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Unique continuation properties for
polyharmonic maps between Riemannian
manifolds

Volker Branding, Stefano Montaldo, Cezar Oniciuc, and Andrea Ratto

Abstract. Polyharmonic maps of order k (briefly, k-harmonic maps) are a natural generalization of
harmonic and biharmonic maps. These maps are defined as the critical points of suitable higher-
order functionals which extend the classical energy functional for maps between Riemannian
manifolds. The main aim of this paper is to investigate the so-called unique continuation principle.
More precisely, assuming that the domain is connected, we shall prove the following extensions of
results known in the harmonic and biharmonic cases: (i) if a k-harmonic map is harmonic on an
open subset, then it is harmonic everywhere; (ii) if two k-harmonic maps agree on an open subset,
then they agree everywhere; and (iii) if, for a k-harmonic map to the n-dimensional sphere, an open
subset of the domain is mapped into the equator, then all the domain is mapped into the equator.

1 Introduction and results

Harmonic maps are among the most studied geometric variational problems in differ-
ential geometry. The geometric setup is the following. We consider a map ¢: M - N
between two Riemannian manifolds (M™, g) and (N", h). Then, the energy of ¢ is

defined by

1
11 E(p)(=E == [ |de[dV.
(1 (9 =E(9) =5 [ Idg
Its critical points are governed by the vanishing of the so-called tension field (¢),
that is,
1.2) 0=1(p):=Tr,Vde =) Vde(ej ¢j),

=1
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where {e j}, j=1,...,m=dim M, is alocal orthonormal frame field tangent to M and
the second fundamental form Vd¢ is defined by

Vdo(X,Y) = Vxde(Y) —de (VxY),

V being the connection on the vector bundle ¢! TN. Harmonic maps are precisely
the solutions of equation (1.2). We observe that the harmonicity equation is a second-
order semilinear elliptic system. Because this system of equations is of second order,
powerful tools such as the maximum principle help to obtain a deep understanding
of both analytic and geometric properties of harmonic maps (we refer to the classical
surveys of Eells and Lemaire [9, 10] for an introduction and background on this topic).

Another geometric variational problem which received growing attention in the
recent years is that of the so-called biharmonic maps. These maps are characterized as
the critical points of the bienergy for maps between two Riemannian manifolds, which
is given by

1
13) Exg) =5 [ Ir(o)Pav.

Here, the Euler-Lagrange equation is a fourth-order semilinear elliptic system and is
expressed by means of the vanishing of the bitension field 7,(¢), that is,

(14) 0=:(p) = Ar(p) + 3 RV (dg(e), 7(9)dp(e),
j=1

where A is the so-called rough Laplacian, i.e., the connection Laplacian on ¢ 'TN.
For background and research on biharmonic maps, we refer to [26] and the recent
book [27].

In contrast to the harmonic map equation, (1.4) is of fourth order, a fact which
entails significant additional technical difficulties. For instance, classical tools such as
the maximum principle are no longer applicable (for instance, see [21, 22]).

There exist different systematic approaches which generalize the notions of har-
monic and biharmonic maps to energy functionals that contain derivatives of higher
order.

In this paper, we shall focus on the following k-order versions of the energy
functional: if k = 25,5 > 1,

1 _ -
19) Exl) =5 [ (B71(9). 4 x(g)) aV.
In the case that k = 2s +1,

1 - -
(16) Exn(p) =5 [ (T87'1(9). 74 2(9)) dV.

A polyharmonic map of order k (briefly, a k-harmonic map) is a critical point of the
k-energy functional Ex(¢).

The functionals (1.5) and (1.6) are probably the simplest higher-order version of the
classical energy functional in a Riemannian geometric setting. These functionals were
first studied systematically in an interesting series of papers by Maeta. Particularly,
he established their main variational equations and properties, and proved some
basic characterizations of proper (i.e., nonharmonic) triharmonic submanifolds into a
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Unique continuation properties for polyharmonic maps 3

sphere (see [14-16]). More recently, these k-energy functionals have been intensively
studied. For instance, the stress-energy tensor for polyharmonic maps was recently
calculated in [3]. Vanishing results for polyharmonic maps into Euclidean spaces have
been obtained in [18, 25] and for arbitrary targets in [4]. Moreover, for any k > 2,
proper k-harmonic immersions into spheres, ellipsoids, and rotation hypersurfaces,
which are not k’-harmonic for any k' # k, were constructed in [20, 23, 24]. Other
results on triharmonic maps were achieved in [17, 19].

The Euler-Lagrange equations of (1.5) and (1.6) were calculated in [14, 16] and can
be described as follows (note that we set A™! = 0):

(1) The critical points of (1.5) are those that satisfy
0 = 12:(9) =A% "7(p) - RY(A**1(p), dp(e;))dp(e))

s—1 ~ )
(17) - ; (RN(WA”“T(SD)’AS“T(fp))dsv(ej)
’ =1

—RN(A”-Zr(so),ve,-AS‘f-lr<so>>d¢<e;>)~

(2) The critical points of (1.6) are determined by

0 = Taen(p) =A% 7(p) - RY(A*'1(¢), dp(e;))dg(e))

- ZZ (RN(WE,.A”“T(fp), A 1(p))dg(e))
(1.8) -

—RN(A”“r(m,ve,.AS-f*mp))dq)(ej))

= R¥(Ve, A 2(9), A7 1(9) ) dg ().

In this article, we shall focus on one specific analytic aspect of solutions of the
polyharmonic map equation, namely, the so-called unique continuation principle. We
refer to the work of Kazdan [12] for an introduction to this topic in a geometric
setting. In particular, Kazdan exhibited an artificial counterexample, but also stated
that it is reasonable to expect that the unique continuation property should hold in all
geometrically meaningful situations. Indeed, for harmonic maps, unique continuation
properties were proved by Sampson in [30] and recently generalized to biharmonic
maps in [7].

In this paper, all manifolds are assumed to be connected, and we shall work with
smooth objects only. Our first result is the following.

Theorem 1.1 Let ¢: M — N be a k-harmonic map, k > 3. If ¢ is harmonic on an open
set U, then ¢ is harmonic everywhere.

Next, we turn our attention to another, technically more demanding question
concerning the unique continuation.

Let ¢, $: M — N be two k-harmonic maps, k > 3. If the two maps agree on an open
subset of M, do they coincide everywhere?

We prove that the answer is affirmative. Indeed,
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Theorem1.2 Let ¢, 9: M — N be two k-harmonic maps, k > 3. If they agree on an open
subset U of M, then they are identical.

Moreover, we will also give a geometric application of Theorem 1.2 extend-
ing corresponding results for harmonic [30, Theorem 6] and biharmonic maps
[7, Theorem 1.6].

Theorem 1.3 Let ¢: M — S" be a k-harmonic map. If an open subset of M is mapped
into the equator S™™', then all of M is mapped into S".

