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Abstract

Given a permutation statistic st, define its inverse statistic ist by ist(x) := st(z=1). We give a general approach,
based on the theory of symmetric functions, for finding the joint distribution of st; and ist; whenever st; and sty
are descent statistics: permutation statistics that depend only on the descent composition. We apply this method to
a number of descent statistics, including the descent number, the peak number, the left peak number, the number of
up-down runs and the major index. Perhaps surprisingly, in many cases the polynomial giving the joint distribution
of st; and isty can be expressed as a simple sum involving products of the polynomials giving the (individual)
distributions of st; and st,. Our work leads to a rederivation of Stanley’s generating function for doubly alternating
permutations, as well as several conjectures concerning real-rootedness and y-positivity.
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1. Introduction

Let S, denote the symmetric group of permutations of the set [n] = {1,2,...,n}. Wecalli € [n - 1]
adescentof m € S, if (i) > (i +1). Let

des(rm) = Z 1 and maj(n) = Z i

7 (i)>m(i+1) w(i)>n(i+l)

be the number of descents and the sum of descents of m, respectively. The descent number des and
major index maj are classical permutation statistics dating back to MacMahon [17].

Given a permutation statistic st, let us define its inverse statistic ist by ist(xr) := st(z~"). This paper is
concerned with the general problem of finding the joint distribution of a permutation statistic st and its
inverse statistic ist over the symmetric group &,,. This was first done by Carlitz, Roselle and Scoville [5]
for des and by Roselle [20] for maj. Among the results of Carlitz, Roselle and Scoville was the elegant
generating function formula

N An(s,1) © iy
nZ::‘)(l—s)"“(l—t)"+l Z (1-x)iJ (1.1)

i,j=0

for the two-sided Eulerian polynomials A, (s,t) defined by

An(s,t) = Z sdes(”)+ltides(7{)+1
neS,

for n > 1 and Ag(s,t) = 1.' (Throughout this paper, all polynomials encoding distributions of
permutation statistics will be defined to be 1 for n = 0.) Roselle gave a similar formula for the joint
distribution of maj and imaj over &,,. Note that extracting coefficients of x” from both sides of Equation
(1.1) yields the formula

An(S, t) l.] n 1 i.j
= E t, 1.2
(1 S)"*l(l t)"+1 2 ( n s (1.2)

which Petersen [19] later proved using the technology of putting balls in boxes. Equation (1.2) may be
compared with the formula

ICarlitz, Roselle and Scoville actually considered the joint distribution of ascents (elements of [n — 1] which are not descents)
and inverse ascents, but this is the same as the joint distribution of descents and inverse descents by symmetry.

https://doi.org/10.1017/fms.2024.89 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2024.89

Forum of Mathematics, Sigma 3

(o)

At S gk (13)

_ #\n+l
(=" =

for the (ordinary) Eulerian polynomials

An(t) — Z tdes(n)+l'

neS,

Several years after the work of Carlitz—Roselle—Scoville and Roselle, Garsia and Gessel [11] used
the theory of P-partitions to derive the formula

= An(s,t,q,r)
;)(l—s)(l—qs)---(l—q"s)(l—t)(l—rt)-'-(l—r"t) ZSt]l_“—I - xq 1—xgkrl (1.4

i,j=0 k=0 [=0

for the quadrivariate polynomials

An(s,t,q,7) = Z sdes(n)tides(ﬂ)qmaj(ﬂ)rimaj(n).
neC,

The Garsia—Gessel formula (1.4) specializes to both the Carlitz—Roselle—Scoville formula (1.1) for
(des, ides) as well as Roselle’s formula for (maj, imaj).

The two-sided Eulerian polynomials have since received renewed attention due to a re-
fined y-positivity conjecture of Gessel, which was later proven by Lin [16]. The joint statistic
(des, maj, ides, imaj) and the sum des + ides have also been studied in the probability literature; see, for
example, [4, 6, 7, 27].

Throughout this paper, let us call a pair of the form (st,ist) a two-sided permutation statistic and
the distribution of this statistic over &,, the two-sided distribution of st. If we are taking st to be a pair
(st, stp) such as (des, maj), then we consider (sty, isty, st, isty) a two-sided statistic as well.

1.1. Descent statistics

We use the notation L £ n to indicate that L is a composition of n. Every permutation can be uniquely de-
composed into a sequence of maximal increasing consecutive subsequences—or equivalently, maximal
consecutive subsequences with no descents—which we call increasing runs. The descent composition
of 7, denoted Comp(7), is the composition whose parts are the lengths of the increasing runs of 7 in
the order that they appear. For example, the increasing runs of 7 = 72485316 are 7, 248, 5, 3, and 16,
so Comp(n) = (1,3,1,1,2).

A permutation statistic st is called a descent statistic if Comp(rr) = Comp(o-) implies st(7r) = st(o)—
that is, if st depends only on the descent composition. Whenever st is a descent statistic, we may write
st(L) for the value of st on any permutation with descent composition L. Both des and maj are descent
statistics, and in this paper, we will also consider the following descent statistics:

o The peak number pk. We call i (where 2 <i < n—1)apeakofn € S, if n(i — 1) < n(i) > n(i +1).
Then pk(r) is the number of peaks of .

o The left peak number Ipk. We call i € [n — 1] a left peak of © € S, if either i is a peak of «, or if
i =1and 7(1) > n(2). Then lpk(r) is the number of left peaks of x.

o The number of biruns br. A birun of a permutation  is a maximal monotone consecutive subsequence.
Then br(rr) is the number of biruns of 7.

o The number of up-down runs udr. An up-down run of x is either a birun of &, or 7 (1) if 7 (1) > n(2).
Then udr(7) is the number of up-down runs of 7.2

2Equivalently, udr(7r) is equal to the length of the longest alternating subsequence of 7r, which was studied in depth by Stanley
[22].
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For example, if 7 = 624731598, then the peaks of 7 are 4 and 8; the left peaks of 7 are 1, 4 and 8;
the biruns of 7 are 62, 247, 731, 159 and 98; and the up-down runs of 7 are 6, 62, 247, 731, 159 and
98. Therefore, we have pk(m) = 2, Ipk(x) = 3, br(x) = 5 and udr(xr) = 6. Other examples of descent
statistics include the number of valleys, double ascents, double descents and alternating descents (see
[29] for definitions).

In this paper, we give a general approach to the problem of finding the two-sided distribution of st
whenever st is a descent statistic. In fact, our approach can be used to find distributions of mixed two-
sided statistics: The joint distribution of st; and ist, when st; and st are (possibly different) descent
statistics. Our approach utilizes a theorem of Foulkes [9] at the intersection of permutation enumeration
and symmetric function theory: The number of permutations & with prescribed descent composition
L whose inverse 7~! has descent composition M is equal to the scalar product (rr, rps) of two ribbon
skew Schur functions (defined in Section 2.1). Thus, if f is a generating function for ribbon functions
that keeps track of a descent statistic st; and g is a similar generating function for a descent statistic st,,
then the scalar product ( f, g) should give a generating function for (sty, istp).

To illustrate this idea, let us sketch how our approach can be used to rederive the formula (1.1) of
Carlitz, Roselle and Scoville for the two-sided Eulerian polynomials. We have

1
1—tH(x)=1 ZZ

n= lLtn

tde%(L)+l

t)n+l rLx,

where H(z) = 3>, hyz" is the ordinary generating function for the complete symmetric functions /,,.
Then, upon applying Foulkes’s theorem, we get

1 1 ke gdes(L)+1 des(M)+1 .

<1 —-sH(x) 1 —tH(1)> (1- s)(l —1) +;L;n (1-s5)m*(1 - t)"+1< rL,FM)X
_i An(s,1) .\
AN G

However, calculating the same scalar product but in a different way yields

1 st
<1—sH(x) 1—tH(1)> Z (1-x)is’

and equating these two expressions recovers (1.1).

In fact, a third way of calculating the same scalar product leads to a new formula expressing the
two-sided Eulerian polynomials A, (s,t) in terms of the Eulerian polynomials A, (). Let us use the
notations A + n and |A| = n to indicate that A is a partition of n, and let /(1) denote the number of parts
of A. We write 4 = (1"12™2 ... to mean that A has m parts of size 1, m, parts of size 2 and so on, and

define z;, = 1"™'m!2™m,! ---. Then it can be shown that
1 1 vl A )Aw () |
1-sH(x) 1-tH(l)| 2 (1= )l OH(1 = )l 0+

leading to

An(s:0) = Y (1= 5)(1= D) D A1, (5)Arga 0

Arn 1
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Collecting terms with /(1) = k then gives the formula

n

Anls,0) = 1 eln (1= 5)(1 =) Ac(5) Ax(0)

" k=0

(see Theorem 3.9), where the c(n, k) are the unsigned Stirling numbers of the first kind [23, p. 26].
Perhaps surprisingly, many of the ‘two-sided polynomials’ that we study in this paper can be similarly
expressed as a simple sum involving products of the univariate polynomials encoding the distributions
of the individual statistics.

Foulkes’s theorem was also used by Stanley [21] in his study of alternating permutations; some of
our results, notably Theorems 3.5 and 4.5, generalize results of his.

1.2. Outline

We organize this paper as follows. Section 2 is devoted to background material on symmetric functions.
While we assume familiarity with basic symmetric function theory at the level of Stanley [24, Chapter 7],
we shall use this section to establish notation, recall some elementary facts that will be important for
our work and to give an exposition of various topics and results needed to develop our approach to two-
sided statistics; these include Foulkes’s theorem, plethysm and symmetric function generating functions
associated with descent statistics.

Our main results are given in Sections 3—6. We begin in Section 3 by using our symmetric function
approach to prove formulas for the two-sided statistic (pk, ipk, des, ides), which we then specialize
to formulas for (pk, ipk), (pk,ides) and (des, ides). We continue in Section 4 by deriving analogous
formulas for (Ipk, ilpk, des, ides) and (Ipk, ipk, des, ides), and their specializations. Notably, our results
for the two-sided distributions of pk and of Ipk lead to a rederivation of Stanley’s [21] generating function
formula for ‘doubly alternating permutations’: alternating permutations whose inverses are alternating.

Section 5 considers (mixed) two-sided distributions involving the number of up-down runs, as well
as a couple involving the number of biruns. In Section 6, we give a rederivation of the Garsia—Gessel
formula for (maj, imaj, des, ides) using our approach and give formulas for several mixed two-sided
distributions involving the major index.

We conclude in Section 7 with several conjectures concerning real-rootedness and y-positivity of
some of the polynomials appearing in our work.

2. Symmetric functions background

Let A denote the Q-algebra of symmetric functions in the variables x1,x», . ... We recall the important
bases for A: the monomial symmetric functions m , the complete symmetric functions %,, the elementary
symmetric functions e,, the power sum symmetric functions p, and the Schur functions s,. As usual,
we write h(y,) as hy, () as e, and p(,) as py.

