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Abstract. Let Rbe aringand M a monoid with twisting /' : M x M — U(R)and
actionw : M — Aut(R). We introduce and study the concepts of CM-Armendariz and
CM-quasi-Armendariz rings to generalise various Armendariz and quasi-Armendariz
properties of rings by working on the context of the crossed product R « M over R.
The following results are proved: (1) If M is a u.p.-monoid, then any M-rigid ring
R is CM-Armendariz; (2) if I is a reduced ideal of an M-compatible ring R with
M a strictly totally ordered monoid, then R/ being CM-Armendariz implies that R
is CM-Armendariz; (3) if M is a u.p.-monoid and R is a semiprime ring, then R is
CM-quasi-Armendariz. These results generalise and unify many known results on this
subject.

2010 Mathematics Subject Classification. 16S36, 16N60, 16U99.

1. Introduction. Throughout, unless otherwise indicated, R denotes an
associative ring with identity and M is a monoid. Following the literature, a ring
R is called Armendariz (resp., quasi-Armendariz) if for any f(x) = >/, a;x’ and
g(x) = 27:0 bj¥ € R[x], f(x)g(x) =0 (resp., f(x)R[x]g(x) = 0) implies that a;b; =0
(resp., a;Rb; = 0) for all i and j [5, 19]. These rings and various generalisations such as
skew Armendariz rings, M-Armendariz rings, M-quasi-Armendariz rings have been
discussed in a number of publications (see, for example, [4, 5, 7, 9, 10, 12, 14] and [21]).

In this paper, we investigate CM-Armendariz rings and CM-quasi-Armendariz
rings, which are the Armendariz-like and quasi-Armendariz-like properties defined
for the monoid crossed product R M. The former is a common generalisation
of Armendariz rings, skew Armendariz rings and M-Armendariz rings, while
the latter generalises quasi-Armendariz rings and M-quasi-Armendariz rings.
The following results are proved: For a u.p.-monoid M with twisting f: M x
M — U(R) and action w: M — Aut(R), (1) R being M-rigid implies that R is
CM-Armendariz; (2) R being semiprime implies that R is CM-quasi-Armendariz;
(3) R being left APP implies that R M 1is left APP, in case w satisfies condition
(x). Moreover, if R is an M-compatible ring and M is a strictly totally ordered
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monoid with twisting /" and action w as above, then for any reduced ideal I of R, R/I
being CM-Armendariz implies that R is CM-Armendariz. Since the monoid crossed
product R * M is a common generalisation of polynomial rings, skew polynomial
rings, the twisted monoid ring, (skew) Laurent polynomial rings and skew monoid
rings, our results generalise and unify various known results on Armendariz rings,
skew Armendariz rings, quasi-Armendariz rings, M-Armendariz rings and M-quasi-
Armendariz rings.

Next, we recall some of the notions and notations needed in this paper. Let
®: M — Aut(R) be a monoid homomorphism. For g € M, we denote by w, the
automorphism w(g). The crossed product R * M over R consists of all finite sums R *
M = {Y_reglr, € R, g € M} with addition defined componentwise and multiplication
defined by the distributive law and two rules that are called action and twisting explained
below: For g, € M and r € R, gr = w,(r)g and gh = f(g, h)gh, where f : M x M —
U(R) is a twisted function and U(R) denotes the set of units of R. Here, the twisted
function f and the action w of M on R satisfy the following conditions: w,(w;(r)) =
f(g, Mwg(f (g, i)™, wuf(h, k))f (g, hk) = (g, h)f (gh, k), f(1, g) = f(g, 1) = 1 for all
g, h, k € M. Notice that monoid crossed product is a quite general ring construction.
Let R x M be a monoid crossed product with twisting /" and action w. If the twisting f
is trivial, that is f(x, y) = 1 for all x, y € M, then R x M is the skew monoid ring REM.
If the action w is trivial, i.e., w, = ig with i the identity map over R, then R * M is
the twisted monoid ring R*[M]. If both the twisting f/ and the action w are trivial, then
R *x M is a monoid ring, denoted by R[M] (see [11] and [18]).

