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Abstract

The bandwidth theorem of Boéttcher, Schacht, and Taraz [Proof of the bandwidth conjecture of Bollobas and
Komlés, Mathematische Annalen, 2009] gives a condition on the minimum degree of an n-vertex graph G that
ensures G contains every r-chromatic graph H on n vertices of bounded degree and of bandwidth o(n), thereby
proving a conjecture of Bollobds and Komlés [The Blow-up Lemma, Combinatorics, Probability, and Computing,
1999]. In this paper, we prove a version of the bandwidth theorem for locally dense graphs. Indeed, we prove that
every locally dense n-vertex graph G with 6(G) > (1/2 + o(1))n contains as a subgraph any given (spanning) H
with bounded maximum degree and sublinear bandwidth.
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1. Introduction and results

One of the fundamental topics in extremal graph theory is the study of minimum degree conditions
that force a graph to contain a given spanning substructure. Perhaps the best known result in the area is
Dirac’s theorem [ 13], which states that any graph G onn > 3 vertices with minimum degree §(G) > n/2
contains a Hamilton cycle. The Pésa—Seymour conjecture (see [15] and [33]) states that any graph G
on n vertices with 6(G) > rn/(r + 1) contains the rth power of a Hamilton cycle. (The rth power of a
Hamilton cycle C is obtained from C by adding an edge between every pair of vertices of distance at
most 7 on C.) Komlés, Sarkozy, and Szemerédi [28] proved this conjecture for sufficiently large graphs.

A decade ago, Bottcher, Schacht, and Taraz [9] proved a very general minimum degree result, the
so-called bandwidth theorem. A graph H on n vertices is said to have bandwidth at most b if there exists
a labelling of the vertices of H by the numbers 1, ..., n such that for every edge ij € E(H), we have
li—j| < b.Clearly, every graph H has bandwidth at most |H|— 1. Further, a Hamilton cycle has bandwidth
2, and in general the rth power of a Hamilton cycle has bandwidth at most 27. Bottcher, Preussmann,
Taraz, and Wiirfl [7] proved that every planar graph H on n vertices with bounded maximum degree has
bandwidth at most O (n/logn). The bandwidth theorem gives a condition on the minimum degree of a
graph G on n vertices that ensures G contains every r-chromatic graph on n vertices of bounded degree
and of bandwidth o(n).

Theorem 1.1 (The bandwidth theorem, Béttcher, Schacht, and Taraz [9]). Given any r, A € N and
any vy > 0, there exist constants B > 0 and ny € N such that the following holds. Suppose that H is an
r-chromatic graph on n > nq vertices with A(H) < A and bandwidth at most Bn. If G is a graph on n
vertices with

r—1

then G contains a copy of H.

We remark that Theorem 1.1 had been conjectured by Bollobds and Koml6s [26]. Since the bandwidth
theorem was proven, a number of variants of the result have been obtained, including for arrangeable
graphs [10] and degenerate graphs [30] and in the setting of random and pseudorandom graphs [1, 5, 23],
as well as for robustly expanding graphs [24]. Very recently, a bandwidth theorem for approximate
decompositions was proven by Condon, Kim, Kiihn, and Osthus [12], whilst Glock and Joos [20] proved
a un-bounded edge colouring extension of Theorem 1.1. A general embedding result of Béttcher,
Montgomery, Parczyk, and Person [6] also implies a bandwidth theorem in the setting of randomly
perturbed graphs.

For many graphs H, the minimum degree condition in Theorem 1.1 is best-possible up to the term yn.
For example, suppose that H is a K,.-factor (that is, we seek a collection of vertex-disjoint copies of K,
in G that together cover all the vertices in G). So y(H) =r, A(H) = r — 1, and H has bandwidth r — 1.
Suppose that G is obtained from two disjoint vertex classes A and B of sizesn/r+1and (r—1)n/r—1, re-
spectively, so that G contains all edges other than those with both endpoints in A. Then it is easy to see that
G does not contain a K, -factor; however, §(G) = ((r — 1) /r)n— 1. In fact, note that the famous Hajnal—
Szemerédi theorem [21] asserts that an n-vertex graph G contains a K,.-factor, provided r|n and 6(G) >
((r = 1)/r)n. Thus, this extremal example is sharp. (Note, though, that for many r-partite graphs F, a
significantly lower minimum degree condition than that in Theorem 1.1 ensures an F-factor; see [29].)

As for many other problems in the area, this extremal example has the characteristic that it contains
a large independent set. There has thus been significant interest in seeking variants of classical results
in extremal graph theory, where one now forbids the host graph from containing a large independent
set. Indeed, nearly 50 years ago, ErdGs and Sés [18] initiated the study of the Turdn problem under the
additional assumption of a small independence number. That is, they considered the number of edges in
an n-vertex K,-free graph with independence number o(n). This topic is now known as Ramsey-Turdn
theory and has been extensively studied by numerous authors (see, for example, [2, 17, 31, 34]). More
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recently, there has been interest in similar questions but where now one seeks a K,-factor in an n-vertex
graph with independence number o(n) and large minimum degree (see [3, 4, 22]).

A stronger notion of a graph not containing a large independent set is that of being locally dense. More
precisely, given p, d > 0, we say that an n-vertex graph G is (p, d)-dense if every X C V(G) satisfies
e(G[X]) = d (l)z(l) — pn?. Note that the property of being locally dense is weaker than being dense
and (pseudo)random and stronger than having a sublinear independence number. Locally dense graphs
have been considered in a number of previous papers. For example, there have been several papers on
a question of Erd&s, Faudree, Rousseau, and Schelp [16]; there they considered a variant of the notion
of (p, d)-dense and asked for the values of p and d guaranteeing that a (p, d)-dense graph contains a
triangle. One can view the notion of locally dense as a parameter that ensures a graph is in some sense
‘random-like’. Therefore, there has been interest in determining the number of (homomorphic) copies
of a fixed graph H in a (p, d)-dense graph G, and in particular whether this count is close to the value
obtained if G were a random graph; the study of this topic (for graphs and hypergraphs) was initiated
by Kohayakawa, Nagle, Rodl, and Schacht [25].

The aim of this paper is to prove the following locally dense version of the bandwidth theorem.

Theorem 1.2. Forall A € N and d,n > 0, there exist constants p, 8,ng > 0 such that for every n > n,
the following holds. Let H be an n-vertex graph with A(H) < A and bandwidth at most Bn. Then any
(p, d)-dense graph G on n vertices with 6(G) > (1/2 + n)n contains a copy of H.

In the case when H corresponds to a K,--factor, Theorem 1.2 had been proven by Reiher and Schacht
(see [4]). Note that in the case when H is connected, the minimum degree in Theorem 1.2 is best-
possible up to the n term. Indeed, if G consists of two vertex-disjoint cliques, each of size n/2, then G
trivially does not contain H, although G is locally dense and 6(G) = n/2 — 1.

A striking feature of Theorem 1.2 is that, unlike Theorem 1.1, the minimum-degree condition does
not depend on the chromatic number of H. In particular, when y (H) = 2, the minimum-degree condition
in Theorem 1.2 is the same as that in Theorem 1.1. Thus, in the case of bipartite H, there is no benefit
in adding the condition that G is locally dense. However, when y(H) > 2, the minimum degree in
Theorem 1.2 is substantially reduced compared to the bandwidth theorem.

It would also be extremely interesting to prove a version of Theorem 1.2 for graphs of sublinear
independence number. Note, though, that examples in [4] show that the statement of Theorem 1.2 is
far from true if we require that G has a sublinear independence number instead of the locally dense
condition. Indeed, the minimum degree necessary for the existence of a K,-factor in such a graph is at
least (’r;2 + 0(1))n for every r > 4. So, these two problems are genuinely different.

The proof of Theorem 1.2 draws on ideas from [8, 9], and our approach makes use of the regularity—
blow-up method. We also employ several new ideas (particularly with regard to dealing with so-called
exceptional vertices). In the next section, we give an overview of the proof of Theorem 1.2. In Section 3,
we introduce some notation as well as several fundamental properties of locally dense graphs. The
regularity and blow-up lemmas are presented in Section 4. A key step in the proof of Theorem 1.2 is to
show that the hypothesis of this theorem ensures that G contains the rth power of a Hamilton cycle; we
prove this in Section 5. The proof of Theorem 1.2 then breaks into two main parts: the proof of two so-
called lemmas for H (presented in Section 6) and the lemma for G (presented in Section 7). In Section 8,
we combine all these results to prove Theorem 1.2. We give some concluding remarks in Section 9.

Additional note. Since this paper was first submitted, Ebsen, Maesaka, Reiher, Schacht, and
Schiilke [14] have built on our work to generalise Theorem 1.2. Indeed, they replace the minimum
degree condition on G with an inseparability condition.

2. Overview of the proof of Theorem 1.2

The overall strategy follows in the same spirit as the proof of the bandwidth theorem in [9], although the
precise details of the proofs of the key steps in the argument turn out to be quite different. In particular,
the setting of locally dense graphs both smooths over some aspects of the proof and introduces additional
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difficulties. Often, in problems involving embedding a spanning structure, the most challenging aspect
of the proof is dealing with so-called exceptional vertices (that is, trying to cover either the remaining
last few vertices in the host graph or those few vertices that do not fit in some general structure in the
host graph). In this paper, we take a novel approach to dealing with such vertices. Below we outline the
key steps in our proof and highlight some of the main novelties in our approach.

Obtaining structure in G. Suppose that H and G are as in the statement of the theorem where y (H) =r.
The first step in the proof is to apply the regularity lemma (Lemma 4.1) to G to obtain the reduced
graph R of G. The reduced graph R is locally dense (with somewhat different parameters compared to
G) and ‘inherits’ the minimum degree of G (that is, §(R) > (1/2 4+ o(1))|R|). These properties ensure
that R contains an almost spanning subgraph Z?’ that has the following properties:

o Z{%’ covers all but at most 2r of the vertices in R.

o Z7" consists of £ vertex-disjoint copies K', ..., K’ of K3, (in particular, | Z}"| = 2r¢).

o Foreach 1 <i < ¢, there are all possible edges between K’ and K*! except that we miss a perfect
matching between the two. (Note here that K .= gl

The existence of Z?’ in R can be guaranteed by finding a sufficiently large power of a Hamilton
cycle in R. This is achieved in Section 5 (see Theorem 5.1). Using this, one can easily deduce that
G contains an almost spanning structure C that looks like the ‘blow-up’ of Z{%’. More precisely, if
V(Z?r) ={1,...,2rf} and Vi, ..., V¢ are the corresponding clusters in G; then

1) V() =ViU--- UV,
(i) €[V;,V;] is e-regular whenever ij € E(Z}").
(iii) If jk is an edge in one of the cliques K*, then C [V}, Vk] is superregular.

We refer to C as a cycle structure.
Suppose that in fact C is a spanning subgraph of G. In this case, ideally, one would now like to
take the following approach. Let x1, . . ., x,, denote the bandwidth ordering of H. Partition V(H) into ¢

classes Cq, ..., Cp so that
o ¢;:=|Ci| =|Ujey (ki) Vil forall 1 <i <.
o Cj contains the vertices x1, ..., x¢,, C> contains the vertices x¢ +1, . .., X¢,+¢,, and so forth.

Then embed the vertices from C; into the clusters in G corresponding to the clique K', embed the
vertices from C5 into the clusters in G corresponding to the clique K, and so on.

At first sight, this seems like a plausible strategy: since the partition of V( H) respected the bandwidth
ordering of H (and as H has small bandwidth), most edges in H lie in the induced subgraphs H[C;];
all remaining edges lie in the bipartite graphs H[C;, Ci41]. Suppose one could map each C; onto the
clusters corresponding to K', so that each such cluster V; receives precisely |V;| vertices from C; and,
crucially, all edges xy in H[C;] are such that x and y are mapped to different clusters in K’. That is,
suppose we have a graph homomorphism ¢; between H[C;] and K’ that maps precisely |V;| vertices to
each V;. Further, suppose the ¢; together combine to give a graph homomorphism f from H to Z?’ (so
the edges in each H[C;, C;;] are mapped to edges in R[V(K"), V(K™*1)]). Set G; := GlYjev xiyVil-
Then (iii) above ensures that we could apply the blow-up lemma to each graph G; so as to embed H[C;]
into G;. Further, (ii) ensures that we can achieve this embedding so all edges in the graphs H[C;, Ci+1]
are also present. That is, we would obtain an embedding of H into G.

This naive approach fails, though, as there is no guarantee one can map each C; onto the clusters
corresponding to K so that each such cluster V receives precisely |V;| vertices from C;. Furthermore,
in the above approach, we assumed that C is a spanning subgraph of G; in reality, we have a small
exceptional set Vj of vertices in G uncovered by C.

The basic lemma for H and the lemma for G. Instead of the above, we prove the so-called ba-
sic lemma for H (Lemma 6.1). Here we show that one can find a graph homomorphism f from H into
Z{%r so that for every cluster V; of R, approximately |V;| vertices are mapped to it. This therefore ‘almost’
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gives us the desired graph homomorphism f from H into Z?’. In the proof of Lemma 6.1, we rely on
the fact that the K* in Z?’ are copies of K,,; note that in the analogous structure in the proof of the band-
width theorem [9], the K* are copies of K,.. To see why our condition is helpful for us, note that whilst in
general, an r-partite graph H’ does not have an ‘almost balanced” graph homomorphism into K, (since
H’ may have colour classes of wildly different sizes), for r-partite graphs H’ of bounded degree and
sublinear bandwidth, one can always find an almost balanced graph homomorphism from H’ into K, .

Next, in the lemma for G (Lemma 7.1), we prove that if one does not have an exceptional set Vj,
then we can move vertices around the cycle structure € in such a way as to ensure that now each cluster
V; in C has size precisely corresponding to the number of vertices mapped to V; by f. This is at the
expense of weakening condition (iii): after applying Lemma 7.1, we only have that each clique K’ splits
into two cliques Ki and Ké of size r such that if jk is an edge in one of the cliques Ki or Ké then
C[V;, Vi] is superregular. However, this is still good enough to apply the blow-up lemma to find our
desired embedding of H into G.

Special lemma for H. So far, we have been assuming that there is no exceptional set Vj; further, in
the the proof of the bandwidth theorem [9], Bottcher, Schacht, and Taraz were able to utilise the large
minimum degree to incorporate exceptional vertices into (their analogue of the cycle structure) C. We
have a significantly smaller minimum degree and so are unable to do this in our setting.

Instead, given the bandwidth ordering x1, . . ., x,, of H, we reserve a short initial segment x, . .., x;;
and let H’ denote the subgraph of H induced by x1, ..., x,. Here, t will be significantly bigger than Sn
(recall that H has bandwidth at most Sn), but H” will still only be a small fraction of H. Via the special
lemma for H (Lemma 6.2), we will embed H’ into G in such a way that, crucially, all of Vj is covered
by H' and, equally importantly, we do not cover more than a small proportion of each cluster V; in C.

In the proof of Lemma 6.2, since V) may contain only very few (or even no) edges, we must assign an
independent set / in H' of size |Vj| to be embedded onto V. We then must connect up / through the rest
of G to obtain a copy of H’. In particular, since H’ is much smaller than H, the distance between two
vertices x, y € I in H may also be small. So it is crucial that G is ‘highly connected’. The connecting
lemma (Lemma 3.3) ensures that this is the case. (Lemma 3.3 is also applied in the proof of Theorem 5.1.)