We will also work with symmetric functions with coefficients involving additional variables such as
s, t, vy, zand a, as well as symmetric functions of unbounded degree like

o)

H(z) = Zhnz" and E(z) = Zenz".
n=0

n=0

We adopt the notation

H:=H(l) = i h, and E = E(1)= Zen.

n=0 n=0
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2.1. The scalar product and Foulkes’s theorem

Let (-,-): A X A — Q denote the usual scalar product on symmetric functions defined by

1, ifd=p

ORAREh

otherwise,

for all partitions A and i and extending bilinearly, that is, by requiring that {m,} and {A,} be dual bases.
Then we have

< > _ N ifd= M
Pa-Pu 0, otherwise,
for all A and p [23, Proposition 7.9.3]. We extend the scalar product in the obvious way to symmetric
functions involving other variables as well as symmetric functions of unbounded degree. Note that the
scalar product is not always defined for the latter; for example, we have (H(z), H) = 3.~ 2" but (H, H)
is undefined.

Given a composition L, let r; denote the skew Schur function of ribbon shape L. That is, for
L=(Ly,Ly,...,L;), wehave

where the sum is over all iy, . .., i, satisfying

< <ip, >ipe1 £ S, > >ipeeal 41 < Sy

L L, Ly

The next theorem, due to Foulkes [9] (see also [12, Theorem 5] and [24, Corollary 7.23.8]), will play
a pivotal role in our approach to two-sided descent statistics.

Theorem 2.1. Let L and M be compositions. Then (rp,rpr) is the number of permutations © with
descent composition L such that 1" has descent composition M.

Foulkes’s theorem is a special case of a more general theorem of Gessel on quasisymmetric generating

functions, which we briefly describe below. For a composition L = (Ly, Ly, ..., Ly), let Des(L) =
{L\,Ly+ Ly,...,Ly +---+ Lg_1}, and recall that the fundamental quasisymmetric function Fp is
defined by
Fr = Z Xi Xiy "t Xy, -
i) iy <---<ipy

ij<ij+l ifjeDes(L)
Moreover, given a set I1 of permutations, its quasisymmetric generating function Q(I1) is defined by
Q(H) = Z FComp(n)~
nell
The following is Corollary 4 of Gessel [12].

Theorem 2.2. Suppose that Q(I1) is a symmetric function. Then the number of permutations in Il with
descent composition L is equal to (rp,, Q(I1)).

Because r), is the quasisymmetric generating function for permutations whose inverse has descent
composition M, Foulkes’s theorem follows from Theorem 2.2.
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Gessel and Reutenauer [13] showed that, for any partition A, the quasisymmetric generating function
for permutations with cycle type A is a symmetric function, and they used this fact along with Theorem 2.2
to study the joint distribution of maj and des over sets of permutations with restricted cycle structure,
including cyclic permutations, involutions and derangements. The present authors later studied the
distributions of (pk, des), (Ipk, des) and udr over permutations with restricted cycle structure [15]. Our
current work is a continuation of this line of research but for inverse descent classes.

2.2. Plethysm

Let A be a Q-algebra of formal power series (possibly containing A). Consider the operation AXA — A,
where the image of (f,a) € A X A is denoted f[a], defined by the following two properties:

1. Forany i > 1, p;[a] is the result of replacing each variable in a with its ith power.
2. For any fixed a € A, the map f +— f[a] is a Q-algebra homomorphism from A to A.

In other words, we have p;[ f(x1,x2,...)] = f(x’i,x;, ...) forany f € A.If f contains variables other
than the x;, then they are all raised to the ith power as well. For example, if g and ¢ are variables,
then p;[g*tpm] = ¢*'t' pim. The map (f,a) — f[a] is called plethysm. As with the scalar product,
we extend plethysm in the obvious way to symmetric functions of unbounded degree with coefficients
involving other variables; whenever we do so, we implicitly assume that any infinite sums involved
converge as formal power series so that the plethysms are defined.

We will need several technical lemmas involving plethysm in order to evaluate the scalar products
needed in our work. All of these lemmas are from [15] by the present authors (or are easy consequences
of results from [15]).

A monic term is any monomial with coefficient 1.

Lemma 2.3. Let m € A be a monic term not containing any of the variables x1,xy, . . .. Then the maps
f = (f,H(m)) and f — (H(m), f) are Q-algebra homomorphisms on A.

Proof. By a special case of [15, Lemma 2.5], we have

fIml = (f, H(m)) = (H(m), f)
and the result follows from the fact that f + f[m] is a Q-algebra homomorphism. O

Lemma 2.4. Let y € A be a variable and k € Z. Then the map [ — <f, E(y)ka> is a Q-algebra
homomorphism on A.

Proof. Given f € A and a variable a € A, it is known [15, Lemma 3.2] that
fIk(1 = )] = (f.E(-a)*H").

Then the map f +— <f, E(y)ka> is obtained by composing the map f + f[k(1 — )] with evaluation
at @ = —y, both of which are Q-algebra homomorphisms. O

Lemma 2.5. Let a, B € A be variables, and let k be an integer. Then:

(@ H(B)[k(1-a)] = (H(B),E(~a)*H) = (1 -aB)*/(1 - B)*.
() E(B)[k(1-a)] =(E(B),E(—a)*H*) = (1 +B)*/(1 + ap)~.

Proof. Part (a) is a special case of Lemma 2.4 (d) of [15]. Part (b) follows immediately from part (a)
and the well-known identity E(8) = (H(-8))~". O

The two lemmas below are Lemmas 3.5 and 6.6 of [15], respectively.

Lemma 2.6. Let f,g € A, and let m € A be a monic term. Then (f[X +m], g) = {(f, H[mX]g).
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Lemma 2.7. Let @ € A be a variable and m € A a monic term. Then:

(a) H@)[X+m] =H(a)/(1 —am)
(b) E(@)[X+m] = (1 +am)E(a).

2.3. Symmetric function generating functions for descent statistics

As mentioned in the introduction, we will need generating functions for the ribbon skew Schur functions
rr, which keep track of the descent statistics that we are studying. Such generating functions were
produced in previous work by the present authors and are stated in the next lemma. Part (a) is essentially
a commutative version of [14, Lemma 17], whereas (b)—(d) are given in [15, Lemma 2.8].

Lemma 2.8. We have

© n maj(L) [des (L)
> [Haho = Z St T @
2,711 -0 -an-—(-q0
1 1
= + b
1-tE(yx)H(x) 1-t¢ ®)
1 co Z(l +yt)n+1( (1 +y)2t )Pk(L)+1( Y+t )des(L)Hr o
— LX,
1+yn:lLl:n 1—1¢ (y+1)(1+y1) 1+ yt
) Ipk(L s
H(x) _ 1 +Z (1+y)" (1 +y)2t pk(L) V41 de%(L)r o ©
1-tE(yx)H(x) 1-t e A=)\ (y+0) (1 +y1) 1+ yt Lo
and
1+ tH(x) 1 ZZ (T+2)m (20 \"&B @
_ rpx”.
1 -P2Ex)H®EX) 1-1¢ 2(1 —1)? — 21\ 142 L

n= lLb:n

Some of these generating functions have nice power sum expansions that are expressible in terms
of Eulerian polynomials and type B Eulerian polynomials. The nth type B Eulerian polynomial B, (t)
encodes the distribution of the type B descent number over the nth hyperoctahedral group (see [30,
Section 2.3] for definitions) but can also be defined by the formula

_Bnt) Z(2k+1)"k

t)n+l

analogous to Equation (1.3). Recall that /() is the number of parts of the partition 1. We also define
0(A) to be the number of odd parts of A, and use the notation }’ ; ,qq for a sum over partitions in which
every part is odd.

The next lemma is [15, Lemma 2.9].

Lemma 2.9. We have
1)

L _yn Al gy PRV R
I—1E(y0)H(x) &4z, (1=l g(l (=»)™) (a)

where A1, A2, . .., iy are the parts of A,

H(X) _ Pa Bo(/l) (t) 1

1 -tE(x)H(x) ~ s (1— e+~ (b)
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and

1+IH()C) _ Q 1) Al(/l)(tz) 1 p_,1 Bo(/l)(tz) 1]
1 —tE(x)H(x) 1) (1 = ¢2)1()+1 24 (1= 2)o+

©)

Aodd

2.4. Sums involving z, and Stanley’s formula for doubly alternating permutations

The remainder of this section is not strictly about symmetric functions but relates to the constants z,
which appear in symmetric function theory, and a connection to an enumeration formula of Stanley
obtained via symmetric function techniques.

To derive some of our formulas later on, we will need to evaluate several sums like

Z % Q2.1

Arn
1()=k

The key to evaluating these sums is the well-known fact that n!/z, is the number of permutations in S,
of cycle type A; see, for example, [23, Proposition 1.3.2] and [24, pp. 298-299]. Thus, Equation (2.1)
is equal to c(n, k) /n!, where as before, c(n, k) is the unsigned Stirling number of the first kind, which
counts permutations in &, with k cycles.

Now, let d(n, k) be the number of permutations in &,, with k cycles, all of odd length; let e(n, k) be
the number of permutations in S, with k odd cycles (and any number of even cycles); and let f(n, k, m)
be the number of permutations in &, with k odd cycles and m cycles in total. Note that d(n, k), e(n, k)
and f(n, k,m) are 0 if n — k is odd. Then by the same reasoning as above, we have the additional sum
evaluations in the next lemma.

Lemma 2.10. We have

1 Lk
Y, =2 (@
Arn 2a n:
1()=k
1 d(n, k
Z T ( 1 )’ (b)
Arn 2a n:
odd
1(A)=k
1 e(n, k
Z L. 1 )’ ©
Arn < n:
o()=k
and
1 n,k,m
3 L fkm, @
Tn C4 n:
o()=k
[()=m

The numbers c¢(n, k), d(n, k), e(n, k) and f(n, k, m) all have simple exponential generating functions.
Let
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Proposition 2.11. We have

00 n
n 1

Z Z c(n, k)vku— =g vloellm) o~ (a)
n=0 k=0 n! (1 —u)

© n n v/2

I+

D, kR = e = (1—“) : (b)
n=0 k=0 " —u

n EVL(") (1 +u)(v—l)/2

ZZ“"”‘W o iz (1-w0+i2 ©

and

n n eva(u) (1+u)(V—1)W/2

Z S n ke, m)viw™ - = o 22 T (=)o @

n=0 k,m=0 ’ (

Proof. We prove only (c); the proofs of the other formulas are similar (and (a) is well known). For (c)
we want to count permutations in which odd cycles are weighted v and even cycles are weighted 1. So
by the exponential formula for permutations [24, Corollary 5.1.9], we have

2m

izn:e(n,k)ljl—:lv —exp( 2m—1 le_m)
n=0 k=0 m=

:exp(z( log(1 = u) +log(1 +u)) + 1( log(1 - u) — log(1+u)))

(1 +u)(v=D/2
= (1 _ M)(v+1)/2'

A permutation r is called alternating if 7(1) > n(2) < 7(3) > n(4) < ---, and it is well known that
alternating permutations in &,, are counted by the nth Euler number E,,, whose exponential generating
functionis ), ) E,x™ /n! = sec x+tan x. The series L(u) defined above makes an appearance in Stanley’s
work on doubly alternating permutations: alternating permutations whose inverses are alternating. Let
E,, denote the number of doubly alternating permutations in &,,. Stanley showed that the ordinary
generating function for doubly alternating permutations is

(o)
$ b=
n=0

[21, Theorem 3.1]. Stanley’s proof of Equation (2.2) uses Foulkes’s theorem, but Equation (2.2) can
also be recovered from our results, as shall be demonstrated at the end of Sections 3.2 and 4.3.

