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On the Classification of Rational Quantum
Tori and the Structure of Their
Automorphism Groups

Karl-Hermann Neeb

Abstract. An n-dimensional quantum torus is a twisted group algebra of the group Z". It is called
rational if all invertible commutators are roots of unity. In the present note we describe a normal form
for rational n-dimensional quantum tori over any field. Moreover, we show that for n = 2 the natural
exact sequence describing the automorphism group of the quantum torus splits over any field.

1 Introduction

Let IK be a field and I an abelian group. A I'-quantum torus is a I'-graded K-algebra
A= @ver A, for which all grading spaces are one-dimensional and all non-zero
elements in these spaces are invertible. For any basis (6, ),er of such an algebra with
0, € Ay, wehave 6,0, = f(v,7')d,4,/, where f: I'xI" — K* is a group cocycle. In
this sense I'-quantum tori are the same as twisted group algebras in the terminology
of [20]. Quantum tori arise very naturally in non-commutative geometry as non-
commutative algebras which are still very close to commutative ones, [12] and they
also show up in topology [4, §3].

ForT" = 7", we also speak of n-dimensional quantum tori, also called skew Laurent
polynomial rings if the image of f lies in a cyclic subgroup of K* [8]. Important
special examples arise for n = 2 and f(v,v’) = q”Wz’ , which leads to an algebra
A, with generators u; = 0(1,0) and u, = 00,1, satisfying uyu, = qupu;, and their
inverses. Finite-dimensional quantum tori and their Jordan analogs also play a key
role in the structure theory of infinite-dimensional Lie algebras because they are the
natural coordinate structures of extended affine Lie algebras [2, 3].

The first problem we address in this note is the normal form of the finite-dimen-
sional rational quantum tori, i.e., quantum tori with grading group I' = 2", for which
f takes values in the torsion group of K*. Let P C K* be a subset containing a
single representative for each finite element order arising in the multiplicative group
IK*. We then show in Section 4 that any rational n-dimensional quantum torus A is
isomorphic to a tensor product

(11) A%Aql ®...®A‘Zs—l ®Aq;” ®]K[Z”*25],

where q1,...,q; € P satisfy 1 < ord(gs)|ord(gs—1)| - -|ord(q;) and ord(q™) =
ord(gs) (with m = 1if 2s < n). The existence of such a decomposition is not new.
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Under the assumption that the field K is algebraically closed of characteristic zero,
(1.1) can be found in [1], and a version for skew Laurent polynomial rings is stated in
[8, Remark in 7.2]. Our main new point in Section 4 is criteria for two such rational
quantum tori as in (1.1) to be isomorphic.

For any 7"-quantum torus A, its group of automorphisms is an abelian extension
described by a short exact sequence

(1.2) 1 — Hom(Z",K*) — Aut(A) — Aut(Z", \) — 1,

where \: 7" x 7" — K*, (v,7') — 6757/5;15;,1 is the alternating biadditive map
determined by the commutator map of the unit group A*, and

Aut(Z", \) C GL,(Z) = Aut(7")

is the subgroup preserving A. The second main result of this note is that for n = 2 the
sequence (1.2) always splits. In this case A = A, for some g € K*, and Aut(Z*, \) =
GL,(Z) if ¢* = 1 and Aut(72, \) = SL,(Z) otherwise. The statement of this result (in
case ¢ is not a root of unity) can also be found in [17, Theorem 1.5], but without any
argument for the splitting of the exact sequence (1.2). In the context of the irrational
rotation algebra, a C*-completion of A, for ¢ € C* of infinite order with absolute
value 1, the corresponding result is due to Brenken [5]. According to [20, p. 429],
the determination of the automorphism groups of general quantum tori seems to be
a hopeless problem, but we think that our splitting result stimulates some hope that
more explicit descriptions might be possible if the range of the commutator map is
sufficiently well behaved.

Rational quantum tori also show up naturally in the theory of forms of algebras
over Laurent polynomial rings because they are finite rank modules over their cen-
ters, which are algebras of Laurent polynomials. In this context one must distinguish
among the automorphism group over K, the considerably smaller automorphism
group over the center, and the group of graded automorphisms. For more details
and a development of the general theory we refer to [11, Example 4.11].

1.1 Notation

Throughout this paper K denotes an arbitrary field. We write A* for the unit group
of a unital K-algebra A.

Let I" and Z be abelian groups, both written additively. A function f: ' xI' — Z
is called a 2-cocycle if f(v,v") + f(y +~',7") = f(v,v" +7") + f(v',7"") holds
forv,~’,v"" € T'. The set of all 2-cocycles is an additive group Z*(T', Z) with respect
to pointwise addition. The functions of the form h(y) — h(vy + ') + h(v’) are called
coboundaries. They form a subgroup B*(TI", Z) C Z*(T', Z), and the quotient group
H(T',Z) := Z*(I',Z)/B*(T', Z) is called the second cohomology group of I" with
values in Z. It classifies central extensions of I' by Z up to equivalence. Here we
assign to f € Z*(T", Z) the central extension Z X ; I, which is the set Z x T, endowed
with the group multiplication

(1.3) zNE )=+ + f(v,v),v+7) z7Z €Z v+ €T.
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We also write Ext(T", Z) = H*(T', Z) for the group of all central extensions of I" by
Z, and Ext,,(I', Z) for the subgroup corresponding to the abelian extensions of the
group I' by Z, which correspond to symmetric 2-cocycles.

We call a biadditive map I' x I' — Z vanishing on the diagonal alternating, and
denote the set of these maps by Alt*(I", Z). A function q: T’ — Z is called a quadratic
form if the map

B TxT = Z, (7,7") = qly +7") — () — 9(v")

is biadditive. Note that we do not require here that g(ny) = n?q(~y) holds for n € Z
andy eT.

Forn € N:= {1,2,3,...}, wewrite Z[n] := {z € Z : nz = 0} for the n-torsion
subgroup of Z. We also write No := N U {0}.

2 The Correspondence between Quantum Tori and Central
Extensions

Definition 2.1 LetI be an abelian group. A unital associative K-algebra A is said to
be a I'-quantum torus if it is I'-graded, A = €D ~er Ay, with one-dimensional grading
spaces A,, and each non-zero element of A, is invertible.!

For I' =2 7% we call a I'-quantum torus also a d-dimensional quantum torus.

Remark 2.2 In each I'-quantum torus A the set A := U7er IK* 4., of homoge-

neous units (called trivial units in [20]) is a subgroup containing K*1 = K* in its
center. We thus obtain a central extension

1—>H\(X—>Ahx—>l_‘—>1

of abelian groups.