Care is also needed to ensure that Lemma 6.2 is compatible with the basic lemma for H (Lemma 6.1).
That is, we use Lemma 6.2 to embed H’ in G and Lemma 6.1 to embed H \ H’ in G. Thus, we need to
ensure that the copies of H’ and H \ H’ can be positioned in G in such a way that they ‘glue’ together
to form a copy of H.

Note that the reader should view the above overview as an idealisation of the proof. Indeed, when we
prove Theorem 1.2 in Section 8, some of the details will be a little different. For example, for technical
reasons, it is important that we find a spanning copy of Z{f* in R for some r* > r rather than Z?’ .

3. Preliminaries
3.1. Notation

Given a set X and k < |X|, write (),f) for the set of k-element subsets of X. Given r € N, write
[[2r]1? := [r]?U ([27] \ [r])?. Given a function f : X — Y and A C X, we write f|4 for the restriction
of ftoAand f(A) :={f(a):ae A}

Given a graph G, we write V(G) and E (G) for the vertex and edge sets respectively, and |G| := |V(G)|
and e¢(G) := |E(G)|. The degree of a vertex x € V(G) is denoted by dg(x) and its neighbourhood
by Ng(x). The degree of a subset X C V(G) is dg(X) := |\yex NG (x)|. A subgraph H C G is s-
extendable it dg(V(H)) > s. Given vertices x1, . .., Xk, we write NG (X1, ...,xk) := (N1<i<x No (x;).
If A C V(G), we write Ng(x,A) := Ng(x) N A and dg(x,A) := [Ng(x) N A|. We say that A is k-
independent if every vertex in A is at distance at least k + 1 in G; that is, the shortest path in G between
any pair of elements in A has length at least k + 1. Given X,Y C V(G) (not necessarily disjoint), define
eG(X,Y) to be the number of edges xy € E(G) withx € X and y € Y. If X and Y are disjoint, then
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G[X, Y] is the bipartite graph with vertex classes X and Y whose edge set consists of all those edges in
G with one endpoint in X and the other in Y.

Given two graphs G and H, we say that f : V(H) — V(G) is a graph homomorphism if f(x) f(y) €
E(G) whenever xy € E(H). If f is additionally injective, we say that f is an embedding (of H into G ).
Then H C G.

Throughout the paper, we will ignore floors and ceilings wherever they do not affect the argument.
The constants in the hierarchies used to state our results are chosen from right to left. For example, if we
claim that a result holds whenever 0 < 1/n < a < b < ¢ < 1 (where n is the order of the graph), then
there are non-decreasing functions f : (0,1] — (0,1],g: (0,1] — (0,1],and & : (0, 1] — (0, 1] such
that the result holds for all 0 < a,b,c < 1 and all n € N with b < f(c), a < g(b), and 1/n < h(a).
Note that a < b implies that we may assume in the proof that, for example, a < b or a < b>.

Given numbers a, b, ¢, we writea =b + ctomeana € [b—c,b +c].

3.1.1. Named graphs
Given a graph H, the graph H", called the rth power of H, is obtained from H by adding an edge
between every pair of vertices of distance at most » in H. In particular:

o Py =P=v...vgisanr-pathitV(P) = {vi,...,vi}and E(P) = Uje[p{viviej 1 1 <1 < k—j}
o Cp=C=wj...wrisanr-cycle if V(C) = {wi,...,wi} and E(C) = Ujep{wiwisj 1 1 <i <
k}, where addition is modulo k.

Additionally,

o Fis an r-trail (of length s) if there exists an ordered sequence of not necessarily distinct vertices
Vi,..., Vs such that V(F) = {vy,...,vs} and E(F) = Uje[{vivisj : 1 <i < s— j}. Observe
that P)_is an r-trail, and F = P if and only if |F| = s.

o A K-tiling is a collection of vertex disjoint copies of K. If it contains ¢ copies, we denote itby ¢ - K.
If H C G is a K-tiling that is also spanning, we say that H is a K-factor of G.

Define

o Zj to be the graph with vertex set [£] X [r] in which (7, j)(i’, j’) is an edge whenever (i) i —i’| < 1
and j # j"and when (i) i = ¢,i’ = 1,and j # j'.

Thus, Zj is obtained from a cycle on ¢ vertices by replacing each vertex with a clique on r vertices and
replacing every edge with a complete bipartite graph minus a certain perfect matching. As indicated
in Section 2, Z?’ will be used in the proof of Theorem 1.2 as a framework for embedding (most of)
H into G. Note that Bottcher, Schacht, and Taraz [9] used a very similar structure in their proof of the
bandwidth theorem.

Observe that

2K, CC5}czy, ccyt czr, 3.1

and the lexicographic ordering of V(Zy) (thatis, (1, 1)(1,2),...,(1,7),(2,1),...,({,r))isan (r - 1)-
cycle ordering of C}. ;1.

Given A, B C V(G) and x1, .. .,x; € V(G), when we say that, for example, ABx| . ..x is an r-path
(respectively, r-trail, r-cycle), we mean that any ordering ay, . . ., a|4) of A and any ordering by, ..., b p,
of B are such that ay...ajab1...b|gx1 ... X is an r-path (respectively, r-trail, r-cycle). An r-path
(respectively, r-trail, r-cycle), Axy ...xgB or xi ...x;AB is defined analogously.

Suppose X and Y are disjoint sets of vertices of size r. We say that an r-path P is between X and Y if
P = Xx;...x;Y for some vertices xi, ..., xr. Observe that P[X], P[Y] = K,. Further, P avoids a set
WcV(G)ifV(P)NW =0.
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3.2. Properties of locally dense graphs

In this section we prove some simple properties of locally dense graphs G: that G induced on a large
vertex subset is still locally dense; after removing a small set of vertices, G is still locally dense; and G
contains many copies of cliques of a fixed size that additionally have a large common neighbourhood.

A fact that we shall use often throughout the paper is that if 0 < p < p’ and 0 < d’ < d, then a
(p, d)-dense graph is also (p’, d’)-dense.

Lemma3.1. Letr,n e Nand0 < 1/n < p < d,1/r,and0 < d,a < 1. Let G be a (p, d)-dense graph
on n vertices, and let U C V(G) where |U| = an. Then

(i) G[U] is (p/a?, d)-dense.
(ii) G\ Uis (p/(1 - a)?, d)-dense.
(iii) G contains at least dn/2 vertices of degree at least dn/2.
(iv) G contains at least (d[2) (rzl)nr/r! copies of K., each of which is d"n/2" -extendable.

Proof. The proof of (i) is clear, and (ii) follows immediately from (i). For (iii), let Y := {v € V(G) :
dg(v) = dn/2}. Then

d
Zd(;) —20n* < 2¢(G) < (n - |Y|)7” +|Y|n

and so
dn —2d —4pn

Y| >
Yl > T4

dn
= =,

2
proving (iii).

It remains to prove (iv). We claim that for each i < r, there is a set J; of (ordered) tuples x =
(x1,...,x;) such that G[{xq,...,x;}] = K; and dg({x1,...,x;}) > d'n/2" for all x € T;, and
|T:] > (d/2)(l;l)ni. This will immediately imply (iv) as 7, gives rise to at least (d/2)(r§1)n’/r!
(unlabelled) copies of K., each of which is d" n/2" -extendable.

We will prove this by induction on /. Part (iii) implies that G contains a set J| of dn/2 copies of
K that are all dn/2-extendable. Suppose we have obtained T;_; with the required properties for some
2<i<r.

Fix x = (x1,...,x;-1) € T;—1. The graph Gx := G[Ng(x1, ..., x;—1)] induced by its neighbourhood
contains at least d"~'n/2"~! vertices, so (i) implies that it is (2%~2p/d?~2, d)-dense and hence (+/p, d)-
dense. Now, using the fact that 1/n < fp < d,1/r, (iii) implies that Gy contains at least (d/2) -
di='n/2i-1 = d'n/2! vertices, each of degree at least d’n/2. Each such vertex y gives rise to an r-tuple
x(y) = (x1,...,xi-1,y). Certainly G[{xy,...,x;—1,y}] = K;; and further, dg ({x1,...,xi-1,y}) =
d'n/2" since y has at least this many neighbours in the common neighbourhood of x. Let T; be the
collection of all these tuples x(y) formed from each x € T;_;. Observe that they have the required
properties and are all distinct, so

(i1 = d'nf2" 1 Tia] 2 (d/2) O nt = (a72) D,
This completes the proof of the lemma. O
We will need a connecting lemma to find a short r-path between two ‘extendable’ copies of K, in
a locally dense graph G with 6(G) > (1/2 + o(1))n. The heart of the proof is the following lemma,
which is the only part of the proof of Theorem 1.2 that requires §(G) > (1/2+0(1))n (elsewhere, linear

minimum degree suffices). Somewhat similar lemmas have been used elsewhere in other settings: for
example, [19, 35].

Lemma 3.2. Let 0 < 1/n < p < d,n,1/r < 1, where n,r € N. Let G be an n-vertex graph, and let
U C V(G) be a subset of size n’ > nn/2 such that G[U] is (p, d)-dense and dg(x,U) = (1/2 +n)n’
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forall x € V(G). Let X,Y,W be pairwise disjoint subsets of V(G) such that |X| = |Y| = [4r/n] and
|W| < nn'/2. Then there is Z C U such that

(i) G[Z] = K,.
(i) ZN (X UY UW) =0.
(iii) There exist X’ C X andY’ C Y with |X’| = |Y’| = r such that Ng(Z) 2 X’ UY’.

Proof. Let C :=[4r/n],andletU’ :=U \ (X UY UW). Then
ec(U,XUY) = (IX|+|YD((1/2+mn’ = |X| = Y| = |W]) 22C(1/2+n/4)n’ = (1+n/2)Cn’.

Let U” be the collection of those vertices in U’ that each have at least C + r neighbours in X U Y. Then
(I+n/2)Cn’ < (C+r—-1)(n" -|U"])+2C|U"”|, and so

v (1+n/2)Cn’ = (C+r—-1Dn 5 1 ’
C-r+1 4

where the final inequality follows from the fact that C > 4r /1. There are not more than 2°C ways a

vertex can attach to X UY, so there is U* € U’ such that Ng (v, X UY) is identical for all v € U* and
|U*| > nn’ /22€+2. Note further that, since each such v has at least C + r neighbours in X U Y, there are
X' C XandY’ CYsuchthat |[X'| =|Y'|=rand X’ UY’ C Ng(U*). Lemma 3.1(i) now implies that
G[U"] is (2*“**p/n?, d)-dense and hence (+/p. d)-dense. But then, by Lemma 3.1(iv), there is Z € U*
that spans a K. The desired properties (i)—(iii) are immediate. ]

As well as being applied in the proof of the connecting lemma below, Lemma 3.2 is also a key tool
in the proof of Theorem 5.1 in Section 5, which in turn is a crucial tool for the proof of Theorem 1.2.

Lemma 3.3 (Connecting lemma). Let 0 < 1/n < p < d,n < 1)r, where r € N, and let G be a
(p, d)-dense graph on n vertices with 6(G) = (1/2 + n)n. Let W, X,Y be subsets of V(G) such that
|W| < nn/4 and X,Y induce r-cliques in G and each one either

o lies in a copy of Koy that is disjoint from W or
o is nn-extendable.

Then G contains a copy of P;, = x1 .. .x3, avoiding W such that Xx, . .. x3, induces a copy of P, and
X1 ...x3,.Y induces a copy of Py,..

The connecting lemma will ensure that the reduced graph R of a graph G (as in Theorem 1.2) is
‘highly connected’. This property will be exploited when embedding a part of H into G so as to cover
all of the exceptional set Vj (specifically, we make use of Lemma 3.3 in Section 6.2).

Proof. Suppose that X is nn-extendable. Let C := [9r/n] and ¢ := [4r/n], and also let Gx :=
G[Ng(X)\ W]. Then Lemma 3.1(i) implies that Gy is a (16p/(95%), d)-dense graph on at least 37n/4
vertices. But 4/(3nn) < 16p/(99?) < d, 1/C, so Lemma 3.1(iv) implies that G x contains a copy of
Kc. Therefore, X lies in a copy of K¢, that does not intersect W.

This implies that we may assume both X, Y lie in a copy of K¢ that does not intersect W. Let X* be
the vertex set of the K¢ containing X, and define Y* analogously for Y. Choose X’ C X* of size ¢ that
is disjoint from X. Since |Y*| - |Y| — |X| = |X’| = C = 2r — ¢ > ¢, we can choose Y’ C Y* of size ¢ that
is disjoint from X,Y, X’. Apply Lemma 3.2 with n,r,n,V(G), X', Y’, X UY U W playing the roles of
n,r,n,U, X,Y, W toobtain Z C V(G) thatinduces a copy of K, and is disjoint from X" UY’'UXUY UW;
and there exist X"/ € X" and Y” C Y’ such that |X”’| = |Y”| = r and X" UY” C Ng(Z). Notice that,
by construction, each of X U X", X" UZ, ZUY”,and Y” UY induce cliques, and the overlap of each
consecutive pair induces a clique of size at least r. Further, none of these sets intersect with W. Thus
XX"ZY"Y induces an r-path. Thus there is an r-path with vertex set X’ U Z U Y”” (of length 3r) that
has the required property. O
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4. The regularity and blow-up lemmas and associated tools
4.1. Regularity

We will apply Szemerédi’s regularity lemma in the proof of Theorem 1.2. For this, we need the following
definitions. Given a bipartite graph G with vertex classes A and B and parameters &, 6 € (0, 1),

letdg (A, B) := eﬁfﬁﬁ) be the density of G, and say that G is

g-regular if, for every X C A and Y C B with |X| > €|A| and |Y| > g|B|, we have that
ldG (A, B) —dg(X,Y)| < &;

(g, 0)-regular if G is e-regular and additionally d; (A, B) > §;

(&, 0)-superregular if G is (g, §)-regular and additionally dg (a, B) > 6|B| for every a € A and
dg(b,A) = §|A| for every b € B.

o]

o

[¢]

@]

It will be convenient to use the degree form of the regularity lemma; this can be derived from the
standard version [37].

Lemma 4.1 (Degree form of the regularity lemma). For all £ € (0,1) and M’ € N, there exist
M, ny € N such that the following holds for all graphs G on n > ng vertices and § € (0, 1). There is a
partition V(G) = Vy UV U ... UV and a spanning subgraph G’ C G such that

(i) M" <L <M.

(ii) |Vo| < en.
(iii) |Vi|=...=|VL| = m.
(iv) dg(x) =2 dg(x) = (6 + &)n for all x € V(G).

(v) Foralli € [L], the graph G’[V;] is empty.
(vi) Foralli € [L], the graph G'[V;,V;] is either empty or (&, §)-regular.

We call Vi, ...,V the clusters of G and the vertices in Vjy the exceptional vertices. The graph G’ is
the pure graph. Note that the (&, §)-regular pairs may have very different densities. The reduced graph
R of G with parameters ¢, 6, and M’ has vertex set [L] and contains ij as an edge precisely when
G'[V;, V)] is (g, §)-regular.

The next lemma states that the reduced graph R of a locally dense graph G is still locally dense (with
worse parameters) and, further, R inherits the minimum degree of G.

Lemma 42. Let 0 < 1/n < I/M' x e x d <d £ 1; 1/M' < p < d; § < 1. Define p* :=
max{3p,36}. Let G be a (p, d)-dense graph of order n with §(G) > (1/2+n)n. Apply Lemma 4.1 with
parameters g, 6, and M’ to obtain a pure graph G’ and a reduced graph R of G with V(R) = [L]. Then
R is (p*,d)-dense with 6(R) > (1/2+n/2)L.

