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Abstract

An n-hedral tiling of R is a tiling with each tile congruent to one of the n distinct sets. In this paper, we
use the iterated function systems (IFS) to generate n-hedral tilings of R?. Each tile in the tiling is similar
to the attractor of the IFS. These tiles are fractals and their boundaries have the Hausdorff dimension less
than d. Qur results generalize a result of Bandt.

1991 Mathematics subject classification (Amer. Math. Soc.): primary 52C22, 28A80; secondary 05B45.
Keywords and phrases: Tiling, fractal, self-similar set, iterated function system.

1. Introduction

Denote all positive integers by N. Let 7 ={T; : i € N} be a family of closed sets in
RY. If U,y T = R? and the interiors of the sets 7; are pairwise disjoint, then J is
called a tiling of R and T; are called the tiles of 7. If every tile in 7 is congruent
to one fixed T, then T is called the prototile of 7 and & is a monohedral tiling. In
general, if there are n distinct tiles T;,, ... , T, such that every tile in J is congruent
to one of them, then 7 is called an n-hedral tiling and T, , ... , T, are n prototiles
of . We also say that {7}, ..., T, } admits the tiling . For more concepts about
tilings, see Griinbaum and Shephard [8].

We use M, (E) to denote all the d x d matrices whose entries are in the space E. A
matrix B € M,(R) is expanding if all of its eigenvalues satisfy |A;| > 1. A lattice in R?
canbe defined asthe set L := {(ny, ... ,ny)(vy,... ,vq) :n; € Z,1 < i < d}, where
Vi, ..., V4 are d linearly independent vectors in R? and ()’ denotes the transposition.
Throughout this paper, we will use # = {v,, ..., v4} as the base for R?. For a set
K c R4, its Lebesgue measure is denoted by u(K). The interior is K°, and the
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boundary is 0K = K\K°. Let B € M,;(R) be expanding with |{det B| = N. Let
2 ={d,, ... ,dy} C R% Then there exists a unique non-empty compact set K such
that K = Uf':l B~'(K +d,). Infact, K is the attractor of the iterated function system
(IFS) {f; : fi(x) = B '(x+dy)}Y,. If u(K) > 0, then K is a self-affine tile. It
is well known that u(K) > O is equivalent to K° # @, and such K can tile R? by
translation ([11, 13]). In case that B € M,(Z) and 2 C L, Bandt [1] gave a sufficient

condition for K° # @:

(1.1) L=\ ]+ B()).

N
i=1

Notice that the conditions B € M (Z) and 2 C L are necessary for (1.1) to hold. If
rotations and reflections of a tile in the tiling are considered, then more interesting tiles
can be generated. Let B € M4(Z) and W ¢ M,(Z) be a finite group with determinants
+1. If BW = WB, then W is called a symmetry group of B. Bandt [1] proved that if
B is expanding with |det B| = N, and

N
(1.2) L= Jw" @+ B(L)) withw, € W,

i=1

i=]
that if K is the attractor of {f; : f:(x) = (w]'B)~'(x+w;'d)}",, then K = BK. A
lot of work has been done about self-affine tiles ([1-3, 11, 13, 19, 20]). However, not
much is known about the attractor of the IFS involving different matrices.
Here we prove the following generalization of Bandt’s result:

then the attractor K of {f; : fi(x) = w;B~'(x)+d;}¥, has non-empty interior. Note

THEOREM 1.1. Let B € My(Z) be expanding and W C M ;(Z) be a symmetry group
of B. Let{d,,... ,dy} C L. IfB,=wB™ withw; e W,m; e N, i=1,... N,
and L = Uf’:l (d: + B,-(L)), then the attractor K of {f;}\_, has non-empty interior,
where f.(x) = B '(x + d,).

In the above theorem, the case 31, | det B; |—l = 1 is of particular interest because
the attractor K is then essentially non-overlapping, that is, the intersection of f;(K)
and f; (K) has Lebesgue measure zero if i # j. We show that in such a case the
Hausdorff dimension of the boundary of X is strictly less than d. Indeed we prove the
following more general result:

THEOREM 1.2. Let {f; : fi(X) = Aix+a;, A; € My(R), a; € RY})_ be a family
of functions which satisfies the weak contractivity condition. If the attractor K has
non-empty interior and Zf;l IdetAi| = 1, then the Hausdorff dimension of 0K is
strictly less than d.
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The concept of weak contractivity condition in the above theorem is defined in
Section 2.