It is instructive to see how this can be made more explicit in terms of cocycles,
and to show in particular that each central extension of I' by K* arises as A;* for
some ['-quantum torus A. Let A be a I'-quantum torus and pick non-zero elements
0y € Ay, so that (0,),er is a basis of A. Then each ¢, is an invertible element of A, so
that we get

(21) 5’)/6'y’ = f(%7/)57+7' for 77’7/ € F7

where f € Z*(T', K*) is a 2-cocycle for which AS =KX x T (1.3).

Conversely, starting with a cocycle f € Z*(T', K*), we define a multiplication on
the vector space A := 69'761“ K., with basis (9,),ecr by 0,0,/ := f(v,7")dy4,7. Then
the cocycle property implies that we get a unital associative algebra, and it is clear
from the construction that it is a ['-quantum torus.

Definition 2.3 There are two natural equivalence relations between quantum tori.
The finest one is the notion of graded equivalence: two I'-quantum tori A and B are

!In [20], these algebras are called twisted group algebras.
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called graded equivalent if there is an algebra isomorphism ¢: A — B with ¢(A,) =
B, forally €T

A slightly weaker notion is graded isomorphy: two I'-quantum tori A and B are
called graded isomorphic if there is an isomorphism ¢: A — Band an automorphism
or € Aut(I') with p(A,) = B, (y) forally € I'.

The following theorem reduces the corresponding classification problems to
purely group theoretic ones.

Theorem 2.4 The graded equivalence classes of I'-quantum tori are in one-to-one
correspondence with the central extensions of the group I' by the multiplicative group
IK*, hence parametrized by the cohomology group H*(T', K*).

The graded isomorphy classes of I'-quantum tori are parametrized by the set

H*(T,K*)/ Aut(T")

of orbits of the group Aut(T") in the cohomology group H*(T',K*), where the action is
given on the level of cocycles by 1. f :== (™ )*f = fo (yp=! x o~ 1).

Proof If ¢: A — Bisa graded equivalence of I'-quantum tori, then the restriction
to the group A, of homogeneous units leads to the commutative diagram

K> A r
l idK X l @ L idr
K> By r

This means that the central extensions AhX and th of I by IK* are equivalent. If, con-
versely, these extensions are equivalent, then any equivalence ¢: AhX — BhX extends
linearly to a graded equivalence A — B. Now the observation from Remark 2.2 im-
plies that the graded equivalence classes of I'-quantum tori are parametrized by the
cohomology group H(T", K*) = Ext(T", K*).

If p: A — Bisa graded isomorphism of I"-quantum tori, then the diagram

K> Aff r
L idy x l P L Yr
K> By r

commutes, which means that the corresponding central extensions A, and B, are
contained in the same orbit of Aut(I") on Ext(I', K*) = H?(I", K*) (we leave the easy
verification to the reader). Conversely, any isomorphism ¢: A, — B, of central
extensions extends linearly to an isomorphism of algebras A — B. ]
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3 Central Extensions of Abelian Groups

In this section I' and Z are abelian groups, written additively. We shall derive some
general facts on the set of equivalence classes Ext(T", Z) = H?(T", Z) of central exten-
sions of I' by Z. In Sections 4 and 5 below we shall apply these to the special case
Z = K* for a field K.

Remark 3.1 LetZ — T' L T be a central extension of the abelian group I by the
abelian group Z and

MIxT =2, (xy) — [xp] =xpxy ™),

the commutator map of T. Its values lie in Z because I is abelian. Obviously,
S\(x, x) = 0, and \is an alternating biadditive map [20, p. 418]. Moreover, the
commutator map is constant on the fibers of the map ¢, hence factors through a
biadditive map A\ € AT, 2).

Next we write I as Z x s I with a 2-cocycle f € Z*(I', Z). For themap : I' — T,
v + (0,~) we then have o(v)o(v') = (v + ") f(~,~’), which leads to

A7) = M), 0(7) = (o) (oo (7))
—o(y + ) f ) ey + ) F ()
= f(, Y)Y, = f(n ) = F( ).

Therefore the map A\ € Al (T, Z) defined by A¢(v,7") == f(v,7") — f(v',7) can
be identified with the commutator map of r.

Note that the commutator map Ay only depends on the cohomology class [ f] €
H?(T', Z). We thus obtain a group homomorphism

®: HX(T,Z) — AT, 2), [f]l— .

Remark 3.2 Each biadditive map f: I' x I' — Z is a cocycle, but it is not true that
each cohomology class in H?(T", Z) has a biadditive representative. A typical example
is the class corresponding to the exact sequence 0 — mZ — 7. — 7./mZ — 0.

Proposition 3.3 For abelian groups I" and Z we have a split short exact sequence
0 — Exty (T, Z) — Ext(T, Z) = HA(T, Z) 2 Al(T, Z) — 0,

describing the kernel of the map ®.

Proof For the exactness in Ext,,(I', Z) and Ext(I", Z), we only have to observe that
an extension T of T by Z is an abelian group if and only if the commutator map of r
is trivial (Remark 3.1).

The remaining assertions can be found as Exercise 5 in [6, §V.6]. The main point
of the argument is to use the short exact universal coefficient sequence

0 — Exty (T, 2) — HX(T,2Z) L Hom(H,(T"), Z) — 0,
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then show that H,(I") = A2(T"), which leads to an isomorphism Hom(H,(T"), Z) =
Al (T, Z) [6, Theorem 6.4], and then to verify that ® corresponds to ¥ under this
identification.

For the sake of completeness, we also give a direct argument for the surjectivity
of @, based on transfinite induction [14, Lemma 1]. Given an alternating bilinear
map f € Alt*(I, Z), we are looking for a central extension T of T by Z for which f
is the commutator map. The key point in the transfinite induction is to show that
ifqp: fl — Iy is a central Z-extension of the subgroup I'; of I" whose commutator
map is f |r,xr, and T, D T’y is a subgroup for which ', /T'; is cyclic, then we find a
central extension fZ containing fl whose commutator map is f |, xr,. Pickz € T,
with I', = I'y + Zz. Then we consider the group

Ty =T X, 2z, a(mz)F) = flq(y), mz)7.