Proof. Here, (i)—(vi) will refer to the conclusions of Lemma 4.1. Parts (ii) and (iii) imply that
(1-¢&)n<mL < n. 4.1

Let X C [L],andletY := {J;cx Vi € V(G). So |Y| = m|X|. Then

d(|§|) —pn? = |Y|(8 + 2y < e(GIY]) ~ V|G + e < e(G[Y]) € e(RIX]) - m?

and so, dividing by m?,

@ xp- L \2 L X
e(R[X]) > d-| " -p —|X|(6 +¢€) 2d| | - p*L?,
2 1-¢ 1-¢ 2

as required.
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Leti € [L] and x; € V;. Then dg/ (x;) = dg(x;) — (6 +&)n = (1/2+n— 6 — €)n by (iv). The number
of clusters V. of G containing some y € Ng-(x;) is therefore at least

> (1/2+n/2)L.

(/2+n-6-en—IVol _ (1/2+n/2)n
m N m

But then (vi) implies that 7 is adjacent to each of the vertices corresponding to these clusters in R. So
dr(i) = (1/2+n/2)L, as required. O

Note that in the case when p <« ¢ in Lemma 4.2, R only inherits the property being locally dense
with a significantly worse parameter playing the role of p. That is, now R is (38, d)-dense rather than
(p, d)-dense.

The next well-known proposition states that (super)regular pairs are robust in the sense of adding or
removing a small number of vertices. This version appears as Proposition 8 in [8].

Proposition 4.3. Let G be a graph with A, B C V(G) disjoint. Suppose that G[A, B] is (&, 8)-regular,
and let A’, B’ C V(G) be disjoint such that |AAA’| < «|A’| and |BAB’| < «|B’| for some 0 < a < 1.
Then G[A’, B'] is (¢’, 6")-regular, with

& =e+6\a and 6 =6 -4a.

If, moreover, G[A, B] is (&,0)-superregular and each vertex x € A’ has at least 6’| B’| neighbours in
B’ and each vertex x € B’ has at least 6'|A’| neighbours in A’, then G[A’, B’] is (&', 6")-superregular
with &’ and &' as above.

The following lemma is well known in several variations. The version here follows immediately from
[36, Lemma 4.6].

Lemma 4.4. Let L € N, and suppose that 0 < 1/m < &€ < §,1/A,1/L < 1. Let R be a graph with
V(R) = [L] and A(R) < A. Let G be a graph with vertex partition V1, . ..,V such that |V;| = m for
all 1 <i < L and in which G[V;,V,] is (&, 6)-regular whenever ij € E(R). Then for each i € V(R),
Vi contains a subset V! of size (1 — \Je)m such that for every edge ij of R, the graph G[V], VJ’.] is
(4+/e, 6 /2)-superregular.

4.2. Embedding lemmas

The next lemma is similar to a partial embedding lemma from [8, Lemma 10], which in turn is similar
to an embedding lemma due to Chvital, Rodl, Szemerédi, and Trotter [11]. Given a homomorphism
from a graph H into the reduced graph R of G such that every pre-image is small, the lemma yields an
embedding of some vertices of H into G while finding large candidate sets for the remaining vertices.
Further (deviating from [8]), we would like to ensure that certain vertices of H are embedded into given
target sets of large size.

Lemma 4.5 (Embedding lemma with target sets). Ler0 < 1/n < 1/L < & < ¢ < § < 1/A, where
n,L € N. Let G be an n-vertex graph, R an L-vertex graph, and H a graph on at most en vertices such
that

o G has partition {V,, : a € V(R)}, where |V | =2 m > (1 —e)n/L forall a € V(R) and G[V,, V|
is (&, 6)-regular whenever aa’ € E(R).

o A(H) < A, and there is a graph homomorphism ¢ : V(H) — V(R) such that |¢~" (a)| < 2em for
all a € V(R).

o Let X UY be a partition of V(H), and suppose that there is W C X such that for each w € W,
there is a set S\, € V() with |S,,| > cm.
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Then there is an embedding f of H[X] into G such that

(i) f(x) € Vyx) forallx € X.
(ii) f(w) €S, forallw e W.
(iii) Forall y €Y, there exists Cy, C Vy(y) \ f(X) such that C, € Ng(f(x)) forallx € Ny (y) N X,
and |Cy| > cm.

Since the proof of Lemma 4.5 is essentially identical to that of Lemma 10 from [8], we omit the proof.

We will also use the blow-up lemma of Komlés, Sarkozy, and Szemerédi [27], which states that, for
the purposes of embedding a spanning k-partite graph H of bounded degree, a graph G with a vertex
partition into k classes, each pair of which is superregular, in fact behaves like a complete k-partite
graph. Further, as in Lemma 4.5, one can ensure that a small fraction of the vertices of H are embedded
into some given target sets.

Lemma 4.6 (Blow-up lemma [27]). For every d,A,c > 0 and k € N, there exist constants &y and «
such that the following holds. Let ny, . . . , ny be positive integers, 0 < € < &g, and G be a k-partite graph
with vertex classes V\, ..., Vi where |V;| = n; fori € [k]. Let J be a graph on vertex set [k] such that
G[V;, V)] is (&, d)-superregular whenever ij € E(J). Suppose that H is a k-partite graph with vertex
classes W, ..., Wy of size at most ny, . . ., ny, respectively, with A(H) < A. Suppose further that there
exists a graph homomorphism ¢ : V(H) — V(J) such that |¢~'(i)| < n; for every i € [k]. Moreover,
suppose that in each class W;, there is a set of at most an; special vertices y, each equipped with a set
Sy € Vi with |Sy| > cn;. Then there is an embedding of H into G such that every special vertex y is
mapped to a vertex in Sy.

5. Finding the power of a Hamilton cycle

The next result states that for every r € N, every large locally dense n-vertex graph G with minimum
degree at least (1/2 + o(1))n contains the rth power of a Hamilton cycle. This is a very special case of
our main result, Theorem 1.2.

Theorem 5.1. Forallr,s € N and d,n > 0, there exist p,ng > 0 such that every (p, d)-dense graph G
onn > ng vertices with §(G) > (1/2+n)n contains the rth power of a Hamilton cycle. In fact, for every
n’ € N such thatn — s < n’ < n, G contains the rth power of a cycle covering precisely n’ vertices.

Note that Theorem 5.1 is an important tool in the proof of Theorem 1.2, in the same way that (an
approximate version of) the result in [28] was used in the proof of Theorem 1.1. Indeed, Theorem 5.1
ensures that the reduced graph R of a graph G (as in Theorem 1.2) will contain a spanning (4r — 1)-
cycle. By (3.1), this implies R contains a spanning copy of Z?’. As outlined in Section 2, this copy of
Z?’ will be used as a ‘guide’ for embedding H into G.

We remark that one can give a significantly shorter proof of Theorem 5.1 if one only seeks the
rth power of a cycle covering (say) at least (1 — n)n vertices in G. However, for our application to
Theorem 1.2, we (rather subtly) require that we have a (4r — 1)-cycle in R covering all but a very small
number of vertices (much fewer than p|R| vertices in R can be left uncovered). So, such a weaker version
of Theorem 5.1 is not sufficient.

The proof of Theorem 5.1 is an application of the connecting—absorbing method, a technique first
developed by Rodl, Ruciniski, and Szemerédi [32]. The first step in the proof is to find a short absorbing
2r-path P, in G that has the property that V(P,ps) U Z spans an r-path in G (with the same start-
and endpoints as P,p) for any very small set of vertices Z. We then reserve a small pot of vertices V’
(known as a reservoir), which will allow us to connect up pairs of paths into longer paths. Next we (via
an application of the regularity lemma) find a collection P of a constant number of vertex-disjoint 2C-
paths that together cover almost all of the remaining vertices in G (here, C is chosen to be significantly
bigger than r). Using vertices from the reservoir, we are then able to connect all the paths in P together
with P, to form a single r-cycle covering almost all the vertices in G. The remaining uncovered

vertices in G are absorbed by P, to obtain the rth power of a Hamilton cycle.
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Proof of Theorem 5.1. Note that if n is sufficiently large, then any n’-vertex induced subgraph G’ of an
n-vertex graph G as in the theorem must be (2p, d)-dense with §(G’) > (1/2 +n/2)n’. So as the rth
power of a Hamilton cycle in G’ corresponds to an r-cycle of length n” in G, it suffices to prove the first
part of the statement of the theorem.

Further, it suffices to prove the theorem under the additional assumption that d < 5, 1/r. Define
constants p, &, 6, d1,1n0,11,72,13 > 0, and M’ € N, and apply the regularity lemma (Lemma 4.1) with
inputs € and M’ to obtain some M = M (&, M’) so that we have

0<I/M2I/M<e<d<p<<m<mpmE<n<p<d <d=<nl1/r. 6D

Let n be sufficiently large, and consider any n-vertex graph G thatis (p, d)-dense with 6(G) > (1/2+n)n.
Our initial aim is to construct a small absorbing 2r-path P,ps. The next claim provides the building
blocks for this absorbing path.

Claim 5.2. There exists a collection X of at most non/8r vertex-disjoint copies of K, in G such that:

(i) Each K € X is d\n-extendable in G.
(ii) Given any vertex x € V(G), there are at least 2nyn copies K of K, in X so that V(K) C Ng(x).

Proof (of claim). Let C denote the set of all copies of K», that are d;n-extendable in G. So, certainly,
|G| < n®". Consider any x € V(G). Since dg (x) > n/2, Lemma 3.1(i) implies that G [N (x)] is (4p, d)-
dense. Thus, Lemma 3.1(iv) implies that there are at least (d/ 2)(2?]) (n/2)?" /(2r)! copies K of K, in
€ so that V(K) C Ng(x). (Here we use the property that d>" /2*" > d; by (5.1).) Let L, denote the set
of these copies of K»,.

Let C,, be obtained from C by selecting each K € C independently with probability

_
T n2r—1 :

Hence, . 2r 5.1
(2;2+l) (}’l/z) % 7]1 (~ . )

E(I€p|) <mn and E(|C, N Ly|) > (d/2) )] T > 2dymn

for each x € V(G). Thus, a Chernoff bound implies that, with high probability,
ICpl <2mn and [C, N Ly| > dimn (5.2)

for all x € V(G). Let Y denote the number of pairs of copies of K5, from C,, that share at least one
vertex. Then
n n
E(Y) < p?[. |2 < n’n.
ry<p (2r) ’(2r— 1) =M
By Markov’s inequality, the probability that |Y| < 2n%n is at least 1/2. Therefore, there is a choice of
C,, such that this condition holds together with (5.2). Fix such a choice of € ; then for each intersecting
pair of cliques in C,, remove one of them to obtain a new collection X. Note that the definition of €,
and (5.2) implies that X is a collection of at most non/8r vertex-disjoint copies of K, in G. Further,
since djnqn — 217%11 > dinin/2 > 2nyn, we see that (ii) is satisfied, as desired. O

With Claim 5.2 at hand, it is straightforward to obtain our desired absorbing 2r-path P .
Claim 5.3. G contains a 2r-path P45 on at most non vertices such that the following conditions hold.

(i) Both the sets of the first and last 2r vertices on Pgps induce Koys in G that are din-extendable.
(Denote these sets by S and E, respectively.)

(it) Given any set Z C V(G) \ V(P aps) of size at most nan, there is an r-path P in G with vertex set
V(Paps) U Z whose first 2r vertices are the elements of S (ordered as in P,p) and last 2r vertices
are the elements of E (ordered as in P ps).
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Proof (of claim). Let X be as in Claim 5.2, and enumerate its elements by K',...,K' (sot < non/8r).
Apply Lemma 3.3 to G with d, 2r, V(Kl), V(Kz), V(X) playing the roles of n, , X, Y, W. (Note we can

indeed apply this lemma by Claim 5.2(i) and as |V(X)| < din/4.) We thus obtain a copy P; = xll .. .xér
of Pé: in G, avoiding V(X) such that V(Kl)x} .. .xér and x% .. .xérV(Kz) both induce copies of P%:.
Repeating this process iteratively, we obtain a collection Py, ..., P,_1 of vertex-disjoint copies of P%:

in G so that V(K')xi ...x. V(K™') induces a copy of P’ in G for each 1 <i <1 — 1. (Here we have
written P; = x’i .. .xér.) Note that to ensure the P;s are vertex-disjoint, at every step we update W; so at
step i, W contains V(K) and the vertices from Py, ..., P;_; (so |W| < d\n/4).

Let P,ps denote the 2r-path obtained by the following concatenation:

Paps = V(KHPV(K)PV(K?) ... V(K'™)P,_ 1 V(KY).

Notice that P4 contains (¢ — 1)8r +2r < 8rt < non vertices. Further, (i) follows since both K Iand
K" are din-extendable in G by definition of K. Consider any set Z = {z1,...,z¢} € V(G) \ V(Paps)
of size at most 1pn. For each 1 < i < ¢, by Claim 5.2(ii), there are at least 171 choices for j; such that:

02 <t-1
o V(Kji) C Ng(z;).

In particular, writing V(K7') = {y1, ..., y2,}, notice that
Pjiay1. . YrZiyr+1 .. y2r Pj; (5.3)
is an r-path in G.
Since we have at least o1 choices, we may define ji, ja, ..., j¢ to be distinct. We can then insert
each z; into Py, as indicated by (5.3), to obtain the desired r-path P on V(P,ps) U Z. ]

Let S be as in Claim 5.3. Then |Ng(S) \ V(Paps)| = din/2. Lemma 3.1(i) implies that Gg :=
G[NG(S) \ V(Paps)] is (4p/d?, d)-dense and therefore (p'/2, d)-dense. Set

C = [4r/n3]. (5.4)

Note that pl/2 < d,1/C. Thus, Lemma 3.1(iv) implies that Gg contains a copy K25C+1 of Krcqi1.

Similarly, we find a copy Kfc+1 of K»c+1 in G that is disjoint from K25C+1 and P,ps so that V(KfCH) -

Ng(E). We will view both K25c+1 and KzEc+1 as 2C-paths of length 2C + 1.
Set Gy :=G \ (V(Paps) U V(Kgcﬂ) U V(Kfcﬂ)). Certainly, |Go| > (1 — 2n0)n and

dg(x,V(Gy)) = (1/2 +3n/4)n for all x € V(G).

By selecting vertices randomly (and applying a Chernoff bound), one can obtain a set V' C V(Gy)
of n’ := n3n vertices such that

dg(x,V') = (1/2+n/2)n’ for all x € V(G). (5.5)

Set Gy := G[V’] and G, = Go \ V'. Lemma 3.1(i) implies that G, is (p/n%,d)—dense and thus
(p'/?, d)-dense. Similarly, G, is (2p, d)-dense.

Apply Lemma 4.1 to G, with parameters &, , and M’ to obtain a partition Vy, V1, ..., V, of V(G,),
pure graph G/, and the reduced graph R of G,. Here, Vj is the exceptional set on at most &n vertices,
and M’ < ¢ < M. Setm := |Vy| = --- = |Vpg|. Then Lemma 4.2 implies that R is (6p, d)-dense. In
particular, Lemma 3.1(i) implies that R’ is (6p/77§, d)-dense for any R’ C R on 3¢ vertices.

Note that 1/¢ < 6p/ n% <« d,1/C. Thus, Lemma 3.1(iv) implies that every R’ C R on 73{ vertices
contains a copy of K»c.. In particular, R contains a K> -tiling T covering all but at most 773 vertices.
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Consider any copy K of K>c.1 in 7. The vertices of K correspond to clusters V;,, . .., Vi,.,, in Go; let
Gk denote the subgraph of G/, induced by the vertices in these clusters combined. Every tuple (V;;, Vi, )
of such clusters forms an e-regular pair of density at least 6 in Gx. Moreover, Lemma 4.4 implies that

for each such cluster V;;, there is a subset Vl’j C Vi, of size (1 - €Y?)m so that (Vi’j,Vi’k) forms an

(4&'/?,6/2)-superregular pair in Gk (foreach 1 < j # k < 2C + 1). The blow-up lemma (Lemma 4.6)
now implies that Gx contains a 2C-path covering all but at most (2C + 1)&!/2m vertices in G .

