52(“322+ﬂ3+73 ZHe4 )

+8 (g2 +py log 24+ - )+ - -],

and these both diverge as z — o0. The expansions are therefore valid only
in a neighbourhood of the plate, in fact for £z <« 1. To find a solution valid
for large yx~%, we seek expansions for y and € in powers of & which
satisfy the boundary conditions on = 0 and as y — o, but not neces-
sarily on y = 0, and which coincide ‘with the inner solution in some region
away from the plate for each &.

If it is assumed that rearrangement is possible, the series (5.1) and
(5.2) can be written in terms of the outer variable . Then

p~ Ag(gey)2+4;(Goy)3+ Ay (Goy) i+ - - -

+&2(B,(30y) + By (309) 2+ By (3o )3+ - - )

(5.3) +E(C1H4-(Co4-Cy log (32)) (3oy) +Cy(Fcy log w)
+(C3+C3 log (3a)) (Foy)*+Cylay)? log y+ - - )
—&8log &(Cy(Jay) +Cy(ay)®+ - - )+ -+,

and
—l'vf(“l'f‘“z 3%Y +°‘3(3°‘y)2+ )

% (ﬂ3+ﬂ4(3°‘y) )

1

+5783(ys(Gay) 1+ log Goy)+ - - +)
—%53 log &(ye+ -+ ),

(5.4)

where « is given by (4.16). We therefore assume that for sufficiently large
values of yz—%, we can write

£ £ £log & _

63 v= o)+ 5 walt) + o o) + B () HOE,
and

2 3 31
6:6) 6= 0)+ 5 Oalu)+ o Baly) + B By(y) O,

where g (y) and 8,(y) are given (see 3.1) and near y = 0,
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Yo = @ytayttayitaytt -,
Y2 = %“B1y+%“231?/2+2—27—“333?/3+ Y
(5.7) s = 6C;+20(Cy+C, log (52))y+20Cyy log y
+502(Cy+Cylog (32))y*+5a*Cyy? log y+ - - -,
o= —2aCy—3tCypm -
and
B = bo+b1y+boy?+bsy>+ - -,
0, = é%(ﬂs‘*‘%“ﬂd/‘*‘ )
05 = Syaley) 14 - -,
0; = 8y,+ -
If the series (5.5) and (5.6) are substituted into equations (2.2) and

(2.8), making use of (2.5), and the coefficients of & and & log & are equated,
the following sets of equations are obtained for the functions y;(y) and

0:(y):

(5.8)

Yo¥a—Vato =0,

(5.9) o(va+394) — v (va+3Fs) = 6(0p+vy"),
YoPs—Psvo = O,

and
po0a—20 = 0,

(6.10) o(03+305) — (ws+375) 6o = 6670,
05— P30 = 0.

The first equation in (5.9) may be integrated directly to give

(5.11) v, = kyp,

where % is a constant determined by comparing the series for y, and y,
n (5.7). Hence

2aB; ,
5.12 = .
( ) P2 3a, Yo
Similarly,
_ 2aC,
(5.13) Y3 = — Yo,
a

and making use of the last two equations, the first and third in (5.10) give

20 B,

(5.14) 0, = 0;,
3a,
and
2aC,
(5.15) f,— — 26,
L2
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Also, since §, is a multiple of y,, the equation for y; can be solved to give

¥ 0 117
(5.16) Py = 6w;f ot gy
Yo
The integrand can be expanded in powers of y using the series for 6, and
v,. Hence
bo+2a 6a,(by+2a,)
vy = _G(L_Z) " y(mal— _ZQ__E)

1 51

(6.17) 6(by+6a;)  12a,(by+2a,)
a a a
+ylogy( s 2)+0(y2),
1 1

where m is a constant of integration determined by comparison of (4.17)
with the series for p, in (5.7). Thus

(5.18) m = {a(Cy+C, log (3x)) [3-+ay(by+2a,) }ay .
The equation for 0, is simplified by using equation (5.15) to give
(5.19) 0; = (604 [0+, 6(,))/’/)(,)-

At this stage, it is interesting to note that not all the coefficients in
the asymptotic series for the functions f, and g, are unknown; indeed by
comparing the solutions obtained for y,, y;, vy, with the series (5.7), we
see that only one coefficient in the asymptotic series for each f, is unknown
when those in its predecessors are known; this being the coefficient of z.
The reason is clear; since one of the complementary functions (i.e. f,,) is a
multiple of z, multiples of this function occur when finding a particular
integral to the equation for f, and the appropriate factor has to be determined
in each case. Moreover, when this has been done for each f,, the asymptotic
series for the functions g, are fully determined. In particular, we find that

(5.20) Cy = 3(ay(by+6a5) —2a,(bo+2a,)) [ (xa?),

and from equations (3.2) we note that the terms containing multiples of
log & (that is, the functions ¥, and ,) vanish identically if the first two
relations in (3.2) are satisfied. Further, the fact that some of the coeffi-
cients 4,, B,, C,, «;, B;, etc., are known in terms of the coefficients in the
initial profiles provides a useful check on the numerical computations.

