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BGG reciprocity for current algebras

Vyjayanthi Chari and Bogdan Ion

ABSTRACT

In Bennett et al. [BGG reciprocity for current algebras, Adv. Math. 231 (2012), 276-305]
it was conjectured that a BGG-type reciprocity holds for the category of graded
representations with finite-dimensional graded components for the current algebra
associated to a simple Lie algebra. We associate a current algebra to any indecomposable
affine Lie algebra and show that, in this generality, the BGG reciprocity is true for the
corresponding category of representations.

Introduction

Macdonald polynomials are families of polynomials that depend on several parameters and are
associated to affine roots systems or, equivalently, to indecomposable affine Lie algebras g. They
encode a wealth of information at the intersection of combinatorics, algebraic geometry, and
representation theory. In particular, it is known that, for g twisted or simply-laced untwisted
and after a certain specialization of the parameters, nonsymmetric Macdonald polynomials are
the Demazure characters for the level one highest weight g-representations [Ion03, San00]. The
corresponding statement for the remaining affine Lie algebras is generally false.

In this paper, on one hand, we shall be concerned, for any indecomposable affine Lie
algebra g, with a uniform representation-theoretical interpretation of the symmetric Macdonald
polynomials after the specialization of parameters alluded to above, and, on the other hand, with
establishing a link between combinatorial and algebraic properties of Macdonald polynomials
and representation theory. The interpretation is in the context of the representation theory
of the current algebra €g which is defined, up to the scaling operator of g, as the special
(hyperspecial if g is of type Agi)) maximal parabolic subalgebra € of g. The current algebra €g has
a natural grading that arises from the action of the scaling operator of g. We shall be interested
in a category of graded representations of €g; from this point of view £ is a more canonical
object as it contains both €g and the scaling operator and a £-representation is essentially a
graded Cg-representation. The relevant category for us is denoted by ¢§ and has as objects the
representations of ¢ with finite-dimensional eigenspaces for the scaling operator. For instance,
the t-stable Demazure modules of the highest weight g-representations are objects in this
category, making it clear that ¢§ is not a semi-simple category. From this point of view, the
specialized symmetric Macdonald polynomials are graded characters of certain universal objects
in ¢§, called local Weyl modules (Theorem 4.2).

In the light of this representation-theoretical interpretation, our goal is to establish for
¢§ an analogue of the reciprocity result proved by Bernstein—Gelfand-Gelfand [BGGT76] for the

Received 16 August 2013, accepted in final form 19 August 2014, published online 9 February 2015.
2010 Mathematics Subject Classification 17B10, 17B67, 33D52 (primary).
Keywords: current algebra, Weyl module, Macdonald polynomial.
V.C. was partially supported by DMS-0901253. B.I. was partially supported by the Romanian National
Authority for Scientific Research (CNCS-UEFISCDI) grant no. 88/05.10.2011.
This journal is (© Foundation Compositio Mathematica 2015.

https://doi.org/10.1112/50010437X14007908 Published online by Cambridge University Press


http://www.compositio.nl/
http://www.ams.org/msc/
http://www.compositio.nl/
https://doi.org/10.1112/S0010437X14007908

V. CHARI AND B. IoN

category O of a simple complex Lie algebra L. The reciprocity was conjectured in [BCM12] for
current algebras associated to untwisted affine Lie algebras and it was proved there for the current
algebra of type Agl) and later in [BBCKL14] for the current algebra of type Ag). In this paper,
we give a uniform proof of this conjecture for all indecomposable affine Lie algebras g. Our
argument rests on the observation in [BBCKL14, §3.10] that the BGG reciprocity statement
for the category ¢§ follows from the graded character equality of the objects that appear in
the statement. In [BBCKL14], the necessary graded character equality was established using a
Cauchy kernel expansion that does not exist beyond type A. To address this impediment, we
introduce a new scalar product (3.8) on a relevant ring of characters and show that the specialized
symmetric Macdonald polynomials normalized by their square norms with respect to this scalar
product are the graded characters of a second family of universal objects in F, called global Weyl
modules (Proposition 4.3). Using these facts, the BGG reciprocity statement ultimately becomes
the manifestation of a simple scalar product identity for specialized Macdonald polynomials
(Proposition 3.4).

We present below a brief account of the BGG reciprocity statement and its proof.

Recall that the BGG reciprocity for the category O of L describes the relationship between
the following objects in O: the simple objects V(\) (parametrized by elements of the dual of a
fixed Cartan subalgebra of L), their projective covers P(\) (which are indecomposable objects
in O), and a third family M () of indecomposable objects, called Verma modules. The Verma
modules are crucial for our understanding of the category O but the categorical properties
that distinguish them seem to be elusive. The projective covers of simple objects have a finite
filtration by Verma modules and the Verma modules have finite length and therefore admit a
Jordan—Holder series. The BGG reciprocity states that the filtration multiplicity of a Verma
module M (p) in the projective cover P()\) is equal to the Jordan-Hoélder multiplicity of V()
in M(u).

The simple objects of ¢F are parametrized by pairs (A, k) where \ varies over an index set of
irreducible finite-dimensional representations of the Levi factor g of € (a simple Lie algebra) and
k varies over the integers. For the moment, to avoid unravelling more structure and introducing
more notation, we will denote them by V(A, k) and denote their projective cover by P(\, k).
The analogues in ¢§ of the Verma modules are called global Weyl modules and denoted by
W (A, k). This concept was defined in [CP01] for untwisted affine Lie algebras; we give here a
uniform construction for all affine Lie algebras. A second family of indecomposable objects in ¢§
consists of the unique maximal finite-dimensional quotients of W (A, k) in ¢F; these are denoted
by Wiec(A, k) and called local Weyl modules. A deep result in the theory is the freeness of W (A, k)
as a module over a certain polynomial algebra A ). This allows us, for example, to relate in a
precise way the graded g-characters of W (A, r) and Wi (A, 7).

There are similarities but also significant differences, not only between the categories O and
¢5, but also between the structure of the Verma modules and that of the global Weyl modules.
One complication is the fact that global Weyl modules are not of finite length. Nevertheless,
there exists a BGG-type reciprocity in this context (Theorem 4.7): any P(\, k) has a filtration
by global Weyl modules, and the filtration multiplicity of W (u,s) in P(\, k) is equal to the
Jordan—Holder multiplicity of V/(A, k) in Wiee(, ).

The proof follows the strategy laid out in [BBCKL14]|. For any object M in ¢§ one can
construct a more or less canonical descending filtration and a direct sum of global Weyl modules
that surjects onto gr M, the graded object associated to the filtration. To show that this
construction, when applied to P(\, k), produces a bijection between the appropriate direct sum
of global Weyl modules and gr P(\, k) it is enough to compare their graded g-characters and
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it can be seen that, in fact, the equality of multiplicities in the BGG reciprocity statement
implies that P(A, k) has a filtration by global Weyl modules. Taking into account the fact
that the graded g-characters of local and global Weyl modules can be expressed in terms of
specialized symmetric Macdonald polynomials, we establish the equality of multiplicities in
the BGG reciprocity statement as a consequence of a scalar product identity for specialized
Macdonald polynomials.