Though the self-affine tile generated by the IFS involving one matrix admits a
monohedral tiling of R?, if we allow different expanding matrices in IFS, then in
general the attractor cannot tile R? as a single prototile. In Section 6, we prove that
for the IFS {f; : fi(x) = A;ix + a;, A; € My(R), a; € RY}Y , if the attractor K has
non-empty interior and Z —1 | detA; | = 1, then R? can be tiled by affine copies of K
of approximately the same size, where an affine copy of X is an 1mage of K under an

affine transformation. For the special case in Theorem 1.1 with Z 1 | det B; | =1,
we show that the attractor K gives rise to an n-hedral tiling of R? for some positive
integer n.

Some other methods can also generate tilings by tiles of the same shape but different
sizes. See [6, 8, 10,12, 15].

We prove Theorem 1.1 and Theorem 1.2 in Section 3. In Section 4, we consider
the open set condition related to the function systems in Theorem 1.1. In Section 5,
we give some examples to show how to generate fractal tiles from Theorem 1.1.

2. Notations and preliminaries

Let K C R?. The Hausdorff dimension and the z-dimensional Hausdorff measure
of K are denoted by dimy (K) and J#'(K) respectively [7]. We use || - || to denote
the Euclidean norm on R“. The norm of a matrix B € M,(R) is

|lB[|=max{"” "". x eR?, llxll;EO}.

A function f : R? — RY is a contraction if ||f (xX) — f (W] < r|x—y]|| for all
x,y €R?, where r < 1 is a constant. If equality holds, then f is called a similarity
and r is called the contracting ratio of f . An iterated function system is a family of
contractions {f;}¥ |, see [4]. Weuse S ={(1,2, ..., N} to denote the set of indices of
the functions. Define
S"=$x---xS and S =|Js"

—;_J neN
An element s of $” can be written as s =s; -- - §,, Where s; € S, 1 < i < n. Define
fs=fs0f,0---0f,. Itis well known, [9], that for any IFS {f;}¥ |, there is a
unique non-empty compact set K such that K = Ui=1 fi(K). The set KX is called the
attractor of {f;}",. In fact, let 2 be the space of all non-empty compact sets of R?
with the Hausdorff metric. Define F : 2 — 2 as follows:

N
F(Q):=|Jfi(Q) forQeQ.
i=1
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Then F is a contraction on §2 and X is the fixed point of F. Moreover, the contractivity
condition of f; can be relaxed. A family of functions {f; : i € S} is said to satisfy
the weak contractivity condition if there is n € N such that f, are contractions for all
s € S". In such case, the function F”, and hence F, has a fixed point. We also call
such a system an IFS.

THEOREM 2.1 ([1]). If {f:}Y., satisfies the weak contractivity condition, then for
any compact Qo # 0, the sequence Qr = F(Qi_1), k = 1,2,..., converges in
Hausdorff metric to the unique non-empty compact K with K = va:l fi(K).

3. Proofs of Theorem 1.1 and Theorem 1.2

We first prove the following:

LEMMA 3.1. Let {f;}, be as in Theorem 1.1. Then {f}Y, satisfies the weak
contractivity condition.

PROOE. Let S =(1,2,...,N}. Then ||f«(x) — f(WIl < IIB;'--- B 'lllIx —yll
for any s € S". Since BW = WB, it is easy to get that B'--- B! = wB™™ for
some w € W, where M = 37 m,. So ||B;'--- B '|| < (maxyew |wll) - |B~]|.
By the spectral radius formula [16, Theorem 10.13], we have limy_ o |B™ ||/ =
[Amin| ™! < 1, where Ay, is the eigenvalue of B with the smallest module. Hence if n
is sufficiently large, (max,ew |lw|) - | B~¥|| < 1, and f; are contractions for all s €S”".
So {f,}, satisfies the weak contractivity condition. a

Now we use the basic idea in [1] to prove Theorem 1.1.

