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Abstract We give an algebro-geometric construction of the Hitchin connection, valid also in positive
characteristic (with a few exceptions). A key ingredient is a substitute for the Narasimhan—Atiyah—
Bott Ké&hler form that realizes the Chern class of the determinant-of-cohomology line bundle on the
moduli space of bundles on a curve. As replacement we use an explicit realisation of the Atiyah
class of this line bundle, based on the theory of the trace complex due to Beilinson—Schechtman and
Bloch—Esnault.

1. Introduction

1.1.

The Hitchin connection was originally introduced in [30], with a twofold motivation. The
first was an elucidation of the 2+ 1-dimensional topological quantum field theory proposed
by Witten to explain the polynomial Jones invariants for knots [59, 6]. The second was
the question of the dependency of the geometric quantisation of a symplectic manifold
on the choice of polarisation.

In a beautiful construction, Hitchin exhibited a flat projective connection on the bundles
of nonabelian theta functions over the base of a family of compact Riemann surfaces. For
a fixed Riemann surface, the corresponding vector space can be understood to be the
geometric quantisation of the moduli space of flat unitary connections on the underlying
surface. The latter carries a canonical symplectic structure, but the complex structure on
the surface also equips the moduli space with a K&hler polarisation, and the connection
indicates precisely how the quantisation varies.
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Even though the construction of the connection uses analytic and K&hler techniques
throughout, it was already observed by Hitchin that the end result could entirely be
interpreted in terms of algebraic geometry and should in fact hold in positive characteristic
as well (see [31, §5]). This in itself is not too surprising, bearing in mind that one of the
sources of inspiration for Hitchin was the work of Welters [58], which generalised the heat
equation that (abelian) theta functions had classically been know to satisfy to positive
characteristic. Welters work was probably the first in which a cohomological approach
to heat equations was developed; the nonabelian situation is quite a bit more involved,
however.

The aim of this paper now is to give a new, purely algebro-geometric, construction of the
Hitchin connection, without using any analytic or Kéhler techniques. This construction
works as well in positive characteristic (apart from a few exceptions, see below), which as
far as we are aware is a first for either the Hitchin connection itself or any of the equivalent
connections (such as the KZB or TUY/WZW connection from conformal field theory —
see, however, [51] for a recent study of the KZ equation in positive characteristic). We
stress that the construction only involves (finite-dimensional) algebraic geometry and, in
particular, no infinite-dimensional representation theory — the only prerequisites needed
are covered by [27].

Key elements in our construction are a framework for connections coming from heat
operators in algebraic geometry, due to van Geemen and de Jong [57], as well as a
substitute for the Narasimhan—Atiyah-Bott K&hler form [42, 1], which according to
Quillen [45] realizes the Chern class of the determinant-of-cohomology line bundle. The
serendipitous similarity between this Kéhler form and the quadratic part of the Hitchin
system were crucially used in [30] to obtain the Hitchin connection in the complex case.

We compensate for the absence of this Kahler form by interpreting the cohomology class
of the line bundle as an Atiyah class. This difference in guaranteeing the cohomological
conditions of the theorem of van Geemen and de Jong forms the bulk of our work.

An essential ingredient of our construction is the description of the Atiyah algebra of
the theta line bundle over the moduli space in terms of the first direct image of the Atiyah
algebra of a universal bundle (Theorem 4.4.1). A complete proof is given in section 5 and
in appendices A and B, whose aim is to give a simplified and self-contained presentation
of the results used in the proof of this theorem, i.e., the theory of the trace complex [16],
[9] and some additional inputs worked out in [50], describing the behaviour of the above
objects when replacing a universal bundle by its endomorphism bundle. We observe that
the paper [50] also describes a construction of the Hitchin connection, but the strategy in
[50] is different from ours: They construct the Hitchin connection by relying on another
argument from [21], whereas our approach seeks to verify directly the van Geemen—de
Jong criterion for the liftability of a symbol map to a heat operator.

1.2.

At this point, we would like to make a few comments on the relationship of this work
to the existing literature. As already mentioned, we will follow the algebro-geometric
framework of van Geemen and de Jong [57] for connections induced by heat operators.
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This provides a purely cohomological criterion for the existence of a heat operator with
a prescribed symbol map.

In [57, §2.3.8] van Geemen and de Jong show how their framework of connections
induced by heat operators easily recaptures Welters’ construction of the Mumford—Welters
projective connection on bundles of theta functions. The main point of their work is to
use this framework (which we resume below in Theorem 3.4.1) to construct a Hitchin
connection (in complex algebraic geometry) in the particular case of rank 2 bundles on
genus 2 curves (which was excluded from Hitchin’s original work and indeed from ours
as well). They do not reestablish the Hitchin connection in all other cases though, and in
this sense the present paper exactly complements their work.

We remark that several other algebro-geometric descriptions of connections on bundles
of nonabelian theta functions have appeared in the literature — e.g., [21, 46, 23, 47,
50, 18]. It is not always clear, however, exactly how these connections are related (see,
e.g., [4]), and for various reasons they are all restricted to characteristic zero. None
also directly use the framework of van Geemen and de Jong. We remark that many
of the properties of Hitchin’s original connection like, e.g., monodromy [37] or projective
flatness of strange duality maps [11] have been proved with representation-theoretical
methods, more precisely by using its equivalence, due to Laszlo [35], with the Tsuchiya-
Ueno-Yamada (TUY)/Wess-Zumino-Witten (WZW) connection on spaces of conformal
blocks [55, 54]. For most of the cited works, the relationship with conformal blocks is
undeveloped (they have of course other motivations: e.g., [50], which together with [23] is
probably closest to our approach, is particularly focused on the logarithmic description
of the connection as the curves degenerate to nodal singularities). We therefore thought
it useful to establish the Hitchin connection itself, in the original context (moduli of
bundles with trivial determinant over curves), in a purely algebro-geometric way that
nevertheless manifestly gives the same connection as Hitchin and to which Laszlo’s
theorem immediately applies. For completeness, we mention that there are several other
constructions in the literature of a differential geometric or Kéhler nature, e.g., [3, 2, 49].

We want to mention that (because of Laszlo’s theorem) the term Hitchin connection is
often loosely employed to refer to any of a number of equivalent projective connections.
We shall use it in a much stricter sense, however, as a connection arising through a heat
operator with a prescribed symbol map (see below).

In this context, the terminology nonabelian theta functions is frequently used (including
by us), even though that is in fact slightly misleading. Our construction of the connection
only works for moduli spaces of bundles with trivial determinant, or equivalently, SL(r)-
principal bundles. At various places the (semi-)simplicity is crucial, and as far as we are
aware, there is currently no construction that works immediately for arbitrary reductive
groups. Indeed, a connection for moduli of GL(r)-principal bundles was crucially needed
n [11], but this was created out of an SL(r)-connection and an (abelian) G,,-connection.

1.3.

As a motivation for looking at the Hitchin connection from a purely algebro-geometric
point of view, we would like to highlight three contexts. The first is the Grothendieck—Katz
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p-curvature conjecture [33], which (roughly speaking) claims that every algebraic
connection which is formulated in sufficient generality and has vanishing p-curvature
when reduced mod p for almost all p should have finite monodromy in the complex case.
Presumably motivated by this conjecture, it was originally expected (see [13, §7]) that the
Hitchin connection would have finite monodromy. However, it was shown by Masbaum
in [40] that, for rank 2, the image of the corresponding projective representation of the
mapping class group will, for all genera and almost all levels, contain elements of infinite
order. This came somewhat as a surprise, as the connection for abelian theta functions
was well known to have finite monodromy from Mumford’s approach through theta
groups. Masbaum was working with a skein-theoretic approach to these representations,
but the equivalence of this picture with the Hitchin connection follows from the work
of Andersen and Ueno [7] combined with Laszlo’s theorem. Masbaum’s result was also
directly rederived in an algebro-geometric context by Laszlo, Sorger, and the fourth named
author [37]. We hope that our construction can be a starting point for investigating the
p-curvature of the Hitchin connection.

The second is the question of integrality of topological quantum field theories (TQFTs)
and the related topic of modular representations of the mapping class group. Various
results have been obtained here through a skein-theoretic approach, cfr. [22, 24, 25, 26],
but so far a geometric counterpart is missing. We again hope that the current work can
help shed light on these issues.

Finally, we would like to mention various generalisations of the connection constructed
here by looking at variations of the moduli problem of vector bundles on curves. A
minor variation is by looking at moduli spaces of G-principal bundles, where G is a
semisimple group. One could also equip the curve with marked points and look for
parabolic structures of the bundle at these points. All of these can be understood as special
cases of the moduli problem of G-torsors, where G is a parahoric Bruhat—Tits group scheme
over the curve (see, e.g., [44, 28, 17]). We hope to come back to the Hitchin connection
in this generality in the near future and expect that the construction developed in this
paper, bypassing the need for an explicit description of a Kéhler form, will facilitate this.

1.4.

The rest of the paper is organised as follows. In Section 2 a summary of Hitchin’s work is
given, explaining the context of variation of K&hler polarisation in geometric quantisation.
There are essentially two parts to this: a general framework that gives conditions under
which a projective connection exists (Theorem 2.1.1) and a discussion of why these
conditions are satisfied in the case of moduli spaces of flat unitary connections on surfaces.
Though none of what follows later logically depends on this, we nevertheless wanted to
include a brief overview of Hitchin’s original construction to highlight the extent to which
our exposition parallels his.

The remainder of the paper is then concerned with our algebro-geometric construction
of the Hitchin connection. In Section 3, after a quick review of Atiyah sequences and
Atiyah classes, the notion of heat operators, their relations to connections and the main
framework of van Geemen and de Jong is given (Theorem 3.4.1). We present the latter
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as a counterpart to Theorem 2.1.1, and for completeness, we have included a proof of it
and of Hitchin’s flatness criterion (Theorem 3.5.1) to highlight that these results hold in
arbitrary characteristic, as the original discussion in [57] was strictly speaking just in a
complex context.

Section 4 then goes on to show that the conditions of Theorem 3.4.1 are indeed satisfied,
culminating in Theorem 4.8.1. The primary tool to this end is Proposition 4.7.1, and most
of the rest of the section is essentially a (necessarily lengthy) mise en place to obtain this
result. As stated above, the key element is Theorem 4.4.1, which realizes the Atiyah class
of the determinant-of-cohomology line bundle as a particular extension, given as the first
derived functor of the push down of the dual of the Atiyah sequence of the universal
bundle on the moduli space of bundles. This provides an analogue to the theorem of
Quillen that realizes the Chern class of the line bundle as a particular Kéhler form. Just
as in Hitchin’s original approach, it is this particular realisation that allows us to verify
the cohomological conditions of Theorem 3.4.1. Theorem 4.4.1 is itself obtained from a
variation on the theory of the trace complex, of which we give a self-contained account in
Appendix A. The proof of Theorem 4.4.1 takes up Section 5. Finally, the other appendices
contain proofs of various facts we use in the main body of the article but for which we
could not find references in the generality we needed.

