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1. Introduction. Let K be a quadratic number field with 2-class group of type (2,2).
Thus if Si is the Sylow 2-subgroup of the ideal class group of K, then S, =2/27Z X Z/2Z.
Let

KcK,cK,cK;c...

be the 2-class field tower of K. Thus K, is the maximal abelian unramified extension of K
of degree a power of 2; K, is the maximal abelian unramified extension of K of degree a
power of 2; etc. By class field theory the Galois group Gal(K,/K)=Sx=Z/2Z X Z[2Z,
and in this case it is known that Gal(K,/K,) is a cyclic group (cf. [3] and [10]). Then by
class field theory the class number of K, is odd, and hence K, =K;=K,=... . We say
that the 2-class field tower of K terminates at K, if the class number of K, is odd (and
hence K, = K, = K;=...); otherwise we say that the 2-class field tower of K terminates at
K,. Our goal in this paper is to determine how likely it is for the 2-class field tower of K
to terminate at K, and how likely it is for the 2-class field tower of K to terminate at K.
We shall consider separately the imaginary quadratic fields and the real quadratic fields.
Suppose first that K = Q(V—m), where m =p,p,...p, with primes p, <p,<...<

P We let
A ={K =Q(V — m): the 2-class group Sx =Z /27 X Z|2Z} 1.1)
A;={K € A:the 2-class field tower of K terminates at K;} (1.2)

for i =1, 2. For positive real numbers x and for i =1, 2, we let

A, ={KeA:m=x} (1.3)
A ={KeA; m=x} (1.4)

We then define relative densities d; as follows. Let

o |Ai.\'|
d; = lim

—= 1.5
N |A\| ( )

for i = 1,2, where |C| denotes the cardinality of a set C. In the next section we shall prove
the following theorem.

THEOREM 1. Let d, and d, be the relative densities defined by equation (1.5). Then
1 6
d=: d d,=:.
1 7 an ay 7
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Now we consider real quadratic fields K = Q(Vm), where m=p,p,...p, with
primes p, <p,<...<p, We let

A’ ={K = Q(Vm):the 2-class group Sy =Z/2Z X Z/27} (1.6)
A/ ={K e A’:the 2-class field tower of K terminates at K} a.n
for i =1, 2. For positive real numbers x and for i =1, 2, we let
A.={KeA :m=x} (1.8)
Al.={Ke A . m=x} (1.9)

and then we define relative densities d; for i =1,2 by

. |A;
d! = lim | 'j‘l.
o= |A

(1.10)

In the last section we shall prove the following theorem.
THEOREM 2. Let d| and d5 be the relative densities defined by equation (1.10). Then

d =t and ay =22
1T 4 BTy

2. Proof of Theorem 1. Let K=QV-m), where m=p,p,...p, with primes
P <p2<...<p,. For the 2-class group Sx =7/2Z X Z/2Z, we know from genus theory
that m must have one of the following forms:

D1 p2ps with each p; =3(mod 4)

D\ P2ps with two of the p; =1(mod 4) and the other p; =3(mod 4) @1)
m= _ .
p1p2 With p, = p,(mod 4)

2p,p>

(cf. section 2 of [8]). Moreover, there are additional restrictions imposed on the primes
dividing m in order that Sy =7/27Z X Z/2Z. These restrictions can be specified by
indicating the values of certain Legendre symbols used to form Rédei matrices (cf. [9]).
The appropriate values for the Legendre symbols are given in various cases in [8].

Now recalling the specification of A in equation (1.1) and the forms of m in (2.1), we

let
B, ={K € A:m =p, p, p, with each p, =3(mod 4)} (2.2)
B,={K € A:m =p, p, p; with two of the p; =1(mod 4)
and the other p; =3(mod 4)} (2.3)
By;={KeA:m=p,p,or2p,p,} (2.4)

Next for positive real numbers x, we let

B;.={K € B;:m < x} (2.5)
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for i =1,2,3. It is a standard calculation that

\Ba| = O(x log log x)

log x (as x — x) (2.6)

(cf. [7], Theorem 437).
For B, the relevant case in section 2 in [8] is case (iii). Then for the Legendre

symbols we need
B B @)
P P P2

or

(;’)—12>=—1, (gf)=1, (1’;—§>=—1. (2.8)

Next we let u; =0 or 1 for 1 =i <j=<3. (We shall specify below how we want to choose
the u;.) Then we let

