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On a Product Related to the Cubic Gauss
Sum, IlI

Hiroshi Ito

Abstract. 'We have seen, in the previous works [5], [6], that the argument of a certain product is closely
connected to that of the cubic Gauss sum. Here the absolute value of the product will be investigated.

1 Introduction
Let p = ¢*™/3 and w be the generator of a prime ideal of degree one in Q(p) which
satisfies the congruence w = 1 (mod 3). Let p be the norm of w. Define two real

analytic functions g(z) and G(z) on the complex plane C by
§(z) = e(2) + pe(pz) + p’e(p’2),
G(z) = e(2) + e(pz) + e(p*z).
Here,
e(z) = exp(27ri(z — Z)/)\) ., A=p—p*=iV/3

and z denotes the complex conjugate of z. These functions are periodic with respect

to Z[p], the integer ring of Q(p). Take a %—representative system modulo w and
denote it by S; S consists of (p — 1)/3 elements of Z[p] and the numbers

s,ps,p°s (s€ ),

together with 0, form a complete representative system modulo w. Define the cube
root a(S) of —1 by the congruence

a(S) = Hs (mod w).

seS

The existence of «(S) is a consequence of Wilson’s theorem. Let us consider the

products
6@ =a®]s(2). aw=IIc(2)-
sES sES
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These are independent of the choice of S and A(w) is a positive rational integer. In
our previous papers, we studied the connection between these products and the cubic
Gauss sum which is defined by

p—1

(W) = H (g)3 G2mialp

Here, (£)s is the cubic residue symbol of Q(p).

Theorem 1 ([5], [6]) For any positive real number e, we have

L C R
<w>3 7-(W)A(w) = Ce asp — oo

with a positive absolute constant C. In particular, we have

1 .
(1.1) arg{(5)3 T(w)5(w)}0(p5+e) asp s oo

Now, as is well known, the absolute value of the Gauss sum 7(w) is 1/p and it is
natural to ask about the absolute value of the product 6 (w) which is closely connected
to the Gauss sum. The main purpose of this paper is to answer this question. Denote
by D a fundamental domain of C/Z[p] and p the Lebesgue measure of C.

Theorem 2 Let 5
I= —/log\G(z)|d,u.
V3 Jp

i) For any positive real number €, we have
(i) y p
E+0(p") F+0(p")
[0(w)| = €3 ,  |JAWw)] = e asp — 0.

(ii) The constant I is positive.

We see from Theorem 1 that two estimates in (i) above are equivalent to each
other.

Let ¢ = &2™/?, N = Q((), K be the subfield of N of degree (p — 1) /3 and Oy and
Ok be the integer rings of N and K respectively. Take an integer f satisfying

f=p (modw).

Then, as a special case of Theorem 2.1 (iii) of Brinkhuis [2], we see that

and Theorem 2 gives the following assertion.
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Corollary 3 Notations being as above, we have, for any positive real number &,
[ONZOKC‘FOKCf'l'OKCfZ] :epIJrO(pE) as p — oo.

Note that the set {, ¢, ¢/ 2} is the full set of conjugates of ¢ with respect to the
extension N /K. It is easy to see the facts corresponding to Theorem 2 and Corol-
lary 3 in the quadratic case and we understand that the situation is quite different
(f. Frohlich [3, pp. 221-222]). One of our fundamental interests lies in pursuing the
analogue of Theorem 1 in higher degree cases. Related to this problem, it would be
of some interest to investigate whether or not Theorem 2 and Corollary 3 can be ex-
tended to these cases. Computer calculation suggests the possibility of this extension.
We hope to discuss this topic in the future.

In the following, we prove Theorem 2(i) in Sections 2 and 3 and show Theo-
rem 2(ii) in Section 4. In Section 5, some comments related to the discussion in
Brinkhuis [1], [2] and remarks concerning further problems will be added.