In conclusion, we point out that the conventional definition of the current algebra is as
follows. The current algebra L[t] associated to a simple complex Lie algebra L is the Lie
algebra of polynomial maps C — L. It can be identified with the C-vector space L ®c C[t]
with Lie bracket the C[t]-bilinear extension of the Lie bracket of L. The current algebras L[t] are
isomorphic (as Lie algebras) with the algebras €g for g an untwisted indecomposable affine Lie
algebra. A twisted current algebra is conventionally defined as a fixed point subalgebra of L]t]
under an automorphism induced by a non-trivial outer automorphism of L. With the exception
mentioned below, the twisted current algebras are isomorphic to the algebras €g for g a twisted
indecomposable affine Lie algebra. For L of type As,, the fixed point construftion corresponds
2
2n

different from our algebra €g. The theory of local and global Weyl modules for the hyperspecial

to a special, but not hyperspecial, maximal parabolic subalgebra of g of type A,/ and it is hence
maximal parabolic in type Agl) is developed in [CIK14]. The validity of the freeness property
of the global Weyl modules for the hyperspecial maximal parabolic subalgebra indicates that
perhaps there must be a more general and coherent theory of local and global Weyl modules

extending beyond the usual map algebras or equivariant map algebras studied, for example, in
[CFK10, NSS12, FMS14].

1. Affine Lie algebras

1.1 Hereafter, unless otherwise specified, all vector spaces are complex vector spaces and ®
stands for ®c.

1.2 We refer to [Kac90] for the general theory of affine Lie algebras. Let A = (a;;)o<i j<n be an
indecomposable affine Cartan matrix, S(A) the Dynkin diagram, and (ao, ..., a,) the numerical
labels of S(A) in Table Aff from [Kac90, pp. 54-55]. We denote by (ay,...,a,,) the labels of
the dual Dynkin diagram S(*A) which is obtained from S(A) by reversing the direction of all
arrows and keeping the same enumeration of the vertices. The associated finite Cartan matrix
is A= (aij)i<i j<n- Note that ay =1 for all indecomposable affine Cartan matrices while ag = 1

in all cases except for A = Agl) for which ag = 2.

1.3 Let (h, R, RY) and (h, R, RY) be realizations of A and A, respectively, and let g and § be the
associated affine and finite-dimensional simple Lie algebras, respectively. We can arrange that
fo) b, R C R and that g is a Lie subalgebra of g. The subspaces b and h are the corresponding
Cartan subalgebras, and R, R are the root systems corresponding to (g,b) and (g, f)), respectively,
and we have

i=hePg.. s=00P s (1.1)

aER CMEFOE

We refer to [Kac90] for the details of this construction.
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1.4 Fix a Borel subalgebra h C b of g and the corresponding Borel subalgebra f) C b of g.
For later use, we denote the corresponding nilpotent radicals by n and n, respectively. Let RT
and R* be the set of roots of (b, ) and (b, ), respectively. With the notation R~ := —R" and
R~ = —R* we have

R=R"UR™, R=RY'UR". (1.2)
Let {c; }o<i<n be the basis of R determined by R™ and let {c }o<i<n C b be the corresponding set

of coroots. The basis of R determined by R* is {a;}1<i<n and {7 h<icn C h are the associated
coroots.

1.5 The center of g is one-dimensional and is spanned by the canonical central element
K=ajaj +---+ala) €h. (1.3)

Fix d € b such that ap(d) = 1 and «a;(d) = 0 for 1 < i < n; d is called the scaling element
and is unique modulo the subspace spanned by K. With this notation, we have the following
decomposition

h=ho CK & Cd. (1.4)

Let
§=apap+ -+ anan € RT (1.5)

be the positive non-divisible null-root in R. For 1 < i < n, define A; € h* by Ai(e) = i, for
1 < j < n, where 0; ; is Kronecker’s delta symbol. The element A; is the fundamental weight of
g corresponding to . We also define Ag € b* by Ag(a)) = g, for 0 < j < n, and Ag(d) = 0.
The element A is the fundamental weight of g corresponding to .
We have
b* = h* & Cs & CA,. (1.6)

An important role is played by the root
0 =aion + -+ anay, € RY. (1.7)
)

o » and is the dominant short root

This is the highest root of R if g is untwisted or of type A
otherwise.

1.6 We will add R as a subscript whenever we refer to the real form of § or h* spanned by the
simple coroots and d, or by the simple roots and Ag, respectively. A similar convention applies
for f) and f)*

The following defines the non-degenerate normalized standard bilinear form (,) on hg:

(Ozi, Oéj) = di_laij, 0 < i,j < n, (Ao, Oéi) = LoCLal and (Ao, Ao) = O, (1.8)
with d; := aia;/_l. In particular, we have
(6,b%) =0, (5,6)=0 and (6,Ao)=1. (1.9)

The corresponding isomorphism v : hr — b sends «) to d;a;, K to §, and d to agAg. We will
routinely identify elements via v and regard, for example, coroots and coweights as elements

of bp.
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1.7 With respect to (,), the real roots of R have three possible lengths if g is of type Agi),
n > 2, the same length if the affine Dynkin diagram is simply laced, and two possible lengths
otherwise. We denote the set of short roots by R, the set of long roots by Ry, and, for g of
type Agi), denote the set of medium length roots by R,,. To avoid making the distinction later
on, if there is only one root length we consider all real roots to be short. Similar notation and
conventions apply to R.
Observe that
(0,60) =2ap and max(a,a)=2r (1.10)
a€ER

where r is the numerical label of Table Aff r in [Kac90] corresponding to the Dynkin diagram
of g. For any a € R, it is convenient to consider the integer

ro i= max{ (O"20‘),1}. (1.11)

The imaginary roots of R are

R™ = (Z\{0})5,

while the real roots are

R* := L(R+ (2Z +1)6) U (R + 2Z5) if A=A,
R := L(Ry+ (2Z+1)8) U (Ry + Z6) U (Ry +225) if A= AP n>2,
R™ := (R + Z6) U (R + rZ6) otherwise.

The positive affine roots can be described as RT = R™" U R"™* where R™* = Z-,d, and

Rt = L(RT 4 (2250 + 1)6) U L(R™ + (2Zs0 + 1)6) U (RT 4 2Z200) U (R~ + 2Z500)  for AP
= (RS + (2Z50 + 1)8) U L(R; + (2Z0 + 1)0) U (RS + Z=06) U (R, + Z=00)
U (R} + 2Z506) U (Ry + 2Z08) for A n > 2

R = (R} + Z>06) U (RS + Z=06) U (Ré|r + 1rZ=00) U (R; +1Z00) otherwise.

Let {Ai}1<icn and {AY | AY = d; 'A;, 1 <4 < n} be the fundamental weights and fundamental
coweights of g, respectively. The weight and root lattices of g are denoted by P and Q and the
lattice spanned by {a;" | 1 <4 < n}, is denoted by @V The root lattice of g is denoted by Q. For
us, the relevant set of weights of g is the integral lattice spanned by {A;}o<i<n and a; 1§, which
we denote by P. We have P = P& ZAy & Za615, while @ = Q @ 706 unless g is of type Aéi)
in which case Q B Z6 C Q is a sub-lattice of index two. To be able to have uniform statements in
certain situations we need to consider the lattice Q C Gi, defined as the orthogonal projection of
Q@ C by onto hﬁi The lattice Q equals Q unless g is of type Agl) for which Q C Q@ is a sub-lattice
of index two. The set of dominant and anti-dominant weights of g is denoted by Pt and 15_,
respectively; the set of dominant elements of P of g is denoted by P*. Define Q°+ and @+ as the
cone spanned by R* inside Q and, respectively, Q.