Remark 1.4 We know that Theorems 1.1-1.3 have some important applications in
the biharmonic case. For instance, these results can be used to simplify proofs and
obtain uniqueness and reduction of codimension results for biharmonic submanifolds
in spheres. For instance:

(a) A result of Chen (see [8]) says that a compact proper biharmonic hypersurface
M™ in S™*! with |A]* < m has constant mean curvature (CMC), and thus |A|* =
m. The proof (in Chinese) is long and skillful, but it can be simplified using
Theorem 1.1. This simplified proof was given in [2, 26].

(b) All CMC proper biharmonic immersions from R? in S" are given in [13]. The
uniqueness part of this result follows from the fact that on an open subset of R?,
such immersions must have a certain form, and by Theorem 1.2, their extensions
to R? are unique.

(c) Theorem 1.3, as an alternative to Theorem 1.1, could be used in the final argument
of the proof of Theorem 1 in [31]: because an open subset of M™ lies in S™, the
equator of S™*!, the whole of M™ lies in S™, i.e., M™ = S™.

Furthermore, Theorem 1.3 could be useful to obtain reduction results, as the
first normal bundle does not need to be defined on the whole of M, but only on
an open subset of it.

We think that similar results may hold in the k-harmonic case, k > 3, and Theorems
1.1-1.3 could prove useful also in this more general context.

The Euler-Lagrange system of equations which defines a k-harmonic map is
elliptic of order 2k and has a rather complicated expression which depends on the
Riemannian curvature tensor field of the target. Therefore, although all our proofs are
based just on the application of the classical Aronszajn’s unique continuation principle
for second-order elliptic operators, the technical steps that we shall have to carry out
are quite demanding and require a delicate use of suitable new variables. The precise
form of these variables needs to be carefully adjusted to the structure of the equations
for polyharmonic maps (1.7) and (1.8).

For the sake of completeness, we point out that another interesting generalization
of both harmonic and biharmonic maps can be obtained by studying the critical points
of the following higher-order energies:

1
(1.9) E,fs(¢):5f|(d+d*)k¢|2dv, k=1,2,....
M

The study of these functionals was proposed by Eells and Sampson in 1965 (see
[11]) and, later, by Eells and Lemaire in 1983 [9, p. 77, Problem (8.7)]. A rigorous
mathematical investigation of (1.9) has recently been initiated by the authors in [6]
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and was further developed in [5, 20]. We point out that, in general, the functional
(1.9) coincides with E (¢) introduced above only when k = 1,2, 3.

In Section 3, we will show that Theorems 1.1 and 1.2 also hold for the critical points
of (1.9) in the case k = 4, which is the only case where the Euler-Lagrange equations are
explicitly computed (see [6]). However, because the technical difficulties are huge, we
have preferred not to investigate other possible extensions of the unique continuation
principle.

Throughout this article, we shall use the following sign conventions and notations.
The Riemannian curvature tensor field on a manifold Nis RN (X, Y)Z = [Vx, Vy]Z —
Vix,v]Z, and, when the context is clear, we shall simply write R instead of RN . As for
the rough Laplacian on ¢! TN, we shall use A := —Tr,(VV — Vy). Similarly, the sign
of the Laplace operator A on functions is such that Af = —f" on R.

In general, we will use the same symbol (-, -) to indicate the Riemannian metrics
on various vector bundles. We also note that on 0-forms, that is on sections, d = V.

When the range is not explicitly specified, we will use Latin indices i, j, k for indices
on the domain ranging from 1 to m and Greek indices «, 3, y for indices on the target
which take values between 1 and n. When the range of the indices is from 1 to g, for
some positive integer g, we will often denote them by a, b, c.

We will use the Einstein summation convention, i.e., we will sum over repeated
indices in the diagonal position.

Most of our computations will be carried out in local charts, and our convention
concerning the indices of the sectional curvature tensor field is

o) NEREARIES]
) ayB’ ayy E)y‘s_ 5By oy«

2 Proof of the main results

We recall the following classical result due to Aronszajn [1, p. 248].

Theorem 2.1 Let A be a second-order linear elliptic differential operator of class C*°
defined on an open subset D of R™. Let u = (u',...,u?) be a function on D satisfying
the inequality

(2.1) |Au®| < C (Z gzi

b,i

b
+Z|u”|))
b

for some C > 0. If u = 0 in an open subset of D, then u = 0 throughout D.

Remark 2.2 In the literature, some unique continuation results for higher-order
elliptic equations are available (for instance, see [29]). However, the great generality
of the elliptic operator A in (2.1) persuaded us that Theorem 2.1 is the most effective
available tool to achieve unique continuation in the context of polyharmonic maps.
Moreover, as pointed out in [30], also the strong version of the unique continuation
principle holds, i.e., the conclusion of Theorem 2.1 is still true if = 0 to infinite
order at some point. Therefore, as in [30], both Theorems 1.1 and 1.2 admit a strong
formulation, and the proof is the same.

https://doi.org/10.4153/50008414X21000420 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X21000420

6 V. Branding, S. Montaldo, C. Oniciuc, and A. Ratto

In order to prove our results, we need to write down a suitable local expression for
the equations for polyharmonic maps (1.7) and (1.8).
To this end, let us choose a local chart (U, x') on M and a local chart (V, y*) on
N such that ¢(U) c V. To simplify the notation, we shall denote by ¢ the expression
of ¢ in the two local charts.
It is well known that, in local coordinates, the tension field is given by
099 0¢f
Ot _ ij _r
(2.2) () = -Ap" +g" Ty 5T 9 I<a<n,
where I'gs represent the Christoffel symbols of the manifold N. We also recall that the
Laplace-Beltrami operator A acts locally on a function f: U — R as follows:

P of
_ N A N § | k
A =875 e ~ 8 i g

where here l"ikj are the Christoffel symbols of the Riemannian manifold M.
Moreover, if

is a section of ¢ ! TN, then (see [28, Lemma 1.1])

< Pl
_ Ot_ z]
Ao —{Aa —a ; (pl ﬁg

(2.3) ) ) 3
o (8" 15 - 7o o7 Shun ] }5
where
ory ore,
_9pe
(2.4) 285,9 = e + rgg Ty + =% ayﬁ +17 o gy

and, for simplicity, ¢ = 9P /ax'.

Proof of Theorem 1.1 Because the proof will involve several rather technical argu-
ments, we have preferred to start giving all the geometrical details in the special case
that k = 3. We believe that this should help the reader to follow the various steps that

will be necessary to handle the general case.
Case k=3.
Using (1.8), we write

(25) 13(¢) = A’1(9) - TrRY (A1(9), dg(:))do(-) = TIRY (V) 7(9), 7(9))do ().