2 Estimation of |§(w)| and |A(w)|

We shall prove (i) of Theorem 2. As is mentioned in Section 1, it is enough to show
the assertion about |d(w)|, and since

sor=— 1 5(2)
amod w

aZ0

it suffices to prove the following:

\/3 a _ —1+e
ey 55 % s (3)|= [ eels@ldn 0w oo
a0
We note that
(2.2) / log|G(2)| dp = / log [g(2)| dp,
D D

which follows from the periodicity and G(z) = g(z — %). Put, as in [5] and [6],
D={zeC;lz] <|z—u| (0#uecZlp]},

Dv) =v+ lD (ve €
w

and R = %Z[p] N D. Then, since there is no point of iZ[p] on the boundary 0D of
D, R is a complete representative system of iZ[ pl/Z[p]. It follows that

> loglg (2)] = D loglstrl,

ar;;%w 0#r€R
/log \g(z)|dM=Z/ log |g(2)| du.
D rer v D(r)
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The integral [ D(r) log |g(2)| dp exists by Lemma 1 of [6] and hence the integrals in
(2.2) also exist. We see that (2.1) is equivalent to

(2.3) *zf > loglgn| = / Joglg@ldu+ O(p™"")  (p — o0).
D(r

0#reR r€R

Asin [6], let

1 pj .
M =40, £—, —(j=0,1,2
1 { ) )\7 3 (] Pt )}7
M={z€C;z=m (modZ[p]) for some m € M, }.
The function g(z) vanishes if and only if z is contained in M. Set

d(z,M) = W}glyz —m| (z€QC),

1 1
U=1zeC;dzM)< —,, V=32z€C;dz,M)>—7,
12 12
Ry =RNU, Ry=RNV

and, for z with d(z, M) < é, define m(z) to be the point of M which is nearest to z.
Also, for every m in M;, put

Rym={r € Ry ;m(r) =m (modZ[p])}.
One has

(2.4) R=RyURy, Ry= U Ry, (disjoint unions).
meM,;

Furthermore, as in (2.13), (2.14) and (2.16) of [6], let
B0 = [ . (oglg(2) ~ logla()
D(v
Ey(u) = ( ){ (log lg(2)| — log |z — m(u)|) — (log lg(w)| — log |u — m(u)|) } du,
D(u

F(u) = /( )(log|z— m(u)| — log |u — m(u)|) du.
D(u

Here, u and v are complex numbers with 0 < d(u, M) < é and v ¢ M. As is seen in
(2.12) of [6], we have, for each m in M,

log |g(m + z)| —log|z| = log(Z\/gﬂ') +0(lz]) as|z] — oo.
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This is the motivation to introduce Ey(u). Because the area of D(v) is V3 , we see that

2p
3
£log lgv)| = / log |g(2)| dp — E(v),
2p D(v)

? log |g(u)| = / log |g(2)| dpw — F(u) — Eg(u).
p D(u)

It follows that the left hand side of (2.3) is equal to the following:

V3 Z loglsl = 3 { / o g<z>|duF<r>Eo<r>}
D(r

o#ezz 0#r€Ry

34 [ toele@lan £}

(25) r€Ry
> log lg(2)| dp — / log |g(2)| dp
D(0)

r€R D(r

= Y Fr— > Efr) - Y E@).

0#reRy 0#r€Ry rERy

From Lemma 2 of [6],
V3 1 V3 s
(2.6) / log|g(2)|dy = —~—log p + —I; + — log(2V/37) + O(p™?)
o) glg(@)|du gp 08P+ Jlit o log p

with I} = [ log|z| du. Here, the implied constant is absolute. Therefore, to prove
(2.3) it suffices to show that

(2.7) ST OFm+ Y E(n)+ Y Er)=0(p~"") (p— o0).

0#r€Ry 0#r€Ry rERy
Now, from Lemma 6 of [6], we have, for every m in My,
(28) p Y =Y /log 1+ 2] du+ 0(p72),
0#rERy ,m 0#£a€Zlp]—m
where the summation over a is absolutely convergent. Therefore, from (2.4),

S R = Z 3 /log‘1+’du+0(p

(2.9) 0#£r€Ry P e 0£a€Zlp]—
=0(p ).