B,.(0,1,0)={pp.p:s=x:p < p,<p, are primes with each

pi=3(mod 4), (%) =(-1)for1=i<j=3

i

with 1, =0, =1, 153 = 0} (2.9)

and
B,.(1,0,1)={p,pap:s=x:p, <p,<ps are primes with each

pi=3(mod 4), (’ﬁ) =(~lywfor 1<i<j=<3
pi

H

with =1,  w3=0,  uy=1} (2.10)
From equations (2.2), (2.5), and (2.7) through (2.10), we see that

By |=18,,(0,1,0)| +|B,.(1,0, 1) (2.11)
Now given a set of values u; (1 =i <j=3) as above, for arbitrary distinct odd primes p;

and p;, we let 8(p;,p;) =1 if (%) = (=1)", and we let 8(p,,p;) =0 if (IZJ) #(—1)". For
P

i i

the set of values u,; =0, u;3=1, u3 =0, we get

B14(0.1,0) = X 2 8(pup) 2 8(pip)d(paps)

msaE p<pa=(aip)? Pa<psSyip p2
pirid(mod 4y pr=3(mod 4) pa=3(mod 4)
1 x(log log x)*
~2—(‘.5 T (as x > x) (2.12)

(cf. (2.11) and (2.12) in [5]). The analytic machinery for this type of calculation appears
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in Section 4 of [4] and Section 5 of [6]. Alternately, one can use the analytic machinery
developed in Section 3 of [2]. An intuitive explanation for (2.12) is that

1 x(loglog x)?
5 1 Luesiossy

2! log x (as x =)

PLP2P3
PI<p2<p3
PIP2PISX

and a factor of 5 is introduced by each of the congruence conditions p; =3(mod 4) for
i =1,2,3 and by each of the factors 8(p;, p;) for 1 =i <j=3. A similar calculation shows
that

1 x(log log x)?

|B; (1,0, 1) ~2“’.2! log. x (as x — ). (2.13)
Then from (2.11), (2.12), and (2.13), we get
1 x(log! 2
B, |~2. 0 Lx(oglogx) o ) (2.14)
2! log x

For the calculation of |B,_|, the formula analogous to (2.14) is
1 x(log log x)?

B, |~12.27%.
B2 2! logx

(as x — ). (2.15)
The factor ““12” can be explained as follows. First we note that there are three distinct
arrangements for the congruence conditions 1(mod 4), 1(mod 4), 3(mod 4) in (2.3). For
each of these arrangements, there are four allowable sets of values for the Legendre

symbols (&), (&), (E}) in case (iv) in section 2 in [8], and then 3-4 = 12. For example,
P P P2
when p, = p, = —p,=1(mod 4), the allowable sets of Legendre symbol values are

(51 (2)= (&)=

<~’Q>=—l, (1)—3)=—1 for at least one of p; = p,, p,.
P pi

(The last line actually corresponds to three distinct sets.) Now from the discussion of case
(iii) in Section 2 in [8], we have B, c A,, and from the discussion of case (iv) in Section 2
in [8], we have B,c A,. Then B,,cA,, and B,,c A,,. Since A=B,UB,UB; and
B\, B,, B, are disjoint sets, then from equations (1.3), (1.4), (2.5), (2.6), and formulas
(2.14) and (2.15), we get

and

1 x(logl 2
Aral~ By ~2. 276 S 2ogloB 0o 2.16)

2! logx

1 x(logl 2
Aga| ~1Ba ~12. 270 S X0osloB ) o 2.17)

2! logx

1 x(logl 2
Ayl ~ Byl + oyl ~ 14,270, S XUBIOBYS o) 2.18)

2! logx

https://doi.org/10.1017/50017089500032353 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089500032353

2-CLASS FIELD TOWERS 67

Then from equation (1.5) and formulas (2.16) through (2.18), we get d, =4 and d, =8,
which completes the proof of Theorem 1.

3. Proof of Theorem 2. Let K=Q(Vm), where m=p,p,...p, with primes
Pr<p2<...<p, In order that the 2-class group Sx=Z/2Z XZ/2Z, genus theory
requires that m must have one of the following forms:

P1P2P3 P4 With each p; =3(mod 4)
m =13 p\p2P3Pa With two p; = 1(mod 4) and two p; = 3(mod 4) 3.1)
m' with m’ divisible by at most three odd primes.

An example of the last case is m’ = p, p, p, with each p;, = 1(mod 4). There are additional
requirements on the primes dividing m in order that Sy =Z/2Z X Z/2Z, and we shall
consider those requirements later in this section.