We fix the notation as follows:

0
T(?’) = Uy ay{x >
0

Ae(p) = (s + A7) 5 0 =ui 5 0,
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with
P} 9
(2.6) A% = A® (ug,”‘?),
dx!
where

A=(A%):R"x (R" xR") > R"
is defined, for (1%, &) e R” x (R™ x R™), according to (2.3), by
a%(n°, &) = & [ -24" ol 155 |
+1° [(89P) Ty - 87 ¢l 0% S|

It is important to point out that A* is linear with respect to #” and &?.
All of this can be iterated once more and yields

_ d
A*1(9) = (Au® + A%) —,
(9) = (8t +49) 57
where now, of course,
ou?
A(x — Aa 9, 1. )
2 (ul axl )

Now, let us assume that 73(¢) = 0. Using (2.5) and performing a direct computation,
we find that this is locally equivalent to the following system of equations:

2.7) Auf = (F?)",
where
(2.8)
(F)" = -4 - [ - RN (B2 (p), dgp())dg () - TiRY (9 ¢y 7(9), 7(9))dg ()|

. ouP
i 9 9
= ~AS — g ul 97 9 Rigy + g =% uj 9 Rige
g 9
+ g ug ug 9] 9"? rfo Rzﬁs-
Now, we define the R”-valued 1-form

vo = dug = (dug du")—%dxi@m
0= 0= 0>+ 0 _axi as
where {e, } is the canonical basis of R” and u is thought of as an R"-valued function
defined on U. The components of the 1-form v, give rise to an R™"-valued function
defined on U:

_an_ [9ug )
vo = (vg;) = 5 )’ I1<i<m, l<a<n.

For simplicity, we keep the same notation for the 1-form and the R™”-valued function.
Note that, here, the index i in vj; does not mean the derivative with respect to the
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variable x' (v§ does not even exist!). With this notation, (2.8) can be rewritten as
follows:

o a ij. 9 w pa ij 9 wpa
(FS) :_AZ_g]ul(qu)j wﬂ9+gjvgiu0¢j wPB9

(2.9) ij. 6.9 v wpB pa
+ & ug ug ¢; @5 Iyo Rypy-

Then, taking into account the definition of A%, we conclude that F? = ((F3 )a)

depends on ug, v, 4y, and {0u®/dx'}; ,. Moreover, for future use, we deduce from
(2.6) and inspection of (2.9) that there exists C > 0 such that on D we have

3 a“19
(2.10) Bl <> (jug) +[uf]) + Z|V01|+Z »
9

3| ox
where D is an open subset of M such that its closure is compact and contained in U.
Indeed, in (2.6) and (2.9), it is possible to bound from above by means of a constant
any of the functions which appear as a multiplicative coefficient of uy, vy, u;, and
{0uf/dx'}; . From this, (2.10) can be obtained easily.
We shall also need to estimate the Laplacian of the R™”-valued function v;. To this
purpose, we perform a computation which gives the following output:

(Avo)§ = Aaug
! ox!
_ 9(Aug) gkl o’uf  agh %_g ory; j oug
(2.11) ; 0x ; axi axkoxi axi Y oxk oxi oxk
= S o {207 vl ol T - ud [(80P) T 87 0] 9 Sius |}
gkl aVok 8g / ¢j 81“;‘1. P

" V —
ox' oxi  oxi Vi -8 oxi |0k

Now, we call F?=((F?)¢) the right-hand side of (2.11). Thus, F? depends on
Uo, Vo, {0v§;/0x7}; j.a» and {0uf'/9x'}; 4, and it is linear in each of them. Then,
similarly to (2.10), it is easy to deduce from (2.11) the following estimate on D:

|

oul
ox!

9
ovy;
oxJ

* 2

i,),9

(2.12) |F?| <ClZ|MO+Z|V01|+Z

for a suitably large constant C > 0.
Finally, we also define the function F' = ((F 1)“) as follows:

(Fl)a =uj — A7.

We note that F! depends on ug, vo, and u;, and it is linear in each of them. It follows
that there exists C > 0 such that

(2.13) |F1|§C[Z( o1+ [uf]) + Z|vo,].

9
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The next step is to consider uo, vo, {9v§;/0x7},j«» t1,and {Ouf /0x'}; o not as vector-
valued functions defined on U, but as a set of independent variables. More specifically,
we define

(2.14) u=(ug,vo,u1) €ER™? and F= (FI,FZ,F3) R > R,

where r; = n + nm + nm?* + n + nm and r, = n + nm + n. Thus, formally,

oo (25)

Next, if we think of u as an R”("*2) _valued function defined on U, by construction,
we have Au = F. Now, because, by assumption, ¢ is harmonic on an open subset of D,
it is clear that u vanishes on that open subset. Moreover, because we have proved the
estimates (2.10), (2.12), and (2.13) on D, we can apply Theorem 2.1. Then, the statement
follows precisely by the same globalization argument which was detailed in [7, Proof
of Theorem 1.3]. Thus, the proof of Theorem 1.1 is complete in the special case k = 3.

Remark 2.3 In the previous proof, we have worked with the partial derivatives
{09v{;/9x7}; j o This choice is the most suitable for the purposes of this paper and,
particularly, for the extensions to the case k >4, which will be illustrated below.
However, we point out that it is also possible to work with covariant derivatives

vy,
{Vjvgi}i)j)a = { ale - Tji ng}

Indeed, the difference

i,j,a

is linear in {v{;}: . We also mention that V;u{ = duf*/dx’. Consequently, the basic
estimates (2.10), (2.12), and (2.13) still hold, conceptually with the same proofs. In
particular, the choice of working with covariant derivatives was adopted in [7].

Remark 2.4 We point out that, in [7], the definition of F* = ((Fz)f‘) should have
been given as

ki gvg 4 oLy
(2.15) Fzzdw—(ag VOk—(ag If + g Zj)vgk).

ox’ Jx/ oxi ox!
Note that a different sign convention was used in [7]. Because the additional term
is linear in {v{;}i« and {0v{;/0x/}i .« or {V;v;}ij,a» the proofs in [7] can be
completed with minor changes.
Case k > 4. First, we provide a short illustration of the case k = 4, because this step
may help to understand the idea behind the introduction of a suitable set of recursively

defined new variables, a fact which is a key point.
We recall from (1.7) that, when k = 4, the 4-tension field is

14(9) = A1(9) - TrRY (A*1(9), do(-))do(-)

(2.16) . _ )
= TeRY (V) Ar(9), 7(9))do () + TrRY (A1(9), V() 7(9))d9 ().
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Now, let us assume that 74(¢) = 0. First, we set again

« O
7(¢) = ug aye’
- 0 )
At(@) = (Aug + AT) W = uy oy
where
A% = A¥ Ll9 aug
1= 0 o
is defined in (2.6). Analogously, we continue with
N 1(¢) = (Auf + AS) = uf J
?)= 1 2 9y° = U 3y’
A3 _ o o
N1(p) = (Aujy + AF) 3y’
where
ou? |
A% = A" (uf_l, a;) j=1,2,3.

