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Abstract

In this paper the theory of species sampling sequences is linked to the theory of
conditionally identically distributed sequences in order to enlarge the set of species
sampling sequences which are mathematically tractable. The conditional identity in
distribution (see Berti, Pratelli and Rigo (2004)) is a new type of dependence for random
variables, which generalizes the well-known notion of exchangeability. In this paper a
class of random sequences, called generalized species sampling sequences, is defined and
a condition to have conditional identity in distribution is given. Moreover, two types of
generalized species sampling sequence that are conditionally identically distributed are
introduced and studied: the generalized Poisson—Dirichlet sequence and the generalized
Ottawa sequence. Some examples are discussed.
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1. Introduction

A sequence (X,),>1 of random variables defined on a probability space (€2, +4, P) taking
values in a Polish space, is a species sampling sequence if (a version of) the conditional

distribution of X4+ given X (n) := (X1, ..., X,,) is the transition kernel
n
K1 (@) =Y puk(@)8x,0) () + Fa(@) (), (1.1)
k=1

where p, x(-) and 7,(-) are real-valued measurable functions of X (n) and p is a probability
measure. See Pitman (1996).

As explained in Hansen and Pitman (2000), a species sampling sequence (X,),>1 can be
interpreted as the sequential random sampling of individuals’ species from a possibly infinite
population of individuals belonging to several species. If, for the sake of simplicity, we assume
that u is diffuse (i.e. without atoms), then the interpretation is as follows. We assign arandom tag
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X1, distributed according to pu, to the species of the first individual. Given the tags X1, ..., X,
of the first n individuals observed, the species of the (rn + 1)th individual is a new species with
probability 7, and it is equal to the observed species X with probability Z?:l Pn.j Lix,;=x,)-

The concept of a species sampling sequence is naturally related to that of random partition
induced by a sequence of observations (see Pitman (2006, p. 40)). Given a random vector
X(n) = (Xy1,..., X,), we denote by L, the (random) number of distinct values of X (n) and
by X*(n) = (XT,..., X} ) the random vector of the distinct values of X (n) in the order in
which they appear. The random partition induced by X (n) is the random partition of the set
{1, ..., n} given by T = [rr ) .,712 ], where

i € n,f") = X,=X;.

Two distinct indices i and j clearly belong to the same block n,ﬁ") for a suitable k if and only
if X; = X;. It follows that the prediction rule (1.1) can be rewritten as

Ly(w)
Kns1@,) = D P 1 (@)8x30) () + Fn (@) (),
k=1
where
ﬁz,k = Z Pn.j-

(n)
e,

In Hansen and Pitman (2000) it was proved that, if u is diffuse and (X,),>1 is an
exchangeable sequence, the coefficients p*  are almost surely equal to some function of Al
and they must satisfy a suitable recurrence relation. Although there are only a few explicit
prediction rules which give rise to exchangeable sequences, this kind of prediction rule is
appealing for many reasons. Indeed, exchangeability is a very natural assumption in many
statistical problems, in particular from the Bayesian viewpoint, as well as for many stochastic
models. Moreover, remarkable results are known for exchangeable sequences. For instance,
such sequences satisfy a strong law of large numbers and they can be completely characterized
by the well-known de Finetti representation theorem. See, e.g. Aldous (1985, Sections 3
and 7). Furthermore, for an exchangeable sequence, the empirical mean ) ;_; f(Xx)/n and
the predictive mean, i.e. E[ f (X,,+1) | X1, ..., X, ], converge to the same limit as the number
of observations goes to co. This fact can be invoked to justify the use of the empirical mean
in the place of the predictive mean, which is usually harder to compute. Nevertheless, in some
situations the assumption of exchangeability can be too restrictive. For instance, instead of a
classical Pdlya urn scheme, it may be useful to deal with the so-called randomly reinforced urn
scheme. See, for example, Aletti et al. (2009), Bai and Hu (2005), Berti et al. (2004), Berti
et al. (2009), Crimaldi (2009), Crimaldi and Leisen (2008), May and Flournoy (2009), Janson
(2006), May et al. (2005), Pemantle (2007), and the references therein. Such processes fail to
be exchangeable. Our purpose is to introduce and study a class of generalized species sampling
sequences, which are generally not exchangeable but which still have interesting mathematical
properties.

We thus need to recall the notion of conditional identity in distribution, introduced and studied
in Berti et al. (2004). Such a form of dependence generalizes the notion of exchangeability,
preserving some of its nice predictive properties. We say that a sequence (X,),>1, defined
on (2, 4, P) and taking values in a measurable space (E, &), is conditionally identically
distributed with respect to a filtration § = ($n)n>0 (in the sequel, -CID for short), whenever
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(Xn)n>1 1s §-adapted and, for each n > 0, j > 1, and every bounded measurable real-valued
function f on E,

E[f (Xn+j) | $n] = ELf (Xns1) | Gnl.

This means that, for each n > 0, all the random variables X, ;, with j > 1, are identically
distributed conditionally on §,,. It is clear that every exchangeable sequence is a CID sequence
with respect to its natural filtration, but a CID sequence is not necessarily exchangeable.
Moreover, it is possible to show that a §-adapted sequence (X,),>1 is $-CID if and only
if, for each bounded measurable real-valued function f on E,

Vi = ELf (Xut1) | Gl

is a §-martingale; see Berti et al. (2004). Hence, the sequence (an )n>0 converges almost
surely to a random variable V. One of the most important features of CID sequences is the
fact that this random variable V is also the almost-sure limit of the empirical means. More
precisely, CID sequences satisfy the following strong law of large numbers: for each bounded
measurable real-valued function f on E, the sequence (M, ,{ )n>1, defined by

F_ g
My =~ ;ﬂxk),

converges almost surely to V. It also follows that the predictive mean E[ f(X,41) | X1, ...,
X,,] converges almost surely to V¢. In other words, CID sequences share with exchangeable
sequences the remarkable fact that the predictive mean and the empirical mean merge when
the number of observations diverges. Unfortunately, while, for an exchangeable sequence,
we have Vy = E[f(X1) | T] = ff(x)m(a), dx), where 7 is the tail o-field and m is the
directing random measure of the sequence, it is difficult to characterize explicitly the limit
random variable V for a CID sequence. Indeed, no representation theorems are available for
CID sequences.

This paper is organized as follows. In Section 2 we state our definition of a generalized
species sampling sequence and we give a condition under which a generalized species sampling
sequence is CID with respect to a suitable filtration §. After recalling the notion of stable
convergence in Section 3, we introduce and analyze two types of generalized species sampling
sequences which are CID: the generalized Poisson—Dirichlet sequence (see Section 4) and the
generalized Ottawa sequence (see Section 5). We study the asymptotic behavior of the length
L, of the random partition induced at time n, i.e. the random number of distinct values until
time n, we give some central limit theorems in the sense of stable convergence, and we discuss
some examples. The paper closes with a section devoted to proofs.

2. Generalized species sampling sequences

The Blackwell-MacQueen urn scheme provides the most famous example of exchangeable
prediction rule, that is,

n

PIXnp1 € | Xivoo Xa] = )
i=l

0
Sx. () + —— (o),
0+n x; () 9+n'u()

where 6 is a strictly positive parameter and p is a probability measure; see, e.g. Blackwell
and MacQueen (1973) and Pitman (1996). This prediction rule determines an exchangeable
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sequence (X, ),>1 whose directing random measure is a Dirichlet process with parameter 6 1. (+);
see Ferguson (1973). According to this prediction rule, if  is diffuse, a new species is observed
with probability 6 { (6 +n) and an old species X ;‘ is observed with probability proportional to the
cardinality of n](." , a sort of preferential attachment principle. In terms of random partitions,
this rule corresponds to the so-called Chinese restaurant process; see Pitman (2006, Chapter 3)
and the references therein.