We note that Stanley’s formula (2.2) can be expressed in terms of the numbers d(n, k) and e(n, k).
By Proposition 2.11, we have

B2 L(u)* > L™
£, 2! ZEzmm

2.2)
r=0

1 L(M)Zr 0 u L(u)2r+1 sl u't
_ e a2 N a1
N lel) ;)e(”’ TR T BT ;) (n.2r+ 1D
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Thus, Equation (2.2) is equivalent to the statement that

n

1 1
— 2r)E3 = — k)EZ, if i ,
_ Ze(n r) _ Ze(n ) if n is even

E = k:O

n
Zd(n 2+ 1)E2 ., = - Zd(n, K)E2, if nis odd.
© k=0

3. Two-sided peak and descent statistics

We are now ready to proceed to the main body of our work. Our first task will be to derive formulas
for the two-sided distribution of (pk, des)—that is, the joint distribution of pk, ipk, des and ides over
&, —and then we shall specialize our results to the (mixed) two-sided statistics (pk, ipk), (pk, ides) and
(des, ides).

3.1. Peaks, descents and their inverses

pk,ipk,des, 1des)(
y’

Define the polynomials P( z,8,1) by

k,ipk,des, i ~ i
P,(ip ,ipk,des,ides) (y,z, s, l‘) = Z ypk(n)+1lek(n)+lsdes(ﬂ)+1t1des(n)+l’
nec,

which encodes the desired two-sided distribution.

Theorem 3.1. We have

o [ (+ys)(1+z0) P(pk,ipk,des,ides) (1+y)2s (1+2)%t y+s g4t
Z (1-s)(1-1) n (y+5) (1+ys) > (z+1) (14z1) > 1+ys’ T4zt n ( )
+ a
(l—s)(l—t) Z (1+y)(1+2) g
> (T+yx)(1+2zx) oo
Z IF Py s't!
2\ T vz 1)
and, for all n > 1, we have
(1+ys) (14zt) n+1P(pk,ipk,des,ides) (1+y)2%s (1+z2)%t V+S 7+t
(I-s)(1-¢) n (y+5) (1+ys) ?> (z+1) (I4z1) * 1+ys’ T+zt

(b)

(IT+y)(1+2)
_y 0 L5 (= (=9 A () A (1)

(3] (1 _ s)l(/l)+1(1 _ t)l(/l)+1 :

Arn

Proof. To prove this theorem, we shall compute <(1 —sE(yx)H(x))™', (1 - tE(z)H)‘1> in three dif-
ferent ways. First, from Lemma 2.8 (b) we have

1 1
< 1 -sE(yx)H(x)  1- tE(Z)H>

m+1 n+l
N i (Hys) (%) 2rem, Men Nem (e, ) -
'x 9
“‘S)“‘f) et (T+»(1+2)
3.1)
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where

8! +y)2s )Pk(L)+1( (1 +Z)2f )Pk(M)+1( Vs )des(L)+1( I+t )des(M)+1

New = ((y+s)(1+ys) (z+1t)(1+z1) 1+ys 1+zt

Upon applying Foulkes’s theorem (Theorem 2.1), Equation (3.1) simplifies to

1 1
<1 —-sE(yx)H(x)" 1 - tE(Z)H>

(1+ys) (1+zt)
i( =N ) Lires, Neomp(x),Comp(nt)
+
T —s)(l 1L (T+y)(1+2) !
o [Utys)(1+z0) n+1P(pk,ipk,des,ides) (1+y)2s (1+2)%t Y+ 4t
Z (1—-s)(1-7) n (y+s) (T+ys) > (z+0) (14z2)* THys>® T4zt
+
(l—s)(l—t) o (I+y)(1+2)
(3.2)
Second, we have
! ! iE(yx)iH(x)isi iE(Z)jHjtj
1-sE(yx)H(x)' 1 -tE(z)H gy ’ =
= Z (E(yx)"H(x)", E(z) H')s't/
i,j=0
= Z (E(yx), E(Z)jHj> <H(x) E(Z)fH/> s't/
i,7=0
o (1+yx)Y7 (1+z0)7 , .
_ Z (I+yx)V (1+2zx) st (3.3)
(1 =yzx) (1 -x)¥

0

t,j

where the last two steps are obtained using Lemmas 2.4 and 2.5, respectively. Finally, from Lemma 2.9
(a) we have

1 1
< 1 -sE(yx)H(x)  1- tE(Z)H>
LY (= =) T (= (=2%) Ay (5) Ay (1)

l 1 |
= Z 22y (1 = s)lD+L(] = )l (w+1 <P/1,P,u>x
¢ 0= -9 Ap©aw® (3.4
B ; 2 (1 — 5)lQU+I (] — pyico+t™ 4)

Combining Equation (3.2) with Equation (3.3) yields part (a), whereas combining Equation (3.2) with
Equation (3.4) and then extracting coefficients of x" yields part (b). O

The formulas in Theorem 3.1 and others appearing later in this paper can be ‘inverted’ upon making
appropriate substitutions. For example, Theorem 3.1 (a) can be rewritten as
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1 1 3 (1+”a')(1+vﬁ) m (pk,ipk,des,ides) n
(l—a)(l—ﬂ)+(l+u)(l+v);( (1-a)(1-p) ) Pn >z, 5,0)x
B (1+ux)(1+vx) i
1]20( l—uvx)(l—x)) ap
where
ey (-9VTEPAn (-2 - (e 9y THsP A
2(1=y)s “= 2ys ’
142 - (1 -0+ P-4 (1+0? =22 = (14 )T+ 07— dzr

and B=

2(1 —2)t 2zt

3.2. Peaks and inverse peaks

We will now consider specializations of the polynomials P,, (pl.ipk, des.ides) (y,z,s,1) that give the distri-

butions of the (mixed) two-sided statistics (pk,ipk), (pk,ides) and (des, ides). Let us begin with the
two-sided distribution of pk, which is encoded by

P'(lpk,ipk)(s, l) - Pflpk,ipk,des,ides) (S, 1, 1) _ Z spk(”)+1tipk(”)+1.

neS,

Theorem 3.2. We have

Lo ((+9)(1+0) kipk) [ 4 4t W (L+x\Y
(e e RED (i) Ml (e M (e R

i,j=0

and, for all n > 1, we have
(T+5)(1+0\"" i [ 4s R 21] 2ij+n—k-1\ . ;
-_— P, —_— =4 't (b
((l—s)(l—t) " (1+9)2° (1+t)2 ZZO = n—k s ®)

and

T+ +0\" i 4s 4t I Ar(s)Ax(?)
((1—s)(1—t)) Pu ((1+s)2 (1+t)2) n!z4 d(n’k)l—s)k“(l—t)k”

(©)

k=0 (
with d(n, k) as defined in Section 2.4.

Proof. Parts (a) and (c) are obtained from evaluating Theorem 3.1 (a) and (b), respectively,aty =z =1,
with the sum on A in (c) evaluated by Lemma 2.10 (b). From the identities

k o
k k+n-1
k _ n _ -k — n
(1+x) _Z(n)x and (1 -x) Z( . )x,
n=0 n=0
we obtain
2ij © n ..
1+x 2ij\(2ij+n—k-1\ ,
. 3.5
=) =200 69
Substituting Equation (3.5) into (a) and extracting coefficients of x" yields (b). ]
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Table 1. Joint distribution of pk and ipk over &,

n Pf,pk‘ipk) (s,1)

1 st

2 2st

3 Bs+ 52t + (s +52)t?

4 (4s +4s2)t + (4s + 1252) 12

5 (55 + 10s% + 53)1 + (10s + 6652 + 125%)12 + (5 + 1257 + 357) 13

6 (65 +20s% + 653) 1 + (205 + 24852 + 14853)12 + (65 + 148s% + 1185)13

7 (75 +3552+215% +5*) 1 + (355 + 73952 + 9695 + 815%) 12 + (215 + 96952 + 171953 + 14154) 3 + (s + 8152 + 1715 +195%) 1*

The first several polynomials P(pk lpk)(s,t) are displayed in Table 1. The coefficients of s*r—
equivalently, the coefficients of st* by symmetry—are characterized by the following proposition.

Proposition 3.3. For any n > 1 and k > 0, the number of permutations n € S,, with pk(n) = k and
ipk(m) = 0 is equal to (,",,).

Proposition 3.3 was first stated as a corollary of a more general result of Troyka and Zhuang [26],
namely, that for any composition L of n > 1, there is exactly one permutation in 7 € S, with descent
composition L such that ipk(r) = 0. However, it is also possible to prove Proposition 3.3 directly from
Theorem 3.2.

Next, we obtain a surprisingly simple formula expressing the two-sided peak polynomials

P,(,pk’ipk) (s, 1) in terms of products of the ordinary peak polynomials

ng(l‘) - Z tpk(;r)+l

neC,
giving the distribution of the peak number over S,,.

Theorem 3.4. For all n > 1, we have
k,ipk 1 ¢ nk ok K
PP (5,0) = = 3 d(n, k) (1= $)(1 = 1) "7 PR (s)PR(r).
n! —

Since d(n, k) = 0 when n — k is odd, the above formula does not involve any square roots.