An endomorphism « of a ring R is said to be compatible if for any a,b € R,ab =0
if and only if aa(b) = 0, and to be rigid if an(a) =0, a € R, implies a = 0. The ring
is called «-rigid (resp., a-compatible) ring if there exists a rigid (resp., compatible)
endomorphism « [13]. By [3, Lemma 2.2], R is @-rigid if and only if R is a-compatible
and reduced. A monoid homomorphism w : M — Aut(R) is said to satisfy condition
(x) if for every a € R, the left ideal }_ . ;, Rw,(a) is finitely generated. We call a ring R
an M-compatible (resp., M-rigid) ring if w, is compatible (resp., rigid) for any g € M.
A monoid M is called a u.p.-monoid (unique product monoid) if for any two nonempty
finite subsets 4, B € M, there exists an element g € M uniquely in the form of ab with
a € Aand b € B. From now on, w : M — Aut(R) is a monoid homomorphism.

2. M-Armendariz rings of crossed product type. In this section, we consider
Armendariz properties relative to a monoid crossed product R x M. We begin with
the following definition.

DEFINITION 2.1. Let R be a ring and M a monoid with twisting /' : M x M —
U(R) and action w : M — Aut(R). The ring R is called an M-Armendariz ring of
crossed product type relative to the given twisting f* and action w (or simply, a CM-
Armendariz ring) if whenever « = a1g1 + - -+ + angn, B =b1h1 + - - + byh,, € Rx M
satisfy f = 0, we have a;w,,(b;) = 0 for all i, j. In particular, if R is CM-Armendariz
with f trivial, then we call R a skew M-Armendariz ring. If R is CM-Armendariz with
w trivial, then R is called a TM-Armendariz (i.c., twisted M-Armendariz) ring.

It is clear that an M-Armendariz ring is just a CM-Armendariz ring with both
twisting and action trivial. If M = (N U {0}, +) with the trivial twisting / and w given
by w(n) = a" for n € M where o € Aut(R), then R is CM-Armendariz if and only if
R is a-skew Armendariz. In particular, if both twisting / and action w are trivial with

https://doi.org/10.1017/5S001708951500021X Published online by Cambridge University Press


https://doi.org/10.1017/S001708951500021X

GENERALISED ARMENDARIZ PROPERTIES OF CROSSED PRODUCTTYPE 315

M = (N U {0}, +), then Ris CM-Armendarizif and only R is Armendariz. Some other
variants of Armendariz rings can be obtained when specialised to special M, f and w.

PROPOSITION 2.2. Let M be a u.p.-monoid with twisting f : M x M — U(R) and
action w : M — Aut(R). If R is M-rigid, then R is CM-Armendariz.

Proof. It is similar to the proof of [14, Proposition 1.1]. ]

COROLLARY 2.3 ([14, Proposition 1.1]). Let R be a reduced ring and M a u.p.-
monoid. Then, R is M-Armendariz.

An ordered monoidis a pair (M, <) consisting of a monoid M and an order < on M
such that for all g, h, k € M, g < h implies kg < kh and gk < hk. An ordered monoid
(M, <) is said to be strictly ordered if for all g, h,k € M, g < h implies kg < kh and
gk < hk. It is known that torsion-free nilpotent groups and free groups are ordered
groups by [17, Lemmas 13.1.6 and 13.2.8]. Hence, any submonoid of a torsion-free
nilpotent group or a free group is an ordered monoid.

COROLLARY 2.4. Let R be an M-rigid ring and M a strictly ordered monoid with a
monoid homomorphism w : M — Aut(R). Then R is CM-Armendariz. In particular, if
M is a strictly ordered monoid and R is a reduced ring, then R is M-Armendariz.

COROLLARY 2.5. Let R be an M-rigid ring and M a u.p.-monoid with action o :
M — Aut(R). Then R is skew M-Armendariz.

Let I beanideal of Rand w : M — Aut(R) a monoid homomorphism. If® : M —
Aut(R/I) is defined by @g(r 4+ I) = we(r) + I, then ® is a monoid homomorphism.
Note that the twisting f : M x M — U(R) induces a twisting f : M x M — U(R/I)
given by f(x, y) = f(x, y) + I. Moreover, for every o = Yo aigiin R+ M, we denote
a=>r,agin(R/I)x M =(RxM)/(I*M),whered; = a; + I for 1 <i<n.Itcan
be easily checked that the map p : R+ M — (R/I) * M defined by u(e) = & is a ring
homomorphism.

In contrast to the fact that there exits a ring R, which is not Armendariz, but R/I
and 7 are Armendariz for every nonzero proper ideal I of R (see [12, Example 14]), we
have the following proposition.

PROPOSITION 2.6. Let R be an M-compatible ring and (M, X) a strictly totally
ordered monoid with twisting f : M x M — U(R) and action w : M — Aut(R). If I is a
reduced ideal of R such that R/I is CM-Armendariz, then R is CM-Armendariz.