Now, using (2.16), we find that, in our notation, the assumption 74(¢) =0 is
equivalent to

0 )

« _ 4\ %
(Auz) aya - (F ) aya’

where we have set:
(2.17)
(F)" = -a5 - [ - TRV (A%r(9), dg(-) )do ()

— TrRY (V(yA1(9), 7(9))do(-) + TrRY (A1(9), ?(.)T(go))d(p()] :
We use the following set of variables:

uo =(uy), vo:=dug=Vig;
wr=(uy), vi:=Vu;
uy = (uy).
We define
Up

Vo

Vi
U
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and F = F (ug, vo, Vvo, U1, V1, V1, Ua, Viip) as follows:

up — A

d (u1 —Al)
F = uz—Az

d (uz —Az)

F4

Now, Au = F + terms linear in v, and its first derivatives for the second component of
Fand + terms linear in v; and its first derivatives for the fourth component as in (2.15).
Using the same technique that we employed for the first two vector components of F
in the case k = 3, now the first two vector components of F and, analogously, the third
and fourth vector components, can be estimated to ensure the validity of (2.1). As for
F*, the explicit analysis of (2.17) yields

(F4)a =- A5 - gijufgof(p;f’ Rgp9

+ gij Vﬁ- ”g?’? 2‘,/39
(2.18) + g uful 979y Ty R
+gij v(‘f,- ”f‘P? gﬁs

+ g ugul o) 9% Ty RS 5

from which (2.1) follows easily. This ends the case k = 4. The general case can be
handled similarly. Indeed, for any fixed value k >4, we have recursively defined
functions u; = (u{) by means of

A+ o o d a d
(2.19) A™1(p) = (Auf + A%, ay" = ui+1ﬁ’

for 0<i<k-2, and also A}_, is defined. Then, we introduce the vector-valued
function

Uo
Vo
231
(2.20) u=\| v s

Vi-3
Uk—2

where v; = Vu;, 0 < i < k — 3. Note that we do not introduce vi_, in (2.20). Then, we
define

F = F (140, V0, VV0» . - > Uk—3> Vi3> VVk_3, Uk—2, VUk_2)
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as follows:
u; — Ay
d (u1 - A])
uy — A

F= d(uz—Az) s

d (ug—z — Ax—2)
Fk

with, similarly to (2.17), (F")“ =-A%_, - [...]% More precisely, here [...] is the
right-hand side of (1.7) or (1.8) without the first term. Again, by construction,

Au = F + terms linearin v;, Vv;, j=0,..., k-3,

and it is easy to see that the first 2(k — 2) vector components of F can be estimated
in such a way that (2.1) holds. Finally, direct inspection of (1.7) or (1.8) (compare with
(2.18)) shows that also F¥ can be estimated, so that (2.1) is verified. So the proof ends
by application of Theorem 2.1. ]

Proof of Theorem 1.2 Let ¢, ¢ be two k-harmonic maps which coincide on an
open subset. To simplify the notation, we shall also denote by ¢, ¢ the vector-valued
functions which represent ¢, ¢ in local charts:

p=(9%...0")5 ¢=(¢....9").

We define a vector-valued function u for the map ¢ as follows:

¢

de
Uo
Vo
(2.21) u=\| ,
V1

V-3
Uk—2

where ug, ..., ug_p and vy, ..., vk_3 are defined as in the proof of Theorem 1.1. We also
need to introduce the analogous vector-valued function associated with ¢, i.e.,

N
1l
=

(2.22)
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Note that, in contrast to the proof of Theorem 1.1, the functions (2.21) and (2.22) also
contain ¢, ¢ and their first derivatives.

The proof of Theorem 1.2 amounts to showing that we can apply Aronszajn’s
theorem, that is, Theorem 2.1, to the vector-valued function

Z2=Uu-1u,

with u, & defined in (2.21) and (2.22), respectively. As in the proof of Theorem 1.1, the
following functions are also defined:

Aj=(A%), A;=(A%) (1<i<k-2),
(F¥)* =—a2  —[...]1% (F%)"=-4A%  -[.7.]~
Next, we define G as follows:

Ale-9)

A(dp-dp)
(u—Ap) - (fll _Al)
d(u1 —Al) - d(l:ll —Al)
(2.23) G=| (u2-4;)- (1 - A)
d(l/lz —A2) - d(l:lz —Az)

d(uxp—Ax2)-d (ﬁk—z - Ak—z)
Fk - Fk

Now, by construction, we have
Az = G + terms linear in (v; - ¥;), (Vv; = V¥;), j=0,...,k=3.

Note that there are three different blocks in the definition of G. The first two rows
only contain the Laplacian applied to ¢ and its first partial derivatives, and we will
explain in more detail below how one should think of d¢ in the definition of G. After
that, we always have pairs of u; — A; and its first derivatives, with 1 < j < k — 2. In the
last row, we have the right-hand side of the polyharmonic map equations (1.7) and
(1.8), denoted by F*. Note that this is the only place in (2.23) where the Euler-Lagrange
equation for polyharmonic maps enters.

Our aim is now to apply the theorem of Aronszajn, that is, Theorem 2.1, to z. Hence,
we have to estimate Az (equivalently, G) in terms of z and its first partial derivatives.

In the following, C will always represent a positive constant whose value may
change from line to line.

To estimate the first row in (2.23), we use the following.

Lemma2.5 Let ¢, ¢ betwo maps with corresponding variables (2.21) and (2.22). Then,
the following estimate holds:

(2.24) |A(p - )| < Clg — @[+ |dp — d@| + |uo — o).
Proof Recall that

Ap® = —uf + (d(pﬁ,d<py)rgy,
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where, here and below, we have shortened the notation denoting
ij 09 M_
ox! ox/

(dg”,dg") = g
We can rewrite
A9 = %) =~ ug + a5 +(dgF,do?)T§, () - (dgF, d¢")TF, (9)
=—ug + il
+(doF —dgF,de")T7, (9) + (dF, dg” — d§?)Tf (¢)
+(dgF,dg") (15, (9) - T§,(9)).
The first three terms on the right-hand side can be estimated directly. To estimate the
difference of the Christoffel symbols, we make use of the mean-value inequality; for

more details, we refer to the discussion before Lemma 2.6 in [7]. The proof is now
complete. [ ]

In the following, we will often apply the mean-value inequality without explicitly
mentioning it.
As a second step, we estimate the second line of (2.23).

Lemma2.6 Let ¢, § be two maps with corresponding variables (2.21) and (2.22). Then,
the following estimate holds:

(2.25) |A(dg - de)| < C(lg - ¢| +|dp — dg| + |Vde - Vd§| + v - To|).
Proof Recall that we use dg, d@ in (2.23) to represent the partial derivatives of ¢ and
¢. Hence, when we apply the Laplacian to the second line in (2.23), we will get some
correction terms as already computed in (2.11); see also Remark 2.3.