Overall, this implies that G, contains a collection P of at most £/(2C + 1) < M vertex-disjoint
2C-paths that together cover all but at most

/2 (5.1)
+(ptxm)+ Vol <ePn+mn+en < 2m3n (5.6)

2C +1)g!/?
2C+1)e mX2C+l <

vertices in Gj.

We will now use vertices in G to connect all of the 2C- paths in PU{K>5 SC+10 2c+1} to obtain an
r-path in G whose first 2C + 1 vertices are the vertices of K 2C | and whose last 2C + 1 vertices are the
vertices of Kﬁgc 1 Note that we will have to reorder some of the vertices in the 2C- paths in P, which
is one reason we ‘drop’ from 2C-paths to an r-cycle. Label the 2C-paths in P U {K3 SC+10 2EC L1 by
Py, ..., P;, where P := K 2C+1 and P; := 2c+1 In particular, note M’'/4C <t < M +2.

For each P;, let S; denote the copy of K¢ induced by the first C vertices on P;; let E; denote the copy
of K¢ induced by the last C vertices on P;; and let P; denote the 2C-path obtained from P; by deleting
all vertices from §; and E;. (Note that P; is certainly non-empty.)

Claim 5.4. Let W C V(G) be arbitrary so that |W| < en’. Given any 1 < i <t — 1, there is an r-path
P in G so that:

(i) V(P)NV(G2) = E; U Sy
(ii) [V(P)NV(Gy)| =r.
(iii) The first C vertices on P are precisely the vertices from E;.
(iv) The last C vertices on P are precisely the vertices from S;,1.
(v) P is disjoint from W.

Proof (of claim). Apply Lemma 3.2 with G,V’,n’,n3,+p,d,E;,Sis1,W,r playing the roles of
G,U,n,n,p,d,X,Y,W,r to obtain a copy K of K, in G; = G[V’] such that V(K) N W = @ (re-
call that E; U S, is disjoint from V) and there exist E; C E; and S’ C S;41 such that |E[| = |S7 [ =7
and E/ US| € Ng(K).

Altogether this implies that G| contains the desired r-path P. Indeed, we construct P so that the
first C —r vertices on P are those vertices in E; \ E/ (in an arbitrary order); the next r vertices are the
elements from E; after that, we take the vertices from K and then from Slf 1> the final C — r vertices on

P are from S;4; \SlfH. O

With Claim 5.4 to hand, it is now easy to complete the proof of the theorem. Suppose that for some
j <t —1, we have defined vertex-disjoint r-paths PT, e, P;f such that, for eachi < j, P = P:.‘ satisfies
(i)—(iv) in Claim 5.4. Then define W to be all those vertices in an r-path P7, .. P;‘. that lie in G;. So
|W| = jr < (M +2)r < en’. Claim 5.4 then implies there is an r-path P* in G that satisfies the

conclusion of Claim 5.4 (where j + 1 plays the role of i and P* , the role of P)
Thus, we obtain vertex-disjoint r-paths P7, ..., P; such that for eachi < t, P = P} satisfies (i)—(iv)
in Claim 5.4. Consider the concatenation

P* = S§,P|PIP,P}... P, P! PE,.

This induces an r-path in G (with many additional edges). Further, note that by the definition of P,
(and thus Sy), the first C vertices on P* lie in KzEc .1 and so are adjacent in G to every vertex in E.
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Similarly, the last C vertices on P* lie in Kﬁgc .1 and so are adjacent in G to every vertex in S. Thus, if

we concatenate P* together with P, we obtain an r-cycle C* in G (with many additional edges).
Note that, by (5.6), C* covers every vertex in G except for at most 253n vertices in G, and at most

n’ = n3n vertices in G . Since 3n3n < nyn, we may use the absorbing property (Claim 5.3(ii)) of P py

to obtain the rth power of a Hamilton cycle in G, as required. O

6. Lemmas for H

Our rough aim is to find ‘compatible’ partitions of the vertex sets of G and H that allow us to apply the
embedding lemmas (Lemmas 4.5 and 4.6) to complete the embedding of H into G. In this section, we
state and prove the so-called lemmas for H, whose input is some information about the structure of G
and whose output is a suitable partition of H.

6.1. Partitioning a graph of low bandwidth: the basic lemma for H

At some stage of the proof, G will return some ‘ideal’ part sizes {m; ; : (i,j) € [£] x [2r]}, where
x(H) < r. We would then like to find a suitable partition of H, the parts of which are close to these
ideal sizes (equivalently, a mapping f from V(H) into [£] X [2r] whose pre-images have controlled
size). This is the purpose of the next lemma. It guarantees that f is a graph homomorphism into Z?’ and
produces a small set B such that f restricted to V(H) \ B is a graph homomorphism into a K;,-factor
(this is (£A3)). Further, (%4) says that for the first few vertices of H (with respect to the bandwidth
ordering of H), we have control of their images.

Before stating and proving Lemma 6.1, we would like to compare it to Lemma 8 in [9], the lemma for
H in the bandwidth theorem. There, the assumptions on H are the same (in fact, slightly weaker), and
the graph Z?’ mentioned above is replaced by a given graph R of large minimum degree that contains
a spanning subgraph S (very similar to Zj), which in turn contains a K.-factor. Most edges are (and
must be) mapped to the K, -factor, which is much sparser than the K, -factor we have at our disposal.
This means the proof of Lemma 8 in [9] is much harder to prove than our Lemma 6.1. Despite this, our
lemma does not follow from the statement of Lemma 8 in [9], so we prove it here.

Lemma 6.1 (Basic lemma for H). Let n,r,{,A > 1 be integers, and let B > 0 be such that 0 < 1/n <
1/r,1/¢,1/A, B. Let H be a graph on n vertices with A(H) < A, and assume that H has a labelling
X1, ...,%, of bandwidth at most Bn and x(H) < r. Furthermore, suppose {m; j : (i,j) € [£] x [2r]}
is such that 3 ; jye[eixpzr) Mij = ;o mij = 10Bn for all (i, j) € [£] X [2r]; and |m; ; —m; j| <1
whenever i € [€] and j, j’ € [2r]. Let y : V(H) — [r] be a proper colouring of H. Then there exist a
mapping f : V(H) — [€] X [2r] and a set of special vertices B C V(H) with the following properties:

(B1) BN{x1,...,x8n} = 0 and |B| < 2{pn.

(AB2) ||f‘1(i, DI —ml-,j| < 10Bn for every (i, j) € [€] X [2r].

(AB3) For every edge uv € E(H), writing f(u) =: (i, j) and f(v) =: (i’, j'), we have |i —i’| < 1 and
Jj # j'. 1If, additionally, u,v ¢ B, theni =1i’'.

(PB4) Forall s < Bn, we have f(xs) = (1, x (x5)).

In particular, f yields a homomorphism from H to Z?’ .

Note that the graph Zgr that appears in Lemma 6.1 will be found in the reduced graph R of G: since
G is locally dense, R is also locally dense (see Lemma 4.2); and thus, by Theorem 5.1, we can find a
spanning (4r — 1)-cycle in R, which contains Z?’ (see (3.1)).

Recall that each vertex in R corresponds to a unique cluster in G. In the proof of Theorem 1.2, the
homomorphism f from H to Z?’ C R will be a guide as to which cluster in G we should embed a vertex
x into for most vertices x € V(H). That is, roughly speaking, if f(x) = (i, j) € V(R), we embed x into
the cluster in G corresponding to (i, j). Note, though, that f does not ‘guide’ us as to which vertices from
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H we should embed into the exceptional set Vj of G. So in the proof of Theorem 1.2, we in fact apply
Lemma 6.1 to an almost spanning subgraph of H, rather than H itself; the remaining part of H is then
embedded into G via an additional lemma for H (Lemma 6.2 in Section 6.2). In particular, Lemma 6.2
governs which vertices from H are embedded into V. Property (%4) of the homomorphism f is used
to ensure that we can ‘fit’ the two Lemmas for H together to complete the embedding of H into G.

The idea of the proof of Lemma 6.1 is to first obtain a proper 2r-colouring y’ of H such that in any
initial segment x1, . . ., x; of the bandwidth ordering of H, every colour is used roughly the same number
of times in y’. This then allows us to define f in a sequential way. That is, for some #;, we map each x;
in {x1,...,x,} to (1, x'(x;)); then, for some t,, we map each x; in {x; +1,...,X,} to (2, ¥'(x;)), and
SO on.

Proof of Lemma 6.1. Let N := [1/(28)], and partition the ordered vertices xi, .. ., X, into consecutive
intervals Ay, Ay, ..., Aoy, each of length Sn (except possibly Asp, which could be smaller). We view
each interval as being ordered with the inherited bandwidth ordering.
We will first define a (proper) 2r-colouring y’ : V(H) — [2r] by iteratively defining colourings
for i € [N] with the following properties:
P1(@) x{: Uz<r<i At — [2r] is a proper colouring of H[|J; <, <p; Ar].
P (i) For all odd 2 < t < 2i, we have x/(A;) C [r]; and for all even 2 < ¢ < 2i, we have
Xi(Ar) € [2r]\ [r].
P5(i) Writing bf (s) = {x € Usercas Ar ¢ x{(x) = j}| for all j € [2r] and s € [i], we have
|b{(s) - b{ (s)| < Bnforall (j,j) € [[2r]]? and s € [i].
For %3 (i), recall that [[2r]]% := [r]?U([2r]\ [r])?. Define x| : Ay — [2r] by setting x| (x) = x(x)+r.
Clearly this satisfies 91 (1)-93(1), in particular as |A>| < Sn. Suppose we have defined y; for some

i < N satistfying 2 (i)—P5(i). By permuting the sets of colours [r] and [2r] \ [r], we can obtain a new
proper 2r-colouring c¢; of H[|U,<;<»; A¢] satisfying & (i)-95 (i) and with the additional property that

lei' (D=2 lei ()] and et (r+ D) 2.2 et 2r)]. (6.1)

Define k : Ay U Apiyp — [2r] by setting

x (x) if x € Agi
k(x) = .
xx) +r if x € Azjpn.

Clearly, k is a proper colouring of H[Aj;+1 U Ajiy2] since y is. By permuting the sets of colours [r]
and [2r] \ [r], we can obtain a new proper colouring ¢y of H[A;+1 U A;+2] from k such that

;' (D <. < ey’ ()] and et (r+ 1) < .. < eyt 2r)] (6.2)

(note that the ordering is reversed compared to (6.1)). Finally, define x/,, by setting

. (6.3)
ca(x) ifx € Ayip1 U Ay;.

, c1(x) if x € U< <2i Ar
Xi+1(x) = {
The fact that &%, (i + 1) holds is clear from 9%, (i) and the definitions of ¢y, k, ¢z, and x/_ ;.
To see that 9P (i + 1) holds, let x,y € Us<;<2i42 Ar, Where xy € E(H). We need to show that
X () # x[,,(y). Let2 < t,¢" < 2i+2be such that x € A; and y € A,. Then [t —#'| < 1 since the
intervals A ; respect the bandwidth ordering and each one (except perhaps A,y ) has size gn. If [t —1'| = 1,
then %, (i + 1) implies that one of x/,, (x), x/,,(») lies in [r] and the other in [2r] \ [r], as required. So
we may assume that t = ¢'. If 2 < t < 2, then (x/,,(x), x/,,(¥)) = (c1(x),c1(y)). But ¢y is a proper
colouring since it was obtained from y; by permuting colours, and y; is a proper colouring by 9 (i).
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Suppose that ¢ € {2i + 1, 2i +2}. Then, similarly, (x/,, (x), x/,,(¥)) = (c2(x), c2(y)), and ¢ is a proper
colouring since it was obtained from the proper colouring k by permuting colours. Thus & (i + 1) holds.
For 95(i + 1), define for j € [2r] and s € [i + 1]

{x € U Ay :Xl',+1(x) :J}

2<t<2s

b{+1(s) =

and let b/, == b/, (i +1) = [(x/,,)""(j)|. Then (6.3) implies that b7 , = |c7' (/)| + |¢;' (/)] for all

i+1
j € [2r]. Now let (j, /) € [[2r]]*. Clearly, |b),, (s) = b),  (s)| < Bn forall s € [i] since this is true for
x; and hence c. So it remains to show that |blj.'+1 - b{;1| < Bn. Equations (6.1) and (6.2) imply that the
quantities |c;1(j)| - |cfl(j')| and |c51(j)| - |c§1(j')| are never both positive and never both negative,
since j and j’ are in different orders. This implies that

b = bl =l D= 1T GO+ 1 (D] = les G|
< max {|lc; D = 1er GO les "Dl = lex GNI -

Note that ||c51 NI - ICEI (j ’)|| < fn. Further, ¢ was obtained from y; by permuting colours in [r] and
in [2r]\ [r], so there is some (g, ¢’) € [[2r]]? for which c;l(j) = (/\/i’)_l(q) and cfl(j') = (/\(l.’)‘l(q’).

Thus |le7 ()] = e G| = 167 () - bl.q'(i)|, which is at most Sn by 93 (i). Thus &5 (i + 1) holds.
Therefore, we can obtain a colouring xy, : V(H) \ Ay — [2r] satisfying & (N)-93(N). Finally,

define x’ : V(H) — [2r] by setting
, ' (x) ifx e V(H)\ Ay
K= P ) 6.4)
xx) ifx € Ay.

The following properties hold:
(1) x’ : V(H) — [2r] is a proper colouring.
(i) Foralloddr € [2N], wehave y’(A;) C [r];and forallevent € [2N], we have xy'(A;) C [2r]\[r].
(iii) Writing d’(s) = |{x € Urers] Ar @ x'(x) = j}| for all j € [2r] and s € [2N], we have
|d/ (s) —d? (s)] < 2Bnforall (j,;’) € [[2r]]? and s € [2N].

Let Mo = no := 0. For all i € [{], let M; := 3. ;c(2,) i j; and n; := 3, c(;) M;. (Note that ny = n.)
Let B; := {xy, +1,...,%n, }. SO By, ..., Be is a partition of V(H) that respects the bandwidth ordering,
and each interval inherits the bandwidth ordering. Let

B = U {xni_1+l’ cee ’xni_1+p’n} U U {xnfﬁnﬂ, cee ,xni}’

2<i<t 1<i<t-1

and define f : V(H) — [£] X [2r] by setting

f(x) = (i, x'(x)) if x € B;. (6.5)

We claim that f is the required mapping. Note |B| = 2(¢ — 1)8n, and if t < ny — Bn, then x; ¢ B. But
ny — Bn > 9f6n, so certainly {xi,...,xg,} N B = 0. Hence, (%1) holds. To show (%2), fixi € [{].
Choose the smallest p~ € [2N] such that the first element of A,,_ lies in B; and the largest p* € [2N]
such that the last element of A+ lies in B;. So B; is the union of - <, <+ A, together with a proper
subset of A,-_1 and a proper subset of A +,;. Thus,

@D =Hx e Biix' () = jH =d’(p) —d’ (p” = 1) £ (|Ap—1| +|Apai)  (6.6)
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forall j € [2r]. Let (j, j) € [[2r]]?. Then the sizes of £~'(i, j) and f~'(i, j*) do not differ much:
_ .. — Py (66)
D= S

(iii)
< spn. 6.7)

d’(p*) - d’ (p*)

+ )df(p— 1) —d (p = 1)|+48n

For any fixed i € [{],
1. (00),6.5)
Sii= > 1 G =T Y B0 Al and

jelr] t odd
S0= ), T GHI= D) IBin AL
jel2r\[r] reven

Therefore, S; + 5> = |B;| = M; and |S| — S2| < Bn. So S1, 82 = M;/2 + Bn. By definition of m; ; and
M;, we have that |m; ; — M;/(2r)| < 1forall j € [2r]. Now let j € [r]. We have

A

LF G = mi | < [0 ) = M/ (2r)]+1 < ! [l G )1 = Sh| +28n
r

IA

1 6.7
= U GEHI =1 280 < 108m,

J'elr]

as required. The case when j € [2r] \ [r] is almost identical. Thus (9%2) holds.