Proof. 1t is known [25] that

A, (f) = (ﬁ) Ppk((l jtt)Z) (3.6)

for n > 1. Combining Equation (3.6) with Theorem 3.2 (c) and then replacing the variables s and ¢ with
u and v, respectively, yields

(pk.ipk) 41 W) (1-v)\"™* pk( 4u ok 4
Pn (1+uw)? (1+v)2) n'zd( k)((l+u)(l+v)) Py ((1+u)2)Pk((1+v)2)'

Setting s = 4u/(1 +u)? and t = 4v/(1 +v)?, we obtain

' _ _ n—k
Pslpk,lpk)( Z d(n, (#&“3) pzk(s)sz(t). 3.7
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It can be verified that u =257 ' (1 = V1 —s) = land v = 2r7'(1 = V1 —¢) — 1, which lead to

(1-u)(1-v)

m— (I—S)(l—t). (38)

Substituting Equation (3.8) into Equation (3.7) completes the proof. O

The substitution used in the proof of Theorem 3.4 allows us to invert the formulas in Theorem 3.2
and others involving the same quadratic transformation. For example, Theorem 3.2 (b) is equivalent to

(pk,ipk) 0 ..
Py t Z Z 2ij\ (2 -k-1\ ; ;
n+l (S ) n+l = ( lj)( lj o )ulv]5
(1-5)"7(1-1"% P n—k

where, as before, u = 2571 (1 = V1 —s) = 1and v = 2¢7' (1 — V1 — 1) — 1. In fact, we can express « and
v in terms of the Catalan generating function

co = TS L e

n=0

asu = (s/4)C(s/4)* and v = (t/4)C(1/4)>.
If we multiply the formula of Theorem 3.4 by #" and sum over n using Proposition 2.11 (b), we
obtain the following generating function for the two-sided peak polynomials PP (s, 7).

Theorem 3.5. We have

[oe] oo k
3PP (5 = ) L(M TEDIEDD

=0 = k! (I=s)(1-1)

PP (5)PP (1),

with L(u) as defined in Section 2.4.

We can derive the odd part of Stanley’s generating function (2.2) for doubly alternating permutations
from Theorem 3.5. While an alternating permutation 7 satisfies 7(1) > n(2) < 7(3) > n(4) < ---, we
say that 7 is reverse alternating if n(1) < n(2) > n(3) < n(4) > ---. It is evident by symmetry that
reverse alternating permutations are also counted by the Euler numbers E,,. As shown by Stanley [21],
the number of doubly alternating permutations in &, is equal to the number E,, of reverse alternating
permutations in &,, whose inverses are reverse alternating.

It is readily verified that a permutation 7 in &, has at most (n — 1) /2 peaks and has exactly (n—1)/2
peaks if and only if z is odd and r is reverse alternating. Thus, we have

. Kk, _ . _ _
lim Pi (s72)sk*! = lim Z sk=2pk(m)-1 —
s—0 s—0

ey

0, if k is even,
E;, if kis odd.

Similarly, we have

; 0, if n is even,
lim Pflpk’lpk) (S—Z, I_Z)Sn+1tn+l -7 : .
s—0 E,, ifnisodd.

So, to obtain Stanley’s formula from Theorem 3.5, we first replace s with 572, ¢t with =2 and u with stu;
then we multiply by s¢ and take the limit as s, — 0. The substitution takes

LY== o ook
Va-sa-n | FF
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to

T kak(s,z)Ppk(fz)_ N CENICENTY
(2

k ppk =2y .,k pPk -2y,
s ) G R

multiplying by st and taking s, — 0 gives L(u)kE,% for k odd and O for k even, as desired.

We will later get the even part of Stanley’s generating function (2.2) in a similar way from Theorem 4.4,
which is the analogue of Theorem 3.5 for left peaks.

Before proceeding, we note that every formula like Theorem 3.4 has an analogous generating function
like Theorem 3.5. We will only write out these generating functions for (pk, ipk) and (Ipk, ilpk) — which
are used in our rederivation of Stanley’s formula — as well as for (des, ides).

3.3. Peaks and inverse descents
Next, define the polynomials PP**) (s, 1) by

P:lpk’ides)(s, t) — Pr(lpk,ipk,des,ides) (S, 1.1, t) — Z spk(n)+ltides(7r)+l )
neC,

We omit the proof of the next theorem as it is similar to that of Theorem 3.2, with the main difference
being that we specialize at y = 1 and z = 0 (as opposed to y = z = 1).

Theorem 3.6. We have

Ly Lrs V"™ pkiden |48 o (Lex\
(l_s)(l_t) EZ(U—S)(I—I)) b ((1+s)2’t)_.z(l—x) o ®

i,j=0

and, for all n > 1, we have
1+s n+1P(pk,ides) Zi & l ij+n—k—1 itj (b)
-_ S
(1=s)(1-1) " (1+s)2 == n—k

and

1+¢ ntl (pk,ides) k+1 Ak(S)Ak(t)
((1_S)(1—t)) B ((1+s)2’)_ Zz d(n. k) (1= s)k+1(1 — kst ©

We display the first several polynomials P,(lpk’ides) (s,t) in Table 2, collecting terms with the same
power of s in order to display the symmetry in their coefficients. This symmetry follows from the fact
that the reverse 1" = m(n)---7(2)x(1) of a permutation n € S, satisfies ides(n”) = n — 1 — ides ()
[31, Proposition 2.6 (c)] but has the same number of peaks as 7

Furthermore, observe that the coefficients of %5 in P{P*'9 (5, 1) are binomial coefficients; this is a
consequence of the following proposition, which is Corollary 9 of [26].

Proposition 3.7. For any n > 1 and k > 0, the number of permutations n € S, with des(r) = k and
ipk(r) = 0 is equal to (";1).

In addition to being symmetric, the coefficients of s¥ in PP (s, ) seem to be unimodal polyno-
mials in ¢, which we know holds for k = 0 in light of Proposition 3.7. In the last section of this paper,

we will state the conjecture that the polynomials [s*] P,(,pk’ides) (s,1) are in fact y-positive, a property
which implies unimodality and symmetry.
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Table 2. Joint distribution of pk and ides over S,

n Pr(lpk,ides) (s’ t)

1 ts

2 (t+1%)s

3 (t+2t2 +13)s + 21252

4 (t+362 4385 +t*)s + (8% + 817) 52

5 (t +412 + 613 + 4% + 1) 5 + (2012 + 4813 +20t*)s% + (212 + 1263 + 121%) 57

6 (+ 562+ 1023 +101% + 525 + 1) 5 + (4012 + 16813 + 168¢* +4017) 52 + (1212 + 12413 + 124¢* + 126%) 53

7 (1 + 612+ 1513 +20t* + 15¢6° + 61° + 17) s + (7012 + 44813 + 7881* + 448¢> + 7010) 5% + (4212 + 67213 + 14521* + 6721°

+4219) 53 + (262 + 5613 + 1561* + 5615 + 2¢0) 54

The next formula expresses PP (s, #) in terms of the products Pik(s)A % (t). The proof is very
similar to that of Theorem 3.4 and so it is omitted.

Theorem 3.8. For alln > 1, we have

P?h”“k&t)zgjjidvhkw(l_Sﬂﬂ(l_ﬂ)mkpf(ﬂAkU)
" k=0

3.4. Descents and inverse descents

To conclude this section, we state the analogous results for the two-sided Eulerian polynomials

An(s,1) = Pflpk,ipk,des,ides)(l’ 1,5,1) = Z gdes(m)+1 ides(m)+1

nec,

Recall that parts (a) and (b) were originally due to Carlitz, Roselle and Scoville [5], whereas (c) and (d)
are new.

Theorem 3.9. We have

N An(s,1) LS st
nz:;] (1= s)m+1(1 - t)n+1x = i;() (1—x)is (a)
and, for all n > 1, we have
An(s,1) S (ijAn=1)
(1 = s)m*1(1 = £)n+! - Z_ ( n )s t/ (b)
i,j=0
and
1 n
An(s,1) = — Z c(n, k)((1=5)(1 =) *Ar(s)Ax (2). ©)
n! &

Moreover, we have

N w0 | 1 * L AK()A(D)
HZ:OA"(S’I)” ‘;ﬁ(log1-(1—s)(1—t)u (1 =9kl =0k’ @
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Parts (a)—(c) are proven similarly to Theorems 3.2, 3.4 and 3.6 except that we evaluate Theorem 3.1
at y = z = 0. Part (c) can also be derived directly from (b):

An(S,l) _ S ij+n_1 i.j
(EEre ] G

i,j=0

(o)
i,]=0
1
n!

n

L k) ssy

T k=0

e Z DAL
j=0

Ar(s)  Ax(d)
1-— t)k“ (1- t)k+1 :

:l,_

=II

c(n, k)

k=0 (

S

Part (d) is obtained from (c) using Proposition 2.11 (a).

4. Two-sided left peak statistics
4.1. Left peaks, descents and their inverses

In this section, we will examine (mixed) two-sided distributions involving the left peak number Ipk. Let
us first derive a generating function formula for the polynomials

Pl(qlpk,ilpk,des,ides) (y’ %5, l) - Z ylpk(n) Zi]pk(7r) sdes(n) tides(ﬂ)

e,
giving the joint distribution of Ipk, ilpk, des and ides over &,,.

Theorem 4.1. We have

(Ipk,ilpk,des,ides) (1+y)?%s (1+2)%t y+s
1 > (1 + ys)n(l + Zt)nP" ((y+s)(l+ys) ’ (z+t)(zl+zt) > l+4ys? 1Z+_+ztt) n
+ X
(-9(1-1 & (1= )™ (1 = 1)l

Z (1 4+ yx) U+ (1 4 zx) +DJ Jig
yzx)Lj(l _x)(t+1)(j+1)

Proof. From Lemma 2.8 (c), we have

< H(x) H >

1-sE(yx)H(x) 1 - tE(Z)H

g (L) (142"
(1 —S)(l —1) + Z Z (1 - s)m*1(1 = £)n+l LM(VL,VM>X “4.1)
mnfl@::;zl
where
N - M Ipk(L) (1+—z)2t ilpk (M) yas 2@ o \desBD)
BT O+ 9)(1+ys) (z+1)(1+z1) T+ys T+ 2 :
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By Foulkes’s theorem (Theorem 2.1), Equation (4.1) simplifies to

1 1
< 1-sE(yx)H(x)" 1- tE(Z)H>
1 Z (L+ys)"(L+z)" ZHEG NCOIIlp(ﬂ') Comp(ﬂ")xn

RUEDITED) (1 =)™ (1 —p)m!
(Ipk,ilpk,des,ides) (1+y)2s (142)%¢t +5
1 RS (L+ys)"(1+21)" Py ((y+s)<yl+;s>’ ERTEE 1y+yf+_+ztr) i
= X .
(1-5)(1-1) 1 =)+l (1 — r)n+l
n=1
“4.2)

We now compute the same scalar product in a different way. We have

H(X) H N 1+ i +
<1—sE(yx)H(x)’1_tE(Z)H> <Z E(yx)'H(x)™'s ZE(z)JHm >

=0

s =

<E(yx) H(x)™!, E(z)]H’+l>s t/

~
~
Il

=]