Proof. The proof is a modification of that of [14, Proposition 1.4]. Let @ = a1g; +
<o+ aygn, B=bihy + -+ byh, be elements of Rx M such that o = 0. Without
loss of generality, we can assume that g; < g, < --- <gyand hy < hp < --- < h,,. We
use transfinite induction on the strictly totally ordered monoid (M, <) to show that
ajwg,(bj) = 0 for all i and j. Since R/I is CM-Armendariz and

0= (@gi + -+ angm)(bih + - - + byhy) )
= (a1 + I)Egl(bl + I)f(gl > hl)glhl + o4 (am + I)ag,,,(bn + I)f(gma hn)gmhn
= (alwgl (bl)f(gla h)+Dgihy +--- + (ama)gm(bn)f(gma hy) + Dgmhn,

in (R/I)* M, so we have ajw,, (b;)f (g;, h;) € I for all i, j. Since M is a strictly totally
ordered monoid, we have gy < g;ih; for i# 1 or j# 1. It follows from «f =0
that ajw,, (b1)f (g1, ) =0, i.e., ajwg (b1) = 0. Now, assume that a;wg,(b;) = 0 for all
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1 <i<mnand 1 <j<mwith gih; < &, and we shall show that a;wg(b;) = 0 for all i
and j with gih; = &.

In fact, X :={(gi, hj)lgih; = &} is a finite set and hence we can rewrite X =
{(gi,, Il <r <t} such that g; <g;, <---<g;. If g, =g;, for c#d, then the
equalities g; h;, = & = g;,h;, implies ;, = h;, (since M is cancellative), a contradiction.
Moreover, since (M, <) is a strictly totally ordered monoid, it follows that for any ¢ and
d with ¢ < d, g;.hj, = gi,hj, = & implies h;, < hj,. Thus, we have hj, < hj_, <--- < hj,
and hence

Y aiwg(b)f (i) = ) aiwg (b)) (gi, b))

gihj=¢ (gi,hj)eX
t
=Y a;,wg, (b,)f (g, h;) = 0.
r=1

Note that forany r > 2, g, b, < g;h;, = §, and so a;, wy, (b;,)f (g:,, h;,) = 0 by induction
hypothesis. Thus a; wy, (b;,) = 0. It follows that a;b;, =0 and hence a;wy, (b)) =
0, because R is M-compatible. Since I is reduced and wy, (b;)la; < I, we have
(wg, (bj)]aj))* = wg, (bj,)I(a;,wg, (b;,))a;, = 0. This implies that w,, (b;)Ia; =0 and
hence wy, (b;,)f (gi,» hj,)ai, S wg, (b;)Ia; = 0since I is an ideal of R. For any r > 2, we
obtain
0 = (a;,@g, (b;,)f (g, i)W aiwg, (b;)f (giy, 1))
= (aj,wg, (b, )f (&i,» )N ai g, (b)) )f (giy» hj )N ai g, (bj))f (gir, hjy))
€ (a;,wq, (b;)f (gi,, i) (ai, wg, (b)) (&iy, hyy))

- air(a)gi,. (bjr).f(gi,-v hj,)Iail )a)gil (bjl )f(gn ’ hjl)'
Multiplying Z;:l a;,wg, (b;)f (gi,» h;,) = 0 on the right side by («;, Wy, (b;)f (giy, by, )2,
we have

0=(§¢@&@y@wmﬁoa%gmy®pgw

= (aj, Wg;, (bil M (gi s h./l WNai, Wg;, (bjl M (gi s h./l ))2

= (ail a)g,'] (bj] )f(gll ’ hjl ))3
Since a;, g, (b),)f (gi, hjy) € I and I is reduced, we have a;, wg, (b;,)f (g, hj,) = 0. Thus
a;, g, (b;,) = 0. This implies that

é%%wW@wm=& ®

Multiplying equation (f) from the right-hand side by (a;, 0y, (b;,)f (g hj,))?, we obtain
ai, g, (b;,) = 0 by the similar method as above. Continuing this procedure, we can
prove that a;,w,, (b;,) = 0 for all . This shows that a;w,(b;) = 0 for all i, j with g;i; = .
Therefore, by transfinite induction, we have proved a,w,(b;) = 0 for all i, j.

For any o € R * M, we denote by C, the set of all coefficients of «.

LEMMA 2.7. Let R be a ring and M a monoid with o : M — Aut(R) a monoid
homomorphism and twisting f : M x M — U(R). Suppose that R is an M-rigid CM-
Armendariz ring. If ajay - - o, = 0 with each a; € Rx M, then ayay ---a, =0 for all
aj€ Cy,andalll <i<n.