A randomly reinforced prediction rule of the same kind could work as follows:

n

P[Xpp1 €| Xy, Xp, Yio oo Yal = ) O+
n+ . R e ) seres dpnl — T~ v AN

0

ES ST u(-),

2.1
where p is a probability measure and (Y,),>1 is a sequence of independent positive random
variables. If u is diffuse then we have the following interpretation: each individual has arandom
positive weight Y; and, given the first n tags X (n) = (X1, ..., X,) together with the weights
Y(n) = (Y1, ..., Y,),itis supposed that the species of the next individual is a new species with
probability 6 /(6 + Z?: 1 Y;) and one of the species observed so far, say X}, with probability
Zien(") Yi/(6 + Z;f:l Y;). Again a preferential attachment principle. Note that, in this case,
instead of describing the law of (X,),>1 with the sequence of the conditional distributions
of X, 41 given X (n), we have a latent process (Y¥,),>1 and we characterize (X,),> with the
sequence of the conditional distributions of X,,+1 given (X (n), Y (n)).

Now that we have given an idea, let us formalize what we mean by a generalized species
sampling sequence. Let (2, 4, P) be a probability space, and let £ and S be two Polish spaces,
endowed with their Borel o-fields & and 4, respectively. In the sequel, £ % = (}'nz In>0 Will
stand for the natural filtration associated with any sequence of random variables (Z,),>1 on
(2, 4, P) and we set 5’0% =V,>0 }’nz . Finally, $#, will denote the set of all partitions of
{1,...,n}.

We shall say that a sequence (X,),>1 of random variables on (€2, 4, P), with values in E,
is a generalized species sampling sequence if:

(h1) X1 has distribution p;

(hy) there exists a sequence (Y;),>1 of random variables with values in (S, 4) such that, for
each n > 1, a version of the conditional distribution of X, given

Fn=F v FS
is
Knp1(@,2) =Y pri@™ (@), Y (0)(@)8x,0) () + ra (™ (@), ¥ (n) (@) 1)
i=1

with p,; (-, -) and r,, (-, -) suitable measurable functions defined on &, x S" with values
in [0, 1];

(h3) Xpi1and (Y, ;) >1 are conditionally independent given F,.

Example 2.1. Let ¢ be a probability measure on E, let (v,),>1 be a sequence of probability
measures on S, and let (r,,),>1 and (pu.i)n>1, 1<i<n be measurable functions such that

P, x 8" = [0,1], Pni: Pox Z" — [0, 1],
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and
n
D PniGnayie o)+ rnGna yis o) =1 22)
i=1
for each n > 1 and each (g, y1, ..., yp) in £, x S". By the Ionescu Tulcea theorem, there

are two sequences of random variables, (X,),>1 and (Y}),>1, defined on a suitable probability
space (€2, 4, P), taking values in E and S, respectively, such that conditions (h1), (h2), and
the following condition are satisfied:

e for each n, the random variable Y1 has distribution v, 1 and it is independent of the
o-field
Fn Vv 0(X11+1) = ~¢;1X+1 Vv ?ny'

This last condition implies that, for each n, (¥4 ) j>1 is independent of ?nﬁl \% ?ny. It follows,
in particular, that (Y;),>1 is a sequence of independent random variables. Next we prove that
(h3) also holds. For each bounded F;,-measurable real-valued random variable V', each bounded
Borel real-valued function f on E, each j > 1, and each bounded Borel real-valued function
hon S/, we have

E[Vf(Xn+1)h(Yn+lv s Yn+j)] = E[Vf(Xn+l)E[h(Yn+la ceen Yn+j) | Fn Vv U(Xn+l)]]
= E[Vf (Xn+ 1) E[h(Yny1, ..o Yoy I
= E[VELf (Xn41) | FalE[AYny1, ... Yag)) | Fall.

Hence,
E[f (Xu+DhYnt1s o5 Yagj) | Ful = ELf (Xn41) | FdE Y1, oo, Yarj) | Ful.

This fact is sufficient to verify that assumption (43) also holds.

In order to state our first result concerning generalized species sampling sequences, we need
some further notation. Set

pr ™) =pi @™ Ym) = Y pui@™, Y() forj=1,....L,
(n)

i€7rj
and
I'n == rn(ﬂ(n)9 Y (n)).
Given a partition 7", denote by [ ] j+ the partition of {1, ..., n + 1} obtained by adding

the element (n + 1) to the jth block of 7. Finally, denote by [ "; (n + 1)] the partition
obtained by adding a block containing (n + 1) to 7™, For instance, if 7 = [(1, 3); (2)] then
(7Pt = [(1,3); 2, 4] and [7 5 )] = [(1,3); 2); @)].

Theorem 2.1. A generalized species sampling sequence (X,),>1 with p diffuse is a CID
sequence with respect to the filtration § = ($n)n>0 With §, = ?‘nx \Y .’Fog if and only if,
for each n, the following condition holds P-almost surely:

Ly

P @™y =rapp (Vs e+ DD+ ph (P pr, ™) 23)
=1

forl <j <L,
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In the following sections, we shall introduce and study two types of generalized species
sampling sequences that are CID.

We conclude this section with some remarks on the length L,, of the random partition induced
by a generalized species sampling sequence at time #, i.e. the random number of distinct values
of a generalized species sampling sequence until time 7.

LetAg := Eand A, (w) := E\{X1(®),.... Xp(@)}={ye E:y ¢ {(X1(w), ..., Xy(w)}}
forn > 1,and set so ;= 1 and s, := r, (@™, Y ()0 (A,) = rnu(Ay) for each n > 1. (If the
probability measure w is diffuse then s, = r,,.) Reconsidering the species interpretation, given
X(n) = (X1,...,Xy)and Y(n) = (Y1, ..., 7Y,), the species of the (n + 1)th individual is a
new species with probability s,,, that is,

PlLyj1 =Ly + 1| Fyl =50 =rpu(Ap).

Moreover, setting B, = {L,, = L,—1 + 1} € F, for eachn > 1 (with Lo = 0), we have

n
Ly=) I, and ) PBi| Fio1l =) si-1.
k=1

k=1 k=1

Then, by Lévy’s extension of Borel-Cantelli lemmas (see, for instance, Williams (1991, Sec-
tion 12.15)), we can obtain the following simple, but useful, result.

Proposition 2.1. Let (X,,)n>1 be a generalized species sampling sequence. Then

@) Zkzo sy < +o0o almost surely (a.s.) implies that L, 25 L, where L is a random
variable with P(L < +00) = 1;

(ii) Y j>0 Sk = +oo a.s. implies that L,/ Y ey Sk—1 250,

In particular, in case (ii), if there exists a sequence (hy),>1 of positive numbers and a random
variable L such that

n

1
h, 1 +oo and El;sk,l — L,

then L, /hy, 2% L.

3. Stable convergence

Since in the sequel we shall deal with stable convergence, we briefly recall here this form
of convergence.

Stable convergence has been introduced in Rényi (1963) and subsequently studied by various
authors; see, for example, Aldous and Eagleson (1978), Jacod and Mémin (1981), Hall and
Heyde (1980, p. 56). A detailed treatment, including some strengthened forms of stable
convergence, can be found in Crimaldi et al. (2007).