Now let uv € E(H), and write f(u) =: (i,j) and f(v) =: (i’,j’) for i,i’ € [£] and j, j' € [2r].
Since |B;| > Bn for all t € [£] and u € B; and v € By, we have that |i —i’| < 1 by consideration of
the bandwidth ordering. We also have j = y’(u) and j’ = x’(v), and '’ is a proper colouring of H, so
Jj # j’. Suppose additionally that u,v ¢ B. If i # i’, then u and v are separated by at least 23n in the
bandwidth ordering, so uv ¢ E(H), a contradiction.

Finally, if s < Bn,thenxs € AjNB;. So f(xs) = (1, ¥’ (x)) = (1, x(x)) by (6.4). So (%B4) holds. O

6.2. Covering exceptional vertices: the second lemma for H

The second lemma for H will be used to find an embedding of a short initial segment of H (in bandwidth
ordering) into G such that the exceptional set Vj), obtained after applying the regularity lemma, lies in the
image of this embedding. In fact the pre-image of Vjy will be a 2-independent set, which exists because
H has small maximum degree and bandwidth. As well as embedding this initial segment, we would like
to find target sets for its neighbours so that eventually we can extend this embedding to the whole of H.

Lemma 6.2 (Special lemma for H). Let n,r, L > 1 be integers, and let0 < 1/n <« B < 1/L < ¢ <
p<n<d1/r,1/A. Let G be an n-vertex graph, R be an L-vertex graph, and {by,...,b,} C V(R)
be such that

(€1) G has vertex partition {Vo} U{V, : a € V(R)} where |Vy| < enand |V,| =: m forall a € V(R).
(€2) Eachv € Vy is equipped with a subset N, C V(R) with [N,,| > nL.

(€3) Ris (p,d)-dense, and 6(R) > (1/2 +n)L.

(¥4) R[{b1,...,b,}] = Ky, and {by,...,b,} lies in a copy of Ky, /, in R.

Then there exists an integer s < &'/*n such that the following holds. Let H be a graph on s + in

vertices with A(H) < A, and assume that H has a labelling x1, . .., Xsin of bandwidth at most Bn
and y(H) < r. Let X = {x1,...,xs} and Y := {xg41, ..., Xsapn}. Let x : V(H) — [r] be a proper
colouring of H. Then there exists a mapping f : V(H) — V(R) U Vy with the following properties:

(D1) Setting I := f~1(Vy), we have that I is a subset of X that is 2-independent in H, and each vertex
in Vy is mapped onto from a unique vertex in H (so |I| = |Vp|).
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(22) Forallv €V, setting W,, := Ny (f~1(v)), we have W,, C X and f(W,) C N,,.
(23) |fY(a)| < €/*m for every a € V(R).

(24) For every edge uv € E(H) such that f(u), f(v) € Vo, we have f(u) f(v) € E(R).
(25) Forally €Y, we have f(y) = b,(y).

To prove Lemma 6.2, we will need an auxiliary result, Lemma 6.3, which produces a ‘framework’ F
in the reduced graph that we will later use to find f. This framework F is a 2r-trail such that for every
v € V), there is a copy T of K, in F such that V(T) C N,,.

Lemma 6.3. Let 0 < I/n < 1/L< e < p <n<d,1/r <1 Let G be an n-vertex graph, R be an
L-vertex graph, and {b1, ...,b,} € V(R) be such that
(€1) G has vertex partition {Vo} U{V, : a € V(R)} where |Vy| < enand |V,| =: mforall a € V(R).
(€2) Eachv € Vy is equipped with a subset N,, C V(R) with |N,| > nL.
(€3) Ris (p,d)-dense, and 6(R) > (1/2+n)L.
(¥4) R[{b1,...,b;}] = Ky, and {by,...,b,} lies in a copy of Ky, , in R.

Then there exist an integer K < L*" and a subgraph F C R such that
(F1) F isa?2r-trail with ordering a1, . ..,a; wheret = (8K + 1)r.
(F2) Therevis a pam'tion Vo = VO1 U...u VOK such that N, 2 {ag(i-1)r+1, - - . a8(i-1)r+2r } for all
v eV} and |V]| < \em/L* ! foralli € [K].
(g3) (al*l"+1’ oo ’at) = (b17 e abl")'
(F4) Every a € V(R) appears at most L* =1 |'/'2 times in the sequence ay, . . ., a;.
Proof. Assume without loss of generality that V(R) = [L]. We first prove the following claim.

Claim 6.4. There is a K < L*" and a set T = {Ty, ..., Tk} of ((d/2)* nL)-extendable copies of Ko,
in R such that there is a partition Vo = VO1 U...u V({( with the property that, for all k € [K], we have
|V(;‘| < \em/L* ' and Ty, € R[N, ] forall v € V(;‘.

Proof (of claim). By Lemma 3.1(i), we see that R, := R[N,] is (pL?/|N,|?, d)-dense and hence
(+/p, d)-dense, where we used (¥2) and the fact that pIn? < vp. Lemma 3.1(iv) implies that R,

contains at least (d/2)("2) > L2 /(2r)! copies of Ka,, each of which is ((d/2)% nL)-extendable in
R, (and thus R).
LetTy,..., Tk be the set of ((d/2)* nL)-extendable copies of K, in R. So

K < (;) <1 6.8)

Then there is a partition VO1 u...u V(f of V) into subsets (some of which may be empty) such that for
allk € [K]and v € Vé‘, we have that R, 2 Ty and

" Vol (€1 em \em
| 0 = 1 < 2r+1 < 2r—1"°
L j2nt  (d2) (- gLy L

+

(a2

as desired. O

Let T := {T; : i € [K]} be obtained from the claim. To complete the proof, we will use the connecting
lemma (Lemma 3.3) to join the K>,s in 7T into a 2r-trail. In so doing, we have to be careful not to visit
any a € [L] too many times so as to ensure that (¥4) holds.

iu;})lpose, forsome 0 < i < K—1andall j € [i], we have obtained a copy P; = x} .. .x?’ of Pé; CR
such that

P(i) V(Tj)le. .. .x?r induces a copy P;. of Pé:.
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P (i) le. .. .x?rV(T]-H) induces a copy P}’ of Pé:
P3(i) Eacha € [L] lies in at most £~'/12L2"=1/2 of the 2r-paths Py, ..., P;.
We would like to find P;;; such that 2 (i + 1)-93(i + 1) hold. We will say that a € [L] is bad if it

appears in at least e”1/12L% 1 /3 of Py,..., P;. Let D be the set of bad a. Since each P; contains 6r
vertices, we have

6ir 18s1/12Kr <6<8>

|D|< 186'/12rL.

_8—1/12L2r—1/3 < L2r-1

Recall from Claim 6.4 that T;,; and T, are both ((d/2)* nL)-extendable copies of K5, in R. Since
n < d,1/r, they are n?L-extendable copies. Apply Lemma 3.3 with R,V (T;y1),V(Tis2), D, 2r,n?
playing the roles of G, X,Y, W, r,n to obtain a copy P41 of P%: = x}+1 .. .xf,’Il that avoids D and such
that V(Ti+1))cl.1+1 .. .x?f_l induces a copy P/, of sz, and x}H .. .x?le(THz) induces a copy P}, of Pé:.
So P (i+1) and P (i + 1) hold. Now leta € [L].If a ¢ V(Pj,1), then a lies in at most - '/121.27=1/2
of Py,..., Py by P3(i). Otherwise, since P;y; avoids D, a lies in at most &™'/12L2~1/3 4+ 1 <
e V2L2=1/2 of Py,...,Pis1. So P3(i + 1) holds. Therefore, we can find Py, ..., Px_; satisfying
P1(K - 1)-P3(K - 1).

Next we want to find a 2r-path between Tx and {by,...,b,}. Let {b/,...,b.} be such that
{b1,...,by, b}, ..., b} lies in a copy of Kig,,» in R (such vertices exist by (¥4)). Apply Lemma 3.3
with R,V(Tx), {b1,....b,,b},...,b.},0,2r,n* playing the roles of G, X,Y, W, r,n to obtain a copy
P of P2 = x} ...x% such that V(T )x ...x% induces a copy P}, of P, and furthermore
x}< .. .x?{bl ...byb} ... Dby induces a copy of Pé:; thus x}< .. .x%’bl ... b, induces a copy Py of P%;
(Note that the vertices b, ..., b, were introduced only so that we could apply Lemma 3.3.) Clearly,
P3(K — 1) implies that each a € [K] lies in at most L>~'&=1/12/2 + 1 of Py, ..., Pk.

Writing V(T;) = {y}, ceey y?’} foralli € [K], R contains a 2r-trail F’ := J;¢[g(P; U P}’) of length
(8K + 1)r = t, with ordering given by

A 2 1 6r .1 2 1 2 1 6
(@, oo var) = (e YT X X Y0 ) e Yk e s YR s XK - s XR D1, b))

By construction, (% 1) and (% 3) hold.

We have that V(T;) = {ag(i—1)r+1,- - -»as(i-1)r+2r} for all i € [K], which together with Claim 6.4
implies that (#2) holds. Now let @ € [L]. Then &3(K — 1) implies that a plays the role of some x{
with (i, j) € [K] x [6r] at most e™'/12L27=1/2 + | times. Since each 7; with i € [K] is a distinct copy
of K», in R, we see that a plays the role of some y! with (i, /) € [K] x [2r] at most (.~)) < L
times. Clearly, a plays the role of at most one of by, ..., b,. Thus the number of times a appears in the
sequence aj, . . .,a, is at most e V/12L2 =12 4 L2142 < g7 1/121 271 o (F4) holds. O

Armed with Lemma 6.3, we can now prove Lemma 6.2. The proof proceeds by splitting V(H) into
segments and assigning each one to a copy of K, in R, according to the framework F. For example, the
first segment of V(H) will be assigned to {ay, ..., a,}; and, more specifically, those vertices coloured
i by y will be mapped to a;. In those special segments assigned to vertex sets of K,.s that lie in N,, for
v E Vé, we choose |V(§| special vertices to be the pre-images of vertices in Vé. The property (¥4) of F
will ensure that not too many vertices are mapped to the same cluster of R.

Proof of Lemma 6.2. Let G and R be as in the statement of the lemma. Without loss of generality, we
will assume that V(R) = [L]. Apply Lemma 6.3 to obtain K < L>" and F C R such that

(#1) F isa?2r-trail with ordering ay,...,a, where t = (8K + 1)r.

(F2) There is a partition Vo = Vo U...UVE such that Ny 2 {ag(i—1)r+1, - - -»as(i-1)r+2,} for all
v € Viand |V{| < Vem/L* ! foralli € [K].

(F3) (@gorsts .. rar) = (b1,....by).
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(F4) Every a € [L] appears at most L* = /&!/12 times in the sequence ay, . . ., a;.

Let

Z1
s :=8Ke'Bm /LY < 8Le'Pm (S) 8c'3n < &'/*n.

For alli € [K], let

. (F2) g1
wi =|Vj| < Vem/L* ' and b::slﬂm/LzH>100ﬁmL<>)99ﬂn. (6.9)

Let H, X,Y be as in the statement of the lemma. Define a partition of X UY = {x{,...,xsg,} into
8K + 1 intervals

1 p2 8 pl p2 8 pl 1 p2 8 pl
B|,By,....,B|,B,,B5,...,B5,B5,...,Bg,Bx,...,By,Bg,,
where |B{| =bforall (i, ) € [K] X [8]; |B}<+1| = Bn; and the first b vertices x1, ..., xp in X UY form
B{, the next b vertices in X U Y form B%, and so on. In particular, B}< g =Y and each interval comes
equipped with the ordering inherited from the bandwidth ordering of H. The first claim identifies a set
I C X that will be the pre-image of V; in our desired mapping. Recall that given a graph J and A C V(J),

we say that A is 2-independent if every pair of vertices in A is at distance at least 3 in J. In other words,
A is an independent set and, additionally, the neighbourhoods of different vertices in A are disjoint.

Claim 6.5. For eachi € [K], there exists a 2-independent set I; C B} (with respect to H) of size u; such
that W(i) := Uyer, Nu(y) € B}. Further, I := U;e(k 1i is a 2-independent set in H.

Proof (of claim). Obtain A; from B} by removing the first 28n and last 28n elements (which is possible
by (6.9)). Suppose we have obtained a 2-independent set I/ C A; of size 0 < j < u;. Then for any
y € A;, the set I/ U {y} is a 2-independent set in H of size j + 1 if y ¢ I/ U Ny (y') U Ny (Ng (y”)) for
any y’ € I/. The number of excluded y is at most

1+ > dn@+ Y. Y du(e) < [F|(1+A+A%) <207

xelJ xell zeNg (x)

6.9) 6.9
< anfem/ 1 O b agn = 4.

Therefore, we can find a 2-independent set I; := [* of size u; in A;. This, together with the bandwidth
property and the definition of A;, implies that W(i) € Uye;, (Nu (y) U Nu (Nu (y))) € B}. Thus there
is no edge between N (I;) and Ny (I) fori # i’. So I = J;¢[k I is a 2-independent set in H, proving
the claim. m]

Let y : V(H) — [r] be the given proper colouring of H. A second claim finds a suitable homomorphism
¢ : V(H) — V(F) on which f will be based.

Claim 6.6. For each (i, j) € [K] x [8] U {(K + 1, 1)}, let
G(X) = asi-)+(j-1)ry(x) ifX € Bl

Then ¢ : V(H) — V(F) is a graph homomorphism such that |¢p~"(a)| < €"/*m for all a € [L].

Proof (of claim). Note first that if aj is in the image of ¢ for some k € N, then, recalling (#1), we
have that k € [7], so V(F) 2 ¢(V(H)). Let us check that ¢ is a homomorphism. Let xy € E(H). Let
(i,/), (i’ j") € [K] x [8] U{(K +1,1)} be such that x € B] and y € B/,. Since H has bandwidth
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at most Bn and |Bl]| |B{,,| > fBn, we must have (i’, ') € {(i,j - 1),(i,J),(i,j + 1)}, where we let
(,9) :==(i+1,1) and (i,0) := (i — 1, 8). So, writing

T; :={a@i-n+G-1yrep - P € [r]} and Ty :={a@@-1r+Gr-1)+p : P € [r]}

we either have T; = Ty, or T; and Ty are consecutive intervals in ay, . .., a;, each of length r. In both
cases, we have ¢(x) # ¢(y) (in the first case, this follows from the fact that y(x) # x(y)). But (¥1)
now implies that F'[T; UT; ] is a clique, so since ¢(x) € T; and ¢(y) € T;» are distinct, ¢(x)¢(y) € E(F),
as required.