Hence, we see from the following lemma that the estimate (2.7) holds and this implies
that we have proved (2.3), (2.1) and Theorem 2(i).
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Lemmal We have

> E(r)=0(p™"

r€Ry

and

> Ey(r)=0(p™"")

0#r€Ry

for any positive real number €.

We shall prove the above lemma in the next section.

Remark The estimate

(2.10) ST Fn+ Y R+ Y Er=0(p"2) (p— o),

0#rERy 0#£r€Ry rERy

which leads to the estimates
5(w)] = TP |A(w)| = 5P (p - 00),
follows directly from results in [6]. Namely, by Lemma 3 of [6], we have

Ev)=0(p~3) (veV),
(2.11) . )
Eo(uw) = O(p™3) (0 <d(u, M) < 2),

and the trivial estimates
(2.12) #Ry <#R=p, #Ry <#R=p

give

3" B =0(p"%) D Er=0(p"%),

0#r€Ry r€Ry

establishing (2.10). The point of the next section is that we are trying to make the
error terms as small as possible, partly because we hope to compare the results with
an analogue of Theorem 2 in higher degree cases.

3 Proof of Lemma 1

Let us first introduce some notation. Taking an integer K greater than one, define Uy
(1 <k <K),asin (2.17) of [6], by

Uy ={zeC;dz,M) < p "=},

(3.1) Uk:{ZEC;p_er% §d(z,M)<p_%+%} 2<k<K-1),

1 1
Uk = {zEC;p‘W <d(z,M) < E}
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and put
Ri=RNU; (1 <k<K).

In the following, some of the arguments are valid only when p is sufficiently large
with respect to K. We assume this. All the implied constants depend at most on K.
We have

K K
(3.2) U= U Uw, Ry= URk.
k=1 k=1

Also, it is easy to see that
(3.3) #Re = O(pM*) (1 <k<K),

¢f. (2.18) of [6].
Now, from (2.11) and (3.3), we see that

(3.4) 3" Eo(r) = 0(p~i%).

0#rERy
Next, let 2 < k < K, r € R and m = m(r). Put
T(z) = T(z,m) = log|g(z)| — log|z — m]|.

Then we have

Ey(r) :/ (T(z) — T(r)) du.
D(r)

Consider now the Taylor expansion of T(z) around r [6, (3.3)]. Note that log |g(z)|
is differentiable infinitely many times outside M and we have, for every pair (a, b) #
(0,0) of non-negative integers,

a+b

0 _ 1—a—b
(3.5) W(log lg(m +2)| —log|z|) = O(| ) as|z| =0,

cf. (2.10) of [6]. Then, due to the cancellation arising from the fact that D(r) is a
regular hexagon [6, (3.4)], we get, as in (3.5) of [6], that

oO*T =
8ZBZ(r) +O(p ).

(3.6) Ey(r) = p_z/ |z du -
D

Therefore, from (3.3) it follows that

azT 3 1
SR =p [sPdue Y S+ 0 @ <k<K),
D reRy

rERy
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From (3.2) and (3.4),

67 2 Bin=p / el dp - ZZ s T+ opith).

0#r€Ry k=2 r€Ry

For E(r) (r € Ry) also, we get, in the same way as we get (3.6),

o2 5
_ —2 2 . -3
(3.8) E(r) = p /D e du - -~ log |g(n)] + O(p™ ),

cf. [6, p. 14]. Corresponding to the aid of (3.5) in deriving (3.6), we use in the above
the fact that a?a a7 10g |g(z)| is continuous outside M and in particular is bounded on

V [6, p. 14]. We see from (2.12) that

6 Y E0=p [l > . logle(r)] + 0.

r€Ry

Now, (3.1) says that
r—m| > p~iE

ifk>2,r€ Rrandm = m(r) and from (3.5) we see that

(z) O(|z—m|™") asz— m.

6 0z
Hence,
1_k=1

% a_(r) o(p ).

By (3.3),
O*T L O(p) if2<k<K-1

3.10 =0(p2*x) = l
( ) Z Oz a_(r) ( K) = {O(p“ﬁ) ifk=K

and therefore,

(r) O(p'*er).