Now, let us consider our two maps ¢, ¢: by combining (2.11) and using that A¢p* =
~ul + (deP, de?)Tg,, we find

ApF = §F) == v + 75 + 2AVidoP do?)TG, (9) - 2(Vid¢F, dg7)TF, (§)

o, (9)

ays

1

T K 9" ke oy p

: - - ==/, + K (0f - %),

T oxi \oxf T oxt axi K TE Gy ((PJ ¢i )
where, in the last line, for clarity, we have also added the linear terms. In order to
estimate the second term on the right-hand side, we rewrite

(VidgF,do?)T5, (9) - (V.idgF, d§")T5 (§)
=(Vidof ~v:d@F,de? )T, (9) + (VidF, dg” - dg" )T, (9)
+(Vidg”, dg") (T, (9) - T, ().
Then, it is easy to estimate
(VidoF, dg" )T, () = (Vid@F, dg )T}, ()]
<C(lg -9l +|dg - dg| +|vde - Vdg|).

ar
+ <d¢ﬁ,d<py)87ya¢? - (d¢F,d¢")
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Again, we rewrite

o

o, (9) I Y A ()
(d¢ﬁ>d¢y>#¢f—<d¢ﬁ,d¢y) ga 7

or'g, () g, (9)

—(doP — deP DAL SR, &P —dé
=(d¢” —d¢”,dg") 3y ¢; +{dg",do" —d¢”) 85 i
o5, (9) 95, (9) (<P)
dgf,dg" +(d¢F,d ’” 5).
claghag (00 - S8 gt tagh a2 P ot - )
We deduce the estimate
(<p) ol (qb)~ ) )
I<d¢’;,d¢y> SY - (dgF,dg") 60 < Cllg - ¢l + dg - dg).
The claim now follows by combining the equations. [ ]

In the following two lemmata, we will estimate the pairs uj,; — Aj;; and their
derivatives which are in the middle block of (2.23).

Lemma 2.7 Let ¢, § be two maps with corresponding variables (2.21) and (2.22).
Assume that 0 < j < k — 3. Then, the following estimate holds:

(2.26)
|(ujor = Ajsr) = (js1 = Ajua)|
<Clp - ¢l +|de —do| +|uo — do| +|uj = dj| + |ujrr = @ja| + |v; = 7).

Proof From (2.6), using Ap® = —ug + (dg” »d¢?)Tg, and recalling

AO(

ou?
a 9 J
A =4 (uj’ axi)’

Ay == 2duj, dgP)TF, — ufugly, + ui(d’, dg°)C5,,,

we can write

where
Cgav = rggr:v - gav’
with S defined in (2.4). Hence, for two maps ¢, ¢, we get
A%, - A%, == 2(du), deP)TE, (9) +2(dii}, d§P )T, ()
wyufTs, () + i T5, (¢)
+u(de®,de°)C§,,(9) — it} (d§°, d§°)C§,, ().
Now, we rewrite
— (du}, doP)T§, (9) + (dit}, dgF)T5, ()
~(du} - da}, doP)T3, (¢) — (di],d¢F — dgF)T}, (¢)
~(dii}, dgF)(TF, (9) - T§,(9))-
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This gives the estimate

(du, dgP)T5,(¢) ~(dit}, dgP)T5,(§)] < Clg — 6| +|dp — d| + |du; ~ dity]).

Again, we rewrite

wubTE, (p) + i} uﬁrﬁv«p)——(u ~ @} )ub T8, (¢) — i} (uh — )T, (9)
7HT (rﬁv((/)) - rﬁv(¢))

and estimate

juuh T, (9) = @i T8, (§)] < Cllgp = G| + o — dio| + |u; = its).
Finally, we rewrite
”;(dgos’d()og)cgav(gp) - a;<d¢9’d¢g>cgav(¢)
=(u} - })(de®, de°)C,, () + i} (de’ - d¢®,de°)C§,,(¢)
+ ﬂ;}(d(pS’ d¢a - d¢G>CgUV((P) + a}’<d¢9’ d¢g>(cgav(¢) - Cgav(gb))'

Hence, we find the estimate

[ui(d” dp®)Cp, (9)~i1{d", dG7)C5,, (§)] < Cllp — §l+1dg — dg| +|u; — itj]).
This completes the proof. u
Lemma 2.8 Let ¢, be two maps with corresponding variables (2.21) and (2.22).
Assume that 0 < j < k — 3. Then, the following estimate holds:
(2.27)
jdujr = Ajn) = d(ijur - Aj)|
<C(lg - ¢l +|dg — dg| +[Vdg - Vdg| + [uo — dio| + |vo — o + |u; - ]
+ v = 75|+ |Vvj = V5| + [ujir — ).
Proof By a direct calculation, we find

o
arﬁy a

ViAS,, = 2(V,-v]7,d(pﬁ)1"gy - 2(1/}', V,-d(pﬁ)l"gy - (v defy—Lr P

o

oT'
By &
- Vit ”OFﬁy_”Jy'v' ﬁrﬁy_”;ug 9y8 ¥

+ Vi) (de®,de®)C§,, + u}(Vide®,de°)C§,, + u}(de®, vide®)C§,,

C9av

+ul(de®,d?) =22~ 30 7.

Again, we have to be careful when applying the Laplacian to v; = Vuj, as the Laplacian
does not commute with partial derivatives, and we get several extra terms as demon-
strated in (2.11). However, all these terms on the right-hand side can be easily estimated
in terms of v,, Vv,.

The statement of the lemma can now be derived as in the previous lemmata.  m
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Finally, we estimate the contribution in (2.23) originating from the polyharmonic
map equation. We only consider the case of polyharmonic maps of even order with
k = 2s > 4, as the odd case follows by exactly the same arguments.

Lemma 2.9 Let 9: M — N be a polyharmonic map of even order k = 2s > 4 with
corresponding variables (2.21). Then,

(2.28) (FZS)OC = Ags 1- M(ZSS 2<d(py’ d‘PB)nga
+ Z( g 5+g 2’d§0ﬁ>ng5+”f+e—z”f—e—1<d‘/’”>dq’p)Egseq

+ ”f+e—2<"s,z,p d‘Pﬁ)ng5)>
where Egso, = ﬁysrgnmgwrgﬂ
Proof This follows directly from the Euler-Lagrange equation (1.7) using
(RY (e, A2 2(9), A 2(9))dp(er))” =uly1(v),p 0 d9F )RG5
+ ”?+z-2“f—£—1<d‘Pn> d(Pﬁ>ng5rgq
]

Lemma 2.10 Suppose ¢, ¢ are two polyharmonic maps with corresponding variables
(2.21) and (2.22). Then, the following estimate holds:

|(F*)% = (F*)|
k-2 k-3
229) <cC (|g0 - gb‘ + |d(p - d¢| + Z |uz - L~l4| + Z |Vg - 174| + |Vuk_2 - Vﬂk_2|) .
£=0 =0

Proof Suppose we have two polyharmonic maps ¢, ¢ of order k = 2s. Then, from
(2.28), we get

(FZS)oc _ (FZS)(X
= _Agsfl + Ags—l

~ uy_o(dg”,dgP)RG,s(9) + ﬁi_z(dw)d@ﬂ)%a(@)

—Z( g (vl y 0 d9P )RG5 (9) =101 (7], 0 dGF)RE,5(9))
_Z( Usio- Zus £-1 dqﬂ ng )Eﬁ&‘)q((/)) s+£ 2us 0— 1<d§0’7 d(p >Eﬁ89n(¢))

_Z( Usio—2 57471,d >Rﬁy6(¢) 5+Z 2( s—f— 1’d¢ﬁ>Rzy5(¢))