If ZzNT; = {0}, then we put T, := I, and note that fz/Z =Ty xZz2T, If
7z N T’y is non-trivial and generated by kz, then we put fz = fz /S, where S is the
cyclic subgroup generated by (3, kz) and 5 € I satisfies q;(7) = —kz. Clearly, S is
central in fz, hence normal, and it is a direct consequence of the construction that
the commutator map of T, is given by f. ]

In [6], the proof of the surjectivity of ¢ is based on the observation that each
abelian group is a direct limit of its finitely generated subgroups which in turn are
products of cyclic groups. Below we give a direct argument for the surjectivity of @
if I is a direct sum of cyclic groups (the only case relevant in the following). We thus
obtain an explicit description of H*(T", Z).

For the following proposition we recall that, as a consequence of the well-ordering
theorem, each set I carries a total order. We also recall the notation Z[n] =
{z€ Z:nz=0}.

Proposition 3.4 LetI' = @, I'; be a direct sum of cyclic groups T'; = 7/m;Z,
m; € Ny. Further let < be a total order on I. Then

(3.1) HXT,Z2) = Exty,(T,2) @ AIE(T, 2) = [[ Z/miZ & [] Zlged(m;, m))],
m;i#0 i<j

where we put gcd(m,0) := m for m € No. If, in addition, ' is free, then ® is an
isomorphism, HX(T, Z) = Z{GDEi<i} and each cohomology class has a biadditive
representative.

Proof To see that ® is surjective, let n € AltZ(I‘, Z). If ~; is a generator of I';, we
have n(nvy;, my;) = nmn(v;, ;) = 0 for n,m € 7, so that ) vanishes on I'; x T';. We
define a biadditive map f,: I' x I' — Z by

£ (v ) = n(vi,7;) fori> j,v; € Ty,~; €T},
n\Vi> Vi) - 0 forigj,'yiefi’,yjerj.

Then f,, is biadditive, hence a 2-cocycle (Remark 3.2), and ®(f,,) = 7.
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Clearly, the assignment 77 — f,, defines an injective homomorphism AT, Z) —
H(T', Z), splitting ®. We know from Proposition 3.3 that ker ® = Ext,,(T", Z).
We next observe that

Alt(F,Z) = H Hom(F,- X FJ,Z) and F,‘ ® F] = Z/ gcd(mi, m])Z,

i<j
which leads to Hom(I'; ® ', Z) = Z[gcd(m;, m;)]. On the other hand,

EXtab(FaZ) = H EXtab(FiaZ) = H Z/mIZ
i€l m; #0

(see [10, §52]), which leads to (3.1). If, in addition, I is free, then m; = 0 for each
i € I, and the assertion follows from Ext,,(I', Z) = 0. [ |

4 The Normal Form of Rational Quantum Tori

In this section we write I' ;= Z" for the free abelian group of rank n. For an abelian
group Z we write Alt, (Z) for the set of alternating (n x n)-matrices with entries in Z,
i.e, a; = 0 foreach i and a;; = —aj; for i # j. This is an abelian group with respect
to matrix addition.

_____ » 18 an isomorphism
of abelian groups, so that Alt,(Z) = H*(T',Z) by Proposition 3.4. Writing \y €
Al*(T, Z) for the alternating form s (o, ) := BT Aa determined by the alternating
matrix A, we have for ¢ € GL,(Z) = Aut(T") the relation \4(g.cv,g.3) = B¢ ' Agay,
so that the orbits of the natural action of Aut(I') = GL,(Z) on the set of alternating
forms correspond to the orbits of the action of GL,(Z) on Alt,(Z) by

(4.1) g.A = gAg',

where we multiply matrices in M,,(Z) with matrices in M,,(Z) in the obvious fashion.
We conclude that

(4.2) H* (T, 2)/ Aut(T) = Alt,(2)/ GL,(Z),

the set of GL,,(Z)-orbits in Alt,(Z).
Ifn=mny +---+mn,is a partition of n and A; € M,,,(Z), then we write

A1 @Az D--- @Ar = diag(Al,.‘.,A,),

for the block diagonal matrix with entries Ay, ..., A,. For hy, ..., hy € Z we further
write

(0 0 h 0 h
N(hy, ... hy) = <_h1 0)@<_h2 0)@-~@9<_h5 0>®0n_256A1tn(Z)~

In the following we shall assume that Z is a cyclic group, hence of the form 7./ ()
for some m € Ny. If m = 0, then Z = Z is a principal ideal domain. This is not the
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case for m > 0, but Z still carries a natural ring structure given by x - ¥ := Xy for
X,y € Z,% := x + m/Z, turning it into a principal ideal ring. We write Z* for the set
of units in Z and note that if m = p’' .- pik is the prime factorization of m, then the
set ) )

P={p' - pr:0<ji<l,i=1,....,k} CZ

is a multiplicatively closed set of representatives for the multiplicative cosets of the
unit group Z*. We say that a divides b in Z, written a|b, if bZ C aZ. Since each
subgroup of Z is cyclic and determined by its order, we have

alb <= ord(b)|ord(a) and aZ=bZ < beaZ”.

If hy, hy € P are non-zero and h;|h,, then the explicit description of the set P shows
that there exists a unique element h € P with h, = hjh. We then write h, /h; := h.

Although Z is not a principal ideal domain for m > 0, we define for a matrix
A € M, (Z) the determinantal divisor d;(A) € P,i = 1,...,n, as the unique element
in P generating the additive subgroup of Z generated by all j-minors of the matrix A.
As a consequence of the Cauchy—Binet formula [19, I1.12],

di(AB) = d;(BA) = d:(A) for A € My(Z),B € GL,(Z).

We thus obtain a set of n P-valued invariants for the action of GL,(Z) on Alt,(2)
satisfying for N := N(hy, ..., hy) with h; € Pand hy|hy| - - - |hs:

di(N) =hy, d(N)=hi, ds(N)=hih,,
dy(N)=hi---hZ, d;j(N)=0, j>2s

Unfortunately, these invariants do not separate the orbits for a finite cyclic group Z,
but they do for Z = 7 (Theorem 4.3 below and [19, Theorem I1.9]).

Theorem 4.1 (Smith normal form over cyclic rings) We consider the action of the
group GL,(Z) x GL,(Z) on M,(Z) by (g, h).A := gAh™ .

(i)  Each GL,(Z)*-orbit contains a unique matrix of the form
diag(hy, ..., h,) withh; € P, hi|hy|- - - |hy.
(i)  Each SL,(Z)?-orbit contains a unique matrix of the form
diag(hy,...,zh,) withh; € P, hy|hy| - |hy,z € Z%.
(ili)  For h; € Pwith hy|hy| - - - |h,, we consider the multiplicative subgroup

ny = {det(g) : g € GL,(Z),gN(hy,..., h)g" = N(hy,..., h)} < Z*.