1.5.

To finish the introduction, we state the necessary restrictions on the characteristic p of
the base field k and their sources. The first limitation that we encounter is due to the use
of the trace and the trace pairing:

tr: End(E) —— O, Tr: End(E) x End(E) —— O.

We need these to behave similarly as they do in characteristic zero. In particular we
want the trace tr to split equivariantly, i.e., End(E) = End®(E) @ O, where End®(E) is
the kernel of tr. This is induced from an SL(r)-equivariant splitting of the short exact
sequence of Lie algebras

0 —— sl(r) — gl(r) — k —— 0,

which requires p{r. Secondly, we want the trace pairing Tr, which is nondegenerate for
all possible characteristics p and r = rk(F), to remain nondegenerate when restricted to
End®(E) x End®(E). This is again true if and only if p{r.

The second limitation is due to the use of differential operators (cf. [27, IV, §16.8]) and
their symbols: In characteristic p > 0 one considers the algebra of differential operators
associated to the Atiyah algebra DE&I) /S(L) and defined as a quotient of its universal
enveloping algebra—see [16, 1.1.3]. Up to order k = p—1 these, however, coincide with
Dyjt)/s(L)v and we have the symbol map to Sym” Trys with its usual properties at
our disposal. As the construction of connections via heat operators uses second-order
operators and their symbols, we exclude characteristic 2; in the flatness criterion also
third-order symbols appear; hence, there we also exclude p = 3.
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Furthermore, we also use trace complexes; the original reference avoids positive
characteristic, but as we use only part of the theory, we check in Appendix A that
everything works with the restrictions already in place: In order for the residue res from
[16, p. 658] to be well defined, we need to avoid characteristic 2.

The third and last limitation is due to the formula in Theorem 4.8.1, where there is a
factor TJ%,C Hence, we also need to assume that p{ (r +k&).
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2. Heat operators and connections—summary of the work of Hitchin

We outline in this section the original work of Hitchin that establishes the flat projective
connection on bundles of nonabelian theta functions. Hitchin’s motivation came from
geometric quantisation and Ké&hler geometry, and he mainly used analytic or Kahler
techniques.

2.1. Change of Kahler polarisation

Inspired by earlier work of Welters [58], the Hitchin connection was introduced in [30]
in the context of geometric quantisation: Given a compact (real) symplectic manifold
(M,w), with prequantum line bundle L, Hitchin studied how the geometric quantisations
with respect to different Kéhler polarisations were related. In particular, he gave the
following general criterion for the existence of a projective connection on the bundle of
quantisations:

Theorem 2.1.1 (Hitchin, [30, Theorem 1.20]). Given a family of Kdhler polarisations
on M such that for each polarisation we have:

(a) The map
Ulw] : HO(M,Tr) —— HY(M,0p0m)
is an isomorphism (this means that there are no holomorphic vector fields which fix
L, i.e., HO(M,D\}) (L)) = HO(M,0O\)).

(b) For each s € H*(M,L) and tangent vector I to the base of the family there exists a
smoothly varying

A(Is) e HY (M, D) (L) 3 L)

such that the symbol —ioy(A(I,s)) equals the Kodaira-Spencer class [I] in
HY (M, Trm).
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Then this defines a projective connection on the bundle of projective spaces P(H°(M,L))
over the base of the family.

Here, Dxl) (L) denotes the sheaf of first-order differential operators on L and o7 its
symbol map to T'y¢. The map .s: DE&I) (L) — L is just given by evaluating the differential
operators on the section s, and H' stands for the first hypercohomology group of the
two-term complex.

Note that the space of infinitesimal deformations of the pair (M,L) is given by
H 1(M,D5\;)(L)), and likewise the space of infinitesimal deformations of the triple
(M, L,s), for s € H'(M,L), is given by Hl(./\/l,Df\l,l)(L) % L) (cfr. [58, Proposition 1.2]).

2.2. Moduli spaces of flat unitary connections

Moreover, Hitchin then showed that the conditions of Theorem 2.1.1 are satisfied in the
case where (M,w) is the space of flat, unitary, trace-free connections on the trivial rank
r bundle over a closed oriented surface C of genus g > 2 (with the exception of the case
r=2,g=2), and L = L* is a power of the positive generator £ of its Picard group. This
space is not quite a manifold, but its smooth locus is canonically a symplectic manifold,
with w the Goldman-Karshon symplectic form (which uses a Killing form on the Lie
algebra of SU(r)).

If C is equipped with the structure of a Riemann surface (or, equivalently, regarded as
a smooth complex projective curve), then M can be understood as the moduli space of
semi-stable rank r vector bundles with trivial determinant, which is a projective variety.
The symplectic form w is then, moreover, a Kéhler form, as discussed by Narasimhan
[42] and Atiyah-Bott [1]. By Quillen’s theorem [45], the inverse L of the determinant-of-
cohomology line bundle provides a prequantum line bundle.

In particular, we can understand the A(I ,s) as follows in this situation: We have the
short exact sequence of complexes

0 —— DW(LF) —— DY (k) —— Sym? Ty — 0
s Ls 1 (1)
0 ck ck 0 0.

This gives a connecting homomorphism
§: HO(M, Sym?(T)) — HY(M, D) (LF) 5 £F). (2)

On the other hand, the quadratic part of the Hitchin system (which also uses the Killing
form) gives, for every holomorphic vector bundle E on C with trivial determinant, a map

Sym?* H°(C,End*(E) ® K¢) — HO(C,K2),

where K¢ is the canonical bundle of C. Dualizing this, and using Serre duality on C gives,
for each F, a map

HY(C,Te) — Sym® H*(C,End"(E)),
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where End(E) is the sheaf of trace-free endomorphisms of E. Since for each stable E the
space H(C,End®(E)) is the tangent space to the moduli space (in casu M), we can write
this as a map

p:HYC,Te) —— HO(M,Sym*Ty). 3)
Composing this with (2) gives a linear map
A(os): HY(CTe) —— HY (M, DY) (LF) 2 £F)

which depends smoothly on s, and which Hitchin shows (after a rescaling by T}rk) to
satisfy the condition in (b) of Theorem 2.1.1.

Remark 2.2.1. Some key steps in Hitchin’s approach were fundamentally differential
geometric or Kahler in nature. In particular, the explicit description of the Narasimhan—
Atiyah—Bott Kahler form, and its similarity to the symmetric two-tensors given by the
symbol was crucially used.

3. Hitchin-Type Connections in Algebraic Geometry

An algebro-geometric framework for connections determined by a heat equation (like the
Hitchin connection) was developed by van Geemen and de Jong in [57]. Besides being set
in algebraic geometry as opposed to Kahler geometry, this description is also more local,
in contrast with the infinitesimal framework of Theorem 2.1.1 of Hitchin (the latter is
not a substantial difference, however, cfr. [57, §2.3.4]). We summarise the main parts and
some related prerequisites below.

From now on, everything will be defined over an algebraically closed field k of
characteristic different from 2. We have to exclude characteristic 2 for a variety of reasons
but, in particular, will also split the projection Tj‘az — Sym? Ty throughout. In this
general section, M — S will be a smooth morphism of smooth schemes.

3.1. Atiyah algebroids, (projective) connections and Atiyah classes

Our approach to connections essentially follows Atiyah’s seminal exposition [5], but in
this context we will phrase everything in terms of vector bundles rather than work with
principal bundles.

Atiyah algebroids. Let DE\Z) (E) be the sheaf of differential operators of order at most
n on a vector bundle E over M. The associated symbol map will be denoted

On D&Z)(E) — Sym" Ty ® End(E).
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Definition 3.1.1. The Atiyah sequence associated to a vector bundle E — M is the top
row of the following diagram:

0 —— End(E) —— A(E) T 0
H ; [~eta
0 —— End(E) —— DY(E) —Z Ty ®End(E) —— 0.

The middle term A(FE) is called the Atiyah algebroid associated to E (or, strictly speaking,
to the frame bundle associated to E, which is a GL-principal bundle).

Definition 3.1.2. We will denote by Ax/s(E), the relative Atiyah algebroid associated
to a vector bundle F — M, where M comes with a morphism 7 : M — S onto a base
scheme S. The associated relative Atiyah sequence is the top row of the following pull-back
diagram:

[ I Iy (4)
0 —— End(E) —— A(F) T 0,

where T)/s is the subsheaf of vector fields tangent along the fibres, i.e.,
TM/S = Ker(TM — F*Ts).

Finally, we need to define the trace-free Atiyah algebroid for vector bundles with trivial
determinant. Pushing out the standard Atiyah sequence by the trace map End(E) — O
gives a morphism of the Atiyah sequene of E to that of det(E). If the latter is trivial, its
Atiyah sequence splits canonically, giving rise a morphism tr: A(E) — O. We define the
trace-free Atiyah algebroid A°(E) to be the kernel of this map. This all fits together in a
commutative diagram (with exact horizontal rows and left vertical row):

o1

0 —— End’(E) ———— AY(E) T 0
! ! |

0 —— End(E) ——— A(E) = T 0
Lo Lirtor |

0 o A(det(E) =2 0@ Ty — Ty — 0.

The algebroid A°(E) can be understood, in the language of principal bundles, as arising
from the SL(r)-principal frame bundle of E. Analogously, there is also a relative version
-’49\/1 / S(E).

Assuming p {7, we have a direct sum decomposition End(E) = End’(E) ® Opq, and
we denote by ¢ : End(E) — End°(E) the projection onto the first direct summand. In
this case, the trace-free Atiyah algebroid is also canonically isomorphic to the projective
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Atiyah algebroid, i.e., the push-out of the standard Atiyah sequence by the map ¢ as
follows:

0 —— End(E) —— A(E) Th 0
14 ! I

0 —— End’(E) —— AYE) —— Ty —— 0.

We will make this identification throughout.

Atiyah classes. We will also need a relative version of the Atiyah class for a line bundle
L. There are a number of ways this can be defined; perhaps the easiest is by taking the
top sequence of equation (4), tensoring it with Q}Vl /8" and applying m, to obtain a long
exact sequence (of course for line bundles we have canonically End(L) = O).