In order to estimate the first term on the right-hand side, we use (2.26). It is
straightforward to estimate

u9,_o(dg”, doP)RE 5(9) — i3, ,(d§”,d@F)RG 5(§)|
<C(lp = ¢l +|dp = dg| + |uzs—2 — dias-2]),
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which controls the second term on the right-hand side. Concerning the first term
inside the sum, we rewrite

fz 1! Vore- 2’d§" )Rﬁys(‘P) Us_ z {7 Vere— 2’d§0 )Rﬁya(‘P)
= (g =80V 9P )RG5 () + 8oy (V], oy = P d9P )RG5 (9)
iy (7 e — AP)RE 5(9) + iy (7,, o dgP) (RS, 5(9) — REo($)).
Hence, we deduce the estimate
g1 (Vo d‘Pﬁ)nga(SD) — i)y (7 g d¢ﬁ)ng5(¢)|
<C(lp =@l +dp —d| +[us—p-1 = Bs—p1| + V52 = Psre-2])-
Regarding the second term in the sum, we get
f+e Zus e-1{do", d‘P )Eﬁasq(‘/’) s+é 2“5 ¢-1(d9", d?’ )Eﬁasq(q))
= (”s+1€—2 - s+€—2)us—f—l<d¢’1’d¢ )Eﬁaen(?’)
il (Ul gy — 10y 1)(de", doP)Efiss, (9)
+”s+é 2us e{de" —dgT, d‘P )Eﬁasq(fp)
+ i1l i1y (d§T, dgf - d§F VEgs9,(9)
+ 010,10y (d§, d§P Y(Efs9,(9) = Efs9,(9))

and obtain the estimate
|”s+z 2“5 r-1{de” d‘P )EﬁSSn(¢) s+e 2”5 e-1(do", dﬁ" >Eﬂ89;1((/))|
< C|tsre-n — figroma| + |ths—emr — ds—p1| + |dp — G| + | — §]).
The last term in the sum may be rewritten as
f+1z 2! s—0— 1’d¢ )R,Bys(‘P) s+e 27! s—0— 1)d‘P )Rﬁya(‘P)
= (”5+e—2 - ”s+z—2)(vs_e_1>d§0 >pra(‘P) + “f+e—2("z_e_1 - &Z—e—p dﬁoﬁ)ngs(‘P)
w110 o (7, doP —d@PIRG 5 () + iy o (7, 1, dGF ) (R 5(9) — R, (),
which leads us to the estimate
|“s+e 2(v] Vet 1>d§0 )Rp s(9) - s+1z 2(7] s—0— 1)d§0 )Rﬁys(‘l’)|
< C|usit— — fhsio—a| + [Vsopo1 = Fsmga| + [do — dG| + | — ).

The claim now follows by also using (2.26), where now we have to write |Vu_, —
Vilys—z| instead of |vys_p — ¥25-»|, because these last functions do not appear in the
definition of z. [ |

Combining the inequalities (2.24)-(2.27) and (2.29), we arrive at
(230) [Az] < C(lp — | +|dg - d@| +|Vde - vdg|

k-2 k-3
+ Z |ue - 1:{4| + Z(|Vg — 174‘ + |VV[ - Vf/d) + |Vuk—2 - Vfik_2|).
£=0 =0
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Due to the estimate (2.30), the assumptions of Theorem 2.1 are satisfied, and we can
conclude that z = 0, which, in particular, implies that ¢ = . To complete the proof,
we make use of the same globalization argument which was employed in [7, Proof of
Theorem 1.3]. [ ]

Proof of Theorem 1.3 The proof is again based on Aronszajn’s Theorem 2.1 and the
explicit expressions of the Christoffel symbols on S”.

Let S" be the Euclidean unit sphere and denote by N and & the north and south
poles, respectively. It is well known that

S"™\{N, 8} = (S"" x (0,7),sin*s - ggu1 + ds”).

Let (y*) be local coordinates on S"'a=1,...,n-1. Then, y=
(y'....y" y" = 5) = (§,5) are local coordinates on S"\{N, 8}.
In this geometric setup, the Christoffel symbols on S” are given by

I,.(y) :f,fc()’/), a,b,c=1,...,n-1,

. s 1 . e
Tpe(y) = - sinscoss g (§) = —5 sin(2s) &ue(7),

(2.31) B " "
rnn(y) :rnn(y) = rhn(y) =0,
COS S
ra — 6(1’
on () sins b

«~»

where we use a “” to indicate objects on S™~!. With respect to the local coordinates
y = (j,s) on S", the equator S"* is given by the equation s = 7/2.
In the special case when the target manifold is N = S, we know that

(2.32) R(X,Y)Z=—(X,Z)Y +(Y,Z)X, VX,Y,ZeC(TS").

Next, using (2.32), we express R§g with respect to our local coordinates (#,s). For
our purposes, we only need to compute explicitly Rgg,. Using (1.10) and (2.32), we
find that the only nonzero terms of this type are

0o d\ 0 O 2. =
2.33 —R" =R" =(R|=—)—|—, =) =—(si (7).
( ) anb abn < (ayb as) aya as> (Slns) gb (y)

Now, let (U, x") be a local chart on M and denote the domain of the above local
coordinates on S"\{N, 8§} by V. In addition, we assume that ¢(U) c V.

For simplicity, we again denote the expression of ¢ in local coordinates also
by ¢, i.e.,

9=(¢h. 9",
Assume that W is an open subset of U and ¢(W) c S" %, ie,, o(W) cS* 1 n V.

Hence, in W, wehave ¢" = 7. Now, define f: U — R, f := ¢" — 7. Clearly, the function

f vanishes when restricted to W.
Let D be an open subset of U such that its closure in M is compact and included in
Uand WcDcU.
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We define a vector-valued function y for the nth component of the map ¢ as follows:

(2.34) y=| uf ,

where ug,...,u;_, and vg,...,v}_; are the n-components of the variables
Ugs ..., Uk— and vy, ..., vg_3 defined as in the proof of Theorem 1.1. In addition, we
define

Af

A(df)

up — Ay
d(uf’ - A7)
(2.35) F=| uj-A}
d(uj - A3)

d(uy_, - A%,)
(F*)"

Again, by construction,
Ay =F + termslinearin v}, Vv, j=0,...,k-3.
In the following, we will give the proof of Theorem 1.3. We will only consider the

case of a polyharmonic map of even order, as the odd case can be treated by exactly
the same methods.

Lemma 2.11 Let ¢: M — S" be a map with corresponding variables (2.34). Assume
that 0 < j < k — 3. Then, the following estimates hold on D:

[AfI <C(If] + lug)),
(2.36) |A(df) <C(f]+|df] +[Vdf]+vgl),
[ ATl <C(If]+df1).
Proof Recall that
Af = Ag" = —ug +(d¢F,de")T},.

Using the explicit form of the Christoffel symbols (2.31), we obtain the following

expansion:
(doFf,do")T7, = (do", do") T, +{dg’, de)Ty, +(de®,do") T,
gy =
=0 =0

= (dg”, dg)Ty..
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As we have

" L. = L. .
Tl = |- sin(29") e | - |5 sin(2)oe
<clfl

we obtain

(dgF,de")T5,| < CIfl,

establishing the first estimate.
Now, remember that

(2.37) A"y == 2(dul, doP)T}, - ulubTr, + ul(de®, de°)Ch,,,
where
ary,
Cigy =Th,Th, — Sy Ty, T2,

Using again the explicit form of the Christoffel symbols (2.31), we find the estimates
(duf, dg")T},| < CIf],
juugTs,| < CIfl
As for the terms proportional to Cg_,, we note that

uj(de®,d”)T4 T7, = us(de®, de)Tg,I7..