1.8 Given v € R™ and x € h* let

o (1.12)
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The affine Weyl group W is the subgroup of GL(hy) generated by all s, (the simple reflections
Si = Sa;, 0 < @ < n, are enough). The finite Weyl group W is the subgroup generated by
51,...,5n. The bilinear form on by is equivariant with respect to the affine Weyl group action.
Both the finite and the affine Weyl group are Coxeter groups and they can be abstractly defined
as generated by s1, ..., s,, respectively sq, ..., s,, and the following relations:

(a) reflection relations: s? = 1;

(b) braid relations: s;s;--- = s;s;--- (there are m;; factors on each side, m;; being equal to
2,3,4,6 if the number of laces connecting the corresponding nodes in the Dynkin diagram
is 0,1, 2, 3 respectively).

For z € h* we denote by W (z) and W () the orbit of z under the action of W and W, respectively.
Let M C f)ff% be the lattice generated by W(aa 19). The affine Weyl group contains the finite
Weyl group and a normal abelian subgroup isomorphic to M. We will denote the latter by 7(M)
and its elements by 7, u € M. The action by conjugation of W on 7(M) and the usual action

of Won M C bfﬁa are related by
’UOJTM’UO,f1 = T (p)- (1.13)

This allows W to be presented as a semidirect product W = W x M.
For any real number s, the subset b} = {z € br | (z,d) = s} is an (affine) hyperplane of b,
called the level s of hy. We have

b: = by + sAo = b + RJ + sAo. (1.14)

The action of W preserves each b} and we can identify each level canonically with b and obtain
an (affine) action of W on hj. If s; € W is a simple reflection, write s;(-) for the usual (level
zero) action of s; on by and s;(-) for the affine action of s; on b corresponding to the level one
action. For example, the level zero action of sy and 7, is

so(x) = sg(x) + (:13,9)(1616,

(1.15)
TM(‘T) =T (CE, /1')57
and the level one action of the same elements is
so(z) = sg(x) + (z, H)aalé — ag, (1.16)

Tulw) =z + p — (2, 1)8 — §|ul?.

The level one action on b induces an affine action of W on f)ﬁ% As a matter of notation, we
write w - x for the level one affine action of w € W on z € bhy. For example,

s0 -z = sg(x) + ag 0,

(1.17)
Tp T =2+ W
The fundamental alcove is defined as
C:={zebi| (x4 Mo, a))>00<i<n}. (1.18)
We remark that )
P = (PNC)+ Ay (1.19)
is the set of level one dominant weights of g and that
Op:=PNC (1.20)

is a set of representatives for the level one W orbits on P.
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If we examine the orbits of the level zero action of the affine Weyl group W on the real affine
roots R we find the following:

(a) if g is not of type C’él) there are as many orbits as root lengths;

(b) if g is of type C'V then there are three orbits:
W() = Rs+ 76, W(an) =Ry +2%5 and W(ag) = Ry + (2Z + 1)0.

1.9 For A € P, let V(A) be the unique irreducible highest weight g-module with highest weight
A. For each w € W and A € P the weight space V(A)w(a) is one-dimensional. The b-module
generated by V(A),(x) depends only on w(A) and is denoted by D(w(A)). These modules are
called Demazure modules and they are finite-dimensional vector spaces. The eigenspaces of the
scaling element d define a canonical Z-grading on the Demazure modules. Replacing A with
A+ say 1§ produces modules that differ only in the d action: the grading of one is a shift of the
other. In this paper, we are concerned with the Demazure modules of g associated to a level one
dominant weight. Since

PF = (PNC)+ Ao, (1.21)

the level one Demazure modules are of the form D(\+ say 6+ Ag) with \ € P. As these are the
only Demazure modules we will be concerned with, to keep the notation as simple as possible,
we will use D(\ 4 sag'8) to refer to D(\ + sag 6 + Ag).

To a Demazure module D(w(A)) we can associate its character

X(D(w(A))) = e >~ dime(D(w(A))r) - e (1.22)
YTeP

For A € P*, let V()\) be the unique highest weight g-module with highest weight A. The
Demazure modules in V(\) are defined in an analogous way and will be denoted by D(y), where
1€ W(N). If w, denotes the longest element of W, then D(wo())) coincides with the highest
weight module V (\).

1.10 We shall say that g is an affine Lie algebra of type I if it is indecomposable and either a
simply-laced untwisted affine Lie algebra or a twisted affine Lie algebra. We shall say that g is
an affine Lie algebra of type II if it is an indecomposable, non-simply-laced, untwisted affine Lie
algebra.

The type I algebras are distinguished by certain special properties and we list those which
are most relevant for our study. They are precisely the indecomposable affine Lie algebras for
which «g is a short root. Further, M = Pif g is of type A(Qi) and M = Q otherwise. The set of
non-zero elements of Op is empty if g is of type A;i) and is the set of minuscule weights of g
otherwise.

The root system R determines the affine Lie algebra g of type I uniquely except when g is

of type Aéi)_l or Agi) in which case R is of type C,. A faithful invariant in this sense is

R={aj|acR}Ch (1.23)

which is again a root system, possibly non-reduced. We have R = R in all cases except for g of
type Agi) for which R is BC),, the unique irreducible non-reduced root system of rank n. The
correspondence between the set of type I affine Lie algebras g and the set of irreducible (possjbly

non-reduced) root systems R is bijective. The lattice @ is precisely the lattice spanned by R.
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2. Current algebras

2.1 An important Lie algebra is the maximal standard parabolic subalgebra of g corresponding
to the Dynkin diagram of g. The center of g splits over this maximal parabolic and for this reason
it is preferable to work with the maximal parabolic modulo the center. Therefore, let

t=(hoCde P gpue P o (2.1)

acRt aER—

Let us also establish the following notation: Ry = R U ];?_, R, = R \Ry, R; = R;eﬂr U Rim

and
Rt = (L(RT + 22+ 1)§) U (BT +Z8)) N R™F if A= AP,
Rt = (AR} + 2Z+1)6) U(RT +Z8) N R if A= AP n>2
Rge’Jr = (R* +Z8) N R otherwise.
Define )
= P saCre=EP sdn™ =P o, fe= P 0o (2:2)

ozeRr{,‘e‘Jr ozERé+ k€Z>0 a€R,

The current algebra is defined as the ideal of ¢ described as

Cg=ha P 9.® P 9o (2.3)

CVGR+ aeé*

Note that ng = n;* @ n'™ and €g =1y @ f) B ni™ P n;°. The scaling element d acts both on € and
¢g inducing Lie algebra Zsg-gradings. The degree zero Lie subalgebras are £(0) = g & Cd
and €g(0) = @, respectively. The subspaces consisting of strictly positive homogeneous
components are ideals denoted by £, and €g,, respectively. Therefore, the following short
exact sequences split as £-modules:

0—>t - t—€0)—0, 0—Cg, - Cg— Cg(0)— 0. (2.4)

For later use we denote by 7 : £ — £(0) the canonical surjection and by 9 : £(0) — ¢ the canonical
injection (a splitting of 7); they are Lie algebra morphisms.

