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GCOUNTABLY COMPACT SPACES AND MARTIN’S AXIOM

WILLIAM WEISS

The relationship between compact and countably compact topological spaces
has been studied by many topologists. In particular an important question is:
“What conditions will make a countably compact space compact?’’ Conditions
which are ‘‘covering axioms’’ have been extensively studied. The best results
of this type appear in [19]. We wish to examine countably compact spaces
which are separable or perfectly normal. Recall that a space is perfect if and
only if every closed subset is a G5, and that a space is perfectly normal if and
only if it is both perfect and normal. We show that the following statement
follows from MA 47 CH and thus is consistent with the usual axioms of set
theory: Every countably compact perfectly normal space is compact. This
result is Theorem 3 and can be understood without reading much of what
goes before.

A preliminary version of this article, written in 1975, has seen wide circula-
tion. A happy consequence of this is that the original versions of both Theorem
2 and Theorem 3 have been improved. In particular, K. Kunen gave a better
proof of Theorem 2 which eliminates the need for complete regularity. Also,
P. Zenor, G. Gruenhage and J. Rogers, and independently J. Chaber, signifi-
cantly simplified the proof of Theorem 3, eliminating the need for complete
regularity and the full use of MA. These improvements are incorporated in this
article.

We use the usual set-theoretic notation; cardinals are identified with initial
ordinals. All spaces are assumed to be 77. We employ the terminology of car-
dinal functions as in [9]. The Lindelif degree of X is L(X) = min {« : every
open cover of X has a subcover of cardinality =< «}. The density of X isd(X) =
min {x:X has a dense subset of cardinality «}. The cellularity of X
is ¢(X) = sup {« : X has a discrete subspace of cardinality «}.

The following definitions are found in [1]. For x € Z — Z, {(x, Z) = min
{X\ : there is a subset 4 of Z such that |4| = N and x € A}. The tightness of X
ist(X) =sup {t(x,Z): ZC Xandx € Z — Z}.

Martin's Axiom is a set-theoretic proposition implied by 28 = R;. However,
it is also known to be consistent with 280 > N;; see [13]. We are mainly
interested in the following two consequences of MA4.

ProrosiTION 1. MA implies both statements (i) and (ii).
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() If X is a regular space such that ¢(X) = Vo and « ts a regular cardinal less
than 2R°, then  is a precaliber for X (i.e. if U is a family of k open subsets of X,
then there is a subfamily W' C U of cardinality « such that U has the finile
intersection property).

(i) If & s a family of less than 2R subsets of w such that the intersection of
each finite subfamily of F 1is infinite, then there exists an infinile D C w such
that for each F € % we have D \ F finile.

Part (i) of the above proposition is found in [9]. Part (ii) is sometimes called
Booth's lemma [Bo]. Let us denote statement (ii) by S. One of the several
interesting uses of .S is the following proposition and its corollary, taken from

[13] and [7].

ProprosiTION 2. Assume S. If X is a countably compact separable space and
U is an open cover of X with |U| < 280, then there exists a finite subcollection
U < U such that {U: U € U'} covers X.

CoROLLARY. Assume S. If X is a countably compact, separadle, regular space
with L(X) < 280, Then X 1s compact.

As shown in [5], a countably compact, separable, regular space may not be
compact. In fact, the following lemma easily leads to many such examples.

LemMma 1. If X is a countable compact extremally disconnected regular space
then every infinite subset of X has at least two limit points.

Proof. Let X be as in the statement of the lemma and suppose 4 =
{a, : n < w} is an infinite subset of X with only one limit point y. We may
assume that for all m # n, y # a, # an. Now for each m < w,

{an:m < n <o} U {y}

is closed, hence we can define a sequence of open sets {U,, : m < w} by induc-
tion. Let U, be an open neighbourhood of a, such that U, N ({a,: 0 < n < «}
U {y}) = 0. Let U, be an open neighbourhood of a,, such that for all n < m,
UNU,=0and U, N ({a,: m <n <o} U{y}) = 0. Let

U=U{U2k:k<w}.

U is open, and since X is extremally disconnected, so is U. Thus v € U is an
open neighbourhood of y which is disjoint from {as41: £ < w}, contradicting
X countably compact.

Example. Let p € BN — N such that the smallest local basis for p has
cardinality 2%¢, The existence of such points was proven in [15]. BN — {p} isa
countably compact, separable, completely regular space with Lindelsf degree
2%, BN — {p} is countably compact since every infinite subset of 8V has at
least two limit points, so that every infinite subset of BN — {p} must have at
least one. BN - {p} must have Lindeldf degree <2%¢, since BN has a basis of
cardinality 280, If L(BN — {p}) = x < 2®¢, then a straightforward argument
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shows that there exists a collection of open subsets 38, such that |8] = x and U
B = {p}. Since BN is compact, 8 would give rise to a local basis of cardinality
k, contradicting our choice of .

In [14] Ostaszewski constructs a space 6 with the aid of ¢, a combinatorial
principle consistent with the usual axioms of set theory [4]. The space 6 is
regular, hereditarily separable, countably compact, and not compact. Further-
more, 0 is perfectly normal. However, we will show that with M4 and 28¢ > N,
we can prove that every countably compact, perfectly normal space is com-
pact. Let us begin by examining countably compact, perfectly normal spaces.

ProrosiTION 3. If X s a countably compact, perfect space, then s(X) = No.
Furthermore, if X s also regular, then t(X) = N.

For the proof see [14] or [17]. The following proposition is in [9].

ProrosITION 4. Suppose X is a topological space.

(i) X is not hereditarily Lindelof if and only if there is a subspace A < X and
a well-ordering A = {an: a < wi}, such that for all 8 < wilas: a < B} is
open in A. The subspace A is called a right-separated subspace (of cardinality Xy).

(ii) X is not hereditarily separable if and only if there is a subspace B C X and
a well-