<(E(yx) Hx)™)[X + 1], E(z)/HY)s't/

=T

<
I
(=}

((E(x)[X + 1) (H@)[X + 1) E(z)/HY )s't

vl

i,j=0
= i < (1+yx) E(yx)iH(x)i+1,E(Z)jHj>sitj
= (1 )l+l

(1+yx)

(1 )l+l

(1 4+ yx) 0D (1 4 zx) DI
1- yzx)lj (l _x)(t+1)(]+1)

T (E(yx), E()HY ) (H(x), E(2) HI)™ 't

s'tl; (4.3)

sk iM8

i,j=0

here, we are using Lemma 2.6 for the third equality, and in the last three steps, we apply Lemmas 2.7,
2.4 and 2.5, respectively. Combining (4.2) and (4.3) completes the proof. O

4.2. Left peaks, inverse peaks, descents and inverse descents

Next, let us consider the joint distribution of Ipk, ipk, des and ides over &,,. Define

Pfllpk,ipk,dcs,idcs) (y, 2.5, [) - Z ylpk(n) Zipk(ﬂ)+1Sdes(ﬂ)tidcs(ﬂ)H_

neS,
Theorem 4.2. We have
1 p(Ipk,ipk,des,ides) (1+y)%s (1+2)%t y+s t
1 o (1+ys)"(1+z0)"" Py, ((y+s)(1+ys)’ (z+0) (1+21) * T+ys® lz+_+zt)
(l—s)(l—t) p— (1+2)(1 = s)n+L(1 — f)n+

i 1+yx U1+ zx (i+D)j i
s't.
= 1—yzx 1-x

l
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Proof. The two sides of the above equation are obtained from evaluating the scalar product

(e )
1-sE(yx)H(x)' 1 -tE(z)H

in two different ways; the proof is similar to that of Theorem 3.1 and so we omit the details. O

4.3. Left peaks and inverse left peaks

We now consider specializations of P{PK-IPKdesides) (o ¢ 1) and p{IPRiPkdesides) o 1o ¢ ), beginning
with the two-sided left peak polynomials

Pfllpk,ilpk) (S, l) - Pr(Llpk,ilpk,dcs,ides)(s, 1, 1) — Z Slpk(n)tilpk(ﬂ).

e,

Theorem 4.3. We have

1 o (L+)(L+0))" apkiiph) [ 45 4¢ n
(I=s)(1-1) +; ((l—s)(l—t))”“P"p ' ((1+s)2’(1+t)2)x @

2ij+i
Z (1+x)%0%04

(1 _x)21]+l+_]+l T 2l

i,j=0
and, for all n > 1, we have
(L+)(A+0)" apkip) (4 )\ _ i o (20 i+ (2 +i+j+n—k i
(1 =s)(1 =1))! (1+5)2° (1+1)2 L L k n—k
i,j=0 k=0
(b)
and
L+s)(1+1)" i 4 4t S By (s)B(t
((L+s)(1+1)) lP(lpk,llpk)( s . 2) =Ze(n,k) ki»? k(1) - ©
(1 =s)(1 =) (I+s)? (1+1) = (1 = s)**1(1 —1)k+
with e(n, k) as defined in Section 2.4.
Proof. Evaluating Theorem 4.1 at y = z = 1 yields part (a), whereas (b) follows from (a) and
(1+x)2”+’+1 ZZ 21]+l+] 2ij+i+j+n—kxn
(1 _ x)21]+l+j+1 o n—=k :
To prove (c), first observe that Lemma 2.9 (b) implies
H(x) H 1 Bo(a)(5)Bo ) (1)
1 ’ :Z : D+l — 1<p/l’p#>xw
-sE(x)H(x) 1-tEH = zazu (1 = 5)o+1(1 =)o+
_ i Ba(/l) (S)Bo(/l)(t) 1
= (2] (1 _ s)o(/l)+1(1 _ t)o(/l)+1 ’
but this same scalar product is also given by
H(x) H _ 1 i ((1 + S)(l + t))n P(]pk’ﬂpk) 45 4t o
1-sE(x)H(x)'1-tEH (I=5)(1-1) (1 =s)(1=p)n+t ™" (1+5)2° (1+1)2
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Table 3. Joint distribution of 1pk and ilpk over S,,

n P,(,lpk’"pk) (S’ t)

1 1

2 1+ st

3 1 +5st

4 1+ (155 +352)t + (3s +252)1?

5 1+ (355 +2352)t + (23s + 38s2) 12

6 1+ (70s + 10052 + 953)7 + (100s + 33552 + 4453) 1% + (9s + 445> + 857) 13

7 1+ (1265 + 32452 + 9353) 1 + (324s + 195152 + 83653) % + (935 + 83652 + 4565°) 13

which is obtained from evaluating Equation (4.2) at y = z = 1. Equating these two expressions, extracting
coeflicients of x", and applying Lemma 2.10 (c) completes the proof. O

See Table 3 for the first several polynomials Pf,lpk’ilpk) (s,1).
Next, we express these two-sided left peak polynomials as a sum involving products of the ordinary
left peak polynomials

PP*(r) = Z £k,
nec,

Theorem 4.4. For all n > 1, we have

pUPKIPR) (g 4y = % Z e(n, k)((1 = )(1 = 1) PP (5) PP ().
© k=0

Proof. The proof follows in the same way as the proof of Theorem 3.4 except that we use the formula

Ink 4t
Bna>=<1+tY7%’((l+ty) @.4)
[18, Proposition 4.15] in place of (3.6). The details are omitted. O

From Theorem 4.4 and Proposition 2.11 (c), we can obtain a generating function for the two-sided
left peak polynomials, analogous to Theorem 3.5 for the two-sided peak polynomials.

Theorem 4.5. We have

ipfllpk,ilpk)(s’t)un _ 1 i i(L(\/(l —9)(1=1u)

= VI=(1 =51 -nu? =5+ (1-s)(1-1)

Just as we derived from Theorem 3.5 the odd part of Stanley’s formula (2.2) for doubly alternating
permutations, we can derive the even part of (2.2) from Theorem 4.5. First, we note that a permutation
7 in S, has at most n/2 left peaks and has exactly n/2 left peaks if and only if # is even and x is
alternating. Then we have

k
) PP ()PP (r).

. Ipk , — . _
lim P]f (s72)sk = lim Z sk=2Ipk(m) —
s—0 s—0

ey

0, if n is odd,
E;, ifniseven,

and similarly

lim Pillpk’ﬂpk) (s72, 725" =
s—0

0, if n is odd,
E,, ifniseven.
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Therefore, to obtain the even part of Stanley’s formula, we take Theorem 4.5 and replace s with s72, ¢
with 72 and u with stu; then we take the limit as s, 7 — 0, similarly to the computation for the odd part.

4.4. Left peaks and inverse peaks

We proceed to give analogous formulas for the polynomials

Pr(llpk,ipk) (S, [) - P;lpk,ipk) (S, 1, 1) — Z slpk(ﬂ) tipk(ﬂ)+1

neS,

encoding the joint distribution of Ipk and ipk over &,,.

Theorem 4.6. We have

L O (L+9)"A+0™ apcipy [ 4s 4t n o (Lax )\
(1—S)(1—f) 22 (1—S)(1—f))"+lpn ((1+S)2’(1+t)2)x _,»;O(l‘x) o

(@)
and, for all n > 1, we have
(1+5)"(1 +1)"*! (lpk,ipk)( 4s )_ SR (21}+])(2ij+j+n—k—l)ij
((l—s)(l—t))"”Pn (1+9)2° (1+t)2 _2120 — n—k st ()
and
(1+95)"(1 +1)™! (lpk,ipk)( 4s 4t ) 1 k+1 By (s)Ar(1)
((l—s)(l—t))"“P (1+5)2" (1+1)2 n'kz(:)2 d(n, k)( 1 = s)k+1(1 —r)k+l” ©

Proof. The proof of parts (a) and (b) is the same as that of Theorem 4.3 (a) and (b), except that we
specialize Theorem 4.2 as opposed to Theorem 4.1. To prove (c), notice that from Lemma 2.9 (a)—(b)

we have
1 H 21(’1) Al(/l)(S)Bo(,u) (t) lul
1—sE(H(x) 1-1EH| ~ 2 1D+ oG (P Pu)x
SE(x)H (x) t Gz (1-9) (1-r)olu
21D A $)Bya (1
- 1(1/3153 a1 1)(/1)+1 ", @.5)
o (1-s) (1-1
and the same scalar product can be shown to be equal to
1 H _ 1
1 -sEx)H(x) 1 —tEH| (1 -s)(1-1)
L i (1+5)" (1 +1)" plipkink 4s 4\
2 (1 =s)(1 —p))n+l (1+5)2° (141)2
(4.6)

by using Lemma 2.8 (b)—(c). Equating Equations (4.5) and (4.6), extracting coefficients of x”, and then
applying Lemma 2.10 (b) completes the proof of (c). O
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Table 4. Joint distribution of pk and ipk over &,

P )

t

(1 +s)t

(1+3s)t +2s1?

(1+65+52)t+ (125 +4s%)12

(1+10s +552)1 + (425 +4652)1% + (65 + 10s2)13

(14155 + 1552 + 531 + (1125 + 27252 + 325712 + (525 + 19252 + 2853)¢3

(1+21s +355% +753) 1 + (2525 + 113652 + 43657 1% + (2525 + 17765 + 8525%) 13 + (185 + 164s% + 90s3)r*

NN AW~

Table 4 displays the first several polynomials Pspk’ipk)(s,t). The following proposition, which is
Corollary 11 of [26], characterizes the coefficients of s¥¢ in P{P*P¥) (s, 7).

Proposition 4.7. For any n > 1 and k > 0, the number of permutations n € S, with lpk(x) = k and
ipk() = 0 is equal 10 (5;).

The next formula expresses the polynomial Pflpk’ﬂpk) (s,) as a sum involving products of the peak
and left peak polynomials. The proof follows in the same way as that of Theorem 3.4, except that we
begin by substituting both Equations (3.6) and (4.4) into Theorem 4.6 (c).

Theorem 4.8. For all n > 1, we have

PP (s, 1 Zd(n D1 =9)(1 =) T P PP (1),

" k=0

4.5. Left peaks and inverse descents
Finally, define

P(lpk 1des)( ) P(lpk ipk,des, 1des)( s, 1,l 1) Z Slpk(n) tides(n)+1 .
nes,

We omit the proofs of the following theorems as they are very similar to the proofs of analogous results
presented earlier.