Given a probability space (€2, 4, P) and a Polish space E (endowed with its Borel o-field
&), recall that a kernel K on E is a family K = (K (w, -))weq of probability measures on E
such that, for each bounded Borel real-valued function g on E, the function

K(g)(®) =/g(X)K(w,dX)
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is measurable with respect to +. Given a sub-o-field # of +A, we say that the kernel K is
J€-measurable if, for each bounded Borel real-valued function g on E, the random variable
K (g) is measurable with respect to #. In the following, the symbol & will denote the sub-o-
field generated by the P-negligible events of 4. Given a sub-o-field # of + and an (F# V N )-
measurable kernel K on E, a sequence (Z,),>1 of random variables on (€2, 4, P) with values
in E converges J{-stably to K if, for each bounded continuous real-valued function g on E and
each bounded Ff-measurable real-valued random variable W,

E[g(Z,)W] — E[K(g)W].

If (Z,,)n>1 converges F-stably to K then, foreach A € # withP(A) # 0, the sequence (Z,),>1
converges in distribution under the probability measure P4 = P(- | A) to the probability
measure P4 K on E given by

P4 K(B) = P(A)"'E[14 K (-, B)] =/K(a), B)P4(dw) foreach B € &. 3.1)

In particular, if (Z,),>1 converges F€-stably to K then (Z,),> converges in distribution to the
probability measure P K on E given by

PK(B) = E[K(-, B)] = / K (0, B)P(dw) foreach B € €. (3.2)

Moreover, if all the random variables Z, are Jf-measurable then the J-stable convergence
obviously implies the #4-stable convergence.

Throughout the paper, if U is a positive random variable, we shall call the Gaussian kernel
associated with U the family

N0, U) = (N0, U(®)wee

of Gaussian distributions with zero mean and variance equal to U (w) (with N (0, 0) := §p).
Note that, in this case, the probability measures defined in (3.1) and (3.2) are mixtures of
Gaussian distributions.

4. Generalized Poisson—Dirichlet sequences

Leta > 0 and § > —a. Moreover, let u be a probability measure on E and (v,),>1 be a
sequence of probability measures on [«, +00). Consider the following sequence of functions

Pni(gn, y()) = yi —/Ci(qn)

’ ’ 9+Z7:1 y] ’
0+ aL(gn)

Fn(Gn, y(N)) = ——=;———»
O+ 1

where y(n) = (y1, ..., ¥n) € [a, +00)", gn € Py, Ci(qn) is the cardinality of the block in g,
which contains i, and L(g,) is the number of blocks of ¢g,,. It is easy to see that such functions
satisfy (2.2). Hence, by Example 2.1, there exists a generalized species sampling sequence
(X»)n>1 for which

n Leni Yi) — ot 0 +alL,

L
P[Xpp1 €| X(), Y()l =) 8xr () +

615, ; g1s, w(-),

where (Y,,),>1 is a sequence of independent random variables such that each Y, has law v, and
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S, = Z?:l Y; (with §o = 0). If u is diffuse, we can easily check that (2.3) of Theorem 2.1
holds and so (X,),>1 is a CID sequence with respect to § = (?nX \% 3’02)@1-

It is worthwhile noting that if w is diffuse, ¥,, = 1 for every n > 1, @ € [0, 1), and
6 > —a, then we get an exchangeable sequence directed by the well-known two parameters
Poisson—Dirichlet process, i.e. an exchangeable sequence described by the prediction rule

Ln (n)
card(m;”’) —« 0+ alL
et OB O NI CRY
0+n !

P X1 €| X1,..., X0l = on

I=1
See, e.g. Pitman and Yor (1997) and Pitman (2006, Section 3.2).

The case ¢ = 0 essentially reduces to the randomly reinforced urn model that has been
deeply studied by many authors (see, for instance, Aletti et al. (2009), Bai and Hu (2005), Berti
et al. (2009), Crimaldi (2009), Flournoy and May (2009), Janson (2006), May et al. (2005),
Pemantle (2007), and the references therein; see also Section 5 of this paper). The case when
wu is discrete and o > 0 has been treated in Berti ez al. (2009). Here, we present some results
for the case when w is diffuse and o > 0.

Proposition 4.1. If sup, E[Y?] < +oc and lim,, E[Y,] = m, then

0 L, as. L, as.
rn = ﬂ 2% R and 2% R,
0+ S, n
where R is a random variable such that P(0 < R < 1) = 1. In particular, if m > «, we have

P(R=0)=1.

Later on we shall see some examples in which P(R > 0) > 0.
Let us take A € & and set VnA :=P[X,+1 € A | F,]. Since (X,),>1 is CID, there exists a
random variable V4 such that

1 n
VAIS VA and M= =) Ia(Xe) =S V.
n k=1

We shall prove the following central limit theorem.
Theorem 4.1. Let us assume the following conditions:
(i) sup, E[Y}] < +o0 for some u > 2;
(i) m = lim, E[Y,], ¢ = lim, E[Y?].

Then
A-stabl
(WA(MA = VA, Va(VA = V) 2223 N (0, Ua) x N0, Sa),
where

q o?
Up:= (—2 - 1)VA(1 — Va) + S5 Ru(A = (A,
m m

afa
Sat=-LVa(l = Va) + —(— - Q)RM(A)U — (A,
m m\m
. A A-stably
In particular, /n(M;} — V) ——> N (0, Us + £4). Moreover,

Elg(Vn(VA = Va) | Ful 23 N0, Za)(g)
for each g € Cp(R).
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4.1. Casem > «
By Proposition 4.1 we have P(R = 0) = 1, and so

UA:(i— )VA(l—VA) and EA:%VA(l_VA)-
m?2 m

Taking into account the analogy with randomly reinforced Pélya urns, it is natural to think that
the random variable V4 is generally not degenerate (see Aletti e al. (2009)). This fact implies
that X 4 is not degenerate, while U4 is 0 if and only if ¥;, converges in L? to the constant m.
This happens, for example, in the classical case (see (4.1)) studied in Pitman and Yor (1997)
and Pitman (2006, Section 3.2).
4.2. Casem = o ,
Ifm=aandqg = o (le. Y, L «), then
Ua = Ru(A)[1 — pn(A)l, Za=Vall = Va) = Ru(A)[1 — n(A)],
and Ug + 24 = Va(l — Vy).
The following examples show that, if m = o, we can have P(R > 0) > 0.

Example 4.1. Let us take > 0 and —o < 6 < 0. Setting
oL,
a+0+S,-1

n --—

we have (see Lemma 6.2, below)

Ay = E[Wyp1 — Wy | Fil

(x =YW, of
04, 0+ S)(a+ 6+ Sy)
(¢ — Yp)an af

6 + an)? O +an)(a+0+an)
Therefore, we have

n
E[Was1 | Ful— Wi =) E[Wir1 — Wi | F]

" (o — Yk " 1
> - (2] ,
—“k;(e Fak)? ¢ Qe T ak) (@ + 0 + ak)

and so

Ela — Yilk Yk]k - 1
; (6 + ak) (o + 6 + ak)

Ela — Y]k - 1 1
kz(9+ak)2 9};[9+ak_9+a(k+l)}

9 Ela — Y,k
T Otam+) +“k§ O +ak)?

E[Wp 1]
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Letting n — +o00, we obtain

Ela — Yilk
E[R] > 1 _—
IRl = 1 +a Z 6 + ak)?
Therefore, if
Z E[Y;, — alk <1
@+ ozk)2

=1

then E[R] > 0 and so P(R > 0) > 0.