This allows us to derive the estimate

luj(dg®,dg?)T§, Ty, | < Clfl.

aly,
2y°

In order to estimate u]”(d 9%, de?) 52 we make use of the same strategy as before

taking into account that
orry,
9y°

agab
ayc’

1
= —E sm(Zf)
which follows from (2.31).
Because the last two terms are proportional to Cg_,, they can then be estimated as
v 9 4 argv
uj(de®. do >W| < C(|f1+1df1),
luj(dg®, dp”)T}, T, | < Clfl.

This proves the third estimate of the lemma. The estimate on A(df) can be achieved
by exactly the same methods. [ ]

Lemma 2.12 Let ¢: M — S" be a map with corresponding variables (2.34). Assume
that 0 < j < k — 3. Then, the following estimate holds:

(2.38) |[dAT | < C(If +|df| +[Vdf]).
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Proof By a direct calculation, we find

arﬁy a

ViAl, = - 2V, def )T, - 2(v), Videf TG, - 2(v], df )ay

or?
ey vty - S

+ viu;<d¢9’d¢a>cgav + u;’(vld()o > d(p )CSnv + u}/(d(Pe’ Vid‘/’J)Cgav

Cy
v 9 9
+ui{de”,de’) 3 —90r gl
All the terms in this expression can be estimated by expanding the Christoffel symbols
and using the same strategy as in the proof of Lemma 2.11 except the last term which
requires a more careful inspection.
Again, a direct calculation yields

n “ n n Y n
aCSov _ arSa n u ar!“/ aZFSV arSv no_ F)' ar”)’

E)y ayS pv T oy 8)/5 _ayoa),s ays oy v 8)/6

We realize that all terms in u! (dgo ,dg° ) > ;’g”(pl can be estimated by the same
reasoning used before; only the contribution that is proportional to the second
derivative of the Christoffel symbols needs to be treated in more detail. Hence, let
us have a closer look at

0Ty, T, o',

ayf’ay5 })<d(/’9’d¢o>¢?:aycaydu1<d¢a’d‘/’c>¢?+a a 7 ](dq) ng )
82 n aZI‘n .
* ayca“bn uj{do®,do%)g} + 5,73y uj{dg”,do" ).

Using (2.31), we obtain
a2r;b
aycayd —5 sin( f) cayd’

and we can conclude that all terms can be estimated in such a way that the statement
of the lemma holds true. |

Lemma 2.13 Let ¢: M — S™ be a polyharmonic map of even order k = 2s with corre-
sponding variables (2.34). Then, the following estimate holds:

252 253
@39)  |(F*)< c(|f|+|df|+ DS |vz|+|w;:_z|)-
=0 =0
Proof Recall that
(FZS)n == Ags—l - ugs— <d§0y’ d‘Pﬂ)REyB

- Z( Us_p1 s+e_z’d¢ﬁ>ng5 + ”ié—zu?—eq(d‘P"’dq’ﬁ)Equ

+ ”f+e—2("sy—e—1> d(/’ﬁ)ngﬁ)’
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where
n ._pn y n Y
Efison =RpysTh, + RiyoTh,.
First, we use the third inequality in (2.36) to estimate A% _,. It remains to estimate
the terms involving the curvature tensor. Inserting the nonzero components of the
curvature tensor given in (2.33), we find

u(Zss—Z (d(Py’ d?’ﬁ )ngé = ugs—2<d(hon’ d(pl; )Rgn(? + ugs—Z (d(Py’ dq)ﬁ )Rzyn .
Hence, we may estimate
[13s2(dg”, dgP)Ris, 5| < C(Idf| + [us3, ).
By the same reasoning, we find
f—E—I(VZ+€_2’d¢ﬁ>ng8‘ < C(|”sn—e—1| + ‘Vsn+1z—2|)>
|u
o2 (Vg1 9P )Ryl < C(|utl ol + i al)-

Regarding the term that is proportional to Ef, , we expand

”iz-z“f—e—l(d‘f’n» dQ"ﬂ)Egssn = ”f+z—2”f—e—1<d¢c’ dS"ﬁ)REnarz:lc
+ ”f+e—2“?—£—1<d‘l’”’ d(Pﬁ)Rﬁyann
+ ”f+e—2”f—5—1<d¢c’ d¢‘;)REnsF£’c
+ulsg U (do", doP)RE,TY |

where we used both (2.31) and (2.33). Hence, we can infer the estimate

ot o1 (d@" APV Eso, | < C(If| + |ulepos] + [ulg])-
The claim now follows by combining all the single estimates. [
Now, we show that the vector variable y defined in (2.34) satisfies
(2.40) y=0 on W.

To prove this claim, we observe that f = ¢”" — /2, and consequently df, vanish on
W, because ¢ maps W into the equator. Next, using Af =0 on W and the explicit
expression (2.31) of the Christoffel symbols, we deduce that uj = 0. The functions A",
j=1,...,k -2, also vanish identically on W. This follows easily from the definition
(2.37), using again the explicit expression (2.31) of the Christoffel symbols together
with d¢” = 0. Finally, from these facts, it is easy to deduce that all the components of
y vanish on W, and so the claim (2.40) holds.
Next, using the inequalities (2.36), (2.38), and (2.39), we find

k-2 k-3
@4 Ay < C(If1+ldf|+[Vdfl+ 3 lugl+ 3 (vil +9viD) + [Vup_y).
£=0 £=0

Now, because of (2.40) and the estimate (2.41), the assumptions of Theorem 2.1 are
satisfied, and we can conclude that y = 0 on D, which, in particular, implies that ¢” =
Z,i.e., ¢ maps the whole of D into S"~'. We finish the proof of Theorem 1.3 by setting
A:={peM:¢(p)eS"'} and using the same globalization argument as above. ®
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3 Unique continuation theorems for ES-4-harmonic maps

In this section, we study unique continuation properties for critical points of the ES-
k-energy (1.9). We shall prove two unique continuation results for k = 4, which is
the only case for which we know the explicit form of the Euler-Lagrange equations
(see [6]).

The energy functional for ES-4-harmonic maps (corresponding to (1.9) with k = 4)
is given by

G EE(g)=3 [l d)iel av

-1 [ laeto)Pave s [ RV (dg(e). do(e)r(p) dV.

Note that here and in the sequel, we shall omit to write the symbol > when it is
clear from the context.