For a ring R and n > 2, let S,(R) be the ring of all n x n upper triangular
matrices over R that are constant on the diagonal. Let w : M — Aut(R) be a monoid
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homomorphism. For each g € M, w can be extended to a monoid homomorphism &
from M to Aut(S,(R)) defined by @¢((a;)) = (wg(ay)).

PROPOSITION 2.8. Let R be an M-rigid ring and M a monoid with action w : M —
Aut(R), where |M| > 2. Then R is skew M-Armendariz if and only if S3(R) is skew
M-Armendariz.

Proof. Let R be a skew M-Armendariz ring and o = A1g; + 4ago + - - - + Angns
B = Bihy + Bxhy + - - - + Byh, be nonzero elements of S3(R)gM with o = 0, where

a? ap® a® b0 b byY
A; = 0 a® aZS(i) s Bj = 0 b [7230)
0 0 a® 0 0 )

We note that there is an obvious isomorphism S3(R)fM = S3(RfM). Therefore,
we can rewrite @ and 8 as

ap  ap o3 B Bz Bz
a=10 a axn|, B=|0 B Bz
0 0 o1 0 0 ,31

So we have the following equations: o8 =0, o812 + o281 =0, a1813 + @263 +
a1381 =0, a1Br +axpf; =0. Since R is skew M-Armendariz, it follows that
aDw,,(bY) = 0 for all i and j. Therefore, a?p?” =0 and thus HPa® =0 since R
is M-rigid. This implies that 5%y, (¢?) = 0 and we obtain Bja; = 0. Multiplying
a1B12 + o281 = 0 on the left side by B, we have S8 = 0. Since R is skew M-
Armendariz, we have #9a;,"b%) = 0 by Lemma 2.7. This shows that a1,Pw,,(h?) =
0 since R is M-rigid, and hence «1;8; = 0. Thus, we deduce «;B8;2 =0 and so
aDwg (b12") = 0. Similarly, if we multiply ;8 + 2381 = 0 on the left side by B,
then we have a3 = 0, so hax;@p) = 0 by Lemma 2.7. Thus axPw, (b)) = 0
for all ,j since R is M-rigid. Hence, «; 83 = 0 and so b23(j)a)/1].(a(i)) = 0 for all / and
Jj. Moreover, if we multiply «; 813 + @12823 + 1381 = 0 on the left side by B, then
Bie3Bi = 0. Similarly, we have a13Pw,, (b)) = 0 and so aj38; = 0. Thus, the third
equation above becomes o1 813 + «12823 = 0. If we multiply o1 813 + 12823 = 0 on the
right side by «y, then we have «; 83y = 0 since b23(/)w/,j (@) = 0 (hence Brzar; = 0). A
similar argument shows that a(i)a)gi(b13(/)) = 0. Therefore, we obtain a1,8,3 = 0 and so
a1 Pwg,(h23") = 0. Now, it is straightforward to see that A;w,,(B;) = 0 for all 7, j.
Conversely, assume that S3(R) is skew M-Armendariz. Let u = a1g1 + axgr +
<o+ ayg, and v = bihy + bohy + - - - + by,hy, be nonzero polynomials in RfM with

uv = 0. Then
uw 0 0 v 0 0
0 u 0 0 v 0
=0,
0 O 7 0 0 v
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in S3(R)gM. Since S3(R) is skew M-Armendariz, a routine verification shows that
R is skew M-Armendariz. O

COROLLARY 2.9. Let R be a ring and M a monoid with \M| > 2. Then R is M-
Armendariz if and only if S3(R) is M -Armendariz.

Note that any endomorphism « of a ring R can be extended to an endomorphism
& of S3(R) defined by a(ay) = (a(ay)).

COROLLARY 2.10 ([7, Proposition 17]). Let R be a ring and o an endomorphism of
R. If R is a-rigid, then S3(R) is a-skew Armendariz.

COROLLARY 2.11 ([12, Proposition 2]). If R is a reduced ring, then S3(R) is
Armendariz.

COROLLARY 2.12. Let R be an M-rigid ring and M a monoid with action w : M —
Aut(R), where |M| > 2. If R is skew M-Armendariz, then Sy(R) is skew M-Armendariz.

In view of Proposition 2.8, one may suspect that S,(R) is skew M-Armendariz if R
is skew M-Armendariz for n > 4. But the following example eliminates the possibility.