Example 4.2. Letustakea > 0,6 =0, P(Y] > @) > 0, and ¥, = « for each n > 2. Then,
using the same notation as in the previous example, we have A, = 0 for each n > 2 and so
E[R] = E[W3]. On the other hand, we have

2a
0<E[W2]§E|: :|<1.
a+ Y

Then we get min[P(R > 0), P(R < 1)] > 0. Moreover, since it must be that P(X4 > 0) = 1,
we find that if 0 < u(A) < 1 thenP(V4 =0, R>0)=0andP(V4 =1, R > 0) =0.

If wetakeaw > 0,6 = 0, and Y,, = « foreachn > 1, we have E[R] = E[W ] = 1, and so
P(R = 1) = 1. Therefore, the random variable U4 is degenerate and if 0 < w(A) < 1 then
max[P(V4 =0), P(V4 =1)] =0.

5. Generalized Ottawa sequences

We shall say that a generalized species sampling sequence (X, ),>1 is a generalized Ottawa
sequence or, more briefly, a GOS, if the following conditions are satisfied for every n > 1.

e The functions r,, and p,; (fori =1, ..., n) do not depend on the partition; hence,
n
K1 (@,) =Y pui(Y ()(@))8x;0) () + (¥ () (@) ().
i=1
e The functions r, are strictly positive and
ra(Y1, oo, YY) 2 a1 (Y, oo, Yo, Yog1)

almost surely.

e The functions p, ; satisfy, for each y(n) = (y1, ..., y») € S", the equalities
rn(y(n)) .
priym) = —22 i —1) fori=1,...,n—1,
rn—1(y(n — 1))

rn(y(n))

n.n =l —
PO == =)

with rg = 1.
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For simplicity, from now on, we shall denote by r, and p, ; the ?ny-measurable random
variables r, (Y (n)) and p, ; (Y (n)), thatis, r, 1= r,(Y(n)) and p, ; := pn,i (Y (n)).

First of all let us stress that any GOS is a CID sequence with respect to the filtration § =
(?‘nX \Y .‘Fgg)nzo. Indeed, since §, = F, Vo (Yu4;: j = 1), condition (h3) implies that

E[f(Xn11) | §n] = E[f (Xu11) | Ful
for each bounded Borel real-valued function f on E and, hence, by (47), we obtain
n
f._ _ . )
Vil :=ELf Xng1) | §ul =Y pui f(Xi) + ra ELf (XD)].
i=1
Since the random variables p,41; are ,-measurable, it follows that

E[V,;fH | Gnl = ZPn+1,if(Xi) + Put1n+1 ELF (Xnt1) | Gnl + a1 ELfF (X))

i=1

n
'n+1 Tnal
= S i FO) + V= P e B O]
"=l n
In+1 Tn+l
= v — g BLF OO+ V= 25 BP0
n n
— v/

Some examples follow.

Example 5.1. Consider a GOS for which Y,, = a,, where (a,),>0 is a decreasing deterministic
sequence withag = 1, a, > 0, and r, (¥1, ..., Yn) = Y.

If w is diffuse, by Proposition 2.1, we can say that L,, converges a.s. to an integrable random
variable if and only if ), ax < +o00.

Example 5.2. Consider a GOS for which (Y,),>1 is a sequence of random variables taking
values in (0, 1) and

n
Ot = [ o
i=1

Note that in this case

n

P[Xup1 € | X(n), Y ()] = Z[(l -vp 1 Yi}axj<->+ []‘[ Y,}uc).

j=1 i=j+1 i=1
Assume that  is diffuse and that (Y;) ;> is a sequence of independent random variables
distributed according to a beta distribution of parameter (j, 1 — o) with « in [0, 1). That is,
each Y; has density (with respect to the Lebesgue measure) on [0, 1] given by
FrG+1—a) x/7!
CHIA —a) (1 —x)’

where I'(z) = O+°° xle=* dx. Set mi, = E[L,]and my , := E[L%]. Note that

n
mi g1 =min+Elr] =Y Elrj] (5.1)
j=0
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and
n j—l1
Mot =3miap —2+2) Y Elrirjl. (5.2)
j=2 i=1
Ifa =0, (5.1) gives
n Jj ; n 1
= 1 = ,
mast =142 15 = 2 15
j=1i=1 j=0

and, after some computations, from (5.2), we also obtain

. .
k
m2n+1—1+3z_+ ZZ Hh+2 H k1

j=2 i=1 h=1

n+1 J

_1+3Z—+4Z Z-

Now recall that

1 1
li - =1, 5.3
n_gr_loo logn ; j 5-3)

and, moreover, observe that

n J

1
n%+oo log (n) o J P

This shows that the mean of L,, diverges as logn and the second moment diverges as log?(n).

More precisely, m "
lim — = g 2L
n—+oco logn n—+00 2 log”(n)

If @ # 0, in the same way, we obtain

n .
rg+1n
m =14+TR-« _
Lt ( );r(ﬁz—a)
Now recall that . | .
b <1+0(—.)>
rg+2-o ;¢ J
for j — +o00 and that
li Ly _ ] fi 0,1 54
n;Tmn—aZjl_a =— fora e O, (5.4)

j=1

Hence, when o # 0, we have

miap1  I'C—o)

n—+4oo pY¥ o
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Example 5.3. Consider a GOS for which (Y},),>1 is a sequence of random variables taking
values in R and

r,,(yl,...,yn)—g_'_Z y;
j=17J

with & > 0. Note that the randomly reinforced Blackwell-McQueen urn scheme (described by
(2.1)) gives rise to a GOS. This example will be reconsidered later.

For the length L,, of the random partition induced by a GOS, we shall prove the following
central limit theorem.

Theorem 5.1. Let (X,),>1 be a GOS with . diffuse, and suppose that there exists a sequence
(hp)n>1 of positive numbers and a positive random variable A such that the following properties

hold: . X
2t —rj1) as
hn

hy, 1 +00 and A, =

Then, setting R, := > "

i=1Tj-1, we have

L, — R, A-stably
v hn

Corollary 5.1. Under the same assumptions of Theorem 5.1, if P(A > 0) = 1 then we have

T, = N0, A).

T, L,— R, A-stably

VA, \/Z] 1 rji—1—=rj—1)

Example 5.4. Let us consider a GOS with u diffuse and

N (O, 1).

0
O+ Y

ry =

where 6 > 0 and the random variables Y,, are independent positive random variables such
that 3, E[Y?]/n? < 400 and lim, E[Y,] = m > 0. Then s, = ry, and (see, for instance,
Lemma 3 of Berti et al. (2009)) we have

0 1 )‘1 as. 1
<J J,.; ’ m
Recall that .
1
EZajbj — b, (5.5)
j=1

provided that a; > 0, Z?:] aj/hy, — 1,and b, — b asn — +oo. Setting h, = logn and
L =6/m,by (5.3) and (5.5), we obtain

1 1 n—1 1 nl
L g, = 'y f Z ZY s 6
logn logn logn =6+ Z logn m

and so, by Proposition 2.1, we can conclude that L, /logn 250 /m.
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Moreover, by (5.5) we have

-1 ~1 '
Z?:orj(l_rj) _ 0 3 Z,;l Y;
logn lognj=1 O+ Z{:l Y;)2

-1 j . .

e )
lognjzl 0/j+ X7 Yi/ji i Yid
0

— —.
m

Therefore, by Theorem 5.1 we obtain

T L, — R, A-stably ~o 0
= sy )
" Jlogn m

and so
L, — R, A-stably

Vv (@/m)logn

If we take ¥; = 1 for all i, we get the well-known results for the asymptotic distribution of
the length of the random partition obtained for the Blackwell-McQueen urn scheme. Indeed,
since "1, j~V —logn =y + O(1/n), we obtain

N (O, 1).