.....

ny = Z* for 2s < n, and if 2s = n, then

{z€ 2" :zhy = h} C Dy, . py C{z€ 2% : 2%hs = h}.
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Proof (i) See [7, Theorem 15.24].

(ii)) For z € Z we write o(z) := diag(l,...,1,z) and observe that o: Z* —
GL,(Z) is an embedding, which leads to a semidirect product decomposition
GL,(Z) =SL,(Z)o(Z) 2 SL,(Z) x Z*.

Existence: For each A € M,(Z), (i) implies the existence of g,h € GL,(Z) such
that N := gAh~! = diag(hy,...,h,). Writing g = o(z)g; and h = o(w)h, with
g1, € SL,(2), it follows that

glAhf1 =0(z) " 'No(w) = o(z"'w)N = diag(d,, . .. a1,z 'wd,).

Uniqueness: Suppose first that Z = 7 is infinite. If d, = 0, then there is nothing to
show. If d,, # 0, then the fact that the determinant function is constant on the orbits
of SL,(Z)? implies the assertion.

We may therefore assume that Z = 7/(m) for some m > 0. Writing m =
pi" -+ pi* for its prime factorization, we obtain a direct product of rings

Z)(m) =7/ (pY") x -+ X L/ (p;").

For Z; := 7/(p!"), we accordingly have SL,(Z) = Hle SL,(Z;) and M,(Z) =
Hf: 1 M, (Z;), as direct products of groups, resp., rings. Therefore it suffices to prove
the assertion for the case Z = 7Z/(p™), where m € N and p is a prime. Each element
z € Z can be uniquely written as

z=ag+aip+---+a,_1p" " with0 <a; < p.

It is a unit if and only if ay # 0, i.e., p fz. If p¥, 0 < k < m — 1, is the maximal power
of p dividing z, then

m—1 m—1
j k i—k
2= aip) =p') a4
=k =
where the second factor is a unit. Therefore {1, p, p?,..., p™ !, p™ = 0} is a system

of representatives of the multiplicative cosets of Z* in Z.

Step 1: We must show that if two matrices D(z;) and D(z,) of the form
D(z) == diag(p",...,zp") = 0(2)D(1), 0<k <--- <k, <m,

lie in the same orbit of SL,(Z)?, then D(z;) = D(z,). Since the orbit of D(z) =
o(z)D(1) under SL,(Z)? coincides with the set o(z)(SL,(Z)?.D(1)), it suffices to con-
siderthecasezy = landz, =z € Z*.

Step 2: We proceed by induction on the size n of the matrices. For n = 1 the group
SL,(Z) is trivial, which immediately implies the assertion.

Step 3: We reduce the assertion to the special case k; = 0. So let us assume that the
assertion is correct if k; = 0 and assume that there are g, h € SL,(Z) with gD(1)h =
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D(z). Writing D(z) = p* D’(z) with D’(z) = diag(1, p>~%, ... zp*~*), this means
that ph(¢gD’(1)h — D'(z)) = 0, i.e, that p" % divides each entry of the matrix
gD’(1)h — D'(z). Over the quotient ring Z’ := Z/(p™ ) we then have gD’ (1)h =
D’(z) with k; = 0. Since we assume that the theorem holds in this situation, we
derive that zp* =% = p&—k mod p™~* . This means that p"~%|(z — 1)p*~% and
hence that p¥i(z — 1)pF =% = (z — 1)p* = 0in Z.

Step 4: Now we consider the special case k; = 0. Let n; be maximal with k,, = 0,
n, := n— ny, and write elements of M,,(Z) accordingly as (2 x 2)-block matrices. We
further put k := k, 41 > 0. Suppose that gD(1)h = D(z) for

a b a b
g = (C d) , h= <C/ d/) € SL,(2).

_ (1 0 Py oy 12—k ky—k
D(z) = (O ka'(z)) ,  where D'(z) = diag(1, p 4 A B

We write

Ifn; = n,then D(1) = 11is the identity matrix, and z = det(D(z)) = det(gD(1)h)=1
proves the assertion in this case. We may therefore assume that 1 < n; < n. We now

have
1 0 _(a b\ (1 0 a b
0 pD'(z)) — \c¢ d)\0 ptD'(1)) \ d

_ (aa’ + p*bD’(1)c’  ab’ + p*bD’(1)d’
~ \ca’ +pkdD’'(1)c’  ¢b’ + p*dD'(1)d" )

From aa’ + p*bD’(1)c’ = 1, it follows that aa’ = 1 mod p, hence that det(a) € Z*,
which means that a € GL,, (Z). Multiplication of g from the right with the matrix

g = <a_1 —a"'bo(deta)

0 o(deta) > € SLu(2),

leads to the relations

, _fa b\ (a' —al'bo(deta) (1 0
8 =\¢ 4 0 o(deta) Tk %)
e _fa b _fa p*bD’(1)
(¢"™'D(1) = <0 a(deta)1> b() = <0 p"a(deta)lD'(l)>

_fa p*bD’ (1) — p(1) a pFbD'(1)
“\0 pfD'(N)o(deta)™') 0 o(deta)™')"

With

o (a pka’(l))
N0 o(deta)”!)’
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we thus arrive at
D(z) = gD(1)h = gg'(g") "' D(1)h = (gg')D(1)(h'h).

We may now replace g by gg’ and h by h'h, so that we may assume that a = 1 and

b = 0. Now
1 0 (1 0\ [1 0 a v
0 p*D'(z)) ~ \c¢ d)\o ptD'(1)) \¢ d

a’ b’
- (ca' +pkdc’  cb’ +pde’(1)d’)

leads to @’ = 1 and b’ = 0, which in turn implies p*dD’(1)d’ = p*D’(z). In
view of det(g) = det(d) = 1 and det(h) = det(d’) = 1, we may now use our
induction hypothesis that the theorem holds for matrices of smaller size. Since we
have dD’(1)d’ = D’(z) in the ring Z/(p™~*), we thus obtain p&~*(1 — z) = 0
modulo p” ¥, This leads to 0 = p*p¥—*(1 — z) = p* (1 — z) modulo p", and from
that we derive D(z) = D(1).

(iii) If 2s < nand N(z) := N(hy,...,zhs), then 0(z).N(1) = N(z) = N(1) for
eachz € Z*,sothat Dy, n) = Z*.