ExAMPLE 2.13. Let R and M be given as in Proposition 2.8. Since R is M-rigid,
we note that w,(e) = e for every ¢> = e € Rby 8, Proposition 5]. Let @ = ejse + (e2 —
e13)g and B = ezse + (€24 + €34)g € S4(R) * M with e # g € M, where the ¢;'s are the
matrix units in S4(R). Then we have af = 0, but (e12 — e13)wg(e34) # 0. This shows
that S4(R) is not skew M-Armendariz. Similarly, S,(R) is not skew M-Armendariz for
allm > 5.

If N is an ideal of the monoid M with twisting f : M x M — U(R) and action
w : M — Aut(R), then the restrictions f|yxy : N x N - U(R)andw|y : N — Aut(R)
are induced twisting and action.

PROPOSITION 2.14. Let R be an M-compatible ring and M a cancellative monoid. If
R is CN-Armendariz for an ideal N of M, then R is CM-Armendariz.

Proof. The proof is similar to that of [14, Proposition 1.10]. O

COROLLARY 2.15. Let M be a cancellative monoid and N an ideal of M. If R is
N-Armendariz, then R is M-Armendariz.

Let A be a multiplicative monoid consisting of central regular elements of R.
Then A™'R:={u"'alue A,ae R} is a ring. Let w: M — Aut(R) be a monoid
homomorphism. If we(A) C A for every g € M, then w can be extended tow : M —
Aut(A~'R) defined by @g(u'a) = wa(u) ' wy(a). If f: M x M — U(R) is a twisted
function, then f can be viewed as a twisted function from M x M to U(A™'R) as
U(R) € U(A™'R).

PROPOSITION 2.16. Let R be an M -compatible ring and M a cancellative monoid with
twisting f : M x M — U(R) and action v : M — Aut(R). Then R is CM-Armendariz
if and only if A='R is CM-Armendariz.

Proof. Tt suffices to show the necessity. Assume that R is CM-Armendariz. Let
a=Y"ou " aigi, B =31 v; bk be elements in A™'Rx M with ¢ = 0. Then & =
(U1 - - - Up)et, B = (Vyvu—1 - - - o)B are in R % M. Since R is CM-Armendariz and
ap =0, we have (Uptm_1 - - - tot; ' a;)wg,(VyVy—1 - - - vovj_lbj) =0 for all i, j. It follows
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that a;w,,(b;) = 0, because A is a multiplicative monoid consisting of central regular
elements of R and all u;, v; € A. Hence (u; ' a))wg, (v;' b)) = aiwg, (b)) (@g,(v)u) ™" =0
for all 4, j. This shows that AR is CM-Armendariz. O

COROLLARY 2.17. Let R be an M -compatible ring and M a cancellative monoid with
monoid homomorphism w : M — Aut(R). Then R is skew M-Armendariz if and only if
A~'R is skew M-Armendariz.

COROLLARY 2.18. Let R be an M-compatible ring and M a monoid. If R is M-
Armendariz, then A~'R is M-Armendariz.

The ring of Laurent polynomials over a ring R in one variable x is denoted by
R[x; x~']. Each endomorphism « of R can be extended to an endomorphism & of
R[x; x~ 1], where & is given by @(}_1; a;ix’) = Y0, a(a;)x’ for Y7, a;x' € R[x; x71].

COROLLARY 2.19 ([14, Proposition 2.5]). Let R be a reduced ring and M a monoid.
If R is M-Armendariz, then R[x; x~'] is M-Armendariz.

COROLLARY 2.20. Let R be a reduced ring and M a monoid. Then R[x] is M-
Armendariz if and only if R[x; x~] is M-Armendariz.

A ring R is left p.q.-Baer if the left annihilator of any principal left ideal of R is
generated as a left ideal by an idempotent [2]. As a generalisation of left p.q.-Baer
rings, Liu and Zhao in [15] introduced left APP-rings. A ring R is a left APP-ring if
the left annihilator /r(Ra) is right s-unital as an ideal of R for any ¢ € R. Here an ideal
I of R is said to be right s-unital if, for each a € I there exists x € I such that ax = a.
Note that an ideal 7 is right s-unital if and only if R/I is flat as a left R-module if and
only if 7 is pure as a left ideal of R (see [20, Proposition 11.3.13]). In [5, Theorem 3.9],
it was shown that a ring R is left APP if and only if R[x] is left APP.

For the crossed product R * M, we have the following.