L, —6logn A-stably
/0 logn
See, for instance, Pitman (2006, pp. 68—69).

N0, 1).

The partition structure introduced in the next example is interesting if compared to the
well-known results concerning the classical two parameters Poisson—Dirichlet process. Let us
recall that, for the classical Poisson—Dirichlet process, the length of the partition rescaled by
n~—% converges a.s. to a strictly positive (nondegenerate) random variable. See Pitman (2006,
Theorem 3.8, p. 68). In point of fact, we give an example of a partition where the predictive
structure is similar to the Chinese restaurant process while the limit behaviour is close to the
classical two parameters Poisson—Dirichlet process. Indeed, the length of the partition studied
below scales as n~%, although the limit, in this case, is a constant and not a random variable.

Example 5.5. Let us consider Example 5.1 with p diffuse and

0

fn = 0+ nl-o

’

where & > 0 and 0 < o < 1. We have s, = r,, = a, and, setting h,, = n* and L = 6/, from
(5.4) we obtain

12 0 0
—Ry=—) — —» —.
no no :09 +Jl—a o
Thus, by Proposition 2.1, we obtain L, /n% R /a. Furthermore, by (5.9), it is easy to see
that
Yion(=r) o' e e e Y1 e
no naj—l (9 +j17a)2 naj—l 0 +j]7a jlfa o
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Therefore, by Theorem 5.1 we obtain

T, — L, — R, A-stably N(O, g)

ne/? o

We recall that, since a GOS (X,),>1 is CID, then, for each bounded Borel real-valued
function f on E, we have

5. 1 o .
Vil = BLfXugn) | Fal =5 Vp o and M= =37 f(X5) =5 V.
k=1

Inspired by Theorem 3.3 of Berti et al. (2004) and the results in Crimaldi (2009), we conclude
this section with the statements of some central limit theorems for a GOS.

Theorem 5.2. Let (X,)n>1 be a GOS. For each bounded Borel real-valued function f and
eachn > 1, let us set
cl = = vif)
and, for1 < j <n,
1

T (1 ipiLf (X)) = v

zl = —= 1) = v 4+ G =V 1=
n,j " ﬁ J J j J j-1=

Suppose that
(a) U;{ = Z’j?:l(z}{’/ﬁ 5 Uy,
e izl k.
(b) (Zp)* = SUP1<j<n |vaj| — 0.

Then the sequence (C,{ )n>1 converges A-stably to the Gaussian kernel N (0, Uy).
In particular, conditions (a) and (b) are satisfied if the following conditions hold:

@) Ul 25 Uy
(b1) sup,~ E[(C])?] < +o0.

Theorem 5.3. Let (X,)n>1 be a GOS, and let [ be a bounded Borel real-valued function.
Using the previous notation, for n > 0, set

n+1
Qn = Pn+ln+l = l — ——
I'n

and D} = Jn(v] —vp).

Suppose that the following conditions are satisfied:
) nY Qi 2% H, where H is a positive real random variable;

(i) Y p=0k*EIQ}] < oo
Then
E[g(D) | Ful =5 N (0. H(Vy2 — VI)(g)
for each g € Cp(R). In particular, we have D,{ m NO, H(Vy2 — V]%) ).
Corollary 5.2. Using the notation of Theorem 5.3, let us set, for k > 0,

1 1

k= - =

Tk+1 Tk

)
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and assume that the following conditions hold:

. a.s. . ..
(@) ry < cpa.s. with Zk>0 kzcﬁ+l < oo and kry —> «a, where ci and o are strictly positive
constants;

(b) the random variables py are independent and identically distributed with E[,o,f] < 0.

Finally, let us set B := E[,o,%] and h := o?B.
Then, the conclusion of Theorem 5.3 holds with H equal to the constant h.

Furthermore, if the assumptions of both Theorems 5.2 and 5.3 hold, then, by Lemma 1 of
Berti et al. (2009), we obtain

A-stably
—_—

(il D) NO,Up) x N O, H(V2 = V3,

: : ~ A-stabl
In particular, \/n(M; — Vi) = ¢/ + b/ LN N (O, Us+H(Vp> — V%)).
Since the proofs of these results are essentially the same as those in Berti et al. (2004),

Crimaldi (2009), and Berti et al. (2009), we shall omit them. The interested reader can find all
the details and some simple examples in the preprint version of this paper, Bassetti ez al. (2008).

6. Proofs
This section contains all the proofs of the paper. Recall that
Fu=FXVvE and G =F VFL=F,voWuyj:j=1.
So condition (h3) of the definition of generalized species sampling sequence implies that
Vi == Elg(Xn+1) | §nl = EIg(Xnt1) | Fal

for each bounded Borel real-valued function g on E.

6.1. Proof of Theorem 2.1

We start with a useful lemma.
Lemma 6.1. If (X,)n>1 is a generalized species sampling sequence then we have
1 lrod
Pl(n+ 1) € "V | gu] = P[Xup1 = X[ | 7]

= > pu@,Y(0) + (@™, Y ) (X7 )
(n)

jen

foreachl =1, ..., L,. Moreover, for each bounded Borel real-valued function f on E,
Ell,, =2,+1) fXn1 D) | $u]l =E[r,, =L,+1) f Xnz1) | Ful
= ru(x ™, Y (n) /A fuy)

holds with Aoy := E and A,, the random ‘set’ defined by

Ap(@) == E\{X1(@),.... Xp(@)}={y€ E:y ¢ {(X1(®),.... Xp(@)}} fornz=1.
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In particular, we have
P[Lutt = Lo+1 | §n] =P[Lus1 = Ly+1 | Ful = (@™, Y () (An) = sa(w ™, ¥ (n)).
If u is diffuse, we have
Pl(n+1) € 7"V | a1 = P[Xup1 = X[ | Fal = D pu @™, Y ()
jen™
foreachl =1,...,L, and
B, =L,+1) fXnsD) | $nl =Eqr,1=L,+1) fXng1) | Ful
= (@™, Y () ELf(XD)].
PlLuti =Ln+1]§a] =PlLyt1 =Ly + 1| Fl=ra(x™, Y(m)).
Proof. Since §, = 5, V o (Y,4j: j = 1), condition (h3) implies that
Pl(n+1) € 1" | §u] = P[Xus1 = X | §ul = P[Xus1 = X[ | Ful.

Hence, by condition (h,) we have

PXur1 =X | Fal =) pui(r™, Y (0)8x, (X}) + ra(x ™, Y ) (X}

i=1

= > pu@™ Y @) + (™, Y )X}

i o (n)
jem

foreachl =1, ..., L,. If u is diffuse, we obtain
PXpi1 =X | Fil= ) puj(x™.¥Y(n)
jen](")

foreach!/=1,...,L,.
Now, we observe that

1, =L,+1y =18, (X1, ..., Xy, Xp11),

where By, 1 := {(x1, ..., Xp+1): Xnt1 € {X1, ..., xn}}. Thus, by conditions (43) and (h3), we

have
B, 1=L,+1) [ (Xnt1) | Gl

=Er, =L,+1) fXn+1) | Ful

=/13,,+1(X1,...,Xn,y>f<y)l<n+1(-,dy)

= > puae® v o) [ 7@ @ v [ o)

i=1
=Vn(n("),Y(n))fA Fuddy).