Definition 3.1.3. The image of the identity . Id € . (Q}Vl/s@TM/S) under the

connecting homomorphism yields a global section of R, (Q}\/[ /s ®€nd(E)), which we
shall refer to as the relative Atiyah class, and denote by [L].

Note that the connecting homomorphism in the long exact sequence obtained by
applying 7. to the top sequence of equation (4) is given by cupping with [L] and
contracting. In the absolute case, the Atiyah class is the obstruction to the existence
of a connection on L; a similar interpretation holds in the relative case, though we will
not use this. If M is complex Kéhler, [L] is just the relative Chern class.

The following lemma probably dates back to [5]; see, e.g., [36, p. 431].

Lemma 3.1.4. Let X be a smooth algebraic variety, L a line bundle, k a positive integer,
then we have an isomorphism of short exact sequences

0 Ox A(LEF) Tx 0
o, l !
0 Ox —E— A(L) Tx 0.

Projective connections.

Definition 3.1.5. Given a vector bundle E on a variety M, a (Koszul) connection V
on E is a O pg-linear splitting of the Atiyah algebroid:

0 —— End(E) —— A(E) —— Ty —— 0.
Y
The connection is said to be flat (or integrable) if V preserves the Lie brackets (where

the Lie bracket on A(FE) is just the commutator of differential operators).

The Hitchin connection is a projective connection. There are a number of ways one
can encode what a projective connection is: One could think in terms of PGL principal
bundles, or work with the projectivisation P(E) of E, or work with twisted D-modules
(cfr. [12], [36, §1]). In our context, the most useful one is the following.
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Definition 3.1.6. Given a vector bundle E on M as before, a projective connection is
a splitting

0 —— Snd(E)/OM — A( )/OM *> Ts — 0.
¥~ -

v

It is again flat if V preserves the Lie brackets.

3.2. Heat operators

Consider a smooth surjective morphism of smooth schemes 7: M — S, and a line bundle
L — M such that 7, L is locally free, hence a vector bundle. The connection we construct
will live on the projectivisation Pr, L, but everything below will be expressed in terms of
vector bundles, not prOJective bundles.

We will denote by D M/ S(L) the subsheaf of DECI) (L) consisting of differential operators

of order at most n that are 7=1(Og) linear. The symbol maps

o, : DM

take values in Sym" T'vq/s.
We are now interested in the sheaf

Wiys(L) =D (L) + DY, (L) € DY (L).
Besides the second-order symbol map
o2 : Wayys(L) — Sym® Ty s,
on this sheaf of differential operators, there is a subprincipal symbol
05 : Wamys(L) —— 7'Ts,  (os(D),d(z"f))s = D(n"fs) —7"fD(s),  (5)

where s is a local section of L and f a local section of Og; both well-definedness and the
Leibniz rule follow from the property of the second-order symbol

D(fgs) = {o2(D),df @dg)s+ fD(gs) +gD(fs) — fgD(s).

Thus, we have a short exact sequence

(1)
0 —— DM/S

(L) —— Wryys(L) 528 1+ (Ts) @ Sym? Tyvmys — 0. (6)
We can now define:

Definition 3.2.1 ([57, 2.3.2]). A heat operator D on L is a Og-linear map of coherent
sheaves

D: TS E— W*WM/S(L)

such that og oD = Id, where D is the equivalent (by adjunction) Oaq-linear map
D:7*Ts — Wyys(L).
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Similarly, a projective heat operator is a map
D:Ts —— (mWnys(L)) /Os.
Given such a heat operator, we refer to
m(02)o D : Ts — m,4 SmeTM/S

as the symbol of the heat operator. Also, a projective heat operator has a well-defined
symbol.

3.3. Heat operators and connections

Any heat operator gives rise to a connection on the locally free sheaf m,L, as follows
(cfr. [57, §2.3.3]). Given an open subvariety U C S, and 6 € T(U), we want a first-order
differential operator

Vo :me L —— m, L.

If s € m. L(U), we denote by s and 7= 1(#) the corresponding sections of L(7~*(U)) and
7Y (Ts)(m~1(U)), respectively. We can now put

Vos = D(r~(0))(s) (7)

since the latter indeed corresponds to a section of 7, L(U). Moreover, the Leibniz rule is
satisfied since the subprincipal symbol of D(7~10) is 7716 so that for any f € Og(U) we
have

Vo(fs) =D(x=1(0))(7"(f)s) =7 (0(f))s + 7" (f)D(x~(0))(s) = 0(f)s + [ Vos,

so Vy is indeed a first-order differential operator with symbol 8, and hence, V is indeed
a Koszul connection.

The connection V will be flat if D preserves the Lie brackets. If we have a projective
heat operator, we still get a projective connection, with the same comment for flatness.

3.4. A heat operator for a candidate symbol

As an algebro-geometric counter-part to Hitchin’s Theorem 2.1.1, van Geemen and de
Jong investigated under what conditions a candidate symbol map

p:Tg —— W*SmeTM/S

actually arises as a symbol of a heat operator, i.e., whether it was possible to find a
(projective) heat operator D such that p = m.(02) o D. Before we can state their result,
we need to recall two maps. The canonical short exact sequence

0—— TM/S T 7 Ts 0
gives rise to the Kodaira—Spencer map

FL/\/{/S:TS’ E— Rl’]T*TM/S. (8)
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Similarly, the short exact sequence

(2)

0 —— Taays — Dt

(L)/Op — Sym*Thyys — 0 (9)
gives rise to the connecting homomorphism

LT Ts SmeTM/S — Rlﬂ'*TM/S. (10)
We can now state:

Theorem 3.4.1 (van Geemen—de Jong, [57, §2.3.7]). With L and 7w: M — S as before,
we have that if, for a given p:Ts — m, Sym? Tryss

(a) kmys+prop=0,
(b) cupping with the relative Atiyah class

UL] s 1Ty g —— R'7,. O

s an isomorphism and
(C) 7.‘-*(9/\/‘ = OS;

then there exists a unique projective heat operator D whose symbol is p.

Note that even though the context of this theorem is entirely algebro-geometric and
makes no reference to a symplectic form, the conditions are closely matched with those
in Hitchin’s Theorem 2.1.1: The requirement of cupping with the Chern class being an
isomorphism is identical in both cases, whereas from a quadratic symbol p satisfying
condition (a) we recover an element of the hypercohomology group in 2.1.1.(b) via the
long-exact sequence of hypercohomology obtained from equation (1). Finally, (c) is an
appropriate weakening of the premise that M is compact (and connected) in Theorem
2.1.1.

Proof. Consider the long exact sequence associated to the short exact sequence (6),

TxogBTxOog

(L) ——— mWaiys(L) —— Ts @, Sym® Ty s
5

(W
0 —— D}

R'm, DY) (L) = R'mWuys(L) ———— ..

As U[L] is the connecting homomorphism in the long exact sequence associated with
the first-order symbol map on Dﬁl) / s(L), condition (b) guarantees that Og = m,Opnr =

TF*'DS\l/l) / g(L), i.e., all global first-order operators on L along the fibres of m are of order
zero. Using condition (c), we obtain a commutative diagram with exact rows and columns
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0 0
{ {
0 — 7,0y ———— 1,0 ———— 0

+ ! l

0+ mDYY o(L) — mWays(L) — Kerd = 0

! ! |

0 0 (T Wpys(L)) /Os + Kerd » 0
3
0 0

and therefore an isomorphism (7, Waq/s(L)) /Os — Kerd. It remains to show that our
hypotheses imply that the image of the morphism

TS — TS @W*SmeTM/S, 0 — (97P(9))

is contained in the kernel of the connecting homomorphism §. In order to do this, let us
decompose § = d1 + 0o into its two components:

0y :Ts — R'7,DY) o(L) and 6 :m Sym?Tyyys —— R'mDY) (D).

It is then straightforward to check that
RIW*(01)051:I€M/S and Rlﬂ*(al)o@:ub

Finally, we observe that ¢; induces an injective map

Rim,(0q): leDﬁ\h)/S(L) — R'm.Thys,

as the previous map in the long exact sequence

s mTys — ROy —— R'mD) g(L) — R'mTayys — ...

is surjective by condition (a). Thus, (6,p(0)) € Kerd if and only if (ka5 +pz0p)(0) =0,
for any local vector field 6 on S. O

3.5. A flatness criterion

To complete our outline of the general part of the theory, we discuss a general flatness
condition for connections constructed via Theorem 3.4.1. It is a verbatim translation of
Hitchin’s original reasoning [30, Thm. 4.9] to the algebro-geometric setting, its central
ingredient being the requirement that the symbols should Poisson-commute when viewed
as homogeneous functions on the relative cotangent bundle.

Theorem 3.5.1. Under the conditions of Theorem 3.4.1 and over a base field of
characteristic different from 3, the projective connection constructed from a symbol p
18 projectively flat if
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(a) for all local sections 6,0" of Ts,

{0(60).0(0)} 17, =0,

(b) the morphism py, is injective and

(c) there are no vertical vector fields, m.Trq/g = 0.

Remark 3.5.2. In the statement and the proof of this theorem, we use the fact that the
natural morphism

Ty Symk Trys — W*OTXA/S

is an isomorphism of Poisson algebras onto the weight & part under the natural G,-
action for k < p—1; here, the Poisson structure on the left is the one inherited from the
commutator bracket on operators of order at most k, and the one on the right is the
natural one on the cotangent bundle.

Proof. As the connection is defined by projective heat operators (7), its flatness is
equivalent to the vanishing of the operator

[D(6), D(O)] ~ D([6,0')) € mew (DS 5(£5) + D (£9)) /O (11)
Now, it follows from the preceding remark and condition (a) that

o3(ID(9), D(0")]) = {o2(D(0)),02(D(0)} 1y = {p(0):p(0)} ;=0

M/S

Therefore, the operator (11) is actually at most second order, and we furthermore claim
that it really acts only along the fibres of M — S,

[D(9),D(8')] = D([8,) € mew (D 5(£4)) /Os.

This happens for the same reason the curvature [Vx,Vy]—V|x y) of a connection is of
degree zero as a differential operator: One checks (using the subprincipal symbol (5)) that
equation (11) is 7~ 1Og-linear.