Theorem 4.9. We have

1+ n . . 4 > 1+ i(‘j+1) I .7
(I+5s) Pr(llpk,ldeb)( S ) no_ Z (1+x) iti, (a)

1 Z ;
(T—9)(1-1 L ((-s1-ny 1+ " 7 4 —n@Enem”

and, for all n > 1, we have

(I+s)" (Ipk,ides) SN iG+D\(ij+i+j+n—k i
e Lo (et B YD S PSP LA

i,j=0 k=0

and

- Z Fnkom B (s)Am(1) ©

(1 + s)z ) oo _ S)k+l(1 _ t)m+l

(1+9)" P(lpk,ides)(
((1=9)(1=1r))nt

with f(n, k, m) as defined in Section 2.4.
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Table 5. Joint distribution of 1pk and ides over &,

P}f’lpk,ides) (S, t)

!

r+ s12

t+4st? +st3

t+ (10s + 5212 + (s + 4s2) 13 + st*

t+ (205 + 652) % + (275 +3952) 13 + (10s + 1652)t* + s51°

t+ (355 + 2152 + 53) 1% + (775 + 20552 + 205) 13 + (535 + 21352 + 365%) 1* + (135 + 4052 + 453) 1 + s51°

t+ (565 + 5652 +85%)12 + (1825 + 77652 + 2335%)13 + (2005 + 148052 + 73653)t* + (885 + 71952 + 384s5%)1° + (165
+80s2 +2453)1° + st7

NN R W=

Theorem 4.10. For all n > 1, we have

plpkides) Z Fluk,m)(1= )" (1= 0" " P () A (0).

kmO

See Table 5 for the first several polynomials P,(llpk’ides> (s,1).

5. Up-down runs and biruns

We will now give analogous formulas for (mixed) two-sided distributions involving the number of up-
down runs, as well as a couple involving the number of biruns.

5.1. Up-down runs and inverse up-down runs

Consider the two-sided up-down run polynomials

P’(iudr,iudr)(s’ 1) = Z Sudr(n)tiudr(n).

nes,
Theorem 5.1. We have
1 Z (1 +S2)n(1 +12)n P(udr,iudr) 2s 2t n
= = |«
(1-s)(1-1) 4(1—s)2(1—z)2 (1 = s2)n-1(1 — ¢2)n-1 1+s52°1+12

2ij J i i+j
1 1 1 1 J o
Z X Pas|—2) 4o 22 +st% s
1-x 1-x (1 = x)is+l

The proof of Theorem 5.1 follows the same structure as our proofs from Sections 3—4: We compute
an appropriate scalar product in multiple ways and set them equal to each other. We shall provide the
full proof here but will omit the proofs for all remaining results in this section due to their similarity
with what has been presented earlier.

Proof. First, Lemma 2.8 (d) along with Foulkes’s theorem (Theorem 2.1) leads to

< 1+ sH(x) 1+tH >_ 1
1-s2E(x)H(x) 1 -2EH| (1—=s)(1—1)
1 o (T+s)"(1+2)"  uriudn [ 28 2t 1\,
+4(1—s)2(1—t)2;(l—sz)"‘l(l—tz)"‘lp (1+s2’1+t2) - GD
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Next, using Lemmas 2.4 and 2.5, we obtain

1+ sH(x) 1 l
<1 —s2E(x)H(x)" 1 - t2EH> lz_o«l +sH(x)E(x)'H(x)', E'HT )5

i ((E(x) H(x)', ETHY ) + s(E(x) H(x)"™", EJH/))

0

<.
I}

((E(x) ETHY (H(x), ETHTY + s(E(x), ETHTY (H(x), E!HJ)’”)SZ'FJ'

l+x 2” 14+x |24 2% 2j
1 st
i,j=0 -

1 2ij | N
- ( ”) 1+s( +x) ety (5.2)
4 1-x 1-x

12

Ms M 5

<
I

8

<
I

Similarly, using Lemmas 2.4-2.7, we obtain

< 1+sH(x) tH >
1-s2E(x)H(x)' 1 —?EH

= i ((1 + sH(x))E(x)iH(x)i’ EjHj+1>s2it2j+l
i,j=0

i ((1+SH(X))E()C) H(x) )[X+1] EJHJ> i (2/+1

g
Il
O

<(E(X) Hx) +sEx)'HX)"[X +1], E]H]> ig2j+1

> ((E@'H@) +5E @) H@)™)IX + 1], B HT )57

<( 1 +x) EQHG) + (il +J§)il E(x)iH(x)Hl,E‘iHj>S2il2j+1

((1”) (E(x), ETHIY (H(x), ' HI '

(1 +x)f
(1 )1+1

00 2ij+i Qi+
Z 1+x IF +s (1 +X)2]+ + S2it2j+1
1—-x (1 _ x)Zij+i+j+l

i,j=0

S (1+x\ Y[ (1+x) (1+x)% | 5 5
Z(l—x) (t(l—x) +”(1_x)i+j+1 s2r3 (5.3)

i,j=0

<E( ), EJHJ> <H(x) EJHJ>l+l)szit2j+1

Summing Equations (5.2) and (5.3) yields

0 2ij J i i+
1+ sH(x) ’ 1+tH =Z 1+x L4s 1+x o 1+x st (1+x).+.~’ 2i,
1-s2E(0H() 1-2EH|  £4\1-x 1-x 1-x (1 —x)r!

comparing this with Equation (5.1) completes the proof. m}
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Table 6. Joint distribution of udr and iudr over S,

P:ludr,iudr) (S, l)

st

st + s%t?

st+ (252 +sH12 + (s2+57)13

st+ (352 +353 +5M)12 + (352 + 653 + 2513 + (s2 + 253 + 25H)r?

st+ (452 + 657 + 45 +57)12 + (652 + 1957 + 135 +55%)17 + (452 + 1353 + 215* + 759) 1% + (52 +55% + Ts* +35%)15

st + (552 + 1053 + 10s* +55° + 50)12 + (105% + 4553 + 47s* + 385° + 85°) 13 + (1052 + 475 + 109s* + 7857 + 245%)*
+ (552 + 3853 + 785 + 7057 +205%) 1> + (52 + 857 + 24s5* +20s° + 850)¢°

AN AW —

The first several polynomials P """ (s, ¢) are given in Table 6. We note that the permutations in
&,, with n up-down runs are precisely the alternating permutations in &,;, so the coefficient of 5" of
Podriudn) (o 4 is the number of doubly alternating permutations in ,,. In fact, Stanley’s formula (2.2)
for doubly alternating permutations can be derived from Theorem 5.1, although it is simpler to work
with our formulas for (pk, ipk) and (Ipk, ilpk).

To invert Theorem 5.1 and other formulas in this section, we will need to solve s = 2u/(1+ u?) for u,
and the solution is given by u = s7!(1 — V1 — s2) = (5/2)C(s?/4), where C(x) is the Catalan number
generating function. Hence, Theorem 5.1 can be written as

1 1 (1 +u2)n(1 +V2) (udr,judr)
(1-u)(1-v) 4(1—14)2(1—\/)22(1 ut)n=1(1 = y2)yn- iFn (5,1)x"

s 2ij J i i+j
Z 1+x l+u I+x ey 1+x o (1+x)'+'] W2
1-x l-—x (1 — x)i+i+l

i,j=0

where u = s71(1 = V1 = 52) = (s/2)C(s*/4) and v =t (1 = V1 = 2) = (¢/2)C(£*/4).

5.2. Up-down runs, inverse peaks and inverse descents

Next, let us study the statistic (udr, ipk, ides) and its specializations (udr, ipk) and (udr, ides). Define

Pfludr,ipk,ides) (5,y,1) = Z Sudr(n)yipk(n)+ltides(7r)+l’

e,
Pr(ludr,ipk) (s,1) = Pﬁludr,ipk,ides) (s.1, 1) — Z sudr(n)tipk(n)ﬂ and
neS,
Pr(lLKll’,ideS) (s,1) = P;udr,ipk,ides) (s,1,1) = Z gudr(7) jides(7)+1
nec,
Theorem 5.2. We have
. (udr,ipk,ides) (1+y)%t y+t
1 N Z (1+s)" (1+yt ntl Py <1+s2’ (y+1) (1+y1)° 1+yt) " @
X a
(I-5)(1-1) & (1-sH)n-1\ 1—¢ 2(1=5)2(1+y)

S ((1+x)(1 + yx) L+yx\/\
2((1—yx><1—x>) (l”(l—x) ) !

https://doi.org/10.1017/fms.2024.89 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2024.89

Forum of Mathematics, Sigma 27

and, for all n > 1, we have

(udr,ipk,ides) [ 2s (d+y)%t  y+t
n+l Py, L+s22 (y+t) (1+y1)> T+yt

2(1 -5)2(1 +y)

O A (s)A e
_ Z 1) (59 A (1) 1—[(1 ~ (my))
k=1

oo (1- sHIO+ (] — )LD+
odd

(1+s%H)" (l+yt) b)

(I-s2)r1\1-1¢

1)

1 Bo(ay (s2) Ay (1) .
+SZ 5 (1 — §2)o(D+1(] — £)I(V+1 B(l - (—)’)A )

Arn

As before, we set y = 1 to specialize to (udr, ipk), immediately arriving at parts (a) and (b) of the
following theorem. Part (c) is proven similarly to Theorem 3.4, except that we also use the formula

2" A, (%) + 1B, (1%) =

(L+0)2(1 +12)" pudr 2¢
2 TAL+£2

[15, Section 6.3], where

Pzdr(t) = Z tudr(n)-

e,

Theorem 5.3. We have
1 1o U+ (140" i [ 28 4¢
+ P >1p. , n
(I-9)(1-1 4(1—s)2;(1—s2)"—1(1—t) " 1+s2 (1+02)" @)

0 2ij j
1 1 o
= X 1+s X s2it
-\l -x 1—x
i,j=0

and, for all n > 1, we have

1 (142" (1+6\"™ w25 4
4(1 - 5)? (1—s2)"‘1(1—t) Pn (1+s2’(1+t)2) ®
1 S (2%Ar(s?) + sb : k(52) A (1)
] ;)2 d(n. k) (1 = s2)+ (1 = 1)k+1
and
udr, i 1 S % udr
PRI (1) = = 3" d(n, 0 (1= 55 (1 =) T P ()P (1), ©
=0

The first several polynomials P""'™ (s, 7) are displayed in Table 7. The coefficients of s¥¢ in
PP (6 4 are binomial coefficients, just like the coefficients of s¢% in PP (s, ¢) from Table 2.

Proposition 5.4. For any n > 1 and k > 0, the number of permutations © € S, with udr(n) = k and
ipk(m) = 0 is equal to (Z:l).

Unlike the analogous results given earlier, Proposition 5.4 was not proven in [26], so we shall supply
a proof here.
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Table 7. Joint distribution of udr and ipk over S,,

Pr(’udr,ipk) (S, I)

st

(s +s)t

(s+252+ 8t + (s2 + 512

(s +352+353 + M1 + (452 + 853 +4s5%)1?