PROOF OF THEOREM 1.1. From Lemma 3.1, we know that there exists n € N such
that f; are contractions for all s € §”. Let xo be the fixed point of f'. It is
easy to show that x, is also the fixed point of f;. Now let @y = {X,} and define
Or=F(Q:r),k=1,2,....Then

Qc={B;'d,+---+B;'-- B 'd, + B;'---B;'xo : s =5, -+ - 5, € S*}.

And Qy C Q; C --- is an increasing sequence. So K = |J,,y Q:i. Since L =
Uf;l(d,- + Bi(L)),forany z €L and any k € N, there are s €S* and {z,, ... ,%} C L
such that z =d,, + B,z, = d, + B,d,, + B B,,z, = --- = d,;, + B, d,, + --- +
B, ---B, d, + B, --- B, z;,. Hence

z+x0=BSx"'B-‘k(zk+Bs:ld~‘l+“'+B;1"'B;‘ld5|+Bs:l"'B;1xO)
€ B, --- By (z, + K).
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We have B, --- B, = Biw for some w € W, where ¢ = ZLI m,. Letm =
max;<;<y m;. Forn € N, pick k suchthatn < g < n+m. Letp = g —n. Then
p €{1,...,m}is an integer. We have

B (z+ xg) € BPw(z, + K).

It follows that

B™(L+x0) c | J | BwE+K).
p=1 weW
Since K is compact, K is contained in a ball U, = {x € R : ||x|| < a}. Let D be the
maximum of the diameters of BPwK (1 < p <m, w € W). Let

={zeL:||B’w@)| < (D +a) forsome 1 < p < m and some w € W}.

Then G is finite and if z € L\G, then BPw(z+ K)N U, =@ forall1 < p < m and
allw e W. So

B'L+x)nU, | | BwG+K),
p=1 weW
which holds for all » € N. We claim that | J,_ B™(L + Xo) is dense in R?. Let
8 > 0 be such that all x € R has distance less than § from the lattice L. Letu € R,
For any k € N, there is v, € L such that |vi~B*u|] <é. So [|[B~*(vi +Xp) —ufl =
IB~*(vi + Xo — B*w)]| < [IB*||(8 + ||IXo]l) = O when k — oo. This proves the
claim. Now it follows that

LMJ UB”w(G+K)=LmJ U BrwG+K) 2 JBL+x)nU,)=U.

p=1 weW p=1 weW neN

So by Baire category theorem, K has non-empty interior. O

Next we prove Theorem 1.2.

PROOF OF THEOREM 1.2. Let {f; : Fi(x) = Axx-+;, A; € My(R)}", be a family
of contractions with attractor K. In [14], it was proved that if K has non-empty
interior and 3% | |det A;| = 1, then dimy (3K) < d. Now let S ={1,2,..., N}.
Since {f;}¥, satlsﬁes the weak contractivity condition, there exists n € N such
that {f; : s €5"} is a family of contractions on R?. We have K = |J,s fi(K) =
Usese f5(K). Regarding f as f,, we get the theorem immediately. O

From Lemma 3.1 and Theorem 1.2, the following result follows directly.

COROLLARY 3.2. In Theorem 1.1, if i | | det B;|~! = 1, then dimy (3K) < d.
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4. IFS and open set condition

An IFS {f;}¥, is said to satisfy the open set condition (OSC) if there exists a
bounded open set V such that V O U:v:lf,-(V) and f;(V)Nf;(V)=8fori #j [9]
We call V an OSC set of {f;},. Obviously if {f;}Y_, satisfies OSC with the OSC set
V, then removing some of f;, the IFS of the remaining functions still satisfies OSC
with the same OSC set V. If f; are all similarities with contracting ratios r;, then it is
well known [17] that OSC is equivalent to 0 < J#*(K) < 0o, where ¢ is the similarity
dimension of {f;}¥_, defined as the unique number satisfying ZLI ri = 1. For such
K, ' (fi(K) N f;(K)) =0, or more precisely, dimy (f;(K) N f;(K)) < tfori # j
[14]. So fi(K) (1 < i < N) are essentially disjoint.

Let B € M;(Z). A set {d;,...,dy} C L is called a residue system for B if
L= Uf;l(d,- + B(L))and (d; + B(L)) N (d; + B(L)) =@ fori #j.