Now, we look at the short exact sequence (9), and apply m.. As puy, is injective by
condition (b) and there are no vertical vector fields by (c), we get

W*D%S(L)/OS 2 1, Thys =0,

thus concluding the proof. O

3.6. The map uy,

Finally, we need to get a better understanding of the map py from equation (10), for
which we could simply refer to [8, Cor. 2.4.6]. As the proof is not too complicated and
uses only a fraction of the machinery of that paper, we thought it worthwile to include
it here. We thank an anonymous referee for pointing out considerable simplifications to
our previous proof.
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Proposition 3.6.1. In the context outlined above (with m: M — S is a smooth
morphism of smooth schemes and L a line bundle on M), we can write the connecting
homomorphism (10) as

pr =U[L]+U (—;[KM/s]) 7

where K q/s is the relative canonical bundle of m: M — S.

Note that ‘half’ of this statement (up = U[L]+ po,,) appears in [58, Lemma 1.16],
except that Welters uses the extension class of the sheaf of principal parts P (L) of
order <1 instead of DE\Z)/S(L) to define [L] and hence has a minus sign on the right-hand
side. In a Kéahler context, with L a polarizing line bundle, the statement of Proposition
3.6.1 is implied in [30, p. 364]. In the general complex analytic setting, a Dolbeault-
theoretic approach is descibed in [14, Appendix A.2]'.

Proof. The proof follows from the identification of the opposite of the algebra of
differential operators on L with that of L' ® K, /s via the adjoint differential operator
D°, as discussed, for example, in [16, 1.1.5.(iv)]. Due to the identity p; = U[L]+ uo,,
observed already by Welters (in arbitrary characteristic), it suffices to show that

ML= —HL1gK- (12)
For this, consider the adjoint map between sheaves of differential operators An/s(E) >
D D° € Apgys(E* @ Kpyys) defined by the identity

(e,D°e®)y = (De,e°) — L, p{e,e®),

where e and e° are arbitrary local sections of E and E° := E* ® K /g, respectively, and

L is the Lie derivative on the relative canonical bundle. It is straightforward to verify
that D° has symbol o1(D°) = —o1(D) and that for any regular local function ¢

(¢D)° = ¢D° — (01 D,dp/59)

so that D — D° is in particular 7~ 1Og-linear. This zeroth-order deviation from O -
linearity may appear inconvenient at first sight, but it actually permits to extend the
adjoint to second-order operators, as

(¢D2)% 0 DY = D5 0 (¢D1)° + ({01D1,d¢) D2)°.

In this way, we obtain a 7~ !Og-linear isomorphism of short exact sequences

1 2 o
0 ———— D &(1) D) (L) — s Sym®Tpys —— 0
D—D°| D—D°| lld
0 ’ Dﬁxlxt)/s(Lfl‘g’KM/S) — Dﬁ/s(Lﬂ@KM/s) —= Sym®Tyyys — 0,

! The formulas in [8] and [14] are more general expressions that both specialise to the one given
in Proposition 3.6.1 but appear different from each other in general.
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whose push-out along oy gives
(2)
M/S

—Idi D—D°| 1a

0 —— Thys —— Dfa)/s

0 — Thys — D (L)/OMLSmeTM/S%O

(L71®KM/S)/OM 2, SmeTM/S — 0,

which proves the necessary identity (12). O

Remark 3.6.2. Note that the preceding result remains true in characteristic p > 0 with
p # 2 since we only use the isomorphism induced by D — D° between differential operators
of order < 2.

4. An algebro-geometric approach to the Hitchin connection for nonabelian
theta functions

In this section, we construct the Hitchin connection in algebraic geometry. We want to
invoke Theorem 3.4.1, using the symbol p from equation (3) on page 456. In order to
verify that this theorem applies, we need to begin by examining the various ingredients
of condition (a).

Note that, compared to the situation of families of abelian varieties (cfr. [58], [57,
§2.3.8]), we need a much more detailed knowledge of our candidate symbol in order to
establish flatness of the connection later on (which is done via other means for abelian
varieties).

4.1. Basic facts about the moduli space of bundles

At this point, we can turn our attention to the particular context we are interested in:
the moduli theory of bundles on curves. In the rest of Section 4, we shall denote by
s :C — S a smooth family of smooth projective curves of genus g > 2. This gives rise
for any integer r > 2 to a (coarse) relative moduli space of stable bundles of rank r with
trivial determinant over the same base, which we shall denote by m.: M — S. If g =2 we
will assume that r > 3. We shall denote the fibred product by the diagram

CXSM%M

| lne

C—— S
and will simply put
e = Te OMp = Tg O My
Unfortunately, M is only a coarse moduli space, and a universal bundle over C x g M does
not exist (one could argue that it exists over the stack of stable bundles 9t — S, but does
not descend to M). Nevertheless, one can speak both of the Atiyah algebroid and Atiyah
sequence of the virtual bundle (since these do descend to the coarse moduli space). There

exists a unique line bundle £ over M, called the theta line bundle, which is mapped to
the relatively ample generator of the relative Picard variety Pic(M/S) (see [19, 32]). In
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order to avoid making our notations heavier than needed, we shall henceforth pretend a
universal bundle £ — C x g M exist. Note that this universal bundle is only unique up to
tensor product with a line bundle coming from M.However the trace-free endomorphism
bundle £nd®(€) is unique. Similarly, the determinant-of-cohomology line bundle on M
associated to a universal bundle &£, defined as in [34]

AE) :=det R®m,4 (E),

will depend on the choice of the universal bundle £. We will use two well-known properties
when considering vector bundles with trivial determinant.

e For any universal bundle £ and any line bundle ¢ on C — S of degree g —1, we
have the equality [19, 32]

L= NE@7LC). (13)
e For any universal bundle £, we have the equalities [38]
L7 =Kpys = AEnd’(€)). (14)
At various places, we shall use the trace pairing
Tr: End®(E) x End®(E) —— Ocxsm

to identify End®(€) with its dual End®(€)*.
We will need a few other standard facts about the moduli space M as well:

Proposition 4.1.1. We have

(a) mnEnd®(€) = {0},

(b) TM/S = Rlﬂ'n*gndo(g),

(c) TexTMys = {0},

(d) R'7e.Opn = {0}.

The first two of these follow from basic deformation theory. For the last two, which

are also well-known, we include a proof (due to Hitchin) using the Hitchin system in
Appendix C.

4.2. The Kodaira—Spencer Map
Our aim in this section is to give a description of the map

D: Rlﬂ's*Tc/s E— Rlﬂ'e*TM/S

(relating deformations of the curve to deformations of the moduli space) which makes the
diagram of sheaves on S

Kes R'neTe/s 1s)
TS iq) 15
m Rlﬂe*TM/S
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commute, where r¢/g and s /g are the Kodaira-Spencer maps, as in equation (8). This
is a line of reasoning that essentially goes back to Narasimhan and Ramanan [43].
On C xg M we have the trace-free relative Atiyah sequence

0 —— &End’(E) —— A° (&) —— T

o rt ) exam/m 0 (16)

CxsM/M
short exact sequence on M

As we have that 7, (T > =0 and R?7,.End’(E) =0, applying R'7,. gives the

0 —— R'1,.End’(E) —— Rmp, A°

() —— R'm,.T — 0.
CxsM/M

CxsM/ M

(17)
In order to describe the Kodaira-Spencer map r /s, we need to start from the short
exact sequence

0 TM/S TM WZTS — O>

which is given (see, e.g., [48, §3.3.3] for the case of a line bundle-vector bundles are a
straightforward generalisation of the description there and are discussed in [39, §2.3]) by
the pull-back of equation (17) along the map

. 1 ~ 1
moke/s i Tels —— R ﬂ-n*TCXSM/M =7 (R'maTes) -

If we apply 7., to this, we obtain finally:

Lemma 4.2.1. The Kodaira-Spencer map kg s is given by the composition of kc;s
with ®, the connecting homomorphism of equation (17):

Rlﬂs*Tc/S = ek (len*T

L res exsia/ )
TS \) l{)

KM/S
R'7eiThys = R es (R End®(€)) .

4.3. The Hitchin Symbol

We have already briefly encountered the Hitchin symbol in equation (3); we shall clarify
the precise definition here in the appropriate relative setting. We start from the quadratic
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part of the Hitchin system, relative over S and its associated symmetric bilinear form
(temporarily denoted B)

% diag « «
Tis Tiays®Thys
T~ 5
K2
e s M/ m

Recall that the bilinear form B is, in the explicit description of the relative cotangent

bundle via Higgs fields T, o = Ty (End®(E) ®KCXSM/M), given by the trace

B(¢,¢) = tr(poy)).

In particular, it factors further through the symmetric square Sym? T\, /s- Notice as
well that, since we assume the characteristic of the base field to be different from 2, the
symmetric square is canonically identified with the symmetric 2-tensors, and in particular
there is also a canonical identification

(Sym2 T, /S)* = Sym? Ty s.

Taking the dual B* of B, using Serre duality relative to m, on the domain (where in
particular K¢y a1/m = 75, Keys) and pushing down via 7., we obtain a map 7, (B*)

ﬂe*len*WfUTc/S LB; T, Sym? Thmys-
Combining this with flat base change
Rlﬂn*ﬂ'ZTc/S = WZRlﬂS*TC/S,
we make the following definition.

Definition 4.3.1. The Hitchin symbol pHi* is defined as

Pt =7, (B*): R17TS*Tc/S — Tex SmeTM/S.

The morphism ptit is in fact an isomorphism. As we do not need this fact directly, we
have relegated it to the appendix; see Lemma C.2.2.

For our purpose of comparing the symbol map with the Kodaira—Spencer morphism
in the general context of Theorem 3.4.1, we need the following alternative description:
Consider first the surjective evaluation map on C x g M:

T T (End®(E) @l Keys) —— End®(E) @i Keys- (18)
Dualizing equation (18), we get a morphism

End*(E) @t Tess — 5 (T (End®(E) @78 Ke)s))”
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so that swapping the first tensor factor and composing with relative Serre duality for =,
we obtain a O¢x ¢ a-linear morphism

w5 Te s~ End®(€) @ (R T (End®(E)Y)). (19)

We also use the trace pairing to identify Tr: End®(€) 5 End®(E)*. Now, we apply e, o
Rl7m,, to equation (19), and by the isomorphism R!'7,.End’(€)* = Rlm,.End’(E) =
Ty, the projection formula and base change, we obtain a map

Rlﬂ's*(Tc/S) — Tex (TM/S®TM/S) (20)
Lemma 4.3.2. The map (20) coincides with the Hitchin symbol /.5.1.