For the final assertion, each a € V(F) appears at most L> = /&!/12 times in the sequence ay, . . ., a;
by (%4). So, writing 6 : V(H) — [t] where ¢(x) = ag(x), we have

L1 L> b 6.9
-1 < _— . 0_1 < — = 1/4
97 (@) < Sz - max |07 (0)] < 753 e'm,

as desired. O

Now let H" := H\1,where I := U] Ik and W := gk W(k), where W(k) is defined in Claim 6.5.
Note also that W C V(H’) since, by Claim 6.5, I is an independent set.

Let g : I — V, be a bijection such that g(/;) = Vé for all i € [K] (which is clearly possible by
Claim 6.5 and (6.9)). Since I; is a 2-independent set in H, the set of neighbourhoods Ny (y) is pairwise
disjoint over all y € I;. So for each w € W (i), there is a unique y € I; for which w € Ny (y). Claim 6.6
implies that |¢~! (a)| < &'/*m forall a € [L].

We claim that f : V(H) — [L] U V; given by

) = {¢(x) ifx e V() \1 6.10)
gx) ifxel

is the required mapping. Note that f(V(H)\ 1) C [L] and f(I) C Vy. For (21), note that, by Claim 6.5
and (6.10), f(I) = g(I) = Vi, |I| = |Wy| and I is a 2-independent subset of X. For (22), let v € V; and
W, := Nu(f~'(v)). Let k € [K] be such that v € V. Then f~'(v) = g7 (v) € Ir. So W,, € W(i) C
B! € X.Letx € W, C B!. By Claim 6.6 and (¥2), we have that f(x) = ¢(x) = as(i—1)+y(x) € Nv.
This completes the proof of (22).

For (23), leta € V(R). Then f~'(a) C ¢~ (a) has size at most £'/*m by Claim 6.6. For (24), let
uv € E(H) be such that f(u), f(v) ¢ Vp. Sou,v € V(H) \ I and f(u) = ¢(u) and f(v) = ¢(v). By
Claim 6.6, ¢ : V(H) — V(F) is a homomorphism, so f(u)f(v) € E(F) C E(R). Finally, for (925),
we have that Y N/ = (@ by Claim 6.5, so for any y € Y, we have f(y) = ¢(y) = di—riy(y) = by(y)
by (F3). m]

7. The lemma for G: adjusting cluster sizes

Recall the definition of Z; from Section 3.1.1 and in particular that it contains a K, -factor. Our goal in
this section is to prove Lemma 7. 1. Roughly speaking, it supposes that the reduced graph R of G contains
a spanning copy of ZZ", its clusters V, . ..,V are equally sized, and pairs of clusters corresponding to
the K, -factor ¢ - Ky, in Z?’ are superregular. Then we can adjust Vi, ...,V slightly by reallocating a
small number of vertices so that they have given sizes, at the expense of now having superregular pairs
corresponding to a K,-factor 2¢ - K.

To formalise the structural properties we need from G, we make the following definition (very similar
to Definition 8.1 in [35]).
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Definition 1 (r-Cycle structure). Given integers n, £, r, a graph G on n vertices, and constants &, 6 > 0,
we say that G has an (R, {,r,V, &, 8)-cycle structure C if the following hold:

(€1) V={V}U{Vi;:(@,j) e [£] x[r]}is apartition of V(G), where |Vy| < &n.

(€2) Rhasvertex set [{]x[r]and R 2 Z; and G[V; ;, Vv j7] s (&, 6)-regular whenever (i, j) (i’, j') €
E(R).

(€3) G[Vi,;, Vi j]is (&,6)-superregular wheneveri € [¢]and 1 < j < j' <.

We say that V induces C. If Vy = 0, we say that C is spanning.

The next definition concerns a convenient relabelling of the vertex set of a graph, which we will use
for the reduced graph R.

Definition 2 (Bijection ¢2"). Given integers r, £, define ¢2" : [¢] x [2r] — [2¢€] X [r] by setting

o7 (i) = (<2i 1)+ H

,J = (P} - 1) r), for all (i, j) € [€] x [2r]. 7.1
,
It is easy to check that ¢%’ is a bijection and

¢ (1L,1) ... o7 (1,r)g2 (L,r+1) ... 97 (1,2r) ... ¢7" (L,r + 1) ... ¢77(£,2r)
=(1,1)... (L,r) (2,1)... 2, ...  261)... (2¢,7).

This implies that for all a € [2£] and distinct b, b’ € [r], there are i € [£] and (J, j*) € [[2r]]? such
that (¢7" (i, ), ¢7" (i, ")) = ((a, b), (a, b")).

Given a graph R and a bijection ¢ : V(R) — V to some set V, we write ¢(R) for the graph with
vertex set {¢(x) : x € V(R)} and edge set {¢(x)p(y) : xy € E(R)}. So ¢(R) = R.

In the language of Definition I, the main result of this section states that, given a graph with a
(spanning) 2r-cycle structure, we can obtain from it an r-cycle structure that is almost balanced, but the
exact deviation from perfect balancedness can be controlled.

Lemma 7.1 (Lemma for G). Letn,{,m,r e Nand0 < 1/n < ¢ < 1/¢ < &€ < § < 1/r. Suppose that
G is a graph on n vertices with a spanning (R, ,2r,V, g, 8)-cycle structure, where V = {V; ; : (i, j) €
[€]1 x [2r]} and |V; ;| = m for all (i, j) € [£] X [2r]. Let {Tqp € Z : (a,b) € [2] X [r]} be such that
0 < 14 < emforall (a,b) € [2L] X [r]. Then there exist positive integers {m, , : (a,b) € [2¢] X [r]}
such that

(Z1) Xapyepeixir](Map+Tap) =nandmqp > (1- Veymand|mgp—mg | < 1foralla € [2£]
and b, b’ € [r].

(Z£2) Givenany {nqp € N : (a,b) € [20] X [r]} with ¥4 pye2e1x[r] (Ma.p + Tap) =1 and |mg p —
Nap| < €n, thereis apartition X = {Xqp : (a,b) € [200X[r]} of V(G) with | Xup| = nap+Tab
and |Xgp A V(¢;r)71(a’b>| < Vem for all (a,b) € [2(] X [r] such that G has a spanning

(qﬁ%r (R),2¢,r,X, &'3,8/2)-cycle structure.
Proof. Note that
2rém = n. (7.2)

For each (i, j) € [£] x [2r], choose A; ; C V; ; satistying
|Al,]| = T¢§r(l.,j) (7.3)

and let
Yij=Vij\Aij, so (1-gm<|[Y | <m. (7.4)
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LetY :={Yo} U{Y;; : (i, )) € [£] x [2r]}, where

Yo :=V(G) \ U Yij= U Aij-
@, j)ele]x[2r] (i) ele]x[2r]

Given a vertex v € V(G) and (i, j) € [£] x [2r], we will say that v — Y; ; is valid if

o jel[r]landdg(v,Y; ;) = (6 —2e)mforall j* € [r] \ {j}; or
o je[2r]\[rland dg(v,Y; j») = (6 —2&)m forall j" € ([2r] \ [r]) \ {/}.

The first claim furnishes us with many pairs (v, Y ;) such thatv € ¥; ; and v — Yy ;- is valid.

Claim 7.2. Leti € [{], and suppose that 1 < j <r <t <2rorl1 <t <r < j < 2r. Then every vertex
v €Y, is such that v — Y; ;,Y:, is valid, and at least (1 — \e)m are such that v — Yie1,j, Yie1,, are
also valid. (Here, for example, Y1 j ==Y j.)

Proof (of claim). Lett, j be as in the statement. Since, by (€3), G[V; ;, V;, ;] is (&, §)-superregular for
all j* € [2r] \ {j}, we have that every vertex v € V; ; has at least 6|V; ;| neighbours in V; ;.. Thus every
vertex v € ¥; ; C V; ; has atleast 6m —em > (6 — 2e)m neighbours in Y; ;. In particular, v — V; ;, Vi ;
is valid.

From the definition of regularity, one can see the following. If G[A, B] is an (&, §)-regular graph,
then there are fewer than g|A| vertices with fewer than (6 — &)|B| neighbours in B. Thus, if S; ; is
a subset of N; ; = {(i",j’) € V(R) : G[V;j, Vi j7]is (&, 6)-regular}, we see that there are at least
(1 - &|8;,;1)|V;, ;| vertices in V; ; with at least (6 — &)m neighbours in V;» ;» for all (i’, j') € S; ;, and
hence at least (6 — 2&)m neighbours in ¥y ;.

Recall that, since Z?r C Rby (62), we have that N; ; 2 {(i, j’), (i+1,j") : j" € [2r] \ {j}}. Thus
the second assertion of the claim follows by taking S; ; := {(i+1,j’) : j* € [2r] \ {/j, t}} and using the
fact that (1 — 1S, ;l€)|Vi ;| — |Aij| = (1 = (2r —2)e)m —em > (1 — \e)m. O

Next we prove the following claim, which will give us a ‘balanced’ partition.

Claim 7.3. V(G) has a partition {Yo} U{U; ; : (i, j) € [£] X [2r]} such that the following hold for all
i €[]

(U1) Ui g = Ui jll < 1 forall (j,)') € [[2r]]*
(%2) |Y;; AU; | <remforall j € [2r].
(U3) If j € [r], then U; j \ Y, ; € Urepar\(r Yiks and if k € [2r] \ [r], then U x C Y k.

Proof (of claim). Fix ani € [£], and, to simplify notation, let A; :=Y; ;, a; := |A;|, B; := Y r+;, and
bj:=|Bj|forall j € [r]. Suppose, without loss of generality, thata; > ... > a,andb; > ... > b,. Let

7.4
S := max Z (a1 —aj), Z (bj-by) ( < ) rem. (7.5)

Jelr] Jelr]

Now let A;(0) := A; and B;(0) := B}, and a;(0) := |A;(0)| and b;(0) := |B;(0)| for all j € [r].
Do the following for each 0 < s < S. Fix r~,+* € [r] such that a,-(s) < a;(s) and b+ (s) > b;(s) for
all j € [r]. Choose x € B+ N By+(s), and let

Ai(s+1) = Aj(s)U{x} ifj=1"

R VT B R S AR
Bi(s+1):= Bi(s)\ {x} ifj=1"

! | Bj(s) if j € [r]\ {t'}.
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Leta;(s+1) :=|A;j(s+1)[and b;(s+1) := |Bj(s+1)|forall j € [r]. The following properties are clear:

(i) ForallO0 < s < Sandj € [r],wehave A;(s) 2 A; and A;(s)\ A; € Uker) Bk, and Bj(s) C B;.
Furthermore, for all j € [r], we have X[, |14, (s) \ Aj| = Xkepry Bk \ Bi(s)| = s.

(i) Letting 51 := X je[,1(a1 —aj), we have that ay(s1) = ... = a,(s1) = ay; and for each s > 57, we
have |a;(s) —aj (s)| < 1.
(iii) Letting s := ¥ ;¢(,1(bj — by), we have that by (s2) = ... = b,(s2) = b;; and for each s > 57, we

have [b;(s) — b (s)| < 1.
Now let U; ; = A;(S) if j € [r] and U, ; := B;_,(S) if j € [2r] \ [r]. For (%1), the fact that
S = max{sy, 52} together with (ii) and (iii) implies that |a;(S) —a;»(S)| < 1 and |b;(S) — b;»(S)| <
for all j, j* € [r]. So (%1) holds. For (%?2), we have by (i) that

(1.5) o
|Uij 0 Y il =1Ui j\Yij| =|A;j()\A;| S < rem ifje([r], and
(7.5 o
|Ui’jAYi,j|=|Yi,j\Ui’j|=|Bj_r\Bj_r(S)|SS < rem 1f]e[2r]\[r].

Finally, (% 3) follows immediately from (i). O

The next claim shows that we can modify {U; ;} further to obtain a new partition with clusters of given
sizes (each of which does not differ much from |U; ;).

Claim 7.4. Let {Yo} U{U; ; : (i, j) € [£] X [2r]} be any partition ofV(G) satisfying (U 1)—(U3). Let
{n} ;- (i, )) € [€1x[2r]} be suchthat 3. ; jyee)x(2r) 17 = Xijyeleixizr) Ui jland||U j|=n] ;| < &n
for all (i, j) € [€] X [2r]. Then V(G) has apartmon {Yo} UA{W; ; (i, J) € [€] x [2r]} such that the
following holdfor all (i, j) € [£] x [2r]:

(W'1) Wyl =

(W2) |W;; AUl ,| <em.

(W'3) Foreveryv € W; ;, we have that v — Y; ; is valid.

Proof (of claim). Let

K = 2rten 2 420em < = (7.6)

Suppose that, for some 0 < k < K/2, we have found for each (i, j) € [£] X [2r] subsets Ul.kj c V(G)
such that the following hold:

o1 (k) {Yo} U {Uk 2 (i,7) € [€] x [2r]} is a partition of V(G).
gl»(k) Forallv e Uk -, we have that v — Y; ; is valid.

al3(k) Forall (i, j) € [ 1 % [2r], we have|Uk AU | < 2k.
da(k) i jyererxize WOF 1 =nj 1 < 2(rf§n— k).

We claim that we can setU L= = U jforall (i, j) € [£]x[2r]. Indeed, &1 (0) holds by Claim 7.3. For
o>(0), let (i, j) € [€] x[2r], and letv € U; ;. If v € Y; j, thenv — Y; ; is valid by Claim 7.2. Otherwise,
v € U; j\ Y, ;. Note that by (%3), this implies j € [r] and, further, v € Uge[r)\[r] Yik- Sov — ¥; j is
valid by Claim 7.2. Property o/3(0) vacuously holds, and /4 (0) holds since ||U; ;| — n] jI < &n for all
(i,)) € [£] x [2r].

If |Ul.’fj| = n; ; forall (i, j) € [£] x [2r], then we stop. Otherwise, we will obtain sets Uk+l from Uk
There must exist (i~, j7), (i*, j*) € [€] x [2r] for which |U | <nj j-—land |U+ j+| > n’, g 1

We will say that (i1, j1) — (i2, j2) = ... — (i5, J5) iS agoodcham (of length s) ifforall p € [s—1],
there exist at least (1 —+/g)m vertices v € Y ip.jp SUchthaty —Y; is valid. Claim 7.2 implies that

Ip+1 J +1
the following are good chains of length 3 (where here and for the remainder of the proof of Claim 7.4,
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addition is modulo ¢):

@ > @ +r) > @+ 1)) ifjh e r]
(" J) = @ =)= @+ 1L,j7) if 7 e 2]\ [F]
@) —> () = @@t +1,j7) otherwise,

and further, in all cases and for all 7 > 0, the chain (i* +¢,j7) — (i* +7+ 1, j7) of length 2 is good.
Together, this implies that in all cases, there is a good chain

@70 =G j) = o> (s, js) = (7, )7)

of some length S, where we choose the shortest such chain. As a crude estimate, we have, say, S < 2¢,
and (i, ) # (iy, ji) for any distinct s, s” € [S] (or we could find a shorter chain).

We will exchange vertices between successive clusters according to this chain. For each s € [S], there
are by definition at least (1—+/&)m vertices v € Y;_ ;. suchthaty — Y; ;.. isvalid. The number of these

vertices that additionally lie in Ul.’;js isby (%2), #3(0) and (7.6) at least (1 — ve)m —2k —rem > m/2.

So we can find x5 € Ul.';js such that x; — Y; is valid. For each (i, j) € [£] X [2r], set

Is+15Js+1

UF;\ fxr} if (7, j) = (i1, J1)
et _JUE UG V) i) = (i) forsome 2 < 5 < S
T 0 U s if (i, ) = (s, Jjs)
Ulkj otherwise.