PROPOSITION 2.21. Let M be a u.p.-monoid with twisting f : M x M — U(R) and
with action w : M — Aut(R) satisfying condition (x). If R is left APP, then R x M is left
APP.

Proof. The proof is a modification of that of [15, Theorem 3.10]. Suppose
a=ag +ag+ -+ agn, B=>bh +bhy+---+byh, € Rx M such that o €
Irsm((R % M)B). Then we have a(R * M)B = 0, and so a(rc)p = 0 for every r € Rand
every ¢ € M. In the following, we freely use the fact that wg, (R)f (g;, #j) = Rf(gi, hj)) = R
for any g;, h; € M. Since w is a map from M to Aut(R), there exist c1,¢2,...,¢, € R
such that a; = wg,(c;) for i=1,2,...,n. We shall prove by induction on m that
¢; € [r(Rw(bj)) for every c € M and for 1 <i <n and 1 <j <m. Note that M is
a cancellative monoid by [1, Lemma 1.1].

If m=1, then 8 = b1hy and (@181 + argr + - - + a,g,)(re)(bih) = 0. A routine
calculation shows that ¢; € Ir(Rw.(b1)).

If m > 2, thereexist 1 <s <mand 1 <t < msuch that g;ch, is uniquely presented
by considering the two subsets {gi,g>,...,g,} and {chy, chy, ..., chy,} of M. It
follows from a(rc)p =0 that asw, (R)f(gs, C)we,(b,)f (gsc, h)gsch, =0, and hence
aswg, (R)f (g5, O)wg,o(b)f (gs¢, ) = 0. Then aswg (R)wy,(b;) = 0 since wg, (R)f (g5, ¢) =
R. This shows that a,w, (Rw.(b;)) = 0 and so w, (csRw.(b;)) = 0, which implies that
csRw.(b,) = 0since wg, is a ring automorphism. Hence ¢, € Ir(Rw.(b,)). Since Ris a left
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APP-ring, Ir(Rw.(b,)) is pure as a left ideal of R and hence there exists ¢, € [r(Rw.(b;))
such that ¢, = ¢ye;. For every r € R, we have

0 =a(erc)p = (a1g1 + argy + - - - + angn)erc)(brhy + byhy + - - - + biyhy,)

= (a1g1 + a2go + - + angu)eirc)bihy + by + - -+ b_1hi_y + bry1hi
+ -+ buhy) + (181 + a2g2 + - - - + angn)((erw (b)f (¢, hy))(ch,))
= (a10g,(e1)g1 + arwg,(e1)g2 + - - - + anwg, (€)gn)(rc)
(brhy +bahy + - + bmrhimy + brprhr 4+ - - 4 bhi).
Moreover, since a;wg,(e;) = wg,(c;e;), by induction we obtain c;e; € Ir(Rw.(b;)) for
i=1,2,...,nandj=1,2,...,t—1,t+1,...,m Thus ¢, = cse; € ﬂ;’;llR(ch(bj)).
Now, we have a,wg (Rw.(b;)) = w, (csRw (b)) =0 for j=1,2,...,m. For every g; €
M, since w,, is an automorphism of R and w,, (R)f (g, ¢) = Rf(gy, ¢) = R, we obtain
aswq (R)f (g5, )wy (b)) (gsc, hj) = 0. It follows from a(rc) = 0 that (a1g1 + axg> +
co A 1851 A1 8ot F o A angn)(re)(bihy 4 byhy + - - 4 byhy) = 0.

Similarly, there  exists yef{l,2,....,s—1,s+1,...,n} such that
¢y € ﬂ/m: 1 [R(Rw(b;)).  This implies that a,w, (Rw (b)) = wg, (¢, Rw(b;)) =0
for j=1,2,...,m. Then we have (a1g) + arg> + -+ + Ay_185—1 + Asp1Gsr1 + -+ - +
y—18y—1 + ay18y+1 + - -+ + angn)rc)(brhy + bohy + -+ - + byhy) = 0. Continuing
this procedure yields ci,¢a,...,¢, € ;”:1 [r(Rw.(b;)) for every ce€ M. Now let
I = 271:1 Y e Roc(b)). Tt is easy to see that ¢, ¢, ..., ¢, € [r() and [ is finitely
generated since w satisfies condition (x).