Proof. The claimed identity follows from commutativity of the diagram

Rl’lTn*’iTZ)Tc/S
lez*(cy {*J
lﬂ—n* rfl*
Rim,, End*(€)® Ry, (End®(£)*) —E T Vs @ T s

This follows if we in turn dualize, apply Serre duality, for which
(Rlﬂ'n* (ev*)) C = (ev®Id),

(and similarly for the other arrow, where additionally Tr = Tr*) and observe that the
natural pairing on End®(£)* ® End® () coincides with Bo (Tr~* ®Id) by the definition of
B and Tr. O

4.4. The theta line bundle and its Atiyah algebroid

Next, we need some observations about the Atiyah algebroid of the theta line bundle £
(see Section 4.1). We recall that £ is mapped to the ample generator of Pic(M/S) and
that £ is related to the determinant-of-cohomology line bundle as in equations (13) and
(14).

In this setting, the Atiyah sequence for L relative to S has a remarkably direct
description in terms of the Atiyah sequence of the trace-free relative Atiyah algebroid
of £,

0

0 —— End’(E) —— A
CxsM/M

(&) —— mTe)s =T

om0 (21)

Note that, since End’(€) is uniquely defined, also is A° (€). Indeed, we have
CxsM/M
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Theorem 4.4.1. The relative Atiyah sequence of the theta line bundle L is isomorphic
to the first direct image R'm,. of the dual of equation (21):

0 — Rlmpu(Kxjpp) = Opg — Rlm, (A‘;{/M(S)*) — Rz, (End*(€)*) — 0
Id@Ml 1= lg
0 OM AM/S(E) % TM/S —— 0.
(22)

For a single fixed curve, this result was stated (without proof) in the announcement
[23] (see Theorem 9.1), where it is attributed to Beilinson and Schechtman (even though
it does not seem to appear in [16]); it can also be derived from results contained in [50].
We give an independent proof in Section 5.

4.5. A comment on extensions of line bundles

Let X be a scheme, V and L, respectively, a vector and a line bundle on X. Let, moreover,
F be an extension of L by V

0 V ' F "5 L 0.
By taking the dual and tensoring with V' ® L, we get
00—V — F*'QVL — V*'@VRL — 0.
Consider now the injective natural map

Y:L->V*QVQL
f—1dy ®¢C.

Lemma 4.5.1. There exists a canonical injection ¢ : F— F* @V ® L so that the diagram
0 v : F - L 0

I o Lv (23)
00—V — FoVeL —— V'eVeL — 0

commautes.
Proof. We consider the natural Ox-linear map «: FQ F — F ® L defined by

a(fi® fa) = fron(fa) — fa@n(f1)

for local sections f1, fo of F. Then it is easy to check that the image of « is the subbundle
V®LCF®L. Now, the map « naturally corresponds to an Ox-linear map ¢ : F' —
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F*®V ® L, which can be described locally in terms of a basis of local sections {e;} of F'
and the dual basis {ef} of F'* as

rk F’
o)=Y (e fom(e) - e ().
i=1
It is now straightforward to check that this ¢ makes the above diagram commute. O

4.6. Locally freeness of m..(L)

We will be assuming that the direct image 7..(L£¥) on S is locally free. In characteristic
zero, this follows trivially from Kodaira vanishing, but in positive characteristic, it is not
known in general (but of course it will always trivally be true for large enough k). For
r =2, this is, however, proven in [41].

Note that, in characteristic zero, a coherent sheaf with a flat projective connection will
necessarily be locally free, but this need not be true in general.

4.7. The relation between p'''*, & and £

We can now state the final ingredient we will need to prove the existence of the Hitchin
connection:

Proposition 4.7.1. The sheaf morphism ® from equation (15) equals minus the
composition (U[L]) o ptit of the Hitchin symbol and the characteristic class [L], i.e., the
following diagram of sheaves on S commutes:

—-P

Hit /U[L]

Tex Sym2 TM/S

Rlﬂ's*Tc/S Rlﬂ'e*TM/S.

Proof. We begin with the trace-free Atiyah sequence on C xg M for &, relative to m,,,
as introduced in Section 3.1. To keep the notation light, we shall denote in this proof

the Atiyah algebroid .A° (&) simply by A. By using the evaluation maps, as in
CxsM/M

equation (18), dualizing and tensoring with 7, T/ ® End’(E), we obtain the following
natural map of exact sequences:

End®(£)® End®(&) ®
A @y Teys End’(E)* @y Tes
1 1
End®(€) ® . End’(€) ®
T (M (AR T Keys))* " m (e (End’(E) @7} Keys))*

0 — End’ () —— — 0

0 — End’(€) —

— 0.

(24)
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By relative Serre duality for 7, the lower exact sequence is equal to the following:

End®(&) ® End®(&) ® End®(&) ®
— —

0 k(R i Ke ) 7 (R A) 75 (R T End® (E)*) 0-
(25)
By plugging V = &End®(&), L= mwle/s and F'= A in Lemma 4.5.1, we get a map of exact
sequences
0 —— End’(&) A e Te)s ——— 0
| l ! (26)

End®(€) @ End®(&) ®
0 —— End®(&) —— —
nd"(€) A @riTess End(E)* @i Tes
Hence, by composing the short exact sequence maps (26) and (24) and using the
isomorphism of the target exact sequence with that of equation (25), we get a new map
of exact sequences:

00— End*(€) wiTe g ——— 0
| l
., ed®e | &ad(©)e | End®(€) ®
T (R o (15, K 5)) T (R s AY) T (R 0 (End(£)*))

/‘\'<7>

— 0.

(27)
By taking the direct image R!m,, of both sequences, they remain exact and we obtain
the commutative diagram

0 — R'71,.End*(€) ——— R'7pAd —— RlmpniTe/s —— 0

’ "
H Rm,.End’ () Rim, End’(€) ®

9 (RimA®) — (Rlm (End(€)")) "

0 —— R'mp&nd®(€) ——

(28)
We now apply 7. to both exact sequences in equation (28). The claimed equality is proven
once we consider the commutative diagram given by the connecting homomorphisms:

R'me(Te)s) — Ri'me(Tpys)
o H (29)

ulL]
Tex(Tanys @ Tays) — R'meu(Thays)-

Since the bottom row of equation (28) is given by tensoring equation (22) by
R'7,.End®(E), by Theorem 4.4.1 the connecting homomorphism for the bottom row
is given by the relative Atiyah class of £. By Lemma 4.3.2, the left vertical map is given
by the Hitchin symbol pfit. Since the upper exact sequence of equation (27) is the same
as the sequence (16) but with one sign changed (as in equation (23)), by Lemma 4.2.1
the connecting homomorphism for the top row of equation (29) is given by —®. O
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4.8. Existence and flatness of the connection

We can now summarize the algebro-geometric construction of the Hitchin connection:

Theorem 4.8.1. Let k be a positive integer. Suppose a smooth family me : C — S of
projective curves of genus g > 2 (and g >3 if r =2) is given as before, defined over an
algebraically closed field of characteristic different from 2, not dividing v and k+r and
such that me.(LF) is locally free. Then there exists a unique projective connection on the
vector bundle T..(L*) of nonabelian theta functions of level k, induced by a heat operator
with symbol

- 1
Cr+k

Hit

P (P OHC/S)~

Proof. We establish the existence of the projective connection by invoking Theorem 3.4.1
for the line bundle £* over M. We recall from equation (14) the equality K\, /S = L7,
From Proposition 3.6.1 we therefore have that

e = U(r+k)[L),

and hence, (using Proposition 4.7.1 and equation (15)) we have

1 i i
Mgk Op = Hger O 4k (PH ‘ Oﬂ(:/s) = (U[L]) 0 p™ okcss = —Pokc/s = =Ky,

which establishes condition (a) of Theorem 3.4.1. Condition (b) is trivially satisfied
because of Proposition 4.1.1, and condition (c) follows from the algebraic Hartogs’s
theorem [56, Lemma 11.3.11], together with the well-known fact that the relative coarse
moduli space M** of semi-stable bundles with trivial determinant (which is singular but
normal) is proper over S, and if g > 2 or r > 2, the complement of M will have codimension
greater than one in M®3, O

As for the curvature of the connection, we have:

Theorem 4.8.2. Suppose furthermore that the characteristic of the base field is different
from 8. Then the projective connection constructed in Theorem /4.8.1 is flat.

Proof. We apply Theorem 3.5.1: Condition (a) holds since by definition of the Hitchin
symbol the corresponding homogeneous functions on 7y, /g are the quadratic components
of the Hitchin system and, hence, Poisson commute,

{pHit(e),pHit(el)}T* —0.

M/S

Condition (b) is satisfied as p,« is injective (see Lemma C.2.7 in Appendix C), and (c)
holds by Proposition 4.1.1. O

5. Proof of Theorem 4.4.1

We shall need the theory of the trace complex, due to Beilinson and Schechtman, or
rather a variation thereon due to Bloch and Esnault—see [16] and [9]. In Appendix A, a
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summary of this theory is given, and we refer to it for definitions of the complexes ".A®,
B* and °B*. We will be applying the trace complex in our particular setting here, where
M is as in Section 4.1, X =C xg M and f =m,. In this context, we find that the trace
complex simplifies significantly, to give Theorem 4.4.1.

Before proving Theorem 4.4.1 we need to prove a few auxiliary results.

Lemma 5.0.1. Following the above notation:

(a) the direct image m,.°B°(E) equals 0;
(b) the natural map Rim,.End’(€) — Rim,.0B°(E) is zero.

Proof. Recall from Section A.2.2 that we have a short exact sequence
0 —— &End’(€) — °BY(E) — 7w, ' Thys — 0.
By applying the direct image 7., we get
0 — mnxEnd®(E) — mn’BY(E) — Tanys — R'mns&nd®(€) — R'mni®BY(E) — -+

Now, by Proposition 4.1.1 (a) and (b), m.End®(€) =0, and the map Thys —
R, End®(€) is an isomorphism. The two claims follow. O

Proposition 5.0.2. There exists an isomorphism ¢ : R 7,,°B~1(£) — R7,.B*(End®(£))
that makes the following diagram commute.

0 — R'mps(Kx/m) 2O0Mm — R'mn’B71H(E) — R'mnw (End°(€)) 2 Tryys — 0
J2rido,, =~|o =
0 — ROmnsKajpm[l] 2 Opg — ROmnu B (End®(€)) ————— Thyys ———— 0.

In particular, ¢ induces 2r-1dp,, on Op.

This proposition is already proved by combining [50, Thm. 3.7 and Cor. 3.12]. For the
sake of self-containedness, here, we give a complete but slightly different proof of this
statement.