K
ERy
We have from (3.7) that
(3.11) " Eo(r) = O(p~').
0#r€Ry

This proves the second assertion of the lemma since K can be arbitrarily large. Let us

consider the right hand side of (3.9). Because
from (2.12) that

= 1og |g(z)| is bounded on V', we see

82
> 5.5, loglg(n| = O(p).

r€Ry
Hence we get from (3.9) that

(3.12) Y En)=00p"",

r€Ry

which is the first assertion of the lemma. We have proved Lemma 1.
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4 The Integral [, log|G(z)| du

Let us prove (ii) of Theorem 2. The point of the assertion is that the constant I is not
zero since it can not be negative by (i) of Theorem 2. We observe that e(—z) = e(z),
e(z) = e(z) and that

Gpz) = G(2), G(~2) =G(2), G(2) =G

Hence,
|G(=p2)| = |G(2)| = |G(2)]
and it follows that
/log|G(z)\ du = 12/log|G(z)| du
D A
with

. 1
A{zx+zy;0<x< 2,y>0,x\/§y>0}.
Writing z = x + iy, we see

e(z)71G(z) =1+ e((p - l)z) + e((p2 — 1)2)

-1+ eZWi(x*ﬁ)’) + eZWi(fxf\/gy)

and
|G(2)]* =3 + 2(cos 27 (x — \/gy) + cos 2m(x + \/gy) + cos47rx)
(4.1) =1+ 4cos2mx(cos 277\/5)/ + cos 27x)
(4.2) =1+ 8cos2mxcosm(x+ \@y) cos (x — \6}/).
Let

1
Alz{z;0<x<1,y>0,x—\/§y>0}

1 1 1
Az{z;4<x<2,y>0,x+\/§y<2}

1 1 1
A3:{Z;Z<X<E,E—X<\f3y<x}.
Then, we see from (4.2) that

|G(2)]* > 1 ifz € A UAs,

IG(2)]* <1 ifz€A,.
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First, we shall estimate the integral of log|G(z)| over A} U As. Here, 0 <
|G(2)|?> — 1 < 8 and we have

21og|G(z)| = log|G(2)|*

S log8

log 8
> T(\G(z)|2 - 1) = % c0527rx(c0527r\/5y+ C0oS 27X)

by (4.1). It follows that

log8 [7 %
/ log |G(2)| du > %/ dx/ " cos 2mx(cos 23y + cos 27x) dy
A 0 0

_ (7*+4)log8
2564/372

and

log8 [ %
/ log |G(2)| du > %/2 dx/f cos 2mx(cos 2mv/3y + cos 2mx) dy
As i -

+

S

2V3
_ (7*+4)log8
128v372
Hence, we have
3(n? +4)log 8
(4.3) / log |G(z)| dp > M
AjUA;3 2567

In order to estimate the integral f 4 log |G(2)| dp, we expand G(z + %) = g(z) into
a power series in z and Z. Put, for j € Z/3Z,

gi(z) = e(z) + pje(pz) + pzje(pzz).

Then, 5 5
2 2
&gj(Z) = %gjﬂ(Z), &gj(Z) = _%gjfl(z)

and so
a+b

2 a+b
aopdid) = (=1)° (\%) gj+a—b(2)-

In particular, for g(z) = g1(z), we see that

a+b

6 a+b
() = (1) (%) Giras(2)

and

a b(2m ya+b —
g gy — 3D, 1+a—b=0 (mod3)
0z70z"

0, otherwise.
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Hence, we have an expansion

oo 1 o a+b
S (3)
) g2 ;0 — (=1 7
= —277\/52(1 — B(z))
with
Bo)= Y (-1 (%

at+b>2

Hiroshi Ito

22 (1+a—b=0 (mod 3))

a+b—1
) 227 (1+a—b=0 (mod 3)).

The power series converges absolutely for every z.

Assume that |z| < R. Then, we see that

a+b>2

V3 1
> oh

a,b>0

1
alb!