Property &/ (k + 1) holds by &/ (k), the definition of U k}“l and the fact that each pair in the chain is
distinct. Property &/, (k) and the choice of x; imply that &/, (k + 1) holds. We have

3 (k)
US A Yl < (U A US| +1US; 8 Yl < 2(k+1),

proving o/3(k + 1) (note here we are again using the fact that each pair in our chain is distinct). Finally,
observe that ||Uiki+;.i| —nj. .| = I|UK jel=nl .l = 1and |Uk+1| = |Uk | for all other pairs (i, j).
Therefore,
, i (k)
WEM =nil= > Ul =ni =2 < 2(rtén - (k + 1)),
(i,))ele]x[2r] (i.)ele]x[2r]

l]l_

proving &/4(k + 1). So, for each 0 < k < K/2, either the procedure has terminated or we are able to
proceed to step k + 1. Therefore, there is some p < K/2 such that X ; jyee1x[2r] ||U | —ntf,jl = 0. Note
that, by /3(p), we have

(7.6)
|U{fjAUi,j|52psK < em

for all (i, j) € [£] x [2r]. Thus setting W; ; := Uf,. yields the required partition. O
Apply Claim 7.3 to obtain {U; ; : (i, j) € [£] x [2r]} satistying (% 1)—(%3).
Let ¢ := qﬁ,’ as in Definition 2. Let

U,p =Ugiap and mqp:=|U;,,| forall (a,b)e [2¢]x[r].
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We claim that {m  } satisfies (£1). Indeed, (% 1) implies that |m, , —mg | < 1 forall a € [2¢€] and
b,b’ € [r], and further, writing ¢~ (a, b) =: (i, j),

(%2) (7.3)
map =Uijl = |Yijl—rem > |Vi;|—(r+Dem=(1-(r+1)e)m = (1-+e)m.

Finally,

Map = Z |Ui,jl=n—|Yo|=n- Z Tabs
(a,b)€[20]x[r] (i,j)e[C]x[2r] (a,b)e[2C1x[r]

so (Z1) holds.
Now let {n,» € N : (a,b) € [20] x [r]} satisty 3 4 p)e201x[r] (Mab +Tap) = nand [mg p—ngp| <
én. Let

ni;=ngqy forall (i, j) € [£] x [2r]. (1.7)

Apply Claim 7.4 with input partition {Yo} U {U; ; : (i, j) € [£] X [2r]} and input sizes {nl’.’j 1 (i, )) €
[£] x [2r]} to obtain a partition {Yo} U {W; ; : (i, j) € [£] x [2r]} satisfying (#'1)—(#'3). Let

Xa,b = W¢_](a,b) U A¢'l(a,b) for all (a, b) <€ [25] X [l"] (7.8)

We claim that X := {X,p : (a,b) € [2£] x [r]} is the required partition for (£2). For all (a,b) €
[2£] x [r], we have

(7.8) (7.3),(71) (7.7
|Xa,b| = |W¢*l(a,b)| + |A¢’l(a,h)| = n:ﬁ’l(u,b) tTab = Nabt+Tab,

as required. Also, writing (i, j) := ¢~ (a, b) € [€] x [2r] and recalling that A;; €V, wehave

(7.8)
[Xab AVgraml = Wi AVijl <|Wi;aUsjl+|Ui; oVl (7.9)

(%2),(72)
< 2rem < 3relXap| < Vem.

Lastly, we need to check that X induces a (¢(R),2¢,r,X,&'/3,6/2)-cycle structure. That is, we
need to check that (€1)—(€3) hold. Property (%'1) implies that X = {X,, : (a,b) € [2¢] x [r]} =
{W; jUA; ;: (i, ) € [€] x[2r]} is a partition of V(G). So (€'1) holds. Now, by (3.1) and Definition 2,
we see that ¢(R) has vertex set [2£] X [r], and, since Z{%r C R, we have Z7, C ¢(R) (with the correct
labelling). Let (a, b), (a’,b’) € E(¢(R)), and write (i, j) := ¢~ (a,b) and (i’, j') = ¢~ (a’, b"). Then
@ ), j) € E(R), so G[V;,j, Vi j] is (&, 6)-regular by (€2) for V. Then (7.9) implies that we can
apply Proposition 4.3 with @ := 3rg and &’ := £'/3 > e+ 6+/a to see that G[ X, 1, Xur ] is (£'/3,6/2)-
regular. So (¢2) holds.

For (¢3), fixa € [2¢],and let b, b’ € [r] be distinct. Let (i, j) := ¢~ ' (a, b). Definition 2 implies that
there exists j such that (7, j*) € [[2r]]> and ¢~ (a,b’) = (i, j’). Letx € Xap \Vo1(ap) = Wij\Yi;.
Then (7°3) implies that x — Y; ; is valid. Since ¥; ; € V; ;, this means dg(x,V; j+) > (6 — 2&)m
for all j* such that (j,j*) € [[2r]]%. So dG(x,Vg-1(4p)) = (6 —2&)m, and hence (7.9) implies
dG(x, Xap) 2 (6 —2&)m — 2rem 2 6|Xqpr|/2. Similarly, every y € Xgp \ Vigo1(4,p) satisfies
dc(y,Xap) = 61Xa.p|/2. Moreover, (¢3) for V and (7.9) implies that dg (x, X4.p') > 6|X4.p|/2 for
every X € Vyi(q.p) and dG (¥, Xa,p) = 0|Xa,p|/2 for every y € Vy4-1(4 ). So Proposition 4.3 applied
with @ := 3re and &’ := &'/3 implies that G[ X, p, Xa.pr] is (£'/3,/2)-superregular. So (€3) holds.
This completes the proof of (£2) and hence of the lemma. O
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8. The proof of Theorem 1.2

First, note that it suffices to prove the theorem under the additional assumption that < d, 1/A. Let
no, B, p, €, ¢,0,p’, L’ > 0 satisfy

O<l/mp<Bxl/l'<p<e<cxdi<p «<n<dl/A. 8.1

Let G be a (p, d)-dense graph on n > ng vertices with 6(G) > (1/2 + n)n. Let H be a graph on n
vertices with A(H) < A and bandwidth at most Sn. Write r := y(H);soasn < 1/A,certainlyn < 1/r.

Apply the regularity lemma (Lemma 4.1) with parameters &, (4r + 1)L’ to obtain L* € N. We may
assume that 8 < 1/L*.

Claim 8.1. There exists L’ < € < L*, a partition V = {Voy U{V; ; : (i, j) € [£] x [4r]} of V(G) with
|Vi jl =t mforall (i, j) € [£] X [4r], a graph R on vertex set [{] X [4r] and a spanning subgraph G’ of
G, such that

(i) Ris (p’,d)-dense.
(i) 6(R) = (1/2+n/3)|R|.
(iii) G’ has an (R, €,4r,V,7e'/*, §/2)-cycle structure € and |Vy| < 2&'?n.
(iv) RI{(1,1),...,(1,4r)}] = K4y and {(1,1),...,(1,4r)} lies in a copy of Kzy4y/, in R.

Proof (of claim). Apply Lemma 4.1 to G with parameters &, §, (4r + 1)L’ to obtain clusters Vi, ...,V
of size m’, an exceptional set V7, a pure graph G’, and a reduced graph R’. So

Lm' <n<Lm'+eén, 8.2)
and |R’| = L, where
(4r+1)L <L <L* (8.3)
and |Vj| < en,
S(GHY=(2+npn—-(5+e)n=(1/2+n/2)n (8.4)

and G'[V;,V;] is (&, 6)-regular whenever ij € E(R’). Lemma 4.2 implies that R’ is (36, d)-dense and
6(R") = (1/2+n/2)L.

Let r* := 324r/772. Apply Theorem 5.1 with R’,L,r* — 1,4r,36,d,n/2 playing the roles of
G,n,r,s,p,d,n to obtain an (r* — 1)-cycle C = C} -1 € R’ of order 4r¢ where

(1-e)L<L-4r<4rt<L. (8.5)
Relabel those clusters of R’ corresponding to vertices of C so that they are now {V; Ix (i,7) € [€]x[4r]},
and
(1, 1D)(1,2) ... (1,4r)(2,1) ... (2,4r) ... (6, 1) ... (6,4r) = Cy ' 277 (8.6)
Let R := R'[V(C)]. So V(R) = [£] X [4r]. Observe that {(1,1),...,(1,4r)} lies in a copy of K- in R.
For alli € [£], let

8.6
7() = R [Ujepan )] = Kar.

Apply Lemma 4.4 with G'[Ue[4r] ] T(i),4r — 1,4r,V!, ,Vl 4»M’> €, 6 playing the roles of

G,R,A,L,Vy,...,Vr,m,e,d to obtam for each j € [4r] a subset Vi,j € V’ of size

Vi,jl =m = (1-e)m’ 8.7
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such that for every distinct j, j° € [4r], the graph G'[V; ;, Vi ] is (4/g,&/2)-superregular. Let
Vo := V(G) \ Ui, jyeex4r) Vi.j and

Vi={Voyu{V,;: (i j) €[] x[4r]}. (8.8)
We have
8.7 (8.5) (8.2)
n>drem = are(1—Vom' 3 (1-vVe)(1—-e)Lm’ > (1-vVe)(1-e)?n  (8.9)
> (1-2&"?)n.
Since we will often compare m and Bn in calculations, let us note here that

8.2 / 8.1),(8.3 2
(82 BLm’ (8.7) BLm (8.1 >2ﬂL* oem
l-¢ (1-+e)(1-¢) L*

We will now show that £, R, and 'V satisfy Claim 8.1(i)—(iv). We have that

(8.10)

(8.1 (8.3) (8.5) (8.3)
arl’ < (1-g)dr+1)L" < (1-e)L < 4rt<L < L.

So L’ < ¢ < L*, as required. Note that (i) follows from Lemma 3.1(i) since p’ > ¢. Further,
6(R) = 6(R") —4r = (1/2+1n/3)L, so (ii) holds.

For (iii), we need to show that V (see (8.8)) induces the required cycle structure C. That is, we need
to check that (¢'1)—(€3) hold with the desired parameters. The sets V; ; are pairwise-disjoint since the
same is true for Vii 80 by the definition of V{), we have that V is a partition of V(G”). Moreover,

(8.9)
Vol =n—4rtm < 26'2n < 780,
so (€1) holds. Certainly V(R) = [£] x [4r] and, by (8.6), R 2 Z?’. Let (i,j)(i’,j') € E(R).
Then (i, j)(i’, j') has a corresponding edge in R’ 2 R, so G’[Vl.”]., Vi’,’].,] is (g, d)-regular. Note that
e+6Vell2 < 7g1/4 and § — 4612 > 6/2. Thus Lemma 4.3 applied with Vi”j,Vi,j,Vl-’,’j,,Vi/,j/,sl/z
playing the roles of A, A’, B, B’, @ implies that G'[V; ;, Vi ;1] is (7&'/4,6/2)-regular, so (€2) holds.
We have already seen, for every i € [£] and distinct j, j* € [4r], that G'[V; ;, Vi ;7] is (4Ve, 6/2)-
superregular. Thus it is (7&'/4, 5/2)-superregular. So (%3) holds. Thus (iii) holds. We saw when we
defined R that (iv) holds. This completes the proof of the claim. O

Recall the definition of the bijection ¢§r : [€] x [4r] — [2£] x [2r] given by

o (i, ]) = ((21’ -1+ U—rJ L J - (%} - 1) 2r), for all (i, j) € [£] x [4r].

Recall also that ¢} (R) is the graph with vertex set ¢;” (V(R)) = [2€] X [2r] and edge set E(¢}" (R)) =
{q}‘;’ (x) qﬁ‘;’ (y) : xy € E(R)}. For ease of notation, we will write

¢:=¢}, so ¢(1,b) = (1,b)forallb e [2r], and (8.11)
R* :=¢(R), soR*"=R, V(R")=[2¢]x][2r],

and V(G’) has partition V = {Vo} U {V4-1 (4 p) : (a,D) € [20] X [2r]}.

Claim 8.2. There exists a partition X = {Vo} U{Xa.p : (a,b) € [2€] X [2r]} of V(G’) and a surjective
mapping ¥ : V(H) — ([2£] X [2r]) UV} such that the following hold:
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(i) [y~ (a,b)| = |Xap| = (1= &)m for all (a,b) € [2£] x [2r].
(ii) G’ has an (R*,2¢,2r, X, AL 6/4)-cycle structure C’.
(iii) 1 := ¢~ (Vy) is an independent set in H of size |Vy|; and for allw € W := J,¢; Ny (x), there is a
unique u € I such that uw € E(H) and dg' (Y (u), Xy (w)) = cm/2;
(iv) ¥ly g - V(H\ 1) = V(R") is a graph homomorphism.
(v) There exists X' C V(H)\IwithW C X’ and [y~ (a, b)NX’| < €'/Om forall (a, b) € [2€] x[2r]
such that, whenever uv € E(H) and u,v ¢ X’ U I, writing ¥ (u) =: (a, b) and y(v) =: (a’, b"), we
have a = a’ and b # b’. Moreover, writing

N = (Uxex' Nu (x)) \ (X" U ),

we have |N| < em.

Proof (of claim). For all v € V(G'), write
Ng-(v) :={(a,b) € [20] x [2r] : d/ (v, Vy1(4.p)) = cm} (8.12)
and dg. (v) := [Ng.(v)|. Then

(1/2+n)n—-(6+&)n (854) do'(v) < dg.(v)m + (4r€ — dg. (v))em + |Vy|.

Claim 8.1(iii) implies that
4rém < n < 4rém + |Vo| < 4rtm +2&'n.
Thus

1/2+n—-6— -4 - @&.11/2 2 R
(1/2+n-6-¢&)n—4rtcm — |Vy| S /2+mn/ Arl > u (8.13)
(I1-c)m 2

di.(v) = ¢

We would like to apply Lemma 6.2 (special lemma for H) to obtain an integer s, with G’, R*, 4r¢,
2r,n/3, 2612, p’,d,n,m, N, (v), (1,i) playing the roles of G,R, L,r,n, &, p,d,n,m,N,, b;. For this,
we need to check that (&1)—(€4) hold. For (£1), we know that G’ has vertex partition {Vo} U {V; ; :
(i, 7) € [€] x [4r]} = {Vo} U {V4-1(ap) : (@, b) € [2€] X [2r]}, and [Vp| < £'%n and [Vp| = m for all
p € V(R*). That (£2) holds follows from (8.13). Property (£3) follows from Claim 8.1(i) and (ii) and
the fact that R* = R. Finally, (€4) follows from (iv), noting that 324r/n> = 18 - (2r) - 1/(5/3)?, and
the fact that ¢ (1, ) = (1, b) for all b € [2r] from (8.11). Therefore, we can apply Lemma 6.2 with the
above parameters to obtain an integer

s < (e )i < 0. (8.14)

Let y : V(H) — [r] be a proper colouring of H, let xy,...,x, be an ordering of V(H) with
bandwidth at most Sn, and let

Xo={xt,....xs}, Y i={xst1, .., Xsagn} € Z = {Xg1, ..., Xn}, (8.15)
H' :=H[XUY] and H"” :=H|[Z]. (8.16)

Apply Lemma 6.2 (special lemma for H) with the above parameters and with s, 8, A, H’, X, Y, y playing
the roles of s, 8, A, H, X, Y, y to obtain a mapping

FiXUY - ([20) x [2r]) U Vo

with the following properties:
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(21) Setting I := f~!(Vy), we have that I is a subset of X that is 2-independent in H’, and each vertex
in Vj is mapped onto from a unique vertex in H (so |I| = |Vy]).