Proof. We construct ¢ in several steps, notably as the composition of three maps. First
of all, let us define a map

¢1: R OB~ HE) —— R97,.0B*(€).
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For the sake of clarity, we recall the definition of the 0t" direct image R°m,.°B*(E). We
choose an acyclic resolution of the complex °B*(€) as follows

B1(E) ——— °B(e)

! . !
CO(OB-1(E)) —— CO(°B°(£))
¢ ¢

C1°B71(€)) = C1(°B'(€))
We push this diagram forward through 7, and consider the following one:

Tl (OB=1(E)) —L 7,,,CO0(°B0(€))

\Ld71 \Ldo
Tl (OB=L(E)) —2 1,.C (°BO(E))
v ¥

R'7,.°B7Y(€) —— R'7,..°B°(€)
Remark that the lower horizontal arrow factors as
R'7,.°B71(€) = R'7m,.End®(E) — R'7m,.°B°(€).
By definition, we have that R%m,.°B=1(&) := Ker(B)/Im(A), where
TnsCO(OB71(E)) —2 1,.CO(°B(€)) & 1 CE (OB~ 1(E)) —E— 7, CL(OBY(E))
() ¢ (0°(7),d-1(7))
(a,8) + do(a) = &1(B).

Hence, we can define a map
¢ : T CHOBL(E)) — Ker(B);
B (af),

where a € 7,.C%(°B°(€)) is uniquely defined by the formula do(a) = §1(3). In fact, we
observe that Lemma 5.0.1 implies that dy is injective and that Im(6") € Im(d”). The map
¢ descends to the first of our three maps:

¢1: R'1,.°B71(E) = R7,.,.O B (€);

B (o),

where the overline should be intended as just taking the corresponding classes. .
The second map is defined as follows (see Appendix B for the precise definitions of ad
and ad):

$2 : R%71,.°B*(£) = R, (°B~1(End® (£)) — B (End®(£)));
(@,8) — (ad(a),ad(B)),
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where we & abuse once more of the notation (and of the reader’s patience) by denotmg by
ad and ad also the maps on the direct images. Note also that here we consider ad as
defined on the quotient °B°(€) of the subsheaf B°(€) C A(£), and we are allowed to do
so since the trivial sheaf is in Ker(ad). Moreover, we can consider B°(End°(€)) as the
target space of ad the image of °B°(€) via ad is contained in B°(End®(£)) C A(End®(€)).

The third map is induced on ROm,.(°B~1(End®(£)) — B°(End(£))) by the natural
inclusion °B~1(End®(£)) < B~1(End(£)). Hence, this gives a natural map

¢3: RO (OB~ (ENd(£)) —— B°(End®(€))) —— Rm,.B*(End’(£)).

It is a standard check that these three maps are well defined and pass to the quotient in
cohomology.

The situation is now the following: We have two exact sequences and a map ¢ :=
@30 @2 0@ between extensions:

0— Rl’lTn*(K/y/M) gOM —_— Rl’/Tn*OBil(E) — len*(gndo(g)) gTM/S -0
4 1o {

0+ ROpu(Kx/a0)[1]) 2 Opg = RO B*(End(€)) — > Thy)s ——— 0.

Now, suppose we have a class 8 in R'm,,°B~1(£), and let us consider 3 a local section of
Tn:CH(OB~L(E)) representing 3. If we denote as above by a € 7,.C°(°B°(£)) the uniquely

defined local section as in the definition of ¢, then ¢ sends 3 on (éﬁ(a),@(ﬂ)).
By Proposition B.0.3 we have a commutative diagram

0 —— Kyt —— "B7H(E) ———— End°(§) ——— 0

l-2r \Lga \Ladg
0 —— Kyjp — "B~ (End?(€)) —— End®(End’(£)) —— 0.

which implies the claim about the restriction of ¢ to Oa. Thus, ¢ also descends to a
Ox-linear map ¢7 : Thy /s = Trys- Remark in fact that, again by Appendix B and the

observations on ad made here above, ¢! is induced by the adjoint map between the
following exact sequences.

0 —— &End®() ——— "°BY(E) ——— 7, H(Thvys) —— 0
lad Jad, ~|1d
0 —— &End(End®(&£)) —— B°(End®(€)) —— 7, (Tamys) — 0.

O

Proof of Theorem 4.4.1. The isomorphism of exact sequences claimed in the theorem
will follow by composing the following isomorphisms. In the diagram below, they will
be composed vertically from the first to the fifth. First, we apply R'm,, to the second
identification from Theorem A.2.6. Then we compose with the map from Proposition
5.0.2. The third map is the isomorphism from Theorem A.2.4 applied to End’(E) (recall
that A(End®(&)) = L£L727). The fourth and fifth maps are the canonical isomorphism
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A(L71) =2 A(L?") obtained by scaling appropriately the extension as in Lemma 3.1.4
with k =27 and L = £1. Finally, the last vertical isomorphism A(L~!) — A(L) is the
canonical map between the Atiyah algebra of £~! and its dual £ (with the opposite
symbol map). Hence, we obtain the following commutative diagram:

0— Op — Rlﬁn*(Ag(/M(E)*) — R (End®(E)*) — 0

o, | Rosl= —Tr|~
0 — Opm — R (OB71H(E)) — Rlm(End®(£)) — 0
2r~IdoMlg 1o 1=

0 — Opm — R'mpB*(End’(£)) ——— Thyys ——— 0

0 — Op — 2 AL —— 2 Thyg ——— 0
o N 1= ~
0 — Oum = .A(ﬁ) s TM/S — 0

Note that the first vertical right-hand-side map is — Tr. This means that the extension
class defining the upper short exact sequence is equal to the standard Atiyah sequence of
L as claimed in the theorem. O

Appendix A. The trace complex, following Beilinson—Schechtman and
Bloch—Esnault

We give here a presentation of the parts of the theory of trace complezes (due to Beilinson
and Schechtman [16, §2], see also [20]) that we need. We then describe an alternative
approach to the trace complexes, suggested by Bloch and Esnault [9, §5.2].

In fact, to suit our purposes, we make two minor variations: First, we make some small
changes to ensure that the construction works in positive characteristic (apart from 2),
and second, we phrase everything in a relative context. The latter is trivial on a technical
level, but we do it as the Bloch—Esnault approach requires an extra condition, which,
when we invoke it in the main part of the article, is only satisfied in a relative setting.

Section A.1 below covers the original trace complex and is just expository. In Section
A.2, where the alternative of Bloch—Esnault is explained, we also give proofs for various
assertions merely stated in [9].

For the purpose of this appendix, we consider a family of smooth projective curves
f: X — M of genus g > 2, relative to a smooth base scheme S,

x LM
N
S

bl

together with a vector bundle & — X. We shall write £° for £* ® Kx /-
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The trace complex we are interested in describes the Atiyah algebroid Apq/s(det R® f.E)
(remark that our notation differs from Beilinson and Schechtman’s: our M is their S, and
our S is just a point in [16]).

A.1. The Beilinson—Schechtman trace complex “A*(&)

A.1.1. Overview. The relative tangent bundle Ty /s contains as subsheaves Tx/rq C
Tf/s - TX/5’7 where (Wlth df - TX/S — f*TM/S)

Ty = (df) " f " Thayss
and corresponding Atiyah algebroids
Ax//\/[(g) — .Af/s(g) — Ax/s(g).

The Beilinson—Schechtman trace complex is a three-term complex:
“A‘(é‘):{ trA72(5) trAfl(g) trAO(g) }7

where "A™2(€) = Ox, "A%(E) = Ay 5(€) and "ATH(E) is an extension (to be defined
below in Section A.1.2))

0 —— Kyjp —— "ATHE) = Ay jm(E) —— 0, (30)

which fits into the following commutative diagram:

Oy —— trA72(5)
idX/M ldx/m
0 —— Ky — BATH(E) — Ax/m(E) —— 0 (31)
Jres )
AYE) == Ay/s(E).

The main use of the trace complex "A4*(€) is the following:

Theorem A.1.1 ([16, Thm. 2.3.1]). The relative Atiyah sequence of the determinant-of-
cohomology line bundle

AE) = det R*f.£ := det f.£ @ (det R' £.E)"

of € with respect to fis canonically isomorphic to the short exact sequence

Ax/m(E)
05 ROL (Q% 0 [2]) » ROL(ZA(E)) » RS, Lo o
JH F Ag/s(€)
- f
0 OM .AM/S(/\(E)) ;) TM/S — 0.

A.1.2. Construction of "A71(£). Let A2 X C X x X denote the diagonal and p;
and po the two projections of X’ x ¢ X to X. For each of the projections pi,ps, we have a
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residue map Res', Res? along the fibres (cfr. [52, 10, 15]). The following is a key ingredient
for us:

Lemma A.1.2 ([16, §2.1.1.1]). There exists a map
I/{e/SZKX/MgKX/M(?)A)%Ox,

which vanishes on Kx &KX/M(A), 18 symmetric with respect to transposition and

such that dRes = Res' —Res?. The restriction of 1és to Kx/m®RKx m(2A) gives a short
exact sequence

resA:f{E;/

KX/MgKX/M(QA)\A 20y —— 0,

where the second map is res and coincides with the restriction to the diagonal A.

We shall also need a particular description of the sheaf of (relative) first-order
differential operators Dg(l} (&) (see [16, 2.1.1.2] or the introduction of [20], from which
we borrow the notation). Here and in what follows, we identify sheaves supported on the
diagonal A with sheaves on X. The next lemma is easily deduced from the definition of
the “pole at A” map.

Lemma A.1.3. The symbol short exact sequence for first-order differential operators on
E relative to f is isomorphic to the exact sequence

0 ERE®(A) EREC (2A) ERE® (2A) 0
EXEO EXEo EXE (A)
\L% \L(S lg (32)

0 —— End(€) —— DY) (€) —Z Ty @ End(E) —— 0,

where § is the “pole at A” map defined by

3(1)(e) = Res({(1,p3(e))),

for any local section 1 of % and any local section e of £. Here, {(—,—) is the natural

pairing E° X E — Ky -

We consider now the natural exact sequence

0 £REC EREC(2A) EREC(2A) 0
ERES (—A) EXES (—A) ERe°
I I (33)
1
End(E) ® K xjm DY) (€)-
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Then the construction that defines the short exact sequence (30) is obtained by taking
first the pull-back of equation (33) to Ax /(&) C DS}M (€) and then the push-out under

the trace map End(€) @ K m iy Kx/m;

0 £RE° EREC (2A) EREC (2A) 0
EXE° (—A) ERE° (—A) EXee

| T T
0 —— End(E) @ Kxyjpg — BAH(E) —— Ax/p(E) —— 0

L ! H

0 ——— Kyjpg — "AHE) —— Ay m(E) — 0.