(s +4s% + 653 +4s* + 57)1 + (1052 +325% + 345* + 125°) 12 + (5% + 55° + Ts* +35°) 13

(s + 552+ 105> + 10s* + 557 + )1 + (2052 + 9253 + 1565* + 11657 +325%) 12 + (657 + 465> + 1025* + 90s° + 285°)13

(s + 652 + 1552 +205* + 155 +65° + 57)1 + (3552 + 21753 + 5225* + 61457 +3555° + 8157)12 + (21s% + 23157 + 738s*
+1038s° + 6815° + 17157) 13 + (52 + 175% + 64s5* + 100s° + 715° + 1957)1*

NN R W=

Proof. Let us define the up-down composition of a permutation 7, denoted udComp(x), in the fol-
lowing way: If uy,us, ..., u; are the lengths of the up-down runs of & in the order that they appear,
then udComp(nr) = (uj,up — 1,...,ux — 1). For example, if 7 = 312872569, then udComp(x) =
(1,1,2,2,3). Note that if 7 € S,,, then udComp(r) is a composition of n. It is not hard to verify that
the descent composition determines the up-down composition and vice versa.

According to [26, Theorem 5], for any composition L F n, there exists exactly one permutation
m € S, with descent composition L such that ipk(x) = 0. In light of this fact and Proposition 3.7,
it suffices to construct a bijection between compositions L £ n with k parts and compositions K k n
satisfying udr(K) = k. This bijection is obtained by mapping L to the descent composition K of any
permutation with up-down composition L. For example, the composition L = (1, 1,2,2,3) is mapped
to K = (1,3, 1,4), which is the descent composition of the permutation 7 from above. m]

Setting y = 0 in Theorem 5.2 yields the analogous result for (udr, ides).
Theorem 5.5. We have

1 1 S (1 + s2)n (udr,ides) 2s
pludnides) (25 )
(1—s)(1—t)+2(1—s)2;(l—sz)"‘l(l—t)"“ " 152" (@

i,j=0
and, for all n > 1, we have
(1 + SZ)n (udr,ides) 2s
PRt = ) b
2(1 = $)2(1 = s2)yn=1(1 — 1+ " ®)

1 ¥ Ar(sP)Ar (1) 5w Bi(s2)Ap (1)
- _vkz_: d(n. k) _Si)kn(]k_ 1)k+l o Z fnke.m _sg)kﬂ(l —pyme

Table 8 contains the first several polynomials P{""9) (s, 7).

5.3. Up-down runs, inverse left peaks and inverse descents

Define

P’audr,ilpk,ides) (s,7,1) Z sudr( ) yilpk(ﬂ)tides(n) and

e,
Pﬁludr,llpk)(s’ t) = Pr(ludr,llpk,ides)(s’ t, 1) — Z Sudr(n)tilpk(n).
e,
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Table 8. Joint distribution of udr and ides over S,

Pr(ludr,ides) (S, l)

n

1 st

2 st + s2t?

3 st + (252 +253)12 + 5243

4 st+ (352 +753 +sM)12 + (352 +45° + 4513 + 521*

5 st + (452 + 1653 + 4s* +25%)12 + (652 +215% +27s* + 1257) 13 + (45% + 65% + 145* +259)t* + 5210

6 st + (552 +3083 + 10s* + 1157 + 5%) 12 + (1052 + 6757 + 1015* + 104s> +205°) 1 + (10s% + 435> + 1255* + 885>

+3659)t* + (552 + 853 +325% + 85 +459) 1 + 5210

Theorem 5.6. We have

2 (udr,ilpk,ides) (1+y)%s 4+t
1 + 1 00 (1+S)”(1+yt)"P (1+Y2’(y+t)(1+yt) l)jl-yt) "
(1-5(1-1) 2(1-ys)2 g (1= s2)n=1(1 = 1)n+l
O e VO ]\ (A +yx) \ o
- Z - s 2 )20
4\l —x 1—-yx (1-x)i+!

i,j=0

Setting y = 1 in Theorem 5.6 yields part (a) of the following theorem. Part (b) is obtained by
computing the scalar product

1+ sH(x) H
<1 —-sE(x)H(x) 1 —tEH>

using Lemmas 2.8 (¢)—(d) and 2.9 (b)—(c). Part (c) is obtained from (b) in a way similar to the proof of
Theorem 4.4, making use of Equation (4.4).

Theorem 5.7. We have

1 (T+sH"(1+0)"  (udrip) [ 25 4t
Py ——, —— |x"
(I=-5)(1-1) 2(1—s)2z(1 s2)n=1(1 — f)n+l " 1+52 (1+1)2 x @
00 i(25+1) i
1 1 J .
= Z( +x) (1+s(+—X).1)Sth‘]
S 1-x (1 —x)J*
and, for all n > 1, we have
(1 +S2)n(1 +t)n (udr,ilpk) 2s 4¢
Py — (b)
2(1 = 5)2(1 = s2)n=1(1 — r)n+l 1+52° (1+1)2

Z dn k) Ar(s?) B (1) +%Z":e(n’k)( By (s?) By (1)
" k=0

2Vk+1 _ \k+1 _ 2\k+1 _ £\ k+1
| 4 — S2)RH(] — )k 1= sk (1 = p)k+
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Table 9. Joint distribution of udr and ilpk over &,

P}f’udr,ilpk) (S , t)

s

s+ s2t

s+ (352 +2s%)¢

5+ (657 +95% + 3511 + (5% +25° +25%) 12

s+ (1052 +255% + 175* + 65%)1 + (55% + 1853 + 285* + 105%) 12

s+ (155 + 5553 +575% + 4357 +95%) 1 + (1557 + 855 + 187s5% + 14857 + 445%)1? + (5% + 857 + 245* + 2057 + 85%)13

s+ (2152 + 10587 + 147s* + 1775 +755° + 1857) 1 + (3552 + 28953 + 847s* + 11045 + 6725° + 164s57)12 + (7s* + 865>
+350s* +4865° + 3665° +90s7) 13

NN R W=

and

i 2
(1+ S)Z(] + SZ)nP'(ludr,llpk)( S o t) ©
I+s

= Zn: 2d(n 0)((1 -1 -0'2)" AP )

n

Ze(n k)( (1= s2)(1 - )‘/2)"_kBk(s2)P1,fk(t).

k=

See Table 9 for the first several polynomials P;,udr’ﬂpk) (s,1).

5.4. Biruns

Recall that a birun is a maximal monotone consecutive subsequence, whereas an up-down run is either
a birun or an initial descent. In [15], the authors gave the formula

2+tH(x) +tE(x) 2 2t (l+t)3 & 1+t 2\
T M R AN T PIP I (1”2) o

(cf. Lemma 2.8), which allows us to produce formulas for (mixed) two-sided distributions involving the
number of biruns. For example, computing the scalar product

<2+sH(x)+sE(x) 2+tH+tE> (5.4)

1-s2E(x)H(x) °~ 1 -12EH

would yield a formula for the two-sided distribution of br, but we chose not to derive this formula as
it would be complicated to write down. Looking back at the formula in Theorem 5.1 for the two-sided
distribution of udr, we see that the right-hand side is a summation whose summands are each a sum
involving four terms, which is because the numerators in the scalar product

1+sH(x) 1+tH
<1 - S2E(x)H(x) 1 - tzEH>

that we sought to compute has two terms each. The numerators in the scalar product (5.4) contain three
terms each, which will lead to nine terms in the formula for (br, ibr) as opposed to four.
On the other hand, formulas for the polynomials

P'(lbr,ipk)(s’ 1) = Z Sbr(n)tipk(n)+l and Pr(lbr,ides) (s,1) = Z Sbr(n)tides(n)ﬂ

e, e,

have fewer such terms, and so we present them below.
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Table 10. Joint distribution of br and ipk over S,

Pr(lbr,ipk) (S, t)

n
1 st
2 2st
3 (2s +252)t + 25212
4 (25 +45% +25%)t + (85% + 857) 12
5 (25 + 652 + 653 +25%) 1 + (2052 + 4453 + 245*) 1% + (257 + 853 + 6513
6 (25 + 852 + 1257 + 85* +257) ¢ + (405? + 14453 + 168s* + 645°) 12 + (1252 + 80s> + 1245* + 565°) 13
7 (25 + 1052 + 2053 + 20s* + 105> + 25%)7 + (7052 + 3645> + 680s* + 5485 + 1625)¢% + (4252 + 4205 + 10565+
+1020s° +3425%) 13 + (25% + 325 + 965 + 104s° + 38s5%)1*
Table 11. Joint distribution of br and ides over S,
n Pr('br,ides) (S, t)
1 ts
2 (t+13)s
3 (t+13)s +4r2s?
4 (t +1%)s + (6% +613)s% + (512 + 51%) s>
5 (t+15)s + (862 + 1263 + 81%)s2 + (1412 + 3063 + 141%) 87 + (412 + 2413 + 41%) s*
6 (t +1%)s + (1062 + 206 + 20¢* + 10£7) 5% + (2817 + 9013 + 90¢* + 2817 )53 + (1412 + 13617 + 1361* + 141%)s* + (5¢2

+ 5617 +56t* +519)5°

Theorem 5.8. We have

| Doy (14gp & (LT L B (2 )
(T—9)(1-0 " (=921 -12 " 8(I-s) & (1= s2)n(1 = ynH N
o0 2ij j
S 2 o
5 1-—x 1-x
and
2\n—1 p(br,ides)
1 . stx . (1+5) (I+s5)" P, (IHZ,I) . ®)
(1-5)(1-1) (1-521-1)?2 4(1-s) & (1 —=s2)n(1 = r)n+l
2 Z(1+x) ( +ﬁ+s(l+x)j)52itj

i,j=0

The first several polynomials "X (s, 1) and P19 (s, 1) are displayed in Tables 10—11. Notice

that the coefficients of s¢ in P{™P¥) (1) are twice the coefficients of s¥7 in P,(l‘id]r’ipm (t); we shall give a
simple proof of this fact.

Proposition 5.9. For any n > 2 and k > 0, the number of permutations in S,, with br(x) = k and
ipk(m) = 0is equal to 2(2’:?) twice the number of permutations in S,_| withudr(n) = k and ipk(n) =

Proof. In light of Proposition 5.4 and its proof, it suffices to construct a one-to-two map from compo-
sitions L £ n — 1 with k parts to compositions K k n satisfying br(K) = k. We claim that such a map
is given by sending L = (L, Ly, ..., L) to the descent compositions corresponding to the up-down
compositions J = (Ly +1,L,,...,Ly) and J' = (1,Ly, Ly, ..., Lg). It is easy to see that br(r) = k
if and only if udComp(r) has k parts with initial part greater than 1 or if udComp(7xr) has k + 1 parts
with initial part 1, so this map is well defined. For example, let L = (4, 1, 1, 2). Then permutations with
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up-down compositions J = (5,1, 1,2) and J’ = (1,4, 1, 1, 2) have descent compositions K = (5,2, 1, 1)
and K’ = (1,1,1,1,2,3), respectively, so our map sends L to K and K’. The reverse procedure is
given by first taking the up-down composition corresponding to the descent composition input and then
removing the first part if it is equal to 1 and subtracting 1 from the first part otherwise. O

In Table 11, we first collect powers of s in displaying the P{9**) (s, 1) to showcase the symmetry
present in the coefficients of s¥. This symmetry can be explained in the same way as for the polynomials

PP (¢ 1) Upon taking reverses, we have that ides(n”) = n — 1 — ides(r) but br(z") = br(r). Note
that the coefficients of s for k > 2 also seem to be unimodal, but in general they are not y-positive.