Assume 2s = n. If zh; = hy, then 0(z).N(1) = N(1) implies that z = det(o(z)) €
Da,....ny- If, conversely, z € D, . 1), then we pick g € GL,(Z) with det(g) = z
and g.N(1) = N(1). Then o(z)"'g € SL,(Z) implies that o(z) "'g.tN(1) = N(z™}!)
lies in the SL,(Z)?-orbit of diag(h, hy, . . . , hs, 2~ 2hs), and the assertion follows from
(ii). For this last argument we use that for w € Z*,

0 —w! . 0 —w! 0 why\ _(he 0
<w 0 )ESLz(Z) satisfies <w 0 ><_th 0)—<0 W2h5>' ]

Conjecture 4.2 We believe that if 2s = n, then zh, = h, for each z € D, 1),
so that we have equality in Theorem 4.1(iii), whose present version only implies that
D,....n,) - hs can be identified with an elementary abelian 2-group, hence is of cardi-
nality 2¥ for some k.

The conjecture is true if all h; coincide. In fact, for by = --- = hy;and N :=
N(hy,..., hs) we writte N = hN’, so that the relation ¢' Ng = N implies that
hy-(g"N'g—N’) = 0. We conclude that g N’¢ = N’ mod ord(h;), so that [19, The-
orem VIIL.21] implies the existence of some ¢ € Sp,,(Z) with ¢ = ¢ mod ord(k).
Therefore detg = 1 implies det¢g = 1 mod ord(hy), i.e., det(g) - hs = hs.

The following theorem provides a normal form for the orbits of GL,,(Z) in Alt,(Z)
for any cyclic group Z. For Z = 7 it follows from Theorem 2.19 [21].

Theorem 4.3 For any cyclic group Z the following assertions hold.
(i)  Each GL,(Z)-orbit in Alt,(Z) contains a matrix of the form

N(hy,...,hy),2s<n or N(hy,...,zhs),2s = n,

withz € Z* and 0 # h; € P satisfying hy |hy| - - - |hs.
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(ii)  Ifthe matrices N(hy,...,zhs) and N(h{, ..., z'h]) lie in the same GL,,(7Z)-orbit,
thens = s’ and h] = h; for each i.

(iii) If2s < norZ = Z, then any corresponding GL, (Z)-orbit contains a unique ma-
trix of the form N(hy, . . ., hy). If 2s = n, then two matrices N(hy, . .., hs_1, zh;)
and N(hy, ..., hs_1, wh;) lie in the same orbit if and only if

,,,,,

In this case, d*h, = h,

Proof (i) Let q: Z — Z be a surjective homomorphism and q,: M,(Z) — M,(Z)
the induced homomorphism which is equivariant with respect to the action (4.1) of
GL,(Z) on both groups. If A € Alt,(Z), then its diagonal vanishes and a;; = —aj;,
and there exists a matrix A € Alt,(Z) with qn(g) = A. As Z is a principal ideal
domain, the theorem on the skew normal form [19, Theorems IV.1-IV.2] implies the
existence of ¢ € GL,(Z) with g.g = N(El, . ,E,) and Zl |E2| e |E We then have
gtA = q,,(g.g) = N(z1hy,...,zh;), where q(zj) = z;hjwithz; € Z*, h; € P, and
s is maximal with ks # 0. We further get h |hy| - - - | hs.

Next we recall [19, Theorem VIL.6] that g,,(SL,(Z)) = SL,(Z), which implies that

(4.3) 4x(GL,(2)) = {g € GL,(2) : detg € {£1}}.
For 2s = n the matrix
d:= diag(zl_l,1,22_1,1,...,25__11,1,...,1,21-~-zs_1) € SL,(Z)

now satisfies d.N(z;hi,...,zh) = N(hy,..., h_1,z - - - z:hs), and for 25 < n, the
matrix

d:=diag(z; ', 1,2, 1,...,z. 1, 1,2, -+ - 2) € SL,(Z)

satisfies d.N(z1hy, . . ., zhs) = N(hy, ..., hs). Since d € q(GL,(Z)), this implies (i).

(ii) The Smith normal form of N(h, ..., zh;) is diag(hy, hy, ..., hs, hs, 0, ..., 0)
and for N(hj,...,z'h!) it is diag(h{,h{,...,hl, h!,0,...,0). Therefore Theo-
rem 4.1 implies (ii).

(iii) In view of (ii), the number s and hy, . .., ks are uniquely determined by the
GL,(Z)-orbit. If 2s < n, then it follows already that the corresponding orbit contains
a unique matrix of the form N(hy,... hy). If Z = Z, then the uniqueness asser-
tion follows from the uniqueness of the skew normal form [19, Theorems IV.1-IV.2],
which follows from the fact that the determinantal divisors of N = N(hy,...,h,)

satisfy
hy = di(N) = d>,(N)/d\(N), ..., hy = dp_1(N)/drs—»(N) = dr(N)/dps—1(N)
and d;(N) = 0 for j > 2s.

It remains to consider the case 2s = n. For 0(z) := diag(1,...,1,z) and N(z) :=
N(hy,...,zhs), we get N(z) = o(z).N(1), and if there exists a ¢ € GL,(Z) with
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g.(0(2).N(1)) = o(w).N(1), then det(o(w) 'go(z)) = w'zdet(g) € D,...p). In
view of det(g) € {=£1}, this implies that w~'z € £D, ).

If, conversely, w™'z € +£Dy, 1), then there exists a matrix g € GL,(Z) fixing
N(1) with det(g) € {£zw™'}. Hence det(c(w)go(z)~') € {£1}, and (4.3) imply

the existence of g; € GL,(Z) with q,(g;) = o(w)go(z) ~!. We now have

g1-N(z) = gq10(2).N(1) = U(W)ga(z)flo(z).N(l)
=o0(w)g.N(1) = c(w)N(1) = N(w). ]

Definition 4.4 (i) We call a I'-quantum torus rational if the commutator group
Cyq of A = A (see Proposition A.1) consists of roots of unity in K. We call it of
cyclic type if Cy is a cyclic subgroup of IK*.

(ii) For each q € K* we write A, for the Z?-quantum torus corresponding to the
biadditive cocycle f: 7> x 7? — K* determined by

flei,e1) = f(er,€2) = flez,e1) =1 and  f(e,e) =q.

Then the algebra A, is generated by u; = 6., u, = 4., satistying uju, = quou;, and
their inverses. Then C,, = (g), so that the quantum torus A, is rational if and only if
q is a root of unity.

Theorem 4.5 (Normal form of rational quantum tori) Let K be any field.