Remark 2.1. The current algebra is typically defined in the literature as follows. Let L denote
a simple Lie algebra and o a diagram automorphism of L whose order we denote by m. Recall
that there is a bijective correspondence between (isomorphism classes of) indecomposable affine
Lie algebras g and pairs (L, ¢), and under this correspondence § is isomorphic to the fixed point
Lie subalgebra L?. In fact, the Kac label for the Dynkin diagram of g is X (™) where X is the
Dynkin type of L. Given an indeterminate ¢, the Lie algebra L]t is defined as the vector space
L ® C[t] with Lie bracket given by [z ® f,y ® g] = [z,y] ® fg for z,y € L and f,g € C[t]. The
automorphism o can be extended to L[t] by o(z® f(t)) := o(2)® f (e~ ?™/™t). The fixed point Lie
subalgebra L[t]? is called a current algebra in the literature. The Lie algebras €g and L[t]? are

isomorphic in all cases with the exception of g of type Aéi) In this situation, L[t]? corresponds
to the special, not hyperspecial, standard maximal parabolic subalgebra of g and, furthermore,
Cg corresponds to the hyperspecial standard maximal parabolic subalgebra ¢ of g (see [Tit79]).
Therefore, for g of type Agi) all the concepts discussed in this section are considered here for the

first time.
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2.2 Let M be a t-module. Since the central element is not contained in ¢ the relevant set of
integral weights is Py = P @ ag 17.6. We denote by P;’ the subset of dominant elements of F;
more precisely, P;r =Pt ag 17.6. We say that M is a weight £&-module if

M= P My, (2.5)

AEP;

where My = {m € M | h-m = A(h)m,Vh € h & Cd} is the weight space of M corresponding to
A. Denote by wt(M) the set of weights for which the weight spaces are non-zero. Note that the
weight t-modules have a canonical Z-grading given by the eigenspaces of d.

We have a corresponding notion of weight €g-module where the set indexing the weights is
P and the abelian subalgebra is f), in other words, a weight g-module. The set of weights with
non-zero weight spaces for the weight €g-module M is denoted by Wt( ). We use the same
notation for any weight g-module.

As is well known, for A € P+ we have wt(V(A\)) = W({u € PT | A— p € Q*}). Again, to be
able to write some uniform statements we also need to consider the set

Wi(V() =W({pe P [A-peQ )
which is identical to wt(V())), unless g is of type Agi)

2.3 We define the following two categories. The first category, denoted by @QSZ , has as objects
the Z-graded weight €g-modules with finite-dimensional graded components; the morphisms
are maps of Z-graded €g-modules. The second category, denoted by &, has as objects the
weight £-modules such that the eigenspaces of d are finite dimensional; the morphisms are maps
of £-modules. For current algebras, the homological properties of the category ¢QSZ were first
studied in [CGOT7], and the interest in these properties gradually emerged from a long sequence
of developments that started with [Cha86, CP01] as a category relevant to the structure of
the category of finite-dimensional representations of (quantum) affine Lie algebras; it is also the
natural context for certain questions in mathematical physics.

Let % : ¢§ — ¢§ be the following duality functor. If M is an object in ¢§ then M™* is the
t-submodule of Homc (M, C) which is spanned by the linear duals of the d-eigenspaces of M;
for morphisms f : M — N, f*: N* — M* is the restriction to N* of Homc(-,C)(f). It is a
straightforward check to see that %2 is naturally isomorphic to the identity functor of ¢3.

ProPOSITION 2.2. The categories ¢Q$Z and ¢§ are isomorphic.
Proof. The relevant functors relating the two categories,
F:of = 8 Giegd =3, (2.6)

are defined as follows. The functor F' remembers only the €g-module structure and the Z-grading
induced by the action of d. The functor G extends the €g-module structure to a £-module
structure by letting d act as multiplication by m on the mth graded component of a €g-module.
It is straightforward to verify that the two functors are inverse to each other. O

Many of the concepts that have been studied in the context of the current algebra and the
category QQSZ can, thanks to Proposition 2.2, be naturally studied in the context of the maximal
parabolic algebra and the category ¢§ and we adopt this point of view in this paper.
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2.4 Let ¢ be the category with objects that are £(0)-modules such that the eigenspaces of
d are ﬁmte dimensional; the morphisms are morphisms of £(0)-modules. Another description
of this category would be as the category of graded g-modules with finite-dimensional graded
components. It is a semi-simple category and its simple objects are the irreducible highest weight
modules with highest weight of the form A + kd € P;"; we denote such modules by V(A + ko).
An alternative description of V()\ +kd) would be as the graded g-module whose unique non-zero
homogeneous component is V()\) in degree apk. Note that V(/\ + ko) are projective objects

" é(r_()[?gé Lie algebra homomorphism 7 : ¢ — €(0) induces the pull-back functor
{0)S = €3 (2.7)

The map 9 : £(0) — ¢ gives rise to the usual induction and restriction functors
mdB 03 = 3, 1"esE S OLT (2.8)

where indg(o) M = U(t) @y (o)) M. Recall that mdg(o) is a left adjoint for resg(o).

For all & € R let x4 € §o be such that the set {z4 | o € R} U {ay | 1 <i < n}isa Chevalley
basis of g.

ProposiTioN 2.3. Up to isomorphism, the following hold:
(i) TF*‘D/()\ + kb)), A+ ké € P;", are the simple objects in 3;
(ii) indﬁ(o) V(A + k&) is the projective cover of its unique simple quotient 7V (X + ké).
Proof. This is part of Propositions 1.3 and 2.1 in [CGO07]. We briefly sketch the argument for
the reader’s convenience.
For the first part, we note that since ¢ is graded by Z=¢, the action of € can only raise degree
and therefore a non-homogeneous module has proper submodules. Since homogeneous objects

are finite-dimensional g-modules our claim follows.
For the second part, indﬁ(o) being a left adjoint is right exact and sends projective objects to

projective objects. Therefore, indg(o) V()\ + k0) is projective. The kernel of the epimorphism
indggy V(A + k6) — 7V (A + ko) (2.9)
ist, U(ty) ®f/()\+(l)€6) which can be seen to be a superfluous submodule of U (€) @y (¢ (0)) V(A\+kd)
because 1 @ (¢(0)) V(A + k) generates it. If
indg gy V(A + k8) — 7V (1 + md), (2.10)

with p+md # A+ kd, is another simple quotient then 1 ®g ¢ (o)) V()\ + kJ) must be in the kernel
so the quotient map is trivial. O
2.5 For A\ + k6 € P;", let vy1xs be a highest weight vector of V()\ + ko). Then, the simple
£(0)-module V(X + k¢) is generated by vyiks with the relations

n- Ur+ks = 0)

h - U)\+k6 = (A+k0)(h)vrtks, h€ 6 @ Cd, (2.11)
(j\aa + “Uxntks =0, a€ R+.