If we take f = 1, we obtain
PlLyyi =Ln+1 G0 =PlLps1 =L+ 1| F]l =ra@™, Y (n))u(Ap).
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Finally, if u is diffuse then w(A,(w)) = 1 for each w, and so we have
/A Sur(y) = ELf(XD].

Proof of Theorem 2.1. Let us fix a bounded Borel real-valued function f on E. Using the
given prediction rule, we have

Vil =3 pai @™, Y () £ (X0) + ra (™, ¥ (1)) ELF (X1)]
i=1
Ly
= i @) FXN) + r BLF (X D).
j=1

The sequence (X,,) is §-CID if and only if, for each bounded Borel real-valued function f on
E, the sequence (an )n>0 18 a G-martingale. We observe that we have (for the sake of simplicity,
we omit the dependence on (¥},),>1)

ELV,) (1 | Gl = Y F(XDE; +Blpustar1 (") £ (Xus1) | Gl + Elrugr | Gl
i=1
L}‘l

=Y F(XD Y Ei+Epupiant @) F(Xni1) | Gl

j=I )
leﬂj

+Elrnt1 | Gulfs
where E; = E[pn+1,;(x" V) | §,]and f = E[f(X1)].

Now we compute the various conditional expectations which appear in the second member
of the above equality. Since u is diffuse, using Lemma 6.1, we have

Ei =E[pps1i(@" D) | Gl
Ly
= D By ert) Pt EO ) 1 Gl + Bl =) ot 2TD) | Gd

=1
L71
— (T ™
—gpnﬂ,l([n 1B ey | G

+E[r, =1,+1) | Gnlpnr1i((r™;n 4+ 17)

Ly

= Purri(@ ™) D pu @™ + rupugri(r™in 4 10)
=1 jEJT,(")
Ly

=Y parri(m ) pi ") + rupsri (w5 0+ 10)
=1
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and so

Ly
Y E= Y P Phopn )+ Y parnir®op; ™)

ien](.") I=1,1#] ien](.")

+rappey (™ n 4 11)
Ln

=2 P 0P ) = st (1 1) Py )
=1

+rapyyy (™ n +10).
Moreover, using Lemma 6.1 again, we have

E[pnt 1,001 (@) fF(Xpg1) | Gl
Ly
= > El w0y Pt L1 (TTD) F(Xug1) | Gl
{(i‘l+1)€ﬂl } I‘l+ ,I‘l+ n+ n
=1

+E 1, =L+1) Pttt T £ (X)) | Gl
Ln

= D Bl gty | Gl Pnsist (I ™)) X7
=1
+EML,=Lot1) £ Xnt1) | GnlPat i1 (0 ™5 0+ 1)

Ly
=> (> pn,k(n<">))pn+1,n+1<[n<">h+>f<x;“) +raputtart (T + 1) f

=1 kenl(")

Ly

= P i@ ) Pt a1 (2 D) FXP) + rapar et (750 + 1D
=1

Finally, we have

n+1

Elrnit | Gl = 1= Elpurri@®) | gl

i=1

n
=1-) Ei—Eun
i=1

n L,
=1-Y E =Y pr /@™ purrar1 (™)

i=1 =1
_ (n). 1
TnPnt1a+1 (075 n + 1]).
Thus, we obtain

Ly

Ly
E[an-H | Gnl = ch,jf(X;‘f) + <1 - ch»j)f_"
j=1

j=1
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where

Cn,j = Z E; +Pn+1,n+1([ﬂ(")]j+)p,f,j(n(”))

. (n)
lET[j
Ly

=rappo (T in+ 1)+ Y iy (Pl py ™).
=1

We can conclude that (X,),>1 is $-CID if and only if we have, for each bounded Borel real-
valued function f on E and each n,

Ly Ly Ly

S PO+ f = 2o X+ (1= s )7 Peas

J=1 j=1 j=1
Since E is a Polish space, we may affirm that (X,),>1 is $-CID if and only if, for each n, we
have, P-a.s.,

L,, Ln L"
D opr xr () Fran() =Y cnjbxr() + (1 - ch,,-)u<~).
j=1

j=1 j=1
But this last equality holds if and only if, for each n, we have, P-a.s.,

ppj=cnj forl<j<Ly;
that is,

Ly

P @™y =rupiy (™ i+ DD+ Y phy APl ) (e ™).
=1

This is exactly the condition in the statement of Theorem 2.1.
6.2. Proofs of Section 4
We need the following preliminary lemma.
Lemma 6.2. Let us set Sy := ) ;_; Y;. Then
. al, as./L!
" o460+ S,—1

where R is a random variable such thatP(0 < R < 1) = 1.

Proof. We have

R?

a+60+S,)L,+0
E[Ln+l|3“n]:Ln—|—rn:( n)Ln

0+ S,
Hence, we obtain
Ay = E[Wyyr | Ful = Wy
_ al, al, af
TOES atftS  @TS)@totS)
_a— Y, al, ol
S0+ Spa+0+ S * @+ S)(a+6+5,)

_ (a =YW, b
0+, O+ S)(@+6+Sy)
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If —« < 6 < 0then A, < 0 for each n and so (W,), is a positive F -supermartingale.
Therefore, it converges a.s. to a random variable R.
Ifo > 0,letusset Z, := W, +6/(0 + S,—1). For each n, we have

E[Zn—H | yn] - Zn

0Y,
=A, —
O + Su—1)(O + Sp)
_ (a =YW, b [ 1 Y, i|
9+, O+ S, la+6+S, a4+ S,—1)
(@ = Y)W, O(a —Yy) Yy + )

0 + Su @+ SO +S) O+ SO+ S +0+S,)
<0.

Therefore, the sequence (Z,), is a positive ¥ -supermartingale and so it converges a.s. to a
random variable R. Since S, goes to 400, we obtain

9 a.s.

W,=42,— — — R.
! " 0+ Su—1

Finally, we observe that 0 < W,, < an/(0 + an) — 1.

Proof of Proposition 4.1. 1t is easy to verify that S, /n 2 m (see, for instance, Lemma 3
of Berti et al. (2009)), and so by Lemma 6.2 we obtain

_9+(XLn_ 9 a+9+Sn—l a.s.

= = W, —> R.
s, 6+, "9+S,

Moreover, we have

1 as. o +6 1
Zrk_121+(9+a)29+5k~ — Z%zoo.
k>1 k>1 k>1

Then, by Proposition 2.1 we find that

Since Cesaro’s lemma implies that

we obtain L, /n 2% R. On the other hand, we have

~

Ln a.s. m as. m
n o o

Therefore, we have (m /o) R TR and so, if m # o, it must be that P(R = 0) = 1.
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Proof of Theorem 4.1. As already observed, assumption (ii) implies that S, /n 2% m and
n 25 R. After some calculations, we find that

_ya YA = VI () K]
n+l1 n 0+Sn+] 0+Sn+] { n+1=Ln+ }

We want to apply Lemma 1, Theorem 2, and Remark 4 of Berti et al. (2009). Therefore, we
have to prove the following conditions:

1. (1/4/n) Elmaxi <<, k|VA |, — VAl - 0;

2. Elsupgz1 VAIVE | = VAT < +oo;

300 Y, (VA —VH? 25 8

4. (1/n) Y (1a(Xp) — VA + (VA — VO S Ua.
Conditions 1 and 2 hold. We observe that

|V, | L—Fa
”+1 “O4+an+1)