(i) For any rational n-dimensional quantum torus A over I, the commutator group
Ca C K* is ¢yclic. Let q be a generator of Ca and choose P C 7./(m) for m = |Cy| =
ord(q) as above. Then there exists ans € No with2s < nand hy| ... |hsin P\ {0} such

that

(4.4) AZA @Ay @ @Ap @KIZ™*] and 25 <n
or

(4.5) A=A QA) Q- (X)Aqhs,l @Ap and 2s=n

for some z € N with ord(g™") = ord(q").

(i) If two n-dimensional rational quantum tori A and A’ are (graded) isomorphic,
then C4 = Cya. Both can be described by some data (h,, ..., zhs) and (hj, ..., z'h],)
as in (1), related to the same choice of generator q of C4 = Ca.

(i) Two n-dimensional rational quantum tori A and A’ given by such data are
(graded) isomorphic if and only ifs = s', hy = h! fori = 2,...,s, and

z' € £z D, s
where

D,...ny = {det(g) : g € GL,(Z),gN(hy, ..., h)g" = N(hy,... h)} < Z*

for the ring Z := 7./ ord(q). In this case z*hs = (z")*h, holds in Z.
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Proof (i) We know from Theorem 2.4 and (4.2) that the I'-quantum tori over K are
classified by the orbits of Aut(T') = GL,(Z) in H*(',K*) = Alt*(T',K*). In this
picture, the rational quantum tori correspond to alternating forms f € Alt*(I", K*)
on I whose values are roots of unity. Since the group C, generated by the image of
f is generated by the finite set f(e;, e;), i, j = 1,...,n, it is a finite subgroup of K*,
hence cyclic [18, Theorem IV.1.9].

Therefore Theorem 4.3 applies, and we see that for s < 2x the quantum torus A is
isomorphic to one defined by a biadditive cocycle f: I' x I' — C4 C K*, satisfying
(Ar(eiyef))ij = Nq, q",...,q"), where hy| - - |hs. Here by = 1 follows from the
fact that the commutator subgroup of A* is generated by q. The quantum torus
Af =2 A defined by f then satisfies (4.4). In the other case we have 25 = n and (4.5)
holds.

(ii) That (graded) isomorphic quantum tori have the same commutator group is
clear. Therefore (ii) follows from (i).

(iii) The remaining assertion now follows from Theorem 2.4, combined with The-
orem 4.3. |

Remark 4.6 If A is a 7"-quantum torus of cyclic type and the group of commu-
tators in A* is generated by g € K*, then the skew normal form over Z and the
argument from the proof of Theorem 4.1 imply the existence of h| - - - |h; € N and
s € Ny such that

AZA @A) ® - @ Ap QK[Z'™].

See [8, §7.2 Remark]. If ord(q) = oo, two such decompositions describe isomorphic
algebras if and only if s = s” and h; = h/ for all i [21, Theorem 2.19] or Theorem 4.3.
The main point of the preceding theorem is that it gives more precise information on
the isomorphism classes in the rational case.

5 Graded Automorphisms of Quantum Tori

In this section we briefly discuss the group of automorphisms of a general quantum
torus, but our main result only concerns the 2-dimensional case. For A = A, and the
corresponding alternating form A on 72, the group Aut(A) is a semi-direct product
Hom(72,K*) x Aut(Z2, \). Here the remarkable point is that this holds without any
assumptions on the field K and in particular without assuming that q is a square.

Definition 5.1 Let A be a I'-quantum torus. We write Autg(A) for the group of
graded automorphisms of A, i.e., all those automorphisms ¢ € Aut(A) for which there
exists an automorphism or € Aut(I') with p(A,) = A () forally € T.

Note that Proposition A.1 in the appendix implies that if I' is torsion free, then all
units are homogeneous, which implies that each automorphism of A is graded.

Remark 5.2 We fix a basis (0,),er of A and suppose that f € Z*(I',Z) is the
corresponding cocycle determined by (2.1). Then for each graded automorphism ¢
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of A there is an automorphism ¢r € Aut(I') and a function x: I' — K* such that

(p(&,) = X(”Y)(Ss&r(“/)’ yel.

Conversely, for a pair (x, ¢r) of a function y: I' — K* and an automorphism
or € Aut(I'), the prescription ¢(d,) := x(7)dy(y) defines an automorphism of
A if and only if

(er vy xty++7)

G-D ) x()x(ty")

forallv,7" € T.

Note that if f is biadditive, then ¢ f/ f is biadditive, so that x is a corresponding

IK*-valued quadratic form. If f and ¢ are given, then a x satisfying (5.1) exists if
and only if [¢f f] = [f] holds in H*(T, Z).

Lemma 5.3 The image of the map Q: Autg(A) — Aut(I'), ¢ +— or is the group

Aut(T) (g == {¢ € Auwt(D) : [¥* f] = [f]},

which is contained in Aut(I', \s) := {1 € Aut(I') : * A = As}, where \¢(y,7') =
;Ez’,ﬁ/;. If, in addition, T is free, then Aut(T")( s} = Aut(T', Af).
Proof Let or € Aut(I'). In view of Remark 5.2, the existence of ¢ € Autg(A) with
Q(¢) = r is equivalent to the existence of x satisfying (5.1), which is equivalent to
[prf] = [f] in H*(I',K*). Since (5.1) implies that ¢} f/f is symmetric, we have
PrAf = Agrf = As.

If, in addition, I' is free, then Proposition 3.4 entails that A f = Ay is equivalent
to [¢r f] = [f]in H2(T,K*) [20, Lemma 3.3(iii)]. [ |

From (5.1) we derive in particular that (, 1) defines an automorphism of A if and
only if x € Hom(I", K*), so that we obtain the exact sequence

(5.2) 1 — Hom(I', K*) — Autg(A) — Aut(I');s] — 1.

(See [20, Lemma 3.3(iii)].) We call the automorphisms of the form (x, 1) scalar.

Remark 5.4 1If the map ® from Proposition 3.4 is not injective, then the groups
Aut(I', A¢) and Aut(I')(s) need not coincide, but with Proposition 3.3 we obtain a
1-cocycle

It Aut(T', \f) — Extyo (T, K™), o — [0 f — f]

with respect to the right action of Aut(I', Af) on Ext(I',K*) = H*(T,K*) by
¥.[f] == [¢)* f]. We then have Aut(I");; = I~'(0).

