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1. Introduction and Preliminaries

Let X be a topological space equipped with a binary relation R; that
is, R is a subset of the Cartesian square X X X. Following Wallace [5], we
write

2R ={y: (v, y) e R}, Rx={y: (y,z) e R},
RA=uU{Rzx:xeA} and AR=vu {zR:z€e R}.

Deviating from [7], we shall follow Wallace [4] to call the relation R
continuousif RA* C (RA)* foreach 4 C X, where * designates the topological
closure. Borrowing the language from the Ordered System, though our
relation R need not be any kind of order relation, we say that a subset S
of X is R-decreasing (R-increasing) if RS CS(SRCS), and that S is R-
monotone if S is either R-decreasing or R-increasing. Two R-monotone
subsets are of the same type if they are either both R-decresaing or both R-
increasing.

DErFINITION 1. A topological space X equipped with a relation R is
said to be R-normal if, and only if, A, and 4 are two disjoint closed subsets
of X such that either 4, is R-decreasing or 4, is R-increasing then there
exist two disjoint R-monotone open subsets U, and U, of X such that
A,CU,, A, CU, and that U, is R-decreasing and U, is R-increasing.

Our definition of R-normality agrees with that of strong normality
of Ward’s [6].

It should be noted that the #rivial relation, 4 = {(z, ) : x € X}, is
continuous and that a normal space is a particular R-normal space in which
R is trivial. Recall that a family of subsets of X is point-finite (locally finite)
if every point of X belongs to (has a neighborhood that meets) at most a
finite number of sets in the family; in particular, all finite, all star finite [2],
and all locally finite families are point-finite.

1 Presented to the 71st Summer Meeting of the American Mathematical Society, Sep-
tember 1, 1966. This work was supported by the Research Council of the University of South
Florida. The author is indebted to the referee for pointing out some errors in the earlier
version of this paper.
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The purpose of this note is to prove the following generalization of the
famous Urysohn’s Lemma.

THEOREM. Let X be a topological space equipped with a continuous
relatton R such that X is R-normal, F an R-increasing (R-decreasing) closed
subset of X, and {U,:oe€ A} a locally finite family of R-increasing (R-
decreasing) open sets in X such that 0 {U,:a€ A} D F. Then there exists a
family {f, : « € A} of continuous functions on X with values in [0, 1) such that

(1) 7’f (x: y) € R: then zaEA fa(x) é zaeA fa(y);

() Sueafol®) = 1 (Suealale) = 0) for all ze F; and
(iii) for each o e 4, f,(x) = 0 (f,(x) = 1) for all x € X\U,.
We are inspired by [3], [4], [5], and [6].

2. Proof of the main theorem

Let us record a number of readily established facts and some useful
lemmas. In all that follows, let X be always a topological space equipped with
a relation R.

2.1 A subset A of X is R-decreasing (R-increasing) if, and only if,
XA is R-increasing (R-decreasing) [6].

2.2 If A is an R-decreasing (R-increasing) subset of X and if R is con-
tinwous, then A* and A® are R-decreasing (R-increasing), where © denotes
interior.

2.3 If{A4,}ts a family of R-decreasing (R-increasing) subsets of X, then
UaAzx and naAaL
are R-decreasing (R-increasing) [6].

2.4 The empty subset ] and the whole space X are both R-decreasing as
well as R-increasing.

LeEmMMa 1. (Urysohn-Nachbin-Ward). The space X is R-normal if, and
only if, A and B are two disjoint closed sets in X such that either A is R-
decreasing or B is R-increasing, then there exists a continuous function h on
X with values in [0, 1] such that h(x) < h(y) whenever (x,y) € R and that
hix) = 0 for allx € A and h(x) = 1 for all x € B.