The first variation of (3.1) was calculated in [6, Section 3] and is characterized by
the vanishing of the ES-4-tension field 7£5(¢) given by the following expression:

(32) 74" (9) = 7a(9) + 1a(9).
Here, 74(¢) denotes the 4-tension field

14(9) = A’1(¢) + TIRY (do(-), A*1(9))do(-)
- TrRN(V(yA1(9), 7(9))do(-) - TrRN (V (y (), A1(9))do (),

and the term 74(¢) is defined by
. 1 * <
(3.3) T4(9) = —5(251 +2d7 Q1 + AQ + TrRN(dq)(-), Qo)dgo(-)),

where we have used the following abbreviations:

Qo = R (dg(ei), do(e;))(RY (dg(e:), dp(e;))(p)),
(34)  u(X) = RY(RY(dg(X),dp(e;))7(9), 7(9))dp(e)),
& =—(VVRY)(dg(e;), R (dg(e:), dg(e;)) 7(9), (), dg(e:))-
We will prove the following versions of Theorems 1.1 and 1.2 for ES-4-harmonic

maps.

Theorem 3.1 Let ¢: M — N be an ES-4-harmonic map. If ¢ is harmonic on an open
subset U of M, then ¢ is harmonic everywhere.

Theorem 3.2 Let ¢, 9: M — N be two ES-4-harmonic maps. If they agree on an open
subset U of M, then they are identical.

In order to prove the unique continuation Theorems 3.1 and 3.2, we have to
further differentiate the second and third terms on the right-hand side of (3.3), as
we need to write down their expressions in local coordinates. We will then express
all contributions in terms of the variables {ug, vy = Vo, t1, V1 = Vuy, up } which we
previously employed in the analysis of 4-harmonic maps.
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The last term of (3.3) can easily be written in local coordinates, as we do not need
to further differentiate it:

(TrRN (dg(+), 20)dg ()" =R 5RS,. Ry, (doF, dp? ) (de", dp* W de, do")u)

This shows that the last term of (3.3) can be rewritten in terms of the desired variables.
Because all the terms in (3.3) have a tensorial meaning, we can assume that {e; }; is a
geodesic frame field around an arbitrary point p of M. Thus, at p, a computation shows
that the second term of (3.3) is

~d* 0y = (VYRY)(do(e;), RV (dg(ei),do(e;))1(9), 7(9), do(e;))
-,
RN ((VagenRY) (do(ei),do(e;), (), (9))do(e;)
+RN(RN(T(90) do(e;))t(9), 7(9))do(e))
+ RY (RN (dg(e:), Vdg(ei, e;))T(9), T(9) )dg(e))
+RY(RY(dg(e;),do(e;))Ve,7(9), 7(9))do(e))
+RN(RN(dg(ei),dp(e;))T(9), Ve, 7(9))do(e)).

Hence, again, this output has a tensorial meaning, and so it holds on M. In terms
of local coordinates, we have

267+ 2(d" )" = -2 R§y5R) 5, by (dg®, dg")(dgF, do°)

+ Rﬁy(sR#vSuO u()u() (ngﬁ ng )

+ R s R ubud ol ol ¢ ¢/ (Vio?)
+Rﬁy5Rﬂv9<d§0 (VT(9) N de®, def Jud
+ R RY o (dg”, (T1(9))° ) do®, dgP)uf |,

and so we deduce that the first two terms of the right-hand side of (3.3) can be rewritten
in terms of the desired variables. Here, we use a “;” to denote the covariant derivative
of the curvature tensor.

Unfortunately, the third term on the right-hand side of (3.3) causes more technical
difficulties. First, we state the following lemma whose proof is standard and thus
omitted.

Lemma 3.3 Let 9: M — N, T ¢ C(T}(N)), and 01,0, 03,04 € C(p ' TN). Define
(Ve, T)(02,03,04) € C(p7'TN) by

(Vo T)(02,03,04)) (p) = (Var(p) T) (02(p), 03(p) 04(p)),  Vp e M.
Then, for X € C(TM), we have

Vx ((Ve, T)(02,03,04)) = (vam T) (02, 03,04) + (VZT) (do(X), 01,02, 03,04)
+ (Ve T)(Vx02,03,04) + (Vo T) (02, Vx03,04) + (V5 T) (02, 03, Vx04).
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Now, we assume that for a given arbitrary point p € M, {e;} is a geodesic frame
field around p, and we perform the calculations at the point p. We have

Ao == Vo, [ (Vag(en R ) (dg(ei), do(e)), RV (do(er), dg(e;))(9))
+2RN (T, dg(er), dg(e)))(RY (do(er), dg(e;)7(9))
(3.5) + RN (dg(e:),dp(e;))((Vage R ) (do(er), do(e;), 7(9)))
+2RN (dg(er), dg(e;)) (RN (Vo do(er), dg(e))7(9))
+ RN (dg(er), dg(e;)) (RN (dg(es), dg(e;)) Ve, 7(9)) ]

In order to express the terms in (3.5) with respect to suitable variables, we begin
writing down the first addend. Using Lemma 3.3, we have

Veu[(Vag(en R ) (do(ei), dg(e;), R (dg(ei), dg(e;))7(9))]
= (Ve RY)(dg(er). dg(e)), R (dg(er), do(e)))(9))

+ (VIRY)(do(ex), dp(ex), dp(ei), dp(e;), RN (dg(er), do(e;)) 1(9))
(3.6)  +2(Vag(enR")(Vedg(ei), do(e;), RY (dg(ei), dg(e;))T(9))

+ (Vag(enRY)(dg(er), dg(e) (Vag(en RY) (de(er). do(e;). (9)))

+2(Vag(en)RY)(dg(ei), do(e;), RY (Ve dg(ei), do(e;)) 7(9))

+ (Vg RY)(do(ei), dp(e;), RY (dg(ei) dp(e;)) Ve, (9))-
Because, at p, V., d¢(e;) = Vdg(ey, e; ), we can conclude that all terms in (3.6) have
a tensorial character. As a consequence, we can replace the geodesic frame field {ei}
by the local coordinates’ frame field {9/0x'}, and, because all terms are linear in 7(¢)

or V(3/ax1)T(¢), they can be estimated by u§ and duf /ox’. To obtain the correct
estimates of the other addends in (3.5), it is enough to show that the terms

(i) vekvekd‘/)(ei)’ (ii) vekvek‘r(()”)

have a tensorial character. For (i), applying the Weitzenbdck formula (see, for example,
[9] or [32, Proposition 1.34]), we obtain

Ve, Ve do(ei) = RN (do(ex), do(e;))do(ex) + dp(Ric™ (e;)) + Ve, 7(9),

which shows that V., V., d¢(e;) has indeed a tensorial character, whereas, for (ii), we
have

vekvek‘r(q)) = —AT(QD)

At the end, all addends in (3.5) have a tensorial character, and replacing the geodesic
frame field {e;} by the local coordinates’ frame field {9/dx'}, they can be estimated
by ug, dul/ox’, and u¥.

At this point, we have realized that all terms on the right-hand side of (3.3) can be
expressed in terms of the required variables.
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Proof of Theorems 3.1and 3.2 In order to prove Theorem 3.1, we define the vector-
valued function

and by the same analysis as in the proof of Theorem 1.1, we show using Aronszajn’s
theorem that u = 0.
In order to prove Theorem 3.2, we define the vector-valued function

¢

dg

Uo

u=1 vo >
Uy

V1

Us

and @ will be defined accordingly. Employing the same strategy as in the proof of
Theorem 1.2, now it is easy to complete the proof of Theorem 3.2. [ ]
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