(34)

A.2. The quasi-isomorphic Bloch—Esnault complex B*®

Following [9], we will now construct a subcomplex B°*(€) C *A*(£) that allows for more
handy computations. Its construction relies on the existence of a splitting of the short
exact sequence

a .
0 —— Tyt —— Tprs —— [ Tpys — 0. (35)
¥ ~

Remark A.2.1. Note that this condition is in particular satisfied whenever X is a fibred
product X =Y x g M and f = 73 the projection since then Ty ;s = i Ty /s ®7m3T\ /s and
in particular

Tf/S %WITy/SEBf_lTM/S.

A.2.1. Construction of B*(£). The definition of B~!(£) is analogous to that of
rA=1(&) via the subquotient (34). One starts once again from the short exact sequence

(33) but pulls it back all the way to End(E) — Dg(l} (&) and then pushes out along the

trace
0 £REC EREC(2A) EREC (2A) 0
ERES (—A) EXES(—A) XEe®
[ N 7 y
0 —— End(E)® K pq B! End(€) — 0 (36)
I ! [
00— Ky B! End(£) — 0.

Similarly, we define B°(£) via the pull-back of the symbol exact sequence of "A%(E) =
Aj/s(€) under the inclusion f T /s < Ty;s arising through the splitting condition on
equation (35) so that we have the following diagram:

0 — End(€) ——— BY(E) ——— [ Thys — 0

I XS 1

0 —— End(S) — 10 ZAf/S(S) E— Tf/s —— 0.
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Hence, B*(£) is a subcomplex of *.4°(£), and the following holds true.

Proposition A.2.2 (]9, Sect. 5.2]). If the short exact sequence (35) is split, the complex
B* (&) is quasi-isomorphic to "A*(E).

Corollary A.2.3. The short exact sequence of complexes (31) is quasi-isomorphic to

Oy ——— B2(£)
\LdX/M 1
0 —— Kxjpg — B7HE) —— End(E) —— 0
1 1
BY(€) === B°(&).

Moreover, since we are considering only 0" direct images, we can drop the degree —2
part of the first two complexes. Hence, we obtain a short exact sequence of complexes,

0— Kx/m[l] = B*(E) = C*(€) =0,

where C71(€) := End(€) and C°(&) := B°(E). We also observe that C*(€) is quasi-
isomorphic to f~'Ty/s since this is exactly the cokernel of End(£) — B°(£). Thus,
Theorem A.1.1 now simplifies to

Theorem A.2.4. We have an isomorphism of short exact sequences

0 — ROf.(Kx/m[l]) — RUf.(B*(E)) — ROf(End(E) — BY(£)) = Tapys — 0
= = e

0 —— Opm —— Apys(A(€E)) —————— Thyyys ——— 0.

Remark A.2.5. We observe that both sides of the central vertical isomorphism depend
on £.

A.2.2. Traceless version °B*(£) of B*(£). As expected, we define the subsheaf
9B71(&) € B71(€) via the pull-back of the short exact sequence defining B~1(€) in
equation (36) along the inclusion of traceless endomorphisms End®(€) < End(E),

0 —— Kyjpg —— 'B7HE) —— End*(E) —— 0

I { 1

0 —— Kyjpg — B7HE) —— &End(€) —— 0.

As we did before, we introduce also a quotient sheaf °B°(€) of BY(£), obtained as push-out
through End(€) — End®(€), that is,

0 —— End(€) BY(£) R vy p—
l l [

0—— Sndo(é') E— 060(8) E— f_lTM/S — 0.
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A.2.3. Identification of B71(£) and °B~!(£). The duality
Ax/m(€) = B7HE)

was already stated in [9] formula (5.31). We give a proof here, in particular to include
a discussion of the traceless case and to control the necessary restrictions on the
characteristic of the ground field.

Theorem A.2.6. There is a canonical identification between the natural short exact
sequences

0 —— T/ — Axym(E)” — End(€)" —— 0

[ 1= —Tr |

0 — Kxyypg — B7L(€) ——— End(E) —— 0.
There is also a traceless analogue:

0 —— Ty g —— A% (E)F —— End®(£) —— 0

| 1= ~Tr|>

0 —— Kyjpg — "B7HE) ——— End(E) —— 0.

Remark A.2.7. Note that the vertical maps on the right-hand side are given by the
opposite of the isomorphism induced by the trace pairing.

Proof. Following [16, Sect. 2.1.1.3], let us define a pairing

ERE(2A) x ERE(A) = Ox:
(Y1,9h2) = res ¢y -F 1ho),

where “1py denotes the transposition of 1), that is the pull-back under the map that
exchanges the two factors of the fibred product X x ¢ X. This means that ‘1), is a
section of £°KE(A). Then we observe that the product 17 -t 15 is a section of Kx/jpm X
Kx/m(34), after taking the trace Tr: £®E° — Ky a on each factor. Since res is zero
on Ky p ™MKy a(A), the pairing descends to a pairing on the quotients

ERE(2A)  ERE(A)
—) —Zme XEmea)

*)Ox.
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We claim that this pairing is nondegenerate. In order to check this, observe that it is
defined on the central terms of the two short exact sequences (32) and (33),

End(€) = Togd seee () = End(€) ® Kixym
! !
PO . g ED o
o1 +
End(E) @ Tooypm = Soieint EXEND) o £pd(E).

Using the fact that res vanishes on Ky a X Kx/r(A), we note that the pairing is
identically zero when restricted to the product of the kernels 5%‘;}? ) % gggg%f_o INE
Therefore, it induces pairings on the products of the kernel of one sequence with the

quotient of the other one, that is, on End(&) x End(£) and End(E) @ Ty ya X End(E) @
Kx/m-

Lemma A.2.8. The residue pairing (—,—) factorizes through the trace pairings —Tr on
End(&) x End(E) and +Tr on End(E) @ Txypmq x End(E) @ Ky

Proof. Consider ; a local section of g%gg(? ) g%%gf) and 9 a local section of
%. As explained above, (11,1)2) depends only on (11,12), where 15 is the class

of 13 in g%%;(? ) Tt will be enough to do the computations locally. Choose (as in [20]) a
local coordinate = at a point p € X, and let (x,y) be the induced local coordinate at the
point (p,p) € A. Then the local equation of A is x —y = 0. Let e; be a local basis of £
and e its dual basis. Then we can write the local sections 1 and gy as

b= Y eio D 4y g = Y ey O,
k,l

2¥]
for some local regular functions c;; and Sy;. Then the local sections ¢q and ¢2 of End(E)
associated to 11 and 1y are given by

¢1= Zei ®eja;j(z,0) and ¢g = Zek ®e; Bri(x,0).

[N k,l

Then we compute

aij (x7y - x)ﬁkl(yax - y)

(th1,42) =188 Zei@?ef'ek@e; P dzdy
ijkl Yy
— aij(y — ) Bji(y,x — y)

=res dxdy
Z]: —(z—y)?

=- Zaij(zvo)ﬂji(xao) = —Tr(¢1¢2).

ij
The computations for the second case are similar. O

https://doi.org/10.1017/51474748022000196 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748022000196

484 M. Bolognesi et al.

Since the trace pairing Tr is nondegenerate, we deduce from the above lemma that the

pairing (—,—) is also nondegenerate.

Now, we observe that Ay a(E) C % and that % — B71(E). We want to
prove that the restriction (Ax,a(€),—) descends to B~(£), but this follows from the
definition of Ay, (€) by pull-back via Ty /p @ End(E) and the definition of B~(E) by

T
push-out via End(€) ® Kx/m - Kx/am, and the duality between these two maps. Hence,
we obtain a nondegenerate pairing

(= =)t A aa(€) x BH(E) — O
The same argument yields nondegeneracy of the traceless version of this pairing:

(==) : A%y (E) x°B7H(E) — Ox. -

Remark A.2.9. The duality between Ay, (€) and B~1(£) was constructed by Sun-

Tsai in [50, Lemma 4.11.2] using a local description of B~!(£). Note that their claim

involves the Atiyah algebroid Ax,a((E*), which is isomorphic to Ax/(€) but has

opposite extension class.

Remark A.2.10. We note that
EXE(A) (1)
—————=D E)RK .
ERe(-a)  DrmlE)@Kx/m

Thus, the pairing (—,—) described in the above proof induces a natural isomorphism
between Dg(l;M(é')* and Dg{l}M (&)@ Kx/m-

Appendix B. The splitting of the adjoint map

In this appendix, we collect some representation-theoretical facts needed in the proof of
Proposition 5.0.2. We will work in the following framework. We will denote by £ a rank
r vector bundle on a smooth algebraic variety X and as usual End®(€) will denote the
traceless endomorphisms of £. We need the characteristic p of the field k to be 0 or not
dividing .

First, we observe that we have two nondegenerate pairings induced by the trace,

Tr: End(€) x End(E) — Ox, (37)
Tr: End(End(£)) x End(End(E)) — Ox, (38)

which allow us to identify End(€) with End(€)* and End(End(E)) with End(End(E))*.
Moreover, we denote by

ad : End(E) — End(End(E))
ar (B [onf])

the Ox-linear map given by the adjoint for any local sections «, S of End(€E).

(39)
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Lemma B.0.1. Let o, be local sections of the vector bundle End(E). The Ox-linear
map

s:End(End(E)) =2 End(E) @End(E) — End(E)

a® B * B,a]

2r [
tr(a)

T

satisfies soad(a) = o — Idg, i.e., s is a splitting of the restriction of ad to End’(E).
Proof. It will be enough to check the equality pointwise. The statement then reduces to
check that for an r x r matrix A € M,.(k) we have the equality soad(4) = A — @Ir.
We consider the canonical basis {E;;} with 1 <4,j <r of M, (k). The dual basis of {E;;}
under the trace pairing (37) is given by {E};}. The claim then follows by straightforward
computation:

1
soad(A)=s | > E;®[AE;] | = o > AE;;Ej; — E;;AEji — E;i AE;; + Ej;E;; A
]

]

! (2rA—2tr(A)L).