Writing P(A+ ké) = indg(o) V(A +k6) and pyirs = 1 @ vnss, we observe that the projective
cover P(\ + k) is the t-module generated by pyixs with the same relations.
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2.6 Let < be the dominance partial order on Pt @< Aif and only if A —p € @Jr. Following
[CFK10], we define, for A + kd§ € P,', the global Weyl module W (X + kd) as

P(A + kd)
Zu,{)\,seaalz U(E)P()‘ + k(s)u+s6 .

W (A + ké) = (2.12)

PROPOSITION 2.4. For A + ké € P;", we have:

(i) W(X+ kd) is the maximal quotient of P(\ + k&) such that wt(W (X + k8)) C wt(V/(N));
(ii) W (A+kd) is the maximal quotient of P(A+ k&) such that wt(W(A+kd))N{u | X < p} = &;
(ili) W(A 4+ k9) is the t-module generated by an element wy s with the relations

- warks = 0,
B wains = A+ k8)(R)wasrs, h € hdCd, (2.13)

AaV)+1 . 5t
T_p *WA+kS = 0, ac R+7

o

(iv) dimc(W (A +Ed)ryrs) = 1 and W(A+k0d) is indecomposable with 7*V (A +kd) as its unique
simple quotient.

Proof. The first three statements are consequences of the PBW theorem; see, for example,
[CFK10, Proposition 4] and [BBCKL14, Proposition 3.3, Lemma 3.7] for details. Part (iv) follows
from part (ii) and Proposition 2.3(ii). O

As a €g-module, the global Weyl module W (A + kd) is the €g-module generated by the
element wy s with the relations

0 wygps =0,

h-wyiks = A(h)wyigs, h € fo), (2.14)
x(_A&av)H cwas =0, a€ R

Remark that, as €g-modules, the global Weyl modules for fixed A are isomorphic, their
distinguishing property as &-modules being their graded structure.

The global Weyl modules were originally introduced by generators and relations for the
untwisted affine Lie algebras in [CPO1] but, as pointed out in [CLO06], the definition can be
made for current algebras and all the results go over to the case of the current algebras. The
theory of global Weyl modules for the current algebras associated to twisted affine Lie algebras
is developed in [CIK14].

2.7 Consider the commutative algebra

A:U(G@nim)zU( P gk5>. (2.15)

k’EZ;o

The scaling element d normalizes h ®n'™ and therefore endows A with a canonical Zq-grading.

Since A is a subalgebra of U(€g), the enveloping algebra U(€g) acquires a right A-module
structure. Keeping in mind that the global Weyl module is a cyclic U(€g)-module, one
can see that the left ideal generated by the relations (2.14) is also a right A-submodule
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(see [CFK10, §3.4] for details). The annihilator of wy s in A is a graded ideal of A, independent
of k. With the notation

Ay = A/Annp (wy), (2.16)

we see that the global Weyl module W (A+£9) is a U(€g) — A y-bimodule. The graded structure of
W (A+kd) is compatible with the grading of A and therefore W(A+kd) is a U () — A y-bimodule.

THEOREM 2.5. For A+ ké € P;', the following hold:

(i) the map
Ay — @ WA+ k6)rtjs = @ WA+ Ed)atjs, 0> Waths - a
JEL Jjzk
is a linear isomorphism;
(ii) W(A+ ko) is a finitely generated A x-module;

(iii) the algebra A is isomorphic as a graded algebra to the polynomial C-algebra in variables
Tir, 1<i<n,1<r<(Na)), where T, has degree agrq, if i < n and degree r,,, ifi =n.

Proof. Part (i) is immediate from the definition of A ). Parts (ii) and (iii) were proved in [CFK10,
Theorem 2] and [CFK10, Theorem 4] for g untwisted. The results were proved in [CIK14,
Theorem 1, Proposition 6.3, Theorem 8] for g twisted. O

2.8 The local Weyl modules are defined as
Wioe(A + kb, m) = W(XA + ké) ®a, (Ax/m), (2.17)

where m is a maximal ideal of A . Using Theorem 2.5(ii), we see that the local Weyl modules
are finite dimensional. Their importance in the study of the category of finite-dimensional
U (t)-modules arises from the fact that any finite-dimensional cyclic highest weight U (£)-module
generated by a one-dimensional A-weight space is a quotient of Wi,.(A, m) for some maximal
ideal m of A (see [CPO1, Proposition 2.1] and [CFS08, Lemma 2.5]). The local Weyl module
corresponding to the unique maximal homogeneous ideal of A is an object of +§; we denote this
module by Wiy (A + k9).

PROPOSITION 2.6. For A+ kd € P, the following hold:
(i) Wiee(A + kd) is the maximal quotient of P(X + k&) such that wt(Wiee(A + k) C Wt(V ()
and dime Wige(A + k6)avjs) = 6;4 for j € ay'Z;
(ii) VngC()\—{—k:(S) is a finite-dimensional, indecomposable object of ¢§ with unique simple quotient
V(A + ké);
(iii) Wioe(A + k&)* has simple socle soc(Wige(A + k6)*) = (7*V (\ + kd))*;
(iv) Wiee(A + k6) is the t-module generated by an element uys with the relations

Mg - Unyks = 0,

B unans = (A + kS)(R)urins, h € b Cd, (2.18)

AaY)+1 P
x(_c’xa + “Uxtks = 0, a€eRT.

Proof. The proof is immediate from Theorem 2.5 and Proposition 2.4. |
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2.9 The Demazure module D(\ + sagy'd), which is usually only a b-module, is a £-module if A

is an anti-dominant weight. For A € P we denote by A the representative in @ p of the level one
W orbit of A.
A fundamental result on local Weyl modules is their connection with Demazure modules. The

following result was proved in [CL06, Corollary 1.5.1] for g of type AS), in [FLO7, Theorem A]
for g untwisted of type I, and in [FK13, Theorem 5.0.2] for g twisted of type I but not of type

Agi) and in [CIK14, Theorem 2] for Ag).

THEOREM 2.7. Let g be an affine Lie algebra of type I and let A + kd € P{,+. The local Weyl
module Wioe(X + k0) and the Demazure module D(wo(\) + kd) are isomorphic as ¢-modules.

Remark 2.8. Theorem 2.7 is not true if g is of type II. In this case, the Demazure module is a
proper quotient of the local Weyl module. Further details may be found in [Naol2].

2.10 The following crucial result was conjectured in [CP01] and proved there for g of type Agl),

in [CLO06] for g of type Ag), in [FLO7, Corollary B| for untwisted simply-laced affine algebras,
in [Naol2, Corollary A] for the untwisted non-simply-laced affine Lie algebras, and in [CIK14,
Theorems 3 and 10] for g twisted.

THEOREM 2.9. Let A+ kd € P; and let m be a maximal ideal of A . Then,
dime Wiee(A + k0, m) = dime Wiee (A + £90).

Theorem 2.9 implies that the global Weyl module is a projective A y-module. Using Theorem
2.5(iii) and the Quillen—Suslin theorem [Qui76, Sus76] we obtain the following.