Since R is left APP, Ix(]) is pure as a left ideal of R, so there exists & € Ig(/) such
that ¢; = ¢;€ with i =1, 2, ..., n. Note that for every r € R and every ¢ € M, we have
ro.(b;) € I, and thus

(Ee)ro) = (Ee)ro)(Z/L bihy) = Ew.(r)f (e, c)(ec)(ZL,bjhy)
= X7 &1f (e, Owee(b))f (ec, hy)(chy)
= X161 (e, we(b))f (¢, hy)(chj) = 0.
This shows that (§e) € lrau((R* M)B). Hence, a(§e)=Y 1 agi(be)=
Z:’zl aiwg(§€)g; = ZL] aiwg,(§)gi = Z?:] wg,(¢i&)gi = ZL] wg,(¢i)gi = Z?zl a,gi =
a. It follows that R x M is left APP. Il

COROLLARY 2.22. Let M be a u.p.-monoidwithw : M — Aut(R) satisfying condition
(x). If R is left APP, then the skew monoid ring RiM (i.e., the crossed product R x M
with the trivial twisted function) is left APP.

3. CM-quasi-Armendariz rings. Given a ring R and a monoid M with twisting
f:Mx M — U(R)and actionw : M — Aut(R), we define the notion of a CM-quasi-
Armendariz ring, which unifies several quasi-Armendariz properties of rings.

DEFINITION 3.1. A ring R is called M-quasi-Armendariz of crossed product type
relative to the given twisting f and action w (or simply, CM-quasi-Armendariz) if
whenever o = aggo + aigy + - - - + angn, B = boho + b1hy + - -+ + byhy, € Rx M with
gi, hj € M satisfy a(R = M)B = 0, we have a;Rw,,4(b;) = 0 for any i, jand g € M.

REMARK 3.2. If R is CM-quasi-Armendariz with f trivial, then we call M a skew
M-quasi-Armendariz ring. If R is CM-quasi-Armendariz with w trivial, then we call
R a TM-quasi-Armendariz (i.e., twisted M-quasi-Armendariz) ring. It is easy to see
that if both twisting /" and action w are trivial, then R is M-quasi-Armendariz. In
particular, if both twisting f/ and action w are trivial with M = (N U {0}, +), then R is
CM-quasi-Armendariz if and only R is quasi-Armendariz.
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PROPOSITION 3.3. If R is a left p.q.-Baer ring and M is a strictly totally ordered
monoid, then R is T M-quasi-Armendariz.

Proof. The proof is a modification of that of [6, Lemma 1]. Let o = apgo +
arg1+ -+ angu, B = boho + bihy + - -+ + byhy, € RT[M] such that «(R*[M])B = 0.
Since M is a strictly totally ordered monoid, we can assume that g; < g; and A; < ;
whenever i < j. Now, we claim a;Rb; = 0 for all j, j. Let r be an element of R. Then, we
have a(re)B = 0 since «(R*[M])B = 0, and so

0 = a(re)B = aoptf (g0, €)bof (g0, ho)goho + - - - + {anlf (gn, €)bm—2/ (gns Mim—2)gnlm—2
F a1 (gn-1, bm_1/(€n-1, hin—1)gn-1"m—1 +an_21f (€n—2, Obif (gn—2, hn)&n—2Mm)}
+{an’f(gn7 e)bm—lf(gm hm—l)gnhm—l +an—1’f(gn—1 ’ e)bnd[(gn—l ’ hm)gn—lhm}
+antf (gn, €)buf (&ns im)gnhim. ()
It follows that a,i1f (g, €)buf(gn, hm) =0 since g,h,, is of highest order in the
gil;s. Hence au1f (gn, €)bm = 0. This shows that a, € Ir(Rf(gn, €)bm) = [r(Rby). Hence,
[r(Rb,;) = Re,, for some idempotent ¢,, by hypothesis. Replacing r by re,, in equation
(1), we obtain

0= Cloremf(goy e)bof(go, hO)gOhO + -+ {anremf(gnv e)bm72f(gnv hm72)gnhmfz

Fan_1renf(gn-1, b1/ (€n-1, hn—1)n—1"m-1}

+aprenf (gn, e)bm—lf(gnv hm—l)gnhm—l- (1)
So ayrenf(gn, €)bm-1f(gn. hm—1) = 0, because g,h,—1 is of highest order in {g:/;|1 <
i<n1<j<mi\{g—1hm, gnhm}. Hence a,re,f (g, €)bnm—1 = 0. Since Re,, is an ideal
of R and ¢,, € Re,,, we have e,,r € Re,, and thus e,,r = ¢,re,, for all r € R. On the
other hand, we also have a, = a,e,, since a,, € Ig(Rb,,) = Re,,. Hence a,1f (g, €)by—1 =
anemtf (gn, €)bm_1 = anemrenf (gn, b1 = ayref(g,, €)b,—1 = 0. This implies that
a, € Ir(Rb,, + Rb,,_1), and hence [g(Rb,, + Rb,,_1) = Re,,_ for some idempotent
em—1 € Rsince R is a left p.q.-Baer ring.