This inequality and assumption (i) imply that
n
E[(Y
Zku [(Yk + )] -0
@ + ak)"

1
n4/2 (E[lzllflxnkwk ! Vk ]) - n”/2

and
u E[(Yr + a)"]
E| (supvk|VA, —VA) | <Y k2 - .
[(k;’ k=17 Yk ) ] ; O + ak)"

Condition 3 holds. We observe that
ny (V- vh?

k>n
Y21a(Xk) — VAP [1(A) — 14(Xp)]?
_ k k—1 2 12 AKXk
- 1; © + 502 S R ]
Yilla (X)) — VA 1T(A) — 14(Xp)]
+ 2an Z 5 V=0, +1)
pres O + Si)
s 1o a0 — Vi P
2 2
k>n k
o? [1(A) — 14 (X)1?
+ W” Z K2 L=1i 141y
k>n
a Yilla(Xx) — VA 1 (A) — 14(Xp)]
+2—n Z ‘ ]iz V=i +1)-
k>n

We want to use Lemma 3 of Berti ef al. (2009). Therefore, we observe that

E[YZ[1a(Xx) — VAP | Fio]l = BIYZIEIA(Xy) — VAP | Fical =5 gVa(l — Va),
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and so, by a suitable truncation technique (see the proof of Corollary 7 of Berti ef al. (2009)
for details), the first term converges a.s. to

q
—5Va(l = Va).
m
Moreover, we observe that we have

El[1(A) — LaXO P Yn=r 41y | Fiot] = reciig (A1 — w(A)] 25 Ru(A)[1 — p(A)],

and so the second term converges a.s. to

aZ
—5 Ru(A)[1 — n(A)]. (6.1)
m

Finally, we have

E[Yi[1a(Xp) — VA T(A) = 1a(XO1 Yzp=r, 141y | Faet]
= — E[Yilri—1n(A)[1 — n(A)]
2 _mRu(A)[1 — u(A)],

and so the third term converges a.s. to
o
_2ZRM(A)[1 — n(A)].

Condition 4 holds. We observe that

1 n
=D a0 = Vi + kL = VP
k=1

Ly kY ka[u(A) — 14(Xp)] 2
T LA = V|1 - 1, -
n ];{[ A(Xk) k—1]|: 6+ SJ + 0rs: {LkLk1+1}}

N Y A) —14(X 2
~ r_l {[IA(Xk) - VkA1]|:1 - Zki| + el m A)] I{Lk—Lk—H'l}}
k=1

1 2 o? &
== [MsXp) — VA Pl1-= — A) — 14X Ly, =
n};[ A(Xp) = V] [ m] + ;[u( ) = LX) L=, 41)

2001 & Y,
+ P, g[lA(Xk) - VkA_l][l - Zk:|[M(A) —1AX)I =1, +1)-

We want to use Lemma 3 of Berti ef al. (2009) once again. Therefore, we observe that the
second term converges a.s. to (6.1). Moreover, we have

Y 2
E[[IA(Xk) - vk/*_l]z[l - —"]
m

and so, by the same suitable truncation technique mentioned above, the first term converges

a.s. to
(iz - 1> Va(l — V).
m

Y 2
~7‘7c1:| = E[[l - ﬂ ]E[[IA(Xk> — VAT | Fid,
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Finally, we have
Y A
El|1- p [Ta(Xr) — Vi4 (A — 1a(X) ) Y= 4+1y | Fr—t
Yi
= E|:1 - E} E[[14(Xx) — VA 1(A) — 1a(XO)1 Y=, 413 | Fatl,

and so the third term converges a.s. to 0.
6.3. Proof of Theorem 5.1
It will be useful to introduce the sequence of increments

U:=Li=1 and U,:=L,—L,_ 1 forn>2.

We need a preliminary lemma.

Lemma 6.3. If (X,),>1 is a GOS with w diffuse then, for each fixed k, a version of the
conditional distribution of (U;) j>k+1 given Gy is the kernel Qy defined as

Ok, ) = Q) B, rj1()),

j=k+1
where B(1, rj_1(w)) denotes the Bernoulli distribution with parameter rj _1 (w).

Proof. 1t is enough to verify that, for each n > 1, each €41, ..., €k4+n € {0, 1}, and each
bounded §;-measurable real-valued random variable Z, we have

k+n
E[Z l{Uk+1:€k+1,---,Uk+n:€k+n}] = E|:Z l—[ r;i] (1 - rj—l)l_gjil~ (6.2)
j=k+1

We continue with the proof by induction on n. For n = 1, by Lemma 6.1 we have

E[Z I{Uk+1:£k+1}] = E[Z E[I{Uk+1:8k+1} | g’k]] = ]:TI[ZV]‘:‘I{-H (1 - rk)ligk-H]'

Assume that (6.2) is true for n — 1, and let us prove it for n. Let us fix a bounded §x-measurable
real-valued random variable Z. By Lemma 6.1 we have

ElZ LUy 1=eps1 Ukrn =t}
=E[Z 1{Uk+|=€k+1 ,,,, Uk =€k4n—1} E[Uk+n = €k4n | Ghn—11]
_ Ek+n 1—gg
= E[Z”k+n—1(1 — Fiedn—1) tn I{Uk+1=5k+lv-»-,UkJrn*l:gk*”*l}]'

Ek+n

fn—1 (1-— rk+n_1)1_sk+n is also G-measurable

‘We have done because the random variable Zr
and (6.2) is true forn — 1.

We also need the following known result.

Theorem 6.1. Let (Z, ;)>1, 1<i<k, be a triangular array of square integrable centred random
variables on a probability space (2, A, P). Suppose that, for each fixed n, (Z, ;)1<i<k, 1S
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independent ( ‘row-independence property’). Moreover, set

i =EIZ} N =var[Zyl.  dni= ) huis

kn
. 2 .
Vo= 22, Zii= sup |Zuil,
i=1

I<i<kn

*

n 50, and Ay — A

and assume that (V,,),>1 is uniformly integrable, Z
Then Zf”:l Zni — N(0, 1) in law.

Proof. In Hall and Heyde (1980, pp. 53-54) it was proved that, under the uniform inte-
grability of (V,,),, the convergence in probability to O of (Z*), is equivalent to the Lindeberg
condition. Hence, it is possible to apply Corollary 3.1 of Hall and Heyde (1980, pp. 58-59)
with fl‘:n’,' = O’(Zn,l, ey Zn,,').

Proof of Theorem 5.1. Without loss of generality, we can assume that i,, > 0 for each n. In
order to prove the desired +A-stable convergence, it is enough to prove the (3?0{5 \Y J‘*Og)-stable
convergence of (7,,), to N (0, A). But, in order to prove this last convergence, since we have
?’O}g \% To’; = \/k Gk, it suffices to prove that, for each k and A in §; with P(A) # 0, the
sequence (7,), converges in distribution under P4 to the probability measure P4 & (0, A). In
other words, it is sufficient to fix k and to verify that (7} 4,), (and so (7;), ) converges $-stably
to N (0, A). (Note that the kernel N (0, A) is (§x V N )-measurable for each fixed k.) To this
end, we observe that we have

T~ YW ey YW —rm) XU =)
o A/ hk+n A/ hk+n A hk+n
Obviously, for n — 400, we have
k
Zj:l(Uj —rj-1) 2
\/hk+n

Therefore, we have to prove that

k+n
Zj:k.H(Uj —rj-1) G -stably

v hk+n

From Lemma 6.3 we know that a version of the conditional distribution of (U;) j>+1 given
G is the kernel Qy defined by

N, A). (6.3)

Ok, ) = Q) B, rj1()).

j=k+1

On the canonical space RN let us consider the canonical projections (&j) j=k+1. Then, for each
n > 1, a version of the conditional distribution of

k
> i WUy —rj-1)
\/thrn
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given Gy is the kernel Ny, so characterized: for each w, the probability measure Ny, (w, -)
is the distribution, under the probability measure Qy(w, -), of the random variable (which is
defined on the canonical space)

YA =)
th+n .