COROLLARY 2.10. The global Weyl module W (X + kd) is a free A y-module of finite rank and
Wiee(A + k6) @ Ay =X W (X + ko)

as graded U (¢(0)) — Ax-bimodules.
2.11 For an object M of ¢§, let head(M) be its maximal semi-simple quotient. The kernel of

the canonical map hjps : M — head M is the intersection rad(M) of the maximal ¢-submodules
of M. Assume that for some positive integers m(\ + kd) we have

head(M) = @ @ V(A + ke)TmO+ho), (2.19)
AeP+, kGaO_IZ
Denote
Py= @ PA+k)TOH) and Wy = P WA+ k)FMOT(2.20)
AP+, k€ag'Z AP+, keay'Z

Since Py is projective, there is a canonical map has making the following diagram commutative.

Py

>

M

The following lemma emulates the result in [BBCKL14, §4.4].
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LEMMA 2.11. With the notation above, hys is surjective.

Proof. From the commutativity of the diagram we obtain that rad(M) + ha(Pay) = M. Since
rad(M) is superfluous we obtain hys(Pyr) = M. ]

DEFINITION 2.12. Let M be an object in ¢§ and let A € Pt. We say that M is A-isotypical if
wt(M) C wt(V(\)) and

head(M) = @ V(A + k§)mOTho),
k€ay'Z

Remark 2.13. Alternatively, the second condition in the definition can be substituted with the
condition that M is generated by P, a5z M+ s. The direct implication follows from the fact

that
N:=U®t)- @ Mk

keay 'z

maps surjectively onto head(M ) which implies that N + rad(M) = M and hence N = M since
rad(M) is superfluous. The converse follows from the fact that head(M) would have to be
generated by the same weight spaces. The local and global Weyl modules indexed by A + kd are
examples of A-isotypical objects.

The following result is implicit in [BBCKL14, §§4.3 and 4.5].
LEMMA 2.14. If M is A-isotypical then hys factors through Wy and

m(\ + s6) = dime Homg(M, 7*V (X + s6))
= dim¢ Homg (M, Wipe(—wo () — s6)).

Proof. Let I be an index set and I — Z,i + k; a map such that head(M) = @, ; TV (A4 kid).
Denote ~

Then, the induced map h; : P(A + ki6) — M; is a quotient and wt(M;) € wt(V())). From
Proposition 2.4(i), the map h; factors through W (A + k;9). The direct sum of the maps

WA+ kid) > M; — M
is the descent of K. From the surjective maps
Wy — M — head(M)
we obtain injections
Homg (head(M), 7V (A + 56)) — Home(M, 7*V (A + $6)) — Home(Was, 7V (X + s6)).
From Propositions 2.3(i) and 2.4(iv) we conclude that
dime Homg(head (M), 7V (A + 6)) = m(X + s6) = dime Homg(War, 7V (A + s0)),

which implies that
m(A + sd) = dimc Home(M, 7*V (X + s9)).
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For the second equality, note that g € Homg(M, Wigc(—wo(A) — s6)*) is determined
by its restriction to @,c; Mxtr,s and therefore, since @k@glz(ﬂfloc(—wo()\) — 88) ) aiks =
(Wioe(—wo () — 86)*)atss, by its restriction to My ss. Consequently, the image of g is contained
in the ¢-submodule generated by (Wioc(—wo(A) — $6)*)x4ss Which, by Proposition 2.6(iii), is

50¢(Wige(—wo(X) — 88)*) = (*V (—wo(A) — $8))* = *V (A + 56).
Hence, we have
dime Homg (M, Wige(—wo(A) — $8)*) = dime Home(M, 7V (A + s6)),

which is precisely our claim. O

3. Macdonald polynomials

3.1 For an irreducible affine root system R, Macdonald [Mac00] (for R reduced) and
Koornwinder [Koo92] (for R mnon-reduced) constructed a family of Weyl group invariant
polynomials which depend rationally on a parameter ¢ and a number of ¢ parameters.

The Koornwinder polynomials depend on five ¢t parameters in rank two or greater and on
four parameters in rank one. We will be interested in the connection between Koornwinder
polynomials and Demazure module characters for g of type Agl) For this purpose two of the ¢
parameters are specialized (see [Ion03, §3.2]) leaving us with a family of polynomials depending
on a parameter ¢ and as many ¢ parameters as root lengths in R, a situation which is consistent
with the dependence of parameters of the Macdonald polynomials.

In establishing the connection between Macdonald and Koornwinder polynomials with
Demazure module characters it is necessary to study the limit of these polynomials as the ¢
parameters approach infinity. Since it is enough for our purposes, and to avoid introducing
the complex notation necessary to describe the full-parameter objects, we will only work with
Macdonald polynomials for which all the ¢ parameters are set to be equal and with Koornwinder
polynomials for which two of the ¢ parameters are specialized according to [Ion03, §3.2] and the
remaining ones are set to be equal. In what follows we will leave aside the distinction between
reduced and non-reduced root systems and the fact that we work in a particular situation and
we will call them all Macdonald polynomials.

3.2 Let F,; be the field of rational functions in g% " and ¢ with rational coefficients and F, its
subfield of rational functions in q %", The algebra Ry = IFy, et e P] are the F, ;-group algebra
of the lattice P, while Ry=F Jedae Pland R = Qe )\ € P] is the Fy-group algebra of P and
the Q-group algebra of P respectwely The elements e/\ A€ P are regarded as characters of the
compact torus hr/QY and multiplication is given by e* - e# = eM#. For A € P & ay ' 75 define
eM € R, by setting e’ = ¢~ 1. In particular, the characters (1.22) of the affine level one Demazure
modules can be regarded as elements of R,. For any formal expansion f in the characters of the
torus 6R / (:QV the coefficient of €” in the expansion is called the constant term of f and will be
denoted by [f]. The action of W on P extends linearly to an action of W on Rq,t; we denote the

subalgebra of W-invariants by RZZ and use the corresponding notation for R, and R.

3.3 The involution of [F,; which inverts each of the parameters ¢, extends to an involution —-—
on the algebra R,; which sends each e to e, Let

1—e” 1—e”
=11 s I s 1
Vigt) 1 —tlex 1 —tlex (3.1)

ack- aERret
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which should be seen as a formal series in the elements e*, A € Q with coefficients in Z[t1][[¢~]]
(power series in ¢~ with coefficients polynomials in ¢~1). Furthermore, it is both W and -
invariant.

In the special case when t = ¢* and k is a positive integer this function was introduced by
Macdonald in [Mac00] and used to define a family of orthogonal polynomials associated to root
systems and depending on the parameters ¢ and ¢. Note that in this case V(gq, ¢*) is given by a
finite product.

The constant term [V(q,t)] of V(q,t) was the subject of conjectures by Macdonald, and
Koornwinder, later to be proved by Cherednik [Che95a] (for reduced R) and Gustafson [Gus90]
(for non-reduced R) respectively. The Macdonald kernel is defined as

Vi(g,t)
A(g,t) = ! (3.2)
[V(g,t)]
It is W—invariant, - -invariant, has constant term equal to one, and can be expressed as a formal

series in the characters of hr/Q" with coefficients Fy; (see, for example, [Mac03, (5.1.10)]).
For f,g € Rg‘; define
(f:9)qr = [fgA(g; D). (3.3)
144

This defines a scalar product on R,

with respect to the involution —- .

called the Macdonald scalar product, which is Hermitian

3.4 An F,-basis of RZZ is given by {m},cp+, where

my = Z et (3.4)

HEW (A)

is the WW-invariant monomial corresponding to .
The symmetric Macdonald polynomials {Px(q,?)},.p- are uniquely defined by the following
properties:

(a) Py — Mo () € @wo(k)>uef?+ Fq,tmu§
(b) (Px,Pu)gst =0, for X # p.