With A’ defined by (1.6), we next define

B ={K e A'":m =p,p,p1ps With each p, =3(mod 4)}, (3.2)
B;={KeA'":m=p p,p;ps with two p; =1(mod 4) and two p; =3(mod 4)}, (3.3)
B;={K e A’:at most three odd primes divide m]}, (3.4)

For positive real numbers x, we let

B .={KeB;:m=x} (3.9)
for i =1,2,3. It is straightforward to calculate that
log1 2
IBS.| = O<M) (as x — ). (3.6)
log x

To calculate |B;, | and |Bj,], we need to specify the additional conditions on
Pi.P2 P3, ps that are required for S,=27/2Z X 7Z/2Z. These conditions come from
Rédei matrices that have rank =3, and these matrices are determined by the values

{(E):lsi<js4}.

J
For fields K € B;, we can use the type 4 case of Proposition 1 in [1]. We first let

p1=p;=1(mod 4) and p; = p,=3(mod 4) to match the type 4 case of Proposition 1 in [1].
Then the relevant conditions on Legendre symbols are

o (2)1 () -ter(2) 1] (2= 1o (@)
oo (2)-(2)-(2)-(2)

o (22) = =1 enon (22)=(52) = (2) = (22)

or
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In cases (a) and (b), <&> can be either +1 or —1. An enumeration of all of the

4
possibilities in these cases (including the value of (12)) yields 16 possibilities for case
Pa

(a) and 28 possibilities for case (b). So there are 44 possibilities for the set of values

{(E) i1 si<js4} that produce fields K = Q(Vp, papspa) € Ba.
Pj
Next we observe that if we order the primes so that p, <p,<p;<p,, there are 6

distinct arrangements of the congruence conditions 1(mod4), 1(mod4), 3(mod 4),
3(mod 4). Now since

1 x(log log x)*
S 1~ Lstoslogs)

as x — x©
PLP2P DA 3! log x ( )
Pr<pr<pi<ps
P1p2papa=x
then the analog of Formula (2.15) is
1 x(log log x)°
By ~6.44. o0 Lxloglogxy o0 ) G.7)

3t logx
The factor 27'* comes from a factor of 3 for each of the four congruence conditions and
the particular values for the six Legendre symbols <&> with 1=i<j=4

Now we consider K € B. Then each p, =3(mod 4). The relevant Rédei matrices are
antisymmetric in this case. (In equation (5.5) of [5], this means (-_p,) = - <_p—p'> for each
i
i #j.) Then we can use Proposition 5.7(iii) in [5] to calculate the appropriate number of
Rédei matrices with rank =3. (In Proposition 5.7(iii) of (5], take r=1, n=1, and
M =1 0] or [1 1].) Proposition 5.7(iii) gives 40 possibilities, 20 corresponding to each of
the two choices for M. Alternately, one can examine the Rédei matrices corresponding to

i

each set of values for {(&‘):1 si<j= 4}, and then discover that 40 of these 64 matrices
Pj
have rank = 3. Hence

1 x(log log x)*

(B} |~40.27". (as x — ). (3.8)

31 logx
Then from equations (1.6), (1.8}, (3.1) through (3.6) and formulas (3.7) and (3.8), we get

1 x(log log x)’

JAll =B} + B3l + B3 ~304.27.
i - 3t logx

(as x — ). (3.9)

Now from Theorem 1 in [1], we see that B; c A|. However, B; & A; since some of
the fields in B, are in A}, as we see by examining the graphs for the type 4 case on p. 175
of [1]. More precisely, there are three graph types (i.e., ¢35, €13, €14 On p. 175 in [1]) that
correspond to fields in Aj. Furthermore, we can easily check that there are four graphs
equivalent to one another in each of these three graph types. (“Equivalent” in this sense

https://doi.org/10.1017/50017089500032353 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089500032353

2-CLASS FIELD TOWERS 69

is defined on p. 172 of [1].) Hence there are 12 graphs altogether that correspond to fields
in B; that are also in Aj. Then we can split up |B3.| as follows (see (3.7)):

1 x(loglog x)*

' [ -10
B3 NALI~6.12.27 = o (as x — ®) (3.10)
and
1 x(logl 3
Bl A [~6. 32 210 Lxoglogx) o) G.11)
3! log x
Then since B} = A}, we can use (3.8) and (3.10) to get
AL~ 1B+ B2 NALL
1 x(logl 3
~112.p-w0 AxUoglogx)” o (3.12)
3! log x

Using (3.11), we see that

|A2.d ~ B2 N Az
1 x(log log x)*
3! log x

Then from (1.10) (3.9), (3.12), and (3.13), we get d} = % and d5 = {3, which completes the
proof of Theorem 2.

~192.2719. (as x — o). (3.13)
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