On the other hand, for almost every w, under Q(w, -), the random variables

bkt — Tiri—1(@)

Zni = ——F——
vV hitn

form a triangular array which satisfies the assumptions of Theorem 6.1. Indeed, we have the

row-independence property and

forn>1,1<i<n

Feti—1(@)(1 = Frti—1(w))
hitn '

EQk(ww)[ZnJ.] =0, EQk(w’.)[Z;%,i] —

Therefore, by assumption, for n — +00, we have, for almost every w,

n n

! - 1— i—
ZEQk(w’.)[Zii] _ Z,:] Titi—1(w)( Titi—1(w))
i=1

hk+n
hg—1Ap—1(@)
= Agn(0) — h—l
k+n
- A(w).

Moreover, under Qi(w, ), we have Z¥ := SUP|<j<p Zn,i < 2//hk+n — 0. Finally, we
observe that, setting V,, := > i, Z2 ., we have

n,i’

hi—1Ax—1(w) )2

E2@)[V2] = var @Iy, ] 4 <Ak+n (w) —
hk+n

with ;
var2 @)y, ] = ZvarQ"(“’")[Z,Zl’i]
i=1
n
< ZEQk(ww)[Zi’i]

i=1

< 4<Ak+n (w) —

hi—1Ak—1 (w)> 1
hk+n hk+n .

Since, for almost every w, the sequence (A, (w)), is bounded and A, 1 +o0, it follows that,
for almost every w, the sequence (V,,), is bounded in L? under Qk(w, -) and so uniformly
integrable. Theorem 6.1 assures that, for almost every w, the sequence of probability measures

(Nk+n (w, '))nzl

weakly converges to the Gaussian distribution N (0, A(w)). This fact implies that, for each
bounded continuous real-valued function g, we have

E[ <Z'}f2+1(Uj - rj—1)>
8 th+n

The G-stable convergence (6.3) then obviously follows.

94 25 N0, A)(g).

https://doi.org/10.1239/aap/1275055237 Published online by Cambridge University Press


https://doi.org/10.1239/aap/1275055237

Conditionally identically distributed species sampling sequences 459

Acknowledgements

This research work was supported by funds of GNAMPA 2009. Irene Crimaldi would like to
thank Luca Pratelli for useful discussions on generalized Poisson—Dirichlet sequences. Fabrizio
Leisen would like to thank Patrizia Berti for the support during and after the PhD thesis that
inspired this work.

References

ALpous, D. I. (1985). Exchangeability and related topics. In Ecole d’Eté de Probabilités de Saint-Flour, XI11-1983
(Lecture Notes Math. 1117), Springer, Berlin, pp. 1-198.

ALDOUS, D. J. AND EAGLESON, G. K. (1978). On mixing and stability of limit theorems. Ann. Prob. 6, 325-331.

ALETTI, G., MAy, C. AND SEcCHI, P. (2009). A central limit theorem, and related results, for a two-color randomly
reinforced urn. Adv. Appl. Prob. 41, 829-844.

Bal, Z.-D. AND Hu, E. (2005). Asymptotics in randomized URN models. Ann. Appl. Prob. 15, 914-940.

BassetTl, F.,, CRIMALDI, I. AND LEISEN, F. (2008). Conditionally identically distributed species sampling sequences.
Preprint. Available at http://arxiv.org/abs/0806.2724.

BERTI, P, PRATELLIL, L. AND RIGO, P. (2004). Limit theorems for a class of identically distributed random variables.
Ann. Prob. 32,2029-2052.

BERTI, P, CRIMALDI, 1., PRATELLI, L. AND RiGO, P. (2009). A central limit theorem and its applications to multicolor
randomly reinforced urns. Preprint. Available at http://arxiv.org/abs/0904.0932.

BLACKWELL, D. AND MACQUEEN, J. B. (1973). Ferguson distributions via Pélya urn schemes. Ann. Statist. 1,353-355.

CriMALDL 1. (2009). An almost sure conditional convergence result and an application to a generalized Pélya urn.
Internat. Math. Forum 4, 1139-1156.

CriMALDL, I. AND LEISEN, F. (2008). Asymptotic results for a generalized Pélya urn with ‘multi-updating’ and
applications to clinical trials. Commun. Statist. Theory Meth. 37, 2777-2794.

CRIMALDL L., LETTA, G. AND PRATELLL L. (2007). A strong form of stable convergence. In Séminaire de Probabilités
XL (Lecture Notes Math. 1899), Springer, Berlin, pp. 203-225.

FERGUSON, T. S. (1973). A Bayesian analysis of some nonparametric problems. Ann. Statist. 1, 209-230.

HALL, P. AND HEYDE, C. C. (1980). Martingale Limit Theory and Its Application. Academic press, New York.

HANSEN, B. AND PITMAN, J. (2000). Prediction rules for exchangeable sequences related to species sampling. Statist.
Prob. Lett. 46, 251-256.

Jacop, J. AND MEMIN, J. (1981). Sur un type de convegence intermédiaire entre la convergence en loi et la convergence
en probabilité. In Séminaire de Probabilités XV (Lecture Notes Math. 850), Springer, Berlin, pp. 529-546.

JANSON, S. (2006). Limit theorems for triangular urn schemes. Prob. Theory Relat. Fields 134, 417-452.

May, C. AND FLoUrNOY, N. (2009). Asymptotics in response-adaptive designs generated by a two-color, randomly
reinforced urn. Ann. Statist. 37, 1058-1078.

May, C., PAGANONI, A. AND SECCHI, P. (2005). On a two-color generalized PSlya urn. Metron 63, 115-134.

PEMANTLE, R. (2007). A survey of random processes with reinforcement. Prob. Surveys 4, 1-79.

PITMAN, J. (1996). Some developments of the Blackwell-MacQueen urn scheme. In Statistics, Probability and Game
Theory (IMS Lecture Notes Monogr. Ser. 30), eds T. S. Ferguson et al., Institute of Mathematical Statistics, Hayward,
CA, pp. 245-267.

PITMAN, J. (2006). Combinatorial Stochastic Processes (Lecture Notes Math. 1875), Springer, Berlin.

PITMAN, J. AND YOR, M. (1997). The two-parameter Poisson—Dirichlet distribution derived from a stable subordinator.
Ann. Prob. 25, 855-900.

RENYI, A. (1963). On stable sequences of events. Sankhya A 25, 293-302.

WiLLIAMS, D. (1991). Probability with Martingales. Cambridge University Press.

https://doi.org/10.1239/aap/1275055237 Published online by Cambridge University Press


https://doi.org/10.1239/aap/1275055237

	1 Introduction
	2 Generalized species sampling sequences
	3 Stable convergence
	4 Generalized Poisson--Dirichlet sequences
	4.1 Case m>
	4.2 Case m=

	5 Generalized Ottawa sequences
	6 Proofs
	6.1 Proof of Theorem 2.1
	6.2 Proofs of Section 4
	6.3 Proof of Theorem 5.1

	Acknowledgements
	References