In other words, they form a triangular, orthogonal basis of Rz%' Their square norms HP)\Hat
were computed in [Che95a, Theorem 5.1] for R reduced and the conjectured formula in the case
of R non-reduced follows by combining the results of [vD96, §7.2] and [Sah99, Corollary 7.5],
or from [Sto00]. We refer to [Mac03, §5.8] for a uniform treatment. To avoid introducing more
notation we refrain from giving the full statement; the norm formula in a limiting case is part
of Theorem 3.3.

As a consequence of the two defining properties of the Macdonald polynomials we
immediately obtain that

P)\(Q’ t) = P—wo()\) (qv t)' (35)

3.5 The following result was proved in [Ion03, Theorems 1 and 4.2] for g of type I. In the case
when g is of type II, part (i) follows from the combinatorial formula in [RY11, Theorem 3.4].

THEOREM 3.1. Let g be an affine Lie algebra and let A\ be an anti-dominant weight. Then:

(i) the limit Py(q) = lim;_.o Px(q,t) exists;
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(ii) if g is of type I then
Px(q) = x(D(X))-

Since the polynomials Py(q,t) form a basis of R};K orthogonal with respect to the scalar
product (-,-)q¢ it is natural to ask if such a property holds for the polynomials Py(q) with

respect to the space RZV and a suitable degeneration of the scalar product (-,-)q: as t — oo.
The definition of the Macdonald scalar product involves the involution ~~ on Rq +» which inverts

the parameter ¢ and hence is inconsistent with taking the limit ¢ — oco. However, we can try to
examine the limit as ¢ — oo of

(PA(¢,1), Bu(q: 1)) gt = [Pa(a, 1) Pulg; 1) Alg, 1)]- (3.6)

The limit as t approaches infinity of Py\(q,t), P.(q,t) and A(q,t) exists and equals Py(q),

P_y,(u)(q) and A(g, 00), respectively. This observation leads us to the following construction.
Let ¢ be the involution of R,; which fixes the parameters ¢ and ¢ and, for any weight A,

sends e* to e~%>(N). We will use the notation f* := i(f) for any element f of Rg,¢- It is natural

to define the following symmetric scalar product on R}ﬁ. For f and ¢ in Rgf/t let

(£, 9040 = [fg'Alq,1)]. (3.7)
We have proved the following.

PROPOSITION 3.2. The polynomials { P(q,t)}, - form a basis ongK which is orthogonal with
respect to the scalar product (-, ->;7t. Furthermore, their square norms coincide with the square
norms with respect to the scalar product (-,-)q+.

The scalar product (-, ->;7t behaves well with respect to taking the limit ¢ — oo. This allows

us to define the following symmetric scalar product on Rgi/. For f and ¢ in Rgv let

(f:9)q = [fg"Alg, 00)]. (3.8)

As an immediate consequence of Theorem 3.1, Proposition 3.2, and the square norm formulas
for Macdonald polynomials [Che95b, (4.12)] we have the following.

THEOREM 3.3. The polynomials {P\(q)},.- form a basis of Rgi/ which is orthogonal with
respect to the scalar product (~, -)q. Their square norms are given by

—(A\ay)—1

P2 = (H H <1—q-<f+1>"ai>)< II (1 grtimieeo),

j=0

3.6 Let us make explicit the ingredients of the scalar product (,-),. Taking the appropriate
limit in the constant term computation [Che95a, Gus90] we obtain

Viggoo)= [ t—e ] 1—em,

a€R~ acRre+
n—1 oo
v(a. 00 = W) [T [T - a7 )(Hl—q fronfay ), (39)
=1 j=1 =1
1 n—1 oo [ee] ‘
A(q,oo):m/(H [T - o) (TTa =g ) TLa-e I a-e).
=1 ]:1 _]:1 a€é7 aeRre,+
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For f,g € Rgv denote
(f,9) = [fg"A(c0,00)]. (3.10)
Note that when restricted to R" this is the usual scalar product on RW, the representation ring

of g. Let us also consider
A(g, )
S = 3.11
(@) =X (00, 00) (3.11)
For A\ anti-dominant weight, to be consistent with the limit ¢ — oo of Py(q), we denote by x the
character of V(wo(\)) which is the irreducible highest weight representation of g with highest

weight wo (). We end this section with the following identity.
PROPOSITION 3.4. Let A\, u be anti-dominant weights. Then,

<S’§;),Pﬂ<q>>q — (Pu(@)s ).

Proof. Straightforward from the definition of the two scalar products. O

4. BGG reciprocity

4.1 Let M be an object in ¢§. Following [BBCKL14, §4.2] we construct a ¢-module filtration of
M. Let o be a minimal element (with respect to the dominance partial order) of wt(M) N P+,
For i > 0 choose ;41 a minimal element in the set S; = {u € wt(M) NPT | u & pi, 0<j<i}
and define
M= Y U®) My (4.1)
uesiu{m},seaglz

By construction, {M;};>o is a decreasing filtration of M and, since the d-eigenspaces of M
are finite dimensional, ﬂi20 M; = 0. Furthermore, for any i > 0, the quotient M;/M; 1 is
pi-isotypical. The associated graded module with respect to the filtration {M;};>¢ is

gI’M = @MZ/MH—I (42)
120
For the following we refer to [BBCKL14, Lemma 4.3]; we include the proof for the reader’s
convenience.

ProrosiTIiON 4.1. With the notation above, there is a canonical surjective morphism

@WMi/MH-l — gr M.

120
Moreover, Wy, s, = @86(1512 W (pi + s6)™Hit+59) with
m(ul + 55) = dim(C HOHIE(M, VVIOC(_wo(Mi) - 85)*)

Proof. The result follows from Lemmas 2.11 and 2.14. The only fact requiring justification is
the formula for m(u; + sd). For this, remark that, taking into account the possible weights of
Wioe(—wo () —s6)*, amap f € Homg (M, Wige(—wo (i) —s8)*) must be identically zero on M.
Therefore, we need to show that m(u; + s6) = dime Home (M /M; 11, Wioe(—wo (i) — $6)*). This
will follow if we show that the restriction map

Homg(M /M1, Wige(—wo(pts) — 86)*) — Homg(M;/M; 1, Wioe(—wo (i) — 50)")

is bijective.
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The restriction map is injective. Indeed, assume that f € Homg(M/M;i11, Wige(—wo (i) —
56)*) such that its restriction to M;/M;;; is identically zero. In particular, the image of f does
not contain elements of weight y; 4+ s6 and hence it does not contain (7*V (—ws (1) — s6))*. Since
(m*V (—wo (i) — $6))* is the unique simple submodule of Wige(—wo (i) — $6)*, the map f must
be identically zero.