LEMMA 4.1. Let B; € My4(Z) be non-singular, 1 <i < N,and{d,,... ,dy} C L.
Then any two of the following three conditions imply the other.
() L=UY @+ Bi(L)).
() d;+B;(LYN@; +B;(L))=0foralll <i,j <Nwithi#j.
(i) Yo, |detB|™' =1.

PROOF. Letn e Nand C =[0,n — 1] x --- x [0, n — 1] d times. Then C contains
n lattice points of L.

(i) and (ii) implies (iii). Among the n? lattice points of C, the number of points
from d; + B;(L) is n%/| det B;| + o(n?). By (ii) these points are all different. So using
(i), we have 31, (n?/1det B;| + o(n”)) = n®. Letn — oo. We get immediately
S ldetB|™ =1.

(1) and (iii) implies (ii). Suppose that there exist i # j with (d; + B;(L)) N (d; +
B;(L)) # @. Then there are d, p,q € L such thatd =d, + B;p=d; + B;q. We
have B,A’l = 1/det B; dej, where det B; € Z and B;’dj € M,(Z) is the adjoint of B;.
Let B = B,B*Y B, = (det B,)B;. Foranyz € L,

d+Bz=d, + Bip+B;B/ B;z € d; + B/(L),
and
d+ Bz=d,; + B;q+ (det B)B;z € d; + B;(L).

Sod+ §(L) C (d; + B:(L)) N (d; + B;(L)). It follows that the total number of
distinct points of |J;_, (dx + B«(L)) in C is at most ", (n%/| det Bi| + o(n?)) —
(n?/) det§| +o(n?)) = (1 - |det§|_l)n" + o(n), which is less than n? when n is
large enough. But this contradicts (i).
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(ii) and (iii) implies (i). For each i, let {d;, d;>, ... ,d;,} be a residue system
for B;. Suppose for the contrary that L # | J, (d; + Bi(L)). Then there exists
d e L\UL, (d: + Bi(L)). Soforeach 1 < i < N there exists 2 < j; < n; with
ded;; + B;(L). Henced € ﬂ,N:] (d;, + B;(L)). Now using the same arguments as
in the proof of the last part inductively, we see that there is B € M,(Z) such that

N

N
d+B(L) ¢ () (diy, + B:L)) < L\ (a: + Bi(L)).
i i=1

i=1

Counting the lattice points in C, we have Y"1 | (n?/| det B;] + o(n?)) + n/| det B |+
o(n?) < n?. Hence 3", |det B;|~! < 1, which contradicts (iii). O

In Theorem 1.1, if Zf;l |det B;{™! = 1, which by Lemma 4.1 is equivalent to
(d; + Bi(L)) N (d; + B;(L)) = @ for all i # j, then it can be shown easily that
w(fi(K)N fi(K)) = 0fori # j . So K° is an OSC set for {f;}¥,. In case
L# Uf’:l(di + B;(L)), we have the following:

PROPOSITION 4.2. In Theorem 1.1, if L > |JY,(d; + Bi(L)) and (d; + B,(L)) N
(d; + B; (L)) =@ fori # j, then {f,}, satisfies OSC.

PROOF. Let m = max,<;<y m;. Let {a,,...,a,} be a residue system for B, and
{by, ... ,b,} aresidue system for B™. We observe that for any z €L and any b; €
{by, ..., by}, either (z+ B™(L))N (b; + B™(L)) = (b; + B"(L)),or (z+ B™(L)) N
(b; + B"(L)) = @. Forany w € W, w(L) C L. Since w™! € W cM,(2),
L = ww (L) C w(L). So L = w(L). Now pick any B; = w; B™. If m; = m, then
d, + B(L) =d; + B"w(L) =b; + B™(L) forsome j € {1, ..., q}, where 0 € W.
If m; < m, then by

14

p
wiB™(L) = w,B™ (U (a; + B(L))) = J (wiB™a; + w;B"* (L)),
j=1

j=1

We can break down w;B™ (L) into smaller subspaces. This can be done further
until we get d; + w;B™ (L) = U~ (b, + B"(L)), where {b; }}%, C {by, ..., b,).
Applying this process to all B;, we get

N M

N i
@+ swy=J U, +B"0).
i=1

i=l j=1

Since d; + B;(L) are disjoint, all b; are different. Without loss of generality, we may
assume va:l U;i"l{b,-j} = {by, ..., by}, where ¢’ < q. Then