6. Major index
6.1. A rederivation of the Garsia—Gessel formula

We now return full circle by showing how our approach can be used to rederive Garsia and Gessel’s
formula (1.4) for the polynomials A, (s,t,¢,7) = 3 zeg, s pides(m) gmai(x) pimaj(z),

Proof of the Garsia—Gessel formula. We seek to compute the the scalar product
o i o J
Z st l_[ H(g*x), Z t/ 1_[ H(rh
i=0 k=0 j=0 =0
in two different ways. First, from Lemma 2.8 (a) we have

(o]
2,

i=0 k=l

i oo J
H(g"). ) 7 [ ] H(r’)>
0 7=0 1=0
. Sdes(L) tdes(M)qmaj(L)rmaj(M) <rL’ rM)

_ Z ZLI:m,M n X
(1-5)(1=gs)---(1=gms)(1=t)(1—=rt)--- (1 —r"t)

m,n=0

m

Z neS sdes(n) tides(ﬂ) qmaj (7) rimaj (7)

=;) (1—3)(1—618)“-(1—q"s)(l—t)(l_r[)...(l_rn[)x

n

3 - A,(s,t,q,r) n
_Zo (=90 =g9) (=g =D =rn)-(T=rm)"

6.1)

where, as usual, we apply Foulkes’s theorem (Theorem 2.1) to calculate the scalar product {rp,rps).
Second, observe that

i st ﬁH(qu), i t ﬁH(rl)> = i siti<ﬁ H(qu), ﬁH(rl)>
i=0 k=0 7=0 =0 i,j=0 k=0 1=0
= i st I (H(qu),H(rl)>
ij=0 k=0 I=0

by Lemma 2.3. To evaluate <H(qu), H(rl)>, let us recall that h,, = }’,,, ma. Then

(Hq"0). Hh) = <Z gy, h>

i=0 Jj=0

(e8] (o9
NI

i=0 j=0 Ari
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- Z g~ xirli
j=0
a 1
T 1- xgkrl’
whence
) ] i . o J l ) i J 1
i Jj _ i,
Zs 7H(q x),Zt UH(r) _AZSI i H—l—qurl. (6.2)
i=0 k=0 j=0 =0 i,j=0 k=0 1=0
Combining Equations (6.1) and (6.2) yields Garsia and Gessel’s formula (1.4). m]

6.2. Major index and other statistics

Lemma 2.8 (a) also enables us to derive formulas for mixed two-sided distributions involving the major
index. Define

Pr(lmaj,ipk,des,ides) (C], v, 8, l) - Z qmaj(ﬂ)yipk(ﬂ)ﬂSdes(ﬂ')tides(ﬂ)ﬂ’

eSS,
Pr(lmaj,ilpk,des,ides) (C], ¥, 5, l‘) = Z qmaj(ﬂ)yilpk(n) Sdes(ﬂ) tides(ﬂ'), and
e,
Pflmaj,iudr,des) (q’ s, t) - Z qmaj(n) siudr(n)tdes(n)-
nec,

We leave the proofs of the following formulas to the interested reader.

Theorem 6.1. We have

i P(maj,ipk,des,ides) (1+y)?%t Y+t
1 L, Z 1+ yt n * G () 52 Tayr ®
(A-9)(1-1) T+y&\1-1 (1-s5)(L—gs)---(1—-g"s)
= l1+gq yx)
s't s
tZO 1_[( qu
P(maj,ilpk,des,ides)( (1+y) %t Y+t )
N Z (1 +t)"1 o) ey * 5 Tyt (b)
(A=9(1-0 " Z0-nm (-5 -gs)(1-g"s)
— i ttjl_[ (1+q yx)j
5 (1 _ kx)1+1
and
(maj,iudr,des) 2
1 Z (1+s2)r  Pn ( ’1+§2’t) ©
C
TEDIEDN 2(1 =52 = (1=t (1-1)(1—qt)---(1-g"t)

:iszitjl+sﬁ ! ﬁ(1+qx)
7=0 I-atx '

k=0
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One may obtain formulas for (maj, ipk), (maj,ilpk) and (maj, iudr) by specializing Theorem 6.1
appropriately. For example, setting y = 1 in Theorem 6.1 (a), multiplying both sides by 1 — s, and then
taking the limit of both sides as s — 1 yields

P(maj,ipk) (

4t
1 IS+ n q’(1+r)2) S “(1+qx)
_ 4+ — x" = tj s
1-1 2;(1—t) (I-g)(1-¢*)---(1-¢") Z H 1-qgkx

j=0 k=0

where Pilmaj,ipk) (CI, t) = Pilmaj,ipk,des,ides)(q’ ‘, 1’ 1) _ Zﬂgen qmaj(”)tipk(ﬂ)H.

7. Conjectures

We conclude with a discussion of some conjectures concerning some of the permutation statistic
distributions studied in this paper.

7.1. Real-rootedness

A univariate polynomial is called real-rooted if it has only real roots. We conjecture that the distributions
of ipk and ilpk over permutations in &,, with any fixed value of pk, lpk, and udr—as well as that of
ipk upon fixing br—are all encoded by real-rooted polynomials. This conjecture has been empirically
verified for all n < 50; our formulas from Sections 3—6 played a crucial role in formulating and gathering
supporting evidence for this conjecture as they have allowed us to efficiently compute the polynomials
in question.

Conjecture 7.1. The following polynomials are real-rooted for alln > 1:

@ [s*1 PP (0= Y KO for0 <k < [(n-1)/2,

e,
‘ k() =k
(b) [sK] PUPRIPR) (g ) = Z APK(T) 00 < k < |n/2),
neS,
Ipk(7)=k
© [ 1P (1) = > KO for 0 < k < [n/2],
neG,
Ipk(7)=k
(d) [F PP sy = Y KO for0 <k < [(n-1)/2),
e,
pk(m)=k
(e) [s 1P (udr lpk)( 1) = Z tipk<”)+1f0rl <k<n
e,
udr(m)=k
) [s5] Pf,udr’ﬂpk)(s, t) = Z 1% for 1 < k < nand
neS,
udr( )=k
@ [SFTP ™ (s, = DT O for 1 < k<.
nec,
br(m)=k

Conjecture 7.1 would imply that all of these polynomials are unimodal and log-concave and can be
used to show that the distributions of ipk and ilpk over permutations in &,, with a fixed value k for the
relevant statistics each converge to a normal distribution as n — oo.

It is worth noting that the peak and left peak polynomials

PPk(t) _ Z tpk(zr)+l Z tlpk(n)+1 and Plpk(t) Z tlpk(n) - Z tilpk(”)

nec, nec, nec, nec,
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are known to be real-rooted (see, e.g., [18, 25]), so Conjecture 7.1 would also have the consequence
that both of these ‘real-rooted distributions’ can be partitioned into real-rooted distributions based on
the value of another statistic.

7.2. Gamma-positivity

Real-rootedness provides a powerful method of proving unimodality results in combinatorics, but when
the polynomials in question are known to be symmetric,> an alternate avenue to unimodality is y-
positivity. Any symmetric polynomial f(7) € R[] with center of symmetry n/2 can be written uniquely
as a linear combination of the polynomials {#/ (1 +1)""*/ }o< < n/2)—teferred to as the gamma basis—
and f(z) is called y-positive if its coefficients in the gamma basis are nonnegative. The y-positivity of
a polynomial directly implies its unimodality, and y-positivity has appeared in many contexts within
combinatorics and geometry; see [1] for a detailed survey.

The prototypical example of a family of y-positive polynomials are the Eulerian polynomials A, (1),
as established by Foata and Schiitzenberger [8], and there is also a sizable literature on the y-positivity of
‘Eulerian distributions’ (polynomials encoding the distribution of the descent number des) over various
restricted subsets of S,,. For example, the Eulerian distribution over linear extensions of sign-graded
posets [2], r-stack-sortable permutations [3], separable permutations [10] and involutions [28] are all
known to be y-positive. The two-sided Eulerian distribution (des, ides) is also known to satisfy a refined
y-positivity property which was conjectured by Gessel and later proved by Lin [16].

Define

AAn’k(I) — Z tides(n')+l

nec,
pk(m)=k

to be the polynomial encoding the distribution of ides over permutations in &, with k peaks, or
equivalently, the distribution of des (i.e., the Eulerian distribution) over permutations in &,, whose
inverses have k peaks. We conjecture that these polynomials are y-positive as well.

Conjecture 7.2. Foralln > 1 and 0 < k < |(n —1)/2], the polynomials A, i (t) are y-positive with
center of symmetry (n+1)/2.

In fact, we shall give a stronger conjecture which refines by ‘pinnacle sets’. Given a permutation
€ Sy, the pinnacle set Pin(r) of 7 is defined by

Pin(n) ={n(k):n(k-1)<n(k) >n(k+1)and2 <k <n-1}

In other words, Pin(xr) contains all of the values (k) at which k is a peak of 7. Given n > 1 and
S C [n], define the polynomial A% (1) by

A"lri%S(t) = Z tides(ﬂ)+l;
neC,

Pin(m)=S

this gives the distribution of the inverse descent number over permutations in &,, with a fixed pinnacle
set S or, equivalently, the Eulerian distribution over permutations in &, with ‘inverse pinnacle set’ S.

Conjecture 7.3. For all n > 1 and S C [n], the polynomials Af‘?(t) are y-positive with center of
symmetry (n+1)/2.

3The use of the term ‘symmetric polynomial’ in this context is different from that in symmetric function theory. Here, a
symmetric polynomial refers to a univariate polynomial whose coefficients form a symmetric sequence.
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Note that

Ay = Y Ales(n).
Scn]
|S|=k

Because the sum of y-positive polynomials with the same center of symmetry is again y-positive, a
positive resolution to Conjecture 7.3 would imply Conjecture 7.2. However, we do not have nearly as
much empirical evidence to support Conjecture 7.3. Since we do not have a formula for the polynomials
Aiie,f(t), we were only able to verify Conjecture 7.3 up to n = 10, whereas Conjecture 7.2 has been
verified for all n < 80 with the assistance of Theorem 3.6 (a).
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