(22) Forall v € Vj, setting W,, := N (f~1(v)), we have W,, € X and f(W,) C Ng.(v).

(23) |f(a,b)| < &'/°m for every (a,b) € [2£] x [2r].

(24) For every edge uv € E(H) such that f(u), f(v) & Vp, we have f(u) f(v) € E(R").

(25) Forally € Y, we have f(y) = (1, x(y)).

Let
Tan = |(flxv) (@, b) = |(flx) "' (@, b)| forall (a,b) € [2] x [2r]. 8.17)

Then 0 < 7, < &'/%m for all (a, b) € [2¢] x [2r] by (23).

Apply Lemma 7.1 (the lemma for G) with n—|Vy|, £, m, 2r, 118, £'°,6/2, G’ \Vy, R, V\ {V,} playing
the roles of n,{,m,r,&,€,6,G, R,V to obtain positive integers {m, p : (a,b) € [2€] X [2r]} such that

(Z1) T(apepeixizr) Map +Tap) =n—|Vol and myp > (1 - &"/¥)ym and [mgp — map| < 1 for
all a € [2¢] and b, b’ € [2r].

(£2) Given any {ngp : (a,b) € [2¢] X [2r]} with 3, pyer2eixar] (Mab + Tap) = n — Vol and
|map —napl < 11B(n—|Vo|), there is a partition XX = {Vo} U {Xup : (a,b) € [2£] X [2r]} of
V(G’) with |Xgp| = nap +7ap and |Xap & Ve (gp)| < eY8m for all (a,b) € [2¢] x [2r]
such that G’ has an (R*,2¢,2r, X, £'/%7, 5 /4)-cycle structure.

Note that Lemma 7.1 yields a partition of G’ \ Vp into clusters, and the partition of V(G’) specified
in (£2) is simply this partition together with Vj.

The next step is to apply Lemma 6.1 (basic lemma for H) to H” = H[Z] (which overlaps with H' in
Y). Note that the number of vertices in H” isn — s > (1 — £'/)n. Further,

(21)
magp = n—|Vo|— Ta,b

(a,b)e[2¢]x[2r] (a,b)e[2¢]x[2r]

(8.17) (21) (8.15)
= = n =

n— Vol =X\ 1| - 1X] 1Z|

(8.18)
and mgp, > (1 - &Y®)ym > 108(n — 5) by (8.1). Thus we can apply Lemma 6.1 with n —
8§, 7,20, A, B, H ) (Xsa1s -« -5 Xn), X {Map : (a,b) € [2€] X [2r]} playing the roles of n,r,(, A, 3, H,

(X1, vesXn), X, {Mmap : (a,b) € [2€] X [2r]} to obtain a mapping
k:Z— [20] x [2r] (8.19)

and B C Z with the following properties:

(%1) BC Z\Y and |B| < 2(pn.

(B2) |Ik™"(a,b)| — ma,p| < 10Bn for every (a,b) € [2€] x [2r].

(%3) For every edge uv € E(H"), writing k(1) =: (a, b) and k(v) =: (a’,b’), we have |a —a’| < 1
and b # b’. If additionally u,v ¢ B, thena = a’.

(%4) Forall y € Y, we have k(y) = (1, x(y)).

Let
nap =k~ (a,b)| forall (a,b) € [2£] x [2r]. (8.20)
Then (8.19),(8.20y (8.18) (22
. (0. . 2
Na,b = 1Z| "= mgp = n—|Vp|- Z Tab,
(a,b)e[2€]x[2r] (a,b)e[2¢]x[2r] (a,b)e[2€]x[2r]
and for all (a, b) € [2£] x [2r],
(8.20) |, _ (%2)
lnap —mapl = k7' (@, D) —map| < 108n < 11B(n - Vo).
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Thus (&£2) implies that there is a partition XX = {Vo} U{X,.p : (a,b) € [2€] X [2r]} of V(G’) with, for
all (a,b) € [2€] x [2r],

1 Xap| =167 (@, b)| +1(flx\) " (@, b)] and  [Xap A Vi (gpl < /Bm (8.21)
¢

such that G’ has an (R*, 2¢,2r, X, el 6/4)-cycle structure.
Define a mapping ¢ : V(H) — ([2¢] x [2r]) U V; by setting

) fx) ifxeX
w(x) = {k(x) ifx e Z. ®22)

Finally, let X’ := (X \ I) U B.
We need to check that X, ¢, and X’ satisfy Claim 8.2(i)—(v). For (i), we have

B2
(8.22) 821 22)

(
v~ (a, b)] k™ a, D) +1(flxv) ™ (@ D) = 1 Xapl 2 map —108n

(Z1) (8.10)
> (1-"®m-108n > (1-&"m.

Further, we have already seen that (ii) holds.

Note that I = f~1(Vy) = ' (V) has size |Vo| and is a 2-independent subset of X in H’ by (21). Let
w € W :=,e; Ny (x). Since I is 2-independent, there is a unique # € I C X such thatuw € E(H). So
w € Wg )y = Wy € X in the notation of (22). So ¢ (w) = f(w) € Ng.(f(u)) = Ng. (¥ (u)). Thus

(8.21) 1/18 (8.12)
do:(Y(u), Xyw)) = doW(u),Veriywy) €/ °m > cm/2,

so (iii) holds.

For (iv), note that k(y) = (1, x(y)) = f(y) = ¢(y) for all y € Y by (25) and (%4). Observe
that ' := Y|y (g)\s is a map into V(R*) = [2€] x [2r]. Let xy € E(H) where x,y ¢ I. Suppose first
that x,y € X UY. Then ¢ (x) = f(x) and ¥ (y) = f(y). Then f(x), f(y) ¢ Vo, so (24) implies that
f(x)f(y) € E(R*).Suppose now thatx, y € Z. Write /(x) = k(x) = (a, b) and ¥ (y) = k(y) = (a’, b’),
where (a, b), (a’,b") € [2€] X [2r]. Then (%3) implies that |a —a’| < 1 and b # b’. Thus Y (x)y(y) €
E(Z%; ) € E(R"), as required. The only other possibility is that one of x, y is in X and the other is in
Z \ Y. But then the distance between them in the bandwidth ordering of H is more than |Y| = fBn, a
contradiction to xy € E(H). Thus ¢’ : V(H \ I) — V(R*) is a graph homomorphism. So (iv) holds.

For (v), note that B C Z,s0o X' NI = 0;and W = U, cy, W, € X;and W N T = 0 since [ is
2-independent in H'. So W C X’. Now let (a, b) € [2€] x [2r]. We have

W a,b)nX' | < W ab)nX|+[Bl < |f 7 (a,b)] + B

23),(B1 8.10
( )S< )31/9m+2{’ﬂn( < )sl/lom.

Now let uv € E(H), where u,v ¢ X’ UI.So u,v € Z\ B. Write ¢ (u) = (a,b) and ¥ (v) = (a’, b’).
Then (a, b) = k(u) and (a’, b’) = k(v), and (%3) implies that a = a’ and b # b’, as required.

Finally, define N as in (v). If y € N, then either y € U, ex Nu(x) \ X CY ory € U,ep Nu (x) (or
both). So (8.15) and the fact that A(H) < A imply that

.1),(8.10)
<

(8
IN| < |Y|+A|B| < QAL+ 1)Bn em. (8.23)

This completes the proof of (v) and hence of the claim. O

In the final part of the proof, we will use the cycle structure C’, mapping ¢ and special set X’ obtained
in Claim 8.2 to find an embedding g of H into G’ € G. We will do this in three stages: (1) define an

embedding g of I into Vj, according to ¢; (2) find an embedding g, of X’ using ¢ as a framework,
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such that there are large candidate sets for the neighbouring vertices N of X’; (3) find an embedding g3
of the remainder of H using the blow-up lemma, using the candidate sets obtained in (2) to ensure that
g» is compatible with g3. Then set g to be the union of g1, g2, g3.

Stage (1) is easy; we simply define

g1:1—>Vy where gi(x):=y¢(x) forallxel.

Since by Claim 8.2(iii), / is an independent set in H of size V}), we trivially have that g; is an embedding
of H[I] into V(G’).

For Stage (2), we will apply Lemma 4.5 (embedding lemma with target sets) to embed vertices in
X’. Indeed, let y* := Y|xun. Given w € W, let u be the unique element of I such that uw € E(H), as
guaranteed by Claim 8.2(iii). Let

Sw = NGr(lﬂ(M),Xw(w)). (8.24)

We will apply Lemma 4.5 with G’ \ Vo,R*, H[X' U Nl,n — |Vo|,4rt,e"? ¢/2,6/4,A,
{Xap}, (1 - slg)m,dx*,X’, N,W,S,, playing the roles of G,R,H,n,L,e,¢c,5,A,{V, : a €
V(R)},m,¢,X,Y,W,S,,. To see why this is possible, note that, by Claim 8.1(iii), G’ \ Vy has
n—|Vo| = (1-2¢&'/?)n vertices; and Claim 8.2(ii) (specifically (€2)) implies that it has an (£'/?7, §/4)-
regular partition {X,  : (a,b) € V(R)}. Clearly, as a restriction of ¢, the function y* is a suitable
graph homomorphism, and by Claim 8.2(v) and (8.23), we have

[ Na,b)| < v (a,b) N X'|+|N| < €% +em < &/Pm. (8.25)

Finally, W C X’ by Claim 8.2(v), and |S,,| = c¢m/2 by Claim 8.2(iii). So the above are suitable
parameters for the application of Lemma 4.5.
Thus there is a mapping

g2: X' = V(G)\ W

that is an embedding of H[X’] into G’ such that

(91) gz(x) (S Xn,lr*(x) forall x € X’.

(72) g2lw) e S, forallw e W.

(973) For all y € N, there exists C, C Xy+(y) \ g2(X’) such that C, C Ng/(g2(x)) for all x €
Ny (y) N (X’),and |Cy| > cm/2.

For Stage (3), we will do the following for each a € [2¢]. Let U, p := X4p \ g2(X’) forall b € [2r].
We want to show that U, ;, has exactly the right size to embed the remaining vertices of H whose image
under y is (a, b). Indeed, let " := Y|\ (xur). Then Claim 8.2(i) implies that

’ n — 5\ — / ”n—

Uab| = [Xap| = 182(X") N Xap| =" 7" (a,0)] = |(¥")(a,b) N X'| = |(¢") ' (a, )|
where we used the fact that ! (a, b) N I = 0. This together with (8.25) implies that |U, 5 A Xa5| =
(") a,b) N X'| < /0% < 2&'101U, 1|. Let b, b’ € [2r] be distinct. So |U, | = (1 —&'/?%)m
by Claim 8.2(i). Recall from Claim 8.2(ii) (specifically (€3)) that G'[X, 4, Xapr] is (£'/?7,6/4)-
superregular. So given any x € U, ;, Claim 8.2(i) implies that

de (%, Uapy) = 6| Xapl/4— "% > (5/4 - 610 = £V/'%m > §|U,p|/5.

Thus Proposition 4.3 with G’, X4p,Usp, Xabrs Ua’bf,81/27,(5/4,81/10 playing the roles of
G,A,A’,B,B’, &,6,a implies that G’ [U,.p,, Uy 1] is (26'/%7, 5/5)-superregular for all distinct b, b’ €
[2r]. The set N has size at most em < 2&|U,_ | forany b € [2r];andforeachy € NN(y")"!(a, b), (T 3)
guarantees a corresponding set Cy C Xy-(y) \ g2(X’) = Uy(y) = Uqyp that has size at least
em/2 = ¢|Uqp|/3. Let H, denote the subgraph of H induced by the set of all x € V(H) \ (X" U 1)
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such that ¥’ (x) = (a, b) for some b € [2r]. Now apply, for each a € [2¢], Lemma 4.6 (blow-up lemma)
with G’ [Upe(2r] Ua.p] and H, playing the roles of G and H and 26177 26,6/5,¢/3,A,2r,{Uqp : b €
[2r]},y’, Cy playing theroles of €, «, 6, ¢, A, k, {V, : a € [k]}, ¢, S,. Altogether, this yields a mapping

83 V(H)\ (X" UI) - V(G') \ (Vo U g2(X")

that is an embedding of H \ (X’ U I) into V(G’) such that every y € N is mapped to a vertex in Cy.
We claim that the mapping g given by

gi1(x) ifxel
gx)=4g(x) ifxeX’ (8.26)

g3(x) otherwise

is an embedding of H into G’ (and hence into G).

Firstly, g is an injective map from V(H) to V(G’) by the definitions of g;, g2, g3. So we just need to
check that it is a graph homomorphism. Also, by their definitions, each of g, g2, g3 is an embedding of
H induced on its respective domain into G’. So it suffices to check that whenever xy € E(H) and x, y
are not bothin 7 orin X’ orin V(H) \ (X’ U 1), g(x)g(y) € E(G’).

Suppose first that x € Tand y € V(H) \ I. Then g(x) = g;(x) = ¢(x) and y € W C X’ (here we used
Claim 8.2(v)). So g(y) = g2(y). Claim 8.2(iii) implies that x is the only vertex in I that is a neighbour
of y. Then

(8.26) (72) (8.24)
= y =

g(y) 2(y) € S

So g(x)g(y) € E(G’), as required.

Therefore, we may assume that x € X’ and y € V(H) \ (X’ U I). Then g(x) = g2(x), y € N,
and g(y) = g3(y) € Cy, where C, was defined in (7 3), which guarantees that C, C Ng/(g2(x)) =
Ng(g(x)). So g(x)g(y) € E(G’), as required. This completes the proof of Theorem 1.2.

N (¥(x), Xy () = Nor(8(x), Xy (y))-

9. Concluding remarks

In this paper, we prove a version of the bandwidth theorem for locally dense graphs. As mentioned in
the introduction, it is also of interest to seek minimum degree conditions that force a given spanning
structure in a graph with sublinear independence number. In particular, it would be very interesting to
obtain an analogue of the bandwidth theorem in this setting.

In a step in this direction, Balogh, Molla, and Sharifzadeh [4] proved the following result on triangle
factors.

Theorem 9.1 (Balogh, Molla, and Sharifzadeh [4]). For every € > O, there exist y > 0 and np € N
such that the following holds. For every n-vertex graph G withn > nq divisible by 3, if 6(G) > (1/2+¢&)n
and G has independence number a(G) < yn, then G has a Ks-factor.

Perhaps the next natural step is to ascertain whether the conclusion of Theorem 9.1 can be strengthened
to ensure the square of a Hamilton cycle.

Conjecture 9.2. For every € > 0, there exist y > 0 and ny € N such that the following holds. For every
n-vertex graph G withn > ny, if 6(G) = (1/2+ &)n and a(G) < yn, then G contains the square of a
Hamilton cycle.

It is also natural to seek a version of Theorem 1.2 where now one replaces the condition of locally
dense with a more restrictive uniformly dense condition: given p,d > 0, we say that an n-vertex
graph G is (p, d)-uniformly dense if every X,Y C V(G) satisfies eg(X,Y) > d|X||Y| — pn?. If one
restricts to uniformly dense graphs, then one can substantially reduce the minimum degree condition in
Theorem 1.2, as well as remove the bandwidth condition on H.
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Theorem 9.3. Forall A € Nand d,n > 0, there exist constants p,nog > 0 such that for every n > ny, the
Jollowing holds. Let H be an n-vertex graph with A(H) < A. Then any (p, d)-uniformly dense graph G
on n vertices with 6(G) > nn contains a copy of H.

Theorem 9.3 can be proven by a simple application of the blow-up lemma; a more general ‘rainbow’
version of Theorem 9.3 is given in [20, Corollary 1.3].
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