N
L=Jw+Bw)l LqJ (b + B"(L)).
i=1

i=q'+1
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Fori =N+1,...,N+q—q,define f;(x) = B""(x+ b;). Then {F1V4979 satisfies

i=1

OSC by Theorem 1.1 and Lemma 4.1. Therefore {f;}, satisfies OSC. a

5. Construction and examples

Theorem 1.1 provides a systematic method to construct fractals consisting of essen-
tially disjoint pieces of different sizes, but each similar to the original. The conditions
in Theorem 1.1 can be satisfied easily by using (1.1) and (1.2). We show here how
to do this through several examples. For simplicity, we assume that the base & is
orthonormal. In these examples, all f; are similarities and OSC is satisfied. We find
that some attractors look quite nice and intriguing, which we did not see before.

EXAMPLE 5.1. We have Z =2ZU(2Z + 1). Iterating the right hand side partially we
get Z =2Z2UQQZUQRZ + 1)) + 1) = 2ZUM4Z + 1) U (4Z + 3).So the corresponding
IFS is: fi(x) = x/2, f26) = (x + 1)/4 and f3(x) = (x +3)/4. Let K =
U [(2% — 1)/2%, (2%+! —1)/2**+1] U {1}. Then K is compact and it can be verified
that K = |J}_, f:(K). By the uniqueness of such a set, K is the attractor of {f,}>_,.
We see that K consists of three pieces fi(K), f2(K) and f3(K), where f,(K) and
f3(K) have the same size, while f;(K) has a different size. This process of iteration
can be continued to get more complicated tiles.

EXAMPLE 5.2. Let

(-1 0 P (I
W=l 1) ™ "= o)

Note that w;, w, € W, where

o={( 2)-C §)mmsnnm)

is a symmetry group of B. The following is well known. (i) Z*> = BZ*> U (BZ? + d)
gives twindragon; (ii) 22 = BZ? U (w,BZ* + v) gives Levy dragon; (iii) 7> =
BZ? U (w, BZ* + h) gives Heighway dragon. By (ii) we have
7* = B(BZ* U (w; BZ* + v)) U (w,BZ* +v)
= B*Z* U (Bw,BZ* + Bv) U (w;BZ* + ).
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Note that Bw,B = wB? for some w € W. The corresponding attractor is shown in
Figure 1. Also we have
Z* = BT* U (0, B(BZ* U (w, BZ* + v)) +v)
= BZ* U ((w,B*Z* + v) U (w,BwBZ* + w; Bv + Vv)).
The corresponding IFS is: f,; (x)' = B'(X), fox) = w;BY ' x+V), fr(x) =

(w,Bw; B)~'(x+w; Bv + v). Its attractor is shown in Figure 2. The attractor of
{f1. f3} is shown in Figure 3, whose Hausdorff dimension is In ((3 +/5)/ 2) /In2.

FIGURE 1. FIGURE 2.

We can also ‘mix up’ these dragons. Here are some of the examples. By (i) and
(ii), we get

7* = BT* U (B(BZ* U (w;BZ* + v)) + d)
= BT* U (B’Z* + d) U (BwBZ* + Bv + d).
The attractor is shown in Figure 4, Using (i) and (iii), we get
7* = B(BZ* U (w,BZ? +h)) U (BZ? + d)
= B’Z* U(Bw,BZ* + Bh) U (BZ* +4d).
Its attractor is in Figure 5. Also we have
7* = B(BZ* U (BZ* + d)) U (w,BZ* + h)
= B*7* U (B’Z* + Bd) U (w,BZ* + h).
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FIGURE 5.
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FIGURE 6. FIGURE 7.

The attractor is in Figure 6. Using (ii) and (iii), we get

7' = BT* U (w,B(BZ* U (w; BZ* + v)) + h)
= BZ* U (w,B’Z* + h) U (w,Bw, BZ* + w, Bv + h).

Its attractor is given in Figure 7. From this, we get that for any a € 72,

7*=7"+a
= (BZ’ +a) U (w,B’Z* + h + a) U (w;Bw,BZ* + w; Bv + h + a).
By using different values of a, we may get different attractors. The attractor corre-
sponding to a = (::) is shown in Figure 8.