Proor. To prove the sufficiency, let U = {& e X|0 < h(z) < 3} and
V={xeX[}<h(x) <1}, then UnV =[], ACU and BCV. By the
continuity of %, one sees that U and V are open. Finally, since % satisfies
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the property that (z, y) € R implies 4(x) < A(y), U is R-decreasing and V'
is R-increasing. Thus, X is R-normal.
The necessity part of the proof may be found in Ward [6, page 363].

LeEMMA 2. Let R be a continuous relation on X, then X is R-normal if,
and only if, for any R-decreasing (R-increasing) closed set A contained in
any open set U C X, there exists an R-decreasing (R-increasing) open set
Uy C X suchthat ACU,CUFCU.

Proor. If X is R-normal, 4 an R-decreasing {R-increasing) closed set
contained in an open set U, then 4 and X\U are two disjoint closed sets
in X such that A is R-decreasing (R-increasing). The R-normality of X
implies that there exists an R-increasing (R-decreasing) open set V' con-
taining X\V and missing an R-decreasing (R-increasing) neighborhood of
A. Taking U, = X\V*, one shows by (2.1) and (2.2) that U, fulfills the
requirements.

Conversely, if 4, and 4, are two disjoint closed subsets of X such that
A, is R-decreasing; the case where A, is R-increasing may be argued
similarly. Then, since A4, is contained in the open set X\ 4,, there exists
an R-decreasing open set U, such that 4, CU,CUF C X\ 4,. Taking
U,=U, and U, = XUy, then U, and U, are two disjoint open sets such
that 4, CU,, 4, CU, and that U, is R-decreasing and U, is R-increasing,
by (2.1) and (2.2). Thus, X is R-normal.

We say that a family of subsets of X is R-increasing (R-decreasing,
R-monotone) if each of its member is an R-increasing (R-decreasing, R-
monotone) subset of X; thus, an R-increasing open cover of X is a cover of
X by R-increasing open sets.

LemMMA 3. Let X be an R-normal space such that R is continuous,
U = {U,:ae A} a point-finite, R-increasing (R-decreasing) open cover of X,
then there exists an R-increasing (R-decreasing) open cover ¥ ={V, : a € A}?
of X suchthat V¥ CU,, forall w e A.

Proor. We shall prove only the case where % is R-increasing, the
case where % is R-decreasing may be proved similarly.

By the well-ordering principle, let the indexing set A be well-ordered
by a certain well-ordering denoted by <. Let ¥"> = % where o0 denotes a
symbol not in 4; define 0 < « for all x € 4. For each f in 4, we shall con-
struct inductively an R-increasing open cover ¥ = {V, , : o« € A} satisfying

? It should be remarked that we allow some of the Vg’s to be empty [cf. (2.4)]. In fact,
some of the Vy's may have to be empty even when all Uy are nonempty. The referee has
contributed the following example: let X = {z,, z,} with open sets: X, {x,} and the empty
set [J. Let X by equipped with the trivial relation R = A, then X is R-normal. Consider
% = {U,, Uy} where U, = {z;} and U, = X; in this case, the only possible choice of
YV ={V,,Ve}isVy=Jand V, = X.
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(i) Vs CU, for all @« < B, and (ii) V, 4 = U, for all « > f. Suppose for
some y € A that all ¥"® with 8 < y have been constructed, then we shall
define 7”7} as follows: define

v _{Va’afora.lloc<y,
“Y 7 \U, for all «> .

we first observe that
Uy,ufu{lV,,:aed &a#y}]=X

and hence X\U, and X\u {V,,:aed &a # y} are two disjoint (R-
monotone) closed sets. By R-normality of X, there exist two disjoint open
sets S and T such that X\U,CSand TD X\ u{V,,:aed &a #y}.
Since X\U, is R-decreasing, by Lemma 2, there exists an R-decreasing open
set @ such that X\U,CQCQ*CS. Now let V,, , = X\Q*, then by (2.1)
and (2.2) V, , is R-increasing. We have V3 CX\Q CU,. Furthermore,
since Q* and X\u {V, , :a € A & a #* y} are disjoint, we have

U{Veeiaed} =V, v[u{l,,:aed &a#y}
= (X\Q*) U [U{V,, aed &a#y}] =X.