In the remainder of this section we restrict our attention to the case, where I' = 7"
is a free abelian group of rank n, which implies that Aut(I'); s} = Aut(I', Ay) and that
Aut(A) = Aut, (A) (Corollary A.2).
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Remark 5.5 (i)  Forn = 1, each alternating biadditive map A on I' vanishes, so
that Aut(T, A) = Aut(T") = {+idr}.
(ii)  For each alternating form A: I' x I' — IK* we have — idp € Aut(T", \).
(iii) In [20], it is shown that if n > 3 and the subgroup (im(\)) of K* generated
by the image of \ is free of rank (), then Aut(I', A;) = {+idr}.
Moreover, for n = 3 and (im(\)) free of rank 2, [20, Proposition 3.7] implies the
existence of a basis v, v2,7s € I with A(v1,7,) = 1 and

Aut(T, \) = {0 € Aut(l') : (Ja,b e Z,e € {£1})
o(n) =75, o(n) =5, o(13) = 7945 }
~ 72 x {£idp}.

We now take a closer look at the case n = 2. An alternating form A\ € Al (72, K*)
is uniquely determined by q := A(e, e2), which implies A(v,7") = q””’zl —
We may therefore assume that a corresponding bimultiplicative cocycle f satisfies
f(v,v") = q"’”zl , which leads to the quantum torus A, with two generators u; = J,,
and their inverses, satisfying u;u, = qu,u;, as defined in the introduction.

We start with two simple observations.

Lemma 5.6
SLy(Z)  forq* # 1,

Aut(72,)) =
GLy(Z) forq® =1.

Proof Clearly SL,(Z) C Aut(Z2,\) C GL,(Z). The map go(y) = (72,71) satisfies
GL,(Z) =2 SLy(Z) % (go), and we have

g A(er,e) _ Aez, e1) =g
)\(61,62) )\(61762)

Example 5.7 (i)  On7? the map x(7) := 172 is a quadratic form with
X+ = x() = x(v) = nm + -
(i)  OnZ the map x(n) := (’2’) is a quadratic form with

n+n)Yn+n' —1)—nn—1)—n'(n' — 1)
2

x(n+n') —x(n) —x(n') =

nn' +n'n ,
=—— =nn'.
2
From SL,(Z) C Aut(7?, \), it follows in particular that each matrix g = (j 2) S
SL,(Z) can be lifted to an automorphism of A,. To determine a corresponding quad-
ratic form y: 72 — K*, we must solve the equation (5.1):

€ N0 xtr+9)
JICR D) xMMx(®")
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The form g* f/ f is determined by its values on the pairs (ej, e1), (e1, ;) and (e;, €,):

(6" 5/ Nerse) = flgenge) = a, (& f/Dlerse) = flgengea” =,
@ f/Nler,e) = f(g.e2,8.2) = g

This means that

& f/ N, ’y/) = g% Had—1) (Mt ) +bd,

Before we turn to lifting the full groups Aut(72, \) to an automorphism group of
A, we discuss certain specific elements of finite order separately.

Remark 5.8 (i) For the central element z = —1 € SL,(Z), any lift Z € Aut(A,)
is of the form
z.0, =1"s? - 6_, forsomerse K™,

and any such element satisfies 2.0, = r"'s% - Z.§_, = r"~ g7 . §, = §.. Hence
each lift Z of z is an element of order 2.

(ii) The matrices
(0 1 d e (11
7 -1 0) T 82T 0

satisfy g7 = z = g3, which leads to ord(g;) = 4 and ord(g;) = 6. From the preceding
paragraph we conclude that for any lift gj of gj, j = 1,2, we have gf =1 = g5.
In view of

@& f/ D1, = g ),
alift g1 of g is given by 1.6, = g7 7720, , (Example 5.7(i)). We then have
G0, =4 P00 = 4 RGO, =0,
Any other lift g; of g; is of the form
8i-0g = r's'q g,
for two elements r1,s; € K*. The square of this element is given by

r

(5 3) ’\26 = NP 5. = Mt+72 “/z—“/l~25 I %( )Wz.(‘)'
. 81-0g =11 57 8181:0y =11 7$° 810y = 51 Ts, -

For the matrix g, we have (g7 f/f)(7,7') = g~ =M%+ 5o that we obtain
alift g of & by §.9, = q_(?51)_7’”’25@&%,%) (Example 5.7(ii)). Hence each lift g
of g, is of the form

= o~ —mm
8.0, =17'5,'q () O, m)
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for some r,, 5, € K*. In view of g3 = ( 9 ,1) we get with Example 5.7(ii):

)+ g

gZ 5 =4 ( ) szgZ 6’71+’72 -n =19 ( ) e 7( g 6’727—’71—’72

— q*Z("’zl)*%*%Wzﬂ] q*(”‘zz)+(m+%)%5_7
_ qu(“/l71)7“/’2(7271)+7?+7§5_7 =g,
This further leads to
V22~ 5 _ r%’?’lJr’Yz52*"/1+"/2§2§22.5w _ r?’ﬁz’hs;z’ylg.(%

(5.4) §23 0y = 7', 8 8-

2~

_ 2mt) 2 oty _(n PR

=1 s, g Oy = s_2q (r5q)™0—,
2

If, in addition, > = 1, then Aut(T, Ar) = Aut(I') = GL,(Z) (Lemma 5.6). For the

involution
(0 1
S=11 o)

we have GL,(Z) = SLy(Z) x (go), and the elements g, g1, £, satisfy
_ o —1_ 3 5 -1
&g =8 =& and Lo =& =&
To lift gy to an automorphism of A,, we first note that g = 1 implies that
(@ f/ Ny y) = g =7 = i

which shows that each lift gy of gy is of the form gy.0, = r{'s]’q""20(5, 4, for some
10,50 € K*. In view of

0.0, = 10502972800y ) = 13 sy @26, = (ros0) 26,
go = lis equivalent to rysy = 1. If this condition is satisfied, then
800y =157 q" P 05,,).
Before we state the following theorem, we recall that for any split extension
1-A—->GLG—1
of a group G by some (abelian) G-module A, the set of all splittings is parametrized by
the group Z'(G,A) = {f: G— A: (Vx,y € G) f(xy) = f(x) +x.f(y)} of A-valued

1-cocycles. This parametrization is obtained by choosing a homomorphic section

0o: G — Gand then observing that any other homomorphic sectiono: G — Gisof
the form o = f - 0y, where f € Z'(G, A).
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Theorem 5.9 For each element q € K* and \(vy,~') = qW’Z/ 17, the exact sequence
1 — Hom(7?,K*) — Aut(4,) — Aut(Z*,\) — 1

splits. For q* = 1, the homomorphisms o: GL,(Z) — Aut(A,) splitting the sequence
are parametrized by the abelian group

ZY(GLy(Z), Hom(Z*,K*)) = {(rg, 11, 12) € (K*)* : r%ré =},

and for q* # 1, the homomorphisms o: SLy(7) — Aut(A,) splitting the sequence are
parametrized by Z' (SLy(Z), Hom(7?,K*)) = (K*)? x {z € K* : 22 = 1}.