Every attractor in these figures, except Figure 3, consists of three pieces of two
different sizes. As in Example 5.1, we can do more iterations.

6. Tiling with more than one prototile

In general, the attractor of the IFS involving different matrices does not admit
a monohedral tiling of R?. More than one prototile is needed. Consider the IFS
{f,- : fix) = Aix+a;,A; € Md(R)}f':l. Let K be the corresponding attractor.
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FIGURE 8.

For the non-overlapping attractors, we should be only concerned with the case that
Zf':l |detA,-| = 1, because if u(K) > 0, then

N
w(fi(K)Nf;(K)) =0 for i #j ifandonlyif ) |detd,]= 1.
i=1

We call a set E an affine copy of K if E = A(K) + b for some A € M,(R) and
b eR?. Let {K, : i € N}be a family of sets in R?, we say that K; are of approximately
the same size if there exist 0 < ¢; < ¢; < oo suchthat¢; < u(K;) < ¢, foralli € N.
The following general tiling theorem is easy to prove.

THEOREM 6.1. Let {f; : fi(X) = Ax+a;, A; € My(R), detAd; # 0} bea
SJamily of functions which satisfy the weak contractivity condition. If the attractor K
has non-empty interior and Zf;l | detAi| = 1, then R? can be tiled by affine copies
of K of approximately the same size.

PROOF. Since K° # @, we can find some g = f; - -- f;, such that its fixed point is
in K°. Then g~ (K) can be broken down into affine copies of K of approximately the
same size. As n goes to infinity, g 7" (K) will tile the whole space R“. O

In this theorem, if A} = --- = Ay = A, then every tile has the same shape and size.
The attractor K tiles R? by translation. If the base of the lattice is orthonormal and
A; = w;A, where w;, € W and W is a symmetry group of A consisting of Euclidean

https://doi.org/10.1017/51446788700036697 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700036697

[13] Fractal n-hedral tilings of R? 415

isometries, then K also admits a monohedral tiling of R?. But in this case rotations
and reflections of K are needed in the tiling. For the attractor K in Theorem 1.1 with
ZN= ; = 1, every affine copy of K has the form wB~*(K) + b for some
k € N, where b €R“ and w belongs to a finite group. Since they are of approximately
the same size, the number of such integers k must be finite. Hence we have proved
the following:

COROLLARY 6.2. Let K be the attractor in Theorem 1.1 and Z,N:l |det B;|™' = 1.
Then there exists a tiling of R? with each tile congruent to some w; B~ (K), where
w; € W, k; € N, and there are only finitely many such k;.

Furthermore, we have

COROLLARY 6.3. Suppose that in Theorem 1.1, the base B of the lattice L is
orthonormal, Y | |det B,|™" = 1, and W consists of Euclidean isometries. Let
my < my < --- < my. Thenthere exists an n-hedral tiling of R? by similar copies of K
with n < my. In particular, if {1,2,... ,my} = {m : m = m, forsome 1 <i < N},
then{B7(K):j =1,2,---, my} admits an my-hedral tiling.

PROOF. We have

K=LNJB ! K+d)_UB""'w‘1(K+d)

i=1

From the given conditions w(E) is congruent to E for all w € W and E C R?. By
Corollary 6.2, there exists a tiling 7 of R? using finitely many similar copies of K as
the prototiles. Eachtile 7 in 7 has the form wr B™*"(K)+by. Let ki, = minge o {k7)
and k. = maxre o {kr). If kr < kypaxy — my + 1, then

i=1
N
= (U wTB_"T_’""wi_l(K +d,)> + bT.
i=l1

In the above expression, ky < kr + my < --- < kr + my < kpnx. Hence T is
broken down into smaller tiles, If still k7 + m; < k. — my + 1 for some i, then
we can continue the process for that tile. Eventually every tile will have the form
wB~*(K) + b, where k. — my + 1 < k < knax. So there are at most my different
sizes. If {1,2,... ,my} = {m : m = m,; for some 1 < i < N}, then the my different

sizes do exist. O

N
T =wrB™ (U B™w (K + d,-)) +br
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From this corollary, it is easily seen that all the attractors in the examples in
Section 5, except the one in Figure 3, give rise to a dihedral tiling. Also for any
positive integer n, it is easy to generate a fractal tiling which is n-hedral.
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