21

V3

(

1B(z)| <

2mR

V3

2R

a=j(3)

V31

at+b—1
> Ru+h7

\/5 2 1 /27R\"*
14+ — — -

' 1+a—b=0 (mod 3))

at+b
> —1 (1+a—b=0 (mod 3))

|
= bl \ V3
b=1+j(3)

2
2R . 21R . 21R 2
g (eVi + pievi’ + p~2e Vi)

= -]+ — —
2TR 9 4
j=0
X (ez% + p*jfle%p +p72]’726%pz)
=1+ 2\/1 33(64’7'; + p—lezL\/‘;(erpz) _I_p—zez%‘(pwz))
0
1 L% _ %
=1+ evi —e V3
2v/37R
In particular, we have
[B(z)| < ¢ if|z] < —
with
2 3 T _ —_T_
(4.5) C=—1+—\[(63\/3—e 63) =0.20344 - - - .
™

It follows from (4.4) that

(4.6)
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Now, set
Ay = €A ; < !
20 = 4% 25 |2 e
A cA L < ! 1< < >
=Jz slz— = —, e <x< =,
2 : 3l 1274 12
5
A22:{Z€A2;E<X}
5 1 1
= 5 — =, 0,x++v3 =7
{z S <x< S,y >0x fy<2}
It holds that
2
[ 1oglc@ldu=Y" [ toglc@du.
Ay k=0 Y Ax
By (4.6), we see that

/ IOgIG(Z)\du=/|<Llog\g(z)ldu
Aso 21> 1z
y

>0

> /Zlgﬁ(log(ﬂr\@(l —0) +log|z|) du

y>0

(4.7) B B 1 ER
,10g(27r\/§(1 0) 7r1222+/0 dr/o rlogrdf

log 12 1
= %log(br\@(l - c)) - < o8 + )

288 576
T (1l —c¢) T
= —log -
288 2V/3 576

By (4.1), |G(2)| is monotonically increasing with respect to y in A,. Therefore, from
(4.6) we have in A, that

(1 —c¢)

2V/3

1
log |G(z)| > log(27n/§(1 —¢)) +log i log
V3

In the same way, since —1 < cos 2mx < —*3” in Ay, we have by (4.1) that

|G(2)[* > 1+ 4cos2mx(1 + cos 2mx) > 4 — 2V/3,

log |G(2)| > %log(él —2V/3).
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. . 1 T
Since the area of A, is 75 — s We get

1 T (1l —¢)
(4.8) /Az] log |G(2)| dp > (m - ﬁ) IOgﬁ'

P
Also, the area of Ay, is TG and

log(4 — 2v/3)

(4.9) /A22 log |G(2)| dp > T\/g

From (4.7), (4.8) and (4.9) follows that

T 1 (1 —c¢) log(4 —2v/3)
log |G(2)|dy > ——— + lo +
/Az 8lG@dn =~ + SR8 — = 576v/3

and together with (4.3) we conclude that

3(m* +4)log 8 1 1—c) log(4—2v3
/log|G(z)du2\/_(7T+2)°g_”+ log ML), log(4 ~2V3)
4 256m 576 36v/3 2V3 576\/3

By (4.5), we can see that
/log |G(z)| du > 0.008476 - - - > 0,
A

which proves (ii) of Theorem 2.
Remark Computer calculation by J. Sato shows that
I =0.32306593 - - -,

although we have no information on the accuracy of the computation.

5 Remarks

1. We mention a consequence of Theorem 2. Because p = 1 (mod 3), the multi-
plicative group F; of the finite field F, contains the subgroup of order 3, which we
denote by us. Put, for j = 0, 1,

bj = #{T ; T is a complete representative system for F, /413 and Z t=j}.
teT

It is known that
b() — bl = A(w) > 1,
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cf. [2, Theorem 3.2 (iii), Corollary 4.7 (ii), Proposition 6.1 (iii) and Remark 6.2]. On
the other hand, the number of complete representative systems for F’ /13 is 3(p=1/3
and from this follows that

by + (p — Dby = 37717,
¢f. also Remark 6.3 of [2]. Hence, Theorem 2 implies the following.
v P ogn

375 +

by = as p — oo,

|-
)

1 —1 1 1 €
by = -3 — —¢5700) a5p — 0.