Proof First we consider the case q> # 1, where Aut(Z%, \) = SL,(Z) (Remark 5.8).
We shall use the description of the lifts of g, & given in Remark 5.8. Since SL,(Z) is
presented by the relations g} = g8 = 1and g7 = g3 [13, p. 51], Remark 5.8 implies
that a pair of elements (g1, &) lifting (g1, &) leads to a lift SL,(Z) — Aut(A,) if and
only if g7 = g3. Comparing (5.3) and (5.4), we see that g7 = g is equivalent to

2

81 ry >
— = 3q and 1 =ngq,
S1 S5
which is equivalent to
2
"
(5.5) si=s5 and s = g,
o}

These equations have the simple solution r;, = g,r, = s; = 5, = 1, showing that
the action of the group SL,(Z) on I' lifts to an action on A,. Moreover, for each pair
(1, 12), the set of all solutions is determined by the choice of sign in s, := =£s;, which
is vacuous if char(K) = 2.

Next we consider the case g* = 1. We assume that the lift g, of gy satisfies g2 = 1
(see Remark 5.8(iii)). Now the relation g,g1go = g ' is equivalent to (gg1)> = 1. We
calculate

20810, = r?'lsyzqfwmﬁ)'é(%_ ) = (ror1) " (1951) ™ 6, )

to get
(2081)%.0, = (ror1)" (r051) 8081 -0(—y ) = (r051)* 6,

Hence 3,310 = &, ' is equivalent to
(5.6) s =1.
To see when 228 = &, ' holds, we first observe that

~1 N, ()
g 0y =135, q°* O(—momi43)-
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Further
80820, = ’915;/2‘1_(72])_mvzgo-é(mﬂsz
_ (T’érz)% (rosz)vzq(";)+7172+(%+Wz)“/1 N T,

7 2 ~. 7
= (13r2) " (r052) g 6y 10 = (B2 (1052) 74D - 5y i,

because ¢ = 1 implies q”2 =q" =q "foreachn € Z.
On the other hand, we have

~1~ _ N g1
2 g0~57 =1yt "q9""g -5(72771)

= rg'ry gy sy g g
= (roras; )" (r05) " 2qCE) 08 i)

= (roras; )" (7052)772017(721)5(— M)

= (rora57 ) (1052) "G 8-y am)-

Therefore 5,30 = g, ' is equivalent to rorys; ' = raraq and (ros;)> = 1, which is
equivalent to

(5.7) ros2 = 4,

because this relation implies (rys;)* = ¢* = 1.
We conclude that the numbers rg, 1, 13, 51, 5, which determine gy, g1, 2> define a
lift of GL,(Z) to Aut(A,) if and only if the equations (5.5), (5.6) and (5.7) are satisfied:

r2q
sT=5, 5= i—, i =1, and s, = q.
1

2
. . r
If ry, r; and r, are given, we determine s; and s, by s; := rz—lq and s, := %. Then

2 4.2
5 _ Nl _ 20
S% r% 0°1»
so that we obtain only the relation r5r2 = r? for o, 1, ro. This completes the proof.
|
Remark 5.10 (i) From the proof of the preceding theorem, we see that if g* =

1, we obtain the particularly simple solutionry =1 =r, =1,51 =5, = 4.
(ii) For char K = 2, the equation ¢° = 1 has the unique solution q = 1, so that
A= IK[72], and the action of GL,(Z) has a canonical lift to an action on Ay

Problem 5.11 Does the sequence (5.2) always split? We have seen above, that this
is true for I' = 72. If the answer is no, it would be of some interest to understand the
cohomology groups H2(Aut(I") s}, Hom(I", K*)) parametrizing the possible abelian
extensions of Aut(I')( 7} by the module Hom(I", K*).
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Problem 5.12 Let A € Alt*(2", Z), where Z is a cyclic group. Determine the struc-
ture of the group Aut(Z", ). It should have a semidirect product structure, where the
normal subgroup is something like a Heisenberg group and the quotient is the au-
tomorphism group of Z"/ rad(\), endowed with the induced non-degenerate form.
Can this group be described in a convenient way by generators and relations? Maybe
the results in [15] can be used to deal with degenerate cocycles.

A The Group of Units If I Is Torsion Free

The following result is used in [20, Lemma 3.1] without reference. Here we provide
a detailed proof.

Proposition A.1 If the group T is torsion free and A a I'-quantum torus, then A* =
A)S, i.e., each unit of A is graded.

Proof Leta € A be a unit and writea = }__a,0, in terms of some graded ba-
sis. We do the same with its inverse a~! = ZA/(a_l)w(Sq,, and observe that the set
supp(a) := {y € I' : a, # 0} is finite. The same holds for supp(a~'), so that both
sets generate a free subgroup F of I'. Then Ap := span{d, : v € F} is an F-quantum
torus with a € A7, We may therefore assume that I' = 74 for some d € Nj.

We prove by induction on k € {0, ..., d} that the subalgebra

Ay := span{d, : vy € 7" x {0}}

has no zero-divisors [21, Theorem 1.2] and that all its units are homogeneous. This
holds trivially for k = 0.

Let u; := d,,, where e, . . ., e is the canonical basis of 7°. We write 0 # x € A as
a finite sum Zi‘:ko xuk with xi € Ay_; and xi, and x;, non-zero. Likewise we write
0#ye€Aas Zﬁ;mn ymuly with y,, € Ag_; and y,,, and y,,, non-zero. Then the
lowest degree term with respect to ug in xy is Xg, 1 Yo 7> = xg, (Ul yomguiy ) ™™,
and the induction hypothesis implies x;, u';‘) Vimy ud_ko # 0 because conjugation with u,
preserves the subalgebra A;_;. This implies that xy # 0.

Now assume that x € A is a unit and y = x~!. Since A4_, has no zero-divisors,
Xk, u]{;“ ymou;ko € Ag—1 \ {0} leads to kg + my = 0. A similar consideration for the
highest order term implies k; + m; = 0, which leads to ky = k; and my = m;. Now
we can argue by induction. ]

Corollary A.2 ([20, Lemma 3.1]) If the group I is torsion free, then each automor-
phism of A is graded, i.e., Aut(A) = Autg (A). See Definition 5.1.
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