=5 =

Lemma B.0.2. Using the identifications (37) and (38) given by the trace pairings, we
denote by s* : End(E) — End(End(E)) the dual of s. Then we have the equality

1
= —ad.
' =g a

Proof. As in the previous lemma, we will check the equality pointwise. By the definition
of the dual map s* and the trace pairings (37) and (38), it is easily seen that the claimed
equality is equivalent to the equality

tr(ad(A).B® C) = tr(A[C, B])

for any matrices A,B,C € M, (k). Note that the trace on the left-hand side is the trace
on End(M,(k)) = M, (k) ® M, (k). Again, this equality is proved by straightforward
computation:

tr(ad(4).BC) = > tr(E;; ®[A,E;]@ BeC) =Y _tr(E;C)tr([A E;;]B)

= t;(A[C,B]). m

We will also abuse slightly of notation and denote also by ad the Ox-linear map
End(&) — End(End®(€)) induced by the one defined in equation (39). We will write
instead adg : End®(€) — End®(End®(€)) for the restriction to End®(E).
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Proposition B.0.3.
(a) There exists a Ox-linear map

ad: A(E) = A(End’(£)),
extending, respectively, ad inducing the identity on Tx. Note that ad factorizes
through A°(£). We shall denote by
ady : A°(E) — A(End’(€))
the factorized map.
(b) There exists a Ox-linear map
5: A(End®(£)) — A°(E),
extending s : End(End®(E)) — End°(E), inducing the identity on Tx and such that
soadg = Id 40(¢)-
(c) With the notation of Appendiz A, there exists a Ox-linear map
ad: 'B~1(E) = "B~ H(End"(£)),
lifting adg and inducing 2r1d on the line subbundle Kx /-
Proof. Part (a) is proved in [5] pp. 188-189.
Part (b): We define 5 as the push-out of the exact sequence
0 — End®(End®(E)) — A% (End°(E)) = Tx — 0
under the Ox-linear map s. Then, by Lemma B.0.1, since s is a splitting of adgy, we see
that the extension class of the push-out is the same as the extension class of A%(£); hence,

these two vector bundles are isomorphic (see, e.g., [5] pp. 188-189).
Part (c): We recall from Theorem A.2.6 that there exist isomorphisms

O 3-’4%’//\/1(5)* —=B7HE) and gpan(e) :A%/M(Endo(é’))* — OB 1(End"(£)).
We then construct the map ad as the composition
ad = (2r)0gnao(e) 05 0 35 L.
Then ad induces (2r)Id on Ky, and, by Lemma B.0.2, ad lifts the map adg. O

Remark B.0.4. Proposition B.0.3 coincides with [50, Prop. 3.10]. Our proof is different
since we give a global construction of the liftings of the adjoint maps.

Appendix C. Basic facts about the moduli space M through the Hitchin
system

In this appendix, we give proofs for some of the basic facts about the moduli space of
stable bundles M (as in Section 4.1) that we use in the main body of the paper. These are
essentially all well known, but we were unable to find references for them in the generality
we need (outside the complex case). We therefore show here how they can all be obtained
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using the Hitchin system—a strategy once again due to Hitchin (cfr. [29, §6] and [30,
§5])—via some minor adaptations to the algebro-geometric setting.

C.1. The moduli space of Higgs bundles and the Hitchin system

We will denote by M™% the moduli space of semi-stable Higgs bundles with trivial
determinant (and trace-free Higgs field)—all still relative over S as before. This space is
singular but normal and comes equipped with the Hitchin system, a projective morphism
¢ to the vector bundle 7y : H — S associated to the sheaf @’{ZQWSJ(E/S over S. This
morphism is equivariant with respect to the G,,-action that scales the Higgs fields and
acts with weight i on 7, K}, /s- The fibres of 7y : M58 5 G have a canonical (algebraic)
symplectic structure on their smooth locus, which extends the one on Ty, /5" Closed points
in H give rise to degree r spectral covers of C. The locus whose spectral curve is smooth
is denoted by H'&.

C.2. Proofs
Proposition C.2.1 (Proposition 4.1.1(c)). There are no global vector fields on M.:

We*TM/S = {0}

Proof. Elements of mc.T)/s would give rise to global functions on T, /s As the

complement of M in M™% has sufficiently high codimension, these would extend by
Hartogs’s theorem to all of M™%, As they have weight 1 under the G,,-action, they
have to be pulled back from functions on H of the same weight, but there are no such
functions. O

Proposition C.2.2. The Hitchin symbol p™t is an isomorphism.

Proof. Elements of m., Sym?T 'M/s can be understood as regular functions on the total
space of Ty, /8 of degree 2 on all tangent spaces. In turn, these extend, by Hartogs’s
theorem, to M™:%% where they are of degree 2 with respect to the G,,-action that scales
the Higgs field. As the Hitchin system is equivariant, they are moreover obtained from
regular linear functions on the quadratic part of the Hitchin base, which is exactly given
by R'mg,Tc/s though ptit, O

To establish that p,« is injective, we can again adapt the reasoning from [30, §5]. By
Propositions 3.6.1 and 4.7.1 and Lemma C.2.2, it suffices to show that & is injective.
Lemma C.2.3 ([30, Proposition 5.2]). There exists a canonical isomorphism

U1y Oy QH* —— Rl’/TH*O,

of m«Ox-modules which is equivariant with respect to the natural action of G,, on
T« On @ H and the natural action twisted by weight —1 on Rlry . O.

Proof. Indeed, sections of H* give rise to fibre-wise linear functions on H, which pull
back by ¢ to functions on MH. As the latter has an algebraic symplectic structure on
M5 extending the canonical one on 7% M, these give rise to Hamiltonian vector fields
on M3 which are tangent to the fibres of ¢. Moreover, the inverse of the determinant-of-
cohomology line bundle £ naturally extends to MY and is relatively ample with respect
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to ¢. Taking the cup product with its relative Atiyah class gives a natural morphism
T« Ty 5 — R'7y.O. The composition gives a morphism H — R'my. O, which naturally
extends as a morphism of m4,Oy-modules to the desired morphism V.

To show that ¥ is an isomorphism, it can be argued as follows: As 7y factors over my,
and the latter is an affine morphism, we have that R'7mg.Opm = w3 (R1 O (’)MH). Now,
through the theory of abelianisation, we know that over a locus H° whose complement has
sufficiently high co-dimension, the morphism ¢ is a family of (semi-)abelian varieties. The
line bundle £ restricts to an ample one on the fibres, and for those fibres X it is known
that cupping with [£] is an isomorphism H?(X,Tx) — H'(X,0x). As the vector fields
on MM are independent, on each such X the space H(X,Tx) is given by the vector field
coming from H*. As a result, we find that, on H°, R'¢,Omu is a trivial vector bundle
and that the map U is indeed an isomorphism.

It is also straightforward to observe that the map W is in fact equivariant for the natural
Gyn,-action that is defined on all spaces, induced by the scaling of Higgs fields, provided
that we twist the action on R'my MY by a weight —1. O

Proposition C.2.4 (4.1.1(d)). We have that R'm.Opn = {0}.

Proof. It suffices to remark that sections of R'm..Oxq correspond to sections of
Rimyg,Opqm « of weight 0, which would correspond under ¥ to sections of weight —1, of
which there are none. O

Proposition C.2.5. The map U[L] : Tex Sym? Trmys — Rlﬂe*TM/S is an isomorphism.

Proof. We now want to restrict the isomorphism ¥ from C.2.3 to the subbundle of
T+ On @ H* of weight 2, which corresponds exactly to fibre-wise linear functionals on
Tes IS c2 /s which by relative Serre duality is exactly given by Rlm,.T¢ /s- On this space,

U restricts to give an isomorphism to R'7e.T /5. To show that this is a multiple of
®, one can argue as follows: If O is the structure sheaf of the first-order infinitesimal
neighborhood of M in M (cfr. [53, Tag 05YW]), we have the short exact sequence on M

0 —— Nigjpm — O —— Oy —— 0.

Here, N3, JMH is the co-normal bundle of M in M™, which is canonically isomorphic to
the tangent bundle Th,s. As by Proposition C.2.4 we have that R'm.,Or = {0}, this
gives

Rlﬂ'e*TM/S = lee*(’)(l).

If 7 is the ideal sheaf of M in MY, we have that O = (O u /T?) ‘M, and hence, we

have a restriction map
Riry Oppn —— Rim O = Rlm, Ty s,

which is the identity on lee*TM/S (sitting inside R'my.Op m as the weight 1 part).
So we only need to keep track of first-order information in the normal direction. We
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now claim that, for any A € RIWH*(Q}MH/S) which restricts to A € lee*(Q}\A/S), the
following diagram is commutative:

U2A

Tex Sym2 TM/S
WH*OMH lee*(’)(l). (40)
d\ 4‘crict

U
WH*Q}%H/S %) WH*TMH/S A Rl’iTH*OMH

Rlﬂ'e*TM/S

/:

In [30, page 379], this was shown using holomorphic Darboux coordinates on the total
space of Th,g, coming from (holomorphic) coordinates on M. The reasoning does not
strictly speaking need the latter choice though, and it suffices to work with a local
trivialisation of T/s. In this sense, it also goes through in an algebraic context, as
follows. Let U; be a covering of M by open affines, such that Ty, S|U,L- is free. For a fixed
i, we choose generators eq,...,e, of the latter. These can also be understood as functions
fiy--yfnon T/t/l/S‘UW' If we denote the dual sections to eq,...,e, as el,...,e", then we can

interpret their pull backs as one-forms on the total space of Ty, / S|U . The tautological
ad

one-form ¢ on the total space of Ty, /s can now be written locally as 6 =) foe®,
and the canonical symplectic form is therefore w = —df = )" _ df, Ae®. If a section of
Tew Sym? T'pys is locally written as G =3, 5 G*Pe,®es (with the GP € Op,), then the
corresponding element of w7, Opm can be written as Za’ 5 G*P f,fs. The corresponding
Hamiltonian vector field (with respect to w) in 7. is locally written as

=Y ey (GP) fafsh +2 G foep,
o, B,y o, B

(where, with a slight abuse of notation, we denote by ej,...,en,ht,...,h" the elements
of the basis of T 5 dual to el,....e™ dfy,...,dfn). After taking the cup product with
A (which we represent by a Cech cohomology class with respect to the open covering
17, / ¢) and restricting to OW | this gives indeed 2G UA. We conclude by applying this
to A =[L£], in which case the ‘bottom path’ of equation (40) is given by a component of
the isomorphism V. O

Corollary C.2.6. The map ® from (15) is an isomorphism.

Proof. This follows immediately by combining Proposition C.2.2, Proposition C.2.5 and
Proposition 4.7.1. O

Finally, as a corollary we also get the final fact we need in the proof of the flatness of
the Hitchin connection (Theorem 4.8.2):

Lemma C.2.7. The map p,or is injective.
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