Replacing r by re,,_ in equation (), we obtain ayre,,;_1f (g, €)bm_2f (gn, hn—2) =0
in the same way as above. This shows that a,, € /g(Rb,, + Rb,,,—1 + Rb,,_>). Continuing

this process we obtain a,Rb, =0 for all t =0, 1,...,m. So, we have (apgo + @121 +
<oty 18u 1 (RE[M])(boho + b1y + - - - + byhy,) = 0. Using induction on m + n, we
obtain a;Rb; = 0 for all i, j. Therefore, R is a T M-quasi-Armendariz ring. O

COROLLARY 3.4. If R is a left p.q.-Baer ring and M is an ordered monoid, then R is
an M-quasi-Armendariz ring.

PROPOSITION 3.5. Let M be a u.p.-monoid with twisting f : M x M — U(R) and
action w : M — Aut(R). If R is a semiprime ring, then R is CM-quasi-Armendariz.

Proof. The proof is a modification of that of [9, Theorem 1.1]. Let « = a1g; +
agr + -+ ang, and B = bihy + byhy + - - - + bk, be elements in R x M with a(R *
M)B = 0. Then for any r € Rand g € M, we have

(@181 + axga + -+ + angn)gr(bhy + bohy + - - - + byh) = 0. ()
We shall prove, by induction on n, that a; Rwg,(w,(b;)) = 0 for every g € M and for all
l<i<nandl <j<m.

Ifn = 1, then (a1g1)gr(b\hy + byhy + - - - + byhy,) = 0. A routine calculation shows
that a1 Rwg, (we(;)) = 0 foreach 1 <j < m.

If n > 2, since M is a u.p.-monoid, there exist s,z with ] <s<nand 1 <t<m
such that gygh, is uniquely presented by considering two subsets S = {gig, ..., g,g} and
T ={hy, ..., h,} of M. We may assume, without loss of generality, thats = 1,7 = 1. It
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follows from (1) that a; wg, (wg(Rb1))f (218, h1)g1gh1 = 0, and hence ajwg, (wy(Rb1)) = 0.
Since wg, w,, are automorphisms of R, we get a; Rw,, (we(b1)) = 0. Hence, for every
z € R, aiRwg, (wg(b12b1)f (218, h1) = 0, and so

0= (a1g1 +axga + -+ + angn)grbrz(bihy + bahy + - - - + by )

= (ang +--+ angn)gr(blelhl + bIZbZh2 +--+ bImehm)-
By induction hypothesis, we have a;w,, (wg(rb1zb;)) = Oforall2 <i <nand 1 <j <m,
and s0 0 = ajwg,(wg(rb1zb1)) = ajwg,(wg(r))we,(wg(b1))wg,(wg(2))wg, (we(b1)). Since w,
and w, are automorphisms for every 2 < i < n, we have a;Rwg,(wg(b1))Rwq,(wg(b1)) =
0. It follows that a;Rwg(wg(b1)) =0 for all 2 <i<n since R is a semiprime
ring. Therefore, we have a;Rwg,(wg(b1)) =0 for all 1 <i <n. Thus, the equation
() becomes (ajg) + axgr + -+ - + angn)gr(bahs + - - - + byhy,) = 0. Continuing  this
process, we obtain a;wg(w,(rb;)) =0 for all ge M and all i,j. This shows
that a;Rwg (wg(bj)) =0 for all ge M, 1 <i<n and 1<j<m. The proof is
complete. O

Let « be an endomorphism of a ring R. According to [9], a ring R is
called a-skew quasi-Armendariz if for f(x) = £"a;x" and g(x) = EJ’?:Objxj in R[x; ],
J(X)R[x; a]g(x) = Oimplies a;Ra'(b;) = Oforall0 < i < mand0 < j < n. The following
corollary shows that CM-quasi-Armendariz rings generalise both a-skew quasi-
Armendariz rings and semiprime rings with & an epimorphism.

COROLLARY 3.6. Let R be a semiprime ring with an epimorphismo. If f (x) = T ja;x'
and g(x) = Efzobjxf € R[x; o] such that f(x)R[x; a]g(x) = 0, then a;Ra™**(b;) = 0 for all
k>0,0<i<mand0<j<n
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