Thus, by the transfinite induction, ¥" is well-defined for every y e 4.
It is to be noted that the y® cover ") contains an initial segment of
every cover ¥ for f < y. Let ¥ = {V,:a € A} be defined by V, =V, ,
for all « € A. Then, it needs only to be proved that ¥~ covers X. To this
end, let  be an arbitrary element in X, then by the point-finiteness of %
there exist at least one and at most finitely many U, , - - -, U, containing
z. Let oy = max {«,, * - -, «,}, under the well-ordering we have introduced
at the very beginning. Consequently, « ¢ U,, for all y > o; but since ¥~ (%)
covers X, there exists an § < «; such that z € Vﬁ,% =V,p=Vze¥.

To define V'

vsY?

Proor oF THEOREM. Since F is an R-increasing (R-decreasing) closed
subset of the R-normal space X, the set F equipped with the relative
topology and the relation Rp = R n (F X F) forms an Rg-normal space,
and the family {U, n F; « € A} is a point-finite Rg-increasing (Rp-decreas-
ing) open (in F) cover of F. By Lemma 3, there exists an Rp-increasing
(Rp-decreasing) open (in F) cover {V,:ae A} of F such that V¥CU,nFCU,
for all « € A. Since each V, is an Ryg-increasing (Rp-decreasing) subset of
the R-increasing (R-decreasing) subset F of X, each V, is R-increasing
(R-decreasing) in X and hence, by (2.2), each V¥ is R-increasing (R-
decreasing) in X. Now, for each « € 4, applying Lemma 1 to two disjoint
R-monotone closed sets V¥ and X\U, 2 in X, we have a continuous function

3 If V; = [, regardless of X\Ug = [] or otherwise, one may choose, for instance, the

constant function hg(x) = 0 (resp. ha(x) = 1) for all ze€ X; if V3 3= O and X\Ue = [,
then one chooses, for instance, the constant function hg(x) = 1 (resp. ka(z) = 0) for all z € X.
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h, : X — [0, 1] such that

hy(x) < h,(y) whenever (z,y) e R,
ho(x) =1 (A (x) = 0) for all xeV}, and
hy(2) = 0 (h,(x) = 1) for all x € X\U,.

For each « € A, define a function 7, : X — [0, 1] by
fa(®) = h,(z)/max { ZAha(x), 1}

for all # in X. To show that each f, is continuous, it suffices to show that
the function 3,44, : X — [0, c0) is continuous: for each z in X, by the
local finiteness of {U, : « € A}, there exists an open neighborhood N, of
z such that N, n U, 5 [] for at least one and at most finitely many o’s,
say o, %, * * - «,,; therefore, for any open set G in [0, o0),

( ZAh‘zz) —I(G) N Na: = (h11+' : '+ham)_1(G) N Na:

which is open, because hal+- . -+ham : X — [0, c©), as a sum of finitely
many continuous functions, is continuous; and hence,

( zha)_l(G) = U I:( 2 h’a)_l(G) N Na:]’

zecd zeX aed
as a union of open sets, is open. Finally, by a routine verification, one
verifies that the family {f, : x € A} of continuous functions satisfies the
conditions (i), (ii) and (iii) stated in the theorem.

Since every mormal space is R-normal, where R is the (continuous)

trivial relation 4, and every finite family of open sets is locally finite,
therefore we have the following Dieudonné’s partition of unity.

CoroLLARY (Dieudonné [1]). Let X be a normal space, F a closed
subset of X, and U, U,,+--, U, open sets such that Jz_y U, D F. Then
there exist continuous functions hy, - - -, h,, on X with values in [0, 1] such that

(1) ihk(x) =1 for all z€ F,

k=1

(ii) 2i(x) =0 forall x e X\U, and fork =1,2,- -, n.

I am grateful to Dr. Frank L. Cleaver for his encouragement.
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