6. Uniformly heated plate with a temperature discontinuity

The general theory developed in § 4 and § 5 is now applied to the flow
induced by a vertical heated plate when there is an abrupt change of
temperature from T, to T, (T,, T, constants) at a distance L from the
leading edge. Then L provides a typical length scale for the problem.

https://doi.org/10.1017/51446788700006340 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700006340

[16]

R. K. Smith

164

ten

1 =0 ‘g = % ‘soryoad aangerodwis] g oindig

=1

1 = 0'g = % !seqyord £3190[3A ‘T 2By

A

ot

m.

uoI}n|os Jauul
JO UOISU9IX3

—100'=X

Yo)

https://doi.org/10.1017/51446788700006340 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700006340

Boundary layer on a vertical heated plate 165

(17]

HON

‘I = 0 ‘g* = °@Q !soryoxd sanjersduwro], ' oInSig

A 4 l

e A

(UloS Jauul) £O=X ~

‘T = 9 ‘g* = % !oyerd 93 03 asopo seqyoxd Lo g eandig
¢ * 7 v 0
SO’
o
. Ou X
(‘ujos Jauul) -,
€0°=X
(ujos J4831no)
/ c
, !
/
/ 2
/,
/,

https://doi.org/10.1017/51446788700006340 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700006340

166 R. K. Smith [18]

Moreover, if the origin of co-ordinates is taken at the discontinuity, then
the initial profiles are given by the solution to the free convection problem
outlined in § 2, with z (non-dimensionalized with respect to L) taken equal
to unity (then ¢ = y). With starting values F''(0) = p, G'(0) = ¢, the
initial profiles are obtained by differentiating equations (2.8) and (2.9)
and substituting in the Taylor series for I’ and G at the origin, using the
boundary conditions (2.4) on y = 0. Hence

(6.1) vo = PY— 32— &qy*+ o522y +0(4°),
and

g
(6.2) 0y = 14qgy — 3£2q~ ¥ +0(y°).

Starting values, p(= F''(0)) and ¢(= G’(0)) for ¢ = 1 are given in § 2.

Solutions are obtained for the two cases in which the temperature
difference between the plate and the environment is suddenly doubled
(@ = 2), or halved (@, = 0.5). Profiles for » and 6 at various downstream
positions from the singularity are shown in Figs (1)—(4) for ¢ = 1. These
illustrate clearly the growth of the inner layer and in particular, the rapid
erosion of the initial temperature profile to match the new wall condition.
It is interesting to note that when the temperature difference is halved, the
fluid near the wall is decelerated since this is now negatively buoyant with
respect to adjacent fluid in the outer layer.

7. Discussion

The presence of a singularity (as defined in § 3) at a particular station
along the plate results in the growth of an inner boundary layer from that
point. As this layer spreads downstream, the original (outer) boundary
layer is modified to accommodate it.

The expansions for the stream function and temperature in the inner
layer (see § 4) satisfy the equations of motion and the boundary conditions
on the plate, but not those as y — co. Furthermore, these expansions also
depend on the coefficient «,, &, and @, and hence contain details of any
singularity 3 at * = y = 0 (note, for example, that g, involved the dif-
ference b,—®, and therefore describes the immediate effect on the on-
coming temperature field of a temperature discontinuity on the plate at
x = y = 0). The inner expansions are expected to be valid close to the
plate, i.e. for y = yz=# « 1 and for a range of & = x¥ < &, say, where
< L.

5 Note — the expansion method is applicable whether or not a singularity is present but
the power of the technique is most evident in the former case.
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The outer expansions describe the modifications of the oncoming flow
due to the presence of the inner layer. They satisfy the eguations of motion
and the boundary conditions on x = 0 and as y — oo for = 0. The forms
of the expansions are obtained by the requirement that for small y, they are
the same as the forms of the corresponding inner expansions for large 7.
Moreover, the terms in the outer expansions are determined uniquely by
matching with the inner expansions as in § 5. The outer expansions are
expected to be valid for a range of £ similar to that of the inner expansions
and for all but a small range of  in the neighbourhood of the plate.

Immediately downstream of the origin (x = y = 0), one hopes to find
a range of £(<C &, say), at each point of which there is a range of y (de-
pending on &) in which the inner and outer expansions for y and 6 overlap.
For values of ¢ slightly larger than &, it may be possible to obtain the flow
profiles by interpolation between the inner and outer solutions, but as
& — 1, none of the expansions is likely to converge. Unfortunately, these
series are all too complicated to allow any convergence criteria to be worked
out and it is necessalry to rely on an appraisal of the solutions obtained in
each case. It seems reasonable to believe that the solutions obtained here
are convergent at least over the range of # for which the inner and outer
expansions overlap. In general, this region is that in which both the asymp-
totic forms of the inner solution and the series expansion about y = 0 of
the outer soluiion give the same values for y and 6 for some range of y.

In the above discussion, it has been tacitly assumed that the Prandtl
number of the fluid is of order unity. If the Prandt]l number is either large
or small compared to one, the thermal and momentum layers thicken at
widely different rates and the inner expansions (and outer expansions)
for each layer would be valid in different regions in the plane. It is not then
clear how one might represent the coupling term (i.e. the buoyancy term)
in the inner and outer solutions. As far as the author is aware, the case of
extreme Prandtl number remains unsolved.

The continuation method described in this paper could be used in
principle to advance the boundary layer solution indefinitely, in a step-by-
step fashion. However, the convergence of the inner and outer expansions
appears to be too slow for this to be practical and with high speed computing
facilities available, a direct numerical solution of the equations seems a
more preferable means of continuation. A finite difference procedure has
been developed to this end, for free convection boundary layers, by Merkin
[3]. The present theory is primarily intended to overcome the difficul-
ties encountered at a singularity, where numerical methods break down.
For this purpose the method of matched co-ordinate expansions is a power-
ful one, as is clearly illustrated by the solutions to the above problems.
Moreovei, the expansions for g, and 6 obtained here may be used to provide
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initial conditions for a numerical solution, once the singularity has been
transversed.
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