2. A comment on (1.2). We can see easily that the right hand side of (1.2) can be
written as p~! Normg /q(a) with some a in O. Also, it is known that the right hand
side is prime to p [2, Proposition 7.1]. Now, because Norm(q)’ = 1 (mod p) for
any prime ideal q of K prime to p, we see the following: decompose the index (1.2)
as the product of prime numbers and write

2
[On : Ok¢ + Ok¢T + Ok =[] a5
q

then it holds that
(qeq)3 =1 (mod p)

for each g. This can be extended to a more general situation. Namely, let # be an odd
prime number and p be a prime number with p = 1 (mod n). Let ¢ = &™/P, N =
Q(¢) and K be the subfield of N with [N : K] = n. Let v be an arbitrary integer of N.
Then, if a prime power g% exactly divides the index [Oy : ZTGGal(N /K) Ogv™] and
q # p, the congruence (¢*)" = 1 (mod p) holds. Now, it is known [1, Theorem 2]
that the integer ring Oy does not have normal integral basis over K. It follows that

{ON: Z OKVT} >pﬁ.

TE€Gal(N/K)

3. Finally, we shall point out some problems related to the topic discussed in this
paper. First problem is to make clear the relation between the uniform distribution
of the argument of the cubic Gauss sum (Heath-Brown and Patterson [4]) and the
product approximation (Theorem 1) or a product expression (Matthews [8]) of the
Gauss sum. A result of McGettrick [9] is helpful. However, finding some nice way for
taking a %—representative system modulo w becomes a problem. Second, our proof
of Theorem 1 (or of (1.1)) essentially depends on the result of [8]. It is desirable, if
possible, to give a direct proof for Theorem 1 (or for (1.1)). The result of [8] and
(1.1) lie approximately at the same depth, and the former follows rather easily from

the latter. Thirdly, because 7(w)® = — pw, it follows from (1.1) that

p—1
(5.1) arg{ —w H(C”+p(“f+pcaf2)} :O(p*%’ff) as p — oo
a=1
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with ¢ and f being the same as in (1.2). This is a result of Loxton [7]. The proof
for (5.1) is at present essentially unique and it is done by approximating the loga-
rithm of the w-division value g(£ ) by a suitable integral. To find a different way for
proving (5.1) will be of interest. The treatment of Reshetukha [10], for example, may
deserve some attention. All these problems are related to the problem of extending
Theorem 1 to higher degree cases.

References

[1]1 7. Brinkhuis, Normal integral bases and complex conjugation. J. Reine Angew. Math. 375/376(1987),
157-166.

, On a comparison of Gauss sums with products of Lagrange resolvents. Compositio Math.
93(1994), 155-170.

[3]  A.Frohlich, Galois module structure of algebraic integers. Springer, 1983.

[4] D.R. Heath-Brown and S. J. Patterson, The distribution of Kummer sums at prime arguments.
J. Reine Angew. Math. 310(1979), 111-130.

[5]  H.Ito, On a product related to the cubic Gauss sum. J. Reine Angew. Math. 395(1989), 202-213.
[6] , On a product related to the cubic Gauss sum, II. Nagoya Math. J. 148(1997), 1-21.
[7]  J. H. Loxton, Products related to Gauss sums. J. Reine Angew. Math. 268/269(1974), 202-213.

[8]  C.R.Matthews, Gauss sums and elliptic functions: I. The Kummer sum. Invent. Math. 52(1979),
163-185.

[9]  A.D. McGettrick, A result in the theory of Weierstrass elliptic functions. Proc. London Math. Soc. (3)
25(1972), 41-54.

[10] I.V. Reshetukha, A product related to the cubic Gauss sum. Ukrainian Math. J. 37(1985), 611-616.

Graduate School of Mathematics
Nagoya University

Chikusa-ku

Nagoya 464-8602

Japan

email: ito@math.nagoya-u.ac.jp

https://doi.org/10.4153/CJM-2001-013-1 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2001-013-1