The restriction map is also surjective. Indeed, let g € Homg(M;/Miy1, Wioe(—wo (i) — s9)*).
Since P(—wo (i) — s6) is a projective object in ¢F, P(—wo(1i) — sd)* is an injective object in ¢§
and therefore the map

Mi/Mi+1 i> Wloc(_wo(ﬂi) - 36)* — P(_'wo(,u'i) - 35)*

admits an extension § : M/M; 1 — P(—wo (i) —s6)*. Moreover, wt(M/M; 1) {v | ps < v} =49,
and therefore the image of § is contained in W(—wo(p;) — s0)*, which by Proposition 2.4(ii) is
the maximal submodule of P(—w(u;) — s0)* satisfying this condition. Furthermore, M;/M; 1 is
the p;-isotypical component of M/M; 1 and since g(M;/M; 1) is contained in Wige(—wo () —
$0)* so is the image of g because Wi, (—wo (i) —$6)* is the maximal submodule of W (—wo(p;) —
s0)* with a one-dimensional pu;-isotypical component. To conclude, g € Homg(M/M;q,
Wioe(—wo(p;) — 8)*) and its restriction to M;/M;4q is g. O

4.2 Whether or not the canonical morphism of Proposition 4.1 is an isomorphism can be

determined by comparing the graded dimensions (with respect to the grading given by the

eigenspaces of the scaling element) of the two objects or, even better, by comparing their

£(0)-characters. For this purpose we collect below some characters which, as in § 3.2, we regard
. 0

as elements of RZV. From this point of view ¢~% is capturing the grading.

THEOREM 4.2. Let g be an affine Lie algebra and let A + kd € P;’. Then,

X(Wioe(A + k6)) = ¢ F P, ().

Proof. For g of type I, the claim follows directly from Theorems 2.7 and 3.1(ii). For g of type II,
the claim is proved as follows. First, [Naol12, Theorem 9.2] expresses x(Wioc(\)) as the generating
function of a finite graded crystal, whose objects are projected level zero affine Lakshmibai—
Seshadri paths, denoted there by B(A)q. Second, [Lenl2, Theorem 2.6] (see also [LNSSS14,
Proposition 9.8]) expresses P, (1)(¢) as the generating function of another finite graded crystal
called the quantum path model, whose objects are admissible subsets of a lexicographic A-chain
[LL12], denoted by A(X). Third, [LNSSS14, Theorem 3.3, Proposition 8.6, Corollary 9.4] provide
an explicit graded crystal isomorphism between B(A)q and A(A). Therefore, P, y)(¢q) and
X(Wioe(A)) coincide. O

PROPOSITION 4.3. Let A+ ké € P,t. Then:

(i) X(PO\+k6)) = ¢ Xy (1) /S (0);
(i) X(WA+k8)) = ¢ *Puy ) (0)/ 1| P ) (@) -

Proof. By the PBW theorem, as a £(0)-module P(\ + k§) is isomorphic to S(¢,) ® V(A + kd),
where S(£) is the symmetric algebra of £, . Keeping in mind that we use g~% ' to capture the
grading, the £(0)-character of S(£;) is easily seen to be

<ﬁ ﬁ(l — q‘j"‘”)) h <ﬁl(1 - q‘j(r‘*"/‘m))) B < I a- ea)) N (4.3)

i=1j=1 a€Rg\(RUR+-m)
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Note that the first two factors account for S(€D, ¢ gim+ ga). Necessary for the identification are
the multiplicities of the imaginary weights which are described, for example, in [Kac90, Corollary
8.3]. The first claim now follows from (3.9) and (3.11).

The last claim follows from Theorem 4.2, Corollary 2.10, and Theorems 2.5(iii) and 3.3. O

THEOREM 4.4. Let A\ € P;". Then, D=0 Wpr+ks),/ P(A+ks);., and gr P(A + k) are canonically
isomorphic.

Proof. As remarked above, it is enough to compare the graded characters of the two objects.
The £(0)-character of gr P(\ + kd) equals the £(0)-character of P(\ + kd) which is computed in
Proposition 4.3. Furthermore, using Theorem 3.3, we can expand the character as

X(PO+E) = 3 g M (2N b (@)Y Paniu (@)1 Py (@)1
S(q) ,

pepbt

On the other hand, the character of @, Wp(r+ks);/P(A+kd)is, 19

S5 s+ 5907 ) Pty @0/ 1P @)1

120 seale

Starting from Lemma 2.14, using the ind-res adjunction and Proposition 3.4, we obtain that

Z q *m(p; + s0) = Z g~ * dime Homg(ind§ £(0) VA =+ k6), Wioe(—wo(pi) — $6)*)

s€ay Y/ s€ag 17

= Z g ° dim¢ Home(o)(f/()\ + kd), resé( 0) Wioe(—wo(pt;) — $0)™)
s€ay 7

= Z q* dimc Homyg )(resé( 0) Wioe(—wo (i) — 56), V(—wo () — kb))
s€agy 'L

= Z q* dimg Homyg )(rese( 0) Wioe (i — 89), V(/\ — ko))
s€agy 'L

=¢* > ¢ """ dime Homyg) (resg gy Wioe (i — 56 + k6), V(X))

s€ag 'Z

= q_k<Pwo (p4) (Q)a Xwo ()\)>
_k/ Xwo(N)
= ’Pwo . .
! < S(q) (’“)(q)>

q

Therefore,
W =N B X p P P 2
X @ P(A+kd)i/P(A+kd)it1 _Zq S(q) ) wo(#i)(q) wo(ui)(q)/” wo(,ui)(Q)Hq'
>0 >0 q

Comparing this to the character of P(A + k¢) and keeping in mind that the canonical map

B Wrriks)/ Posks)i — 88 P(A+ ko)

120

is surjective, we conclude that the two characters are equal. Hence, the canonical map is an
isomorphism. O
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4.3 The following concept was introduced in [BCM12].

DEFINITION 4.5. Let M be an object in ¢§. We say that M has a filtration by global Weyl
modules if there exists a £-module descending filtration {M;};>o of M such that ();5q M; =0
and for all ¢ > 0 we have a -module isomorphism

Mi1/M; = @ W (1 + 56)™0ts0)
pi+s6E P

for some non-negative integers m(u + sd).

Remark 4.6. If M has a filtration by global Weyl modules then, for any p+sd € P;, the ¢-module
multiplicity of W(u + sd) in gr M is finite and independent of the filtration. As customary, we
denote this multiplicity by [M : W (u + s)].

Putting together Theorem 4.4 and Proposition 3.4 we arrive at our main result.

THEOREM 4.7. Let A+ké € P;r. The t-module P(A+kd) has a filtration by global Weyl modules
and
[P(A+ k6) : W (i + 56)] = [Wige(pt + 86) : TV (X + kd)].

Theorem 4.7 was conjectured in [BCM12, Conjecture 2.7] for the current algebras L[t], where
L is a simple Lie algebra. Our result shows that the BGG reciprocity holds for the more general
definition of current algebras given in §2.1. Theorem 4.7 was proved in type A; in [BCM12,
Theorem 1] by different methods. Overall, our proof follows the structure of the argument in

[BBCKL14, Theorem 3.6] where Theorem 4.7 was proved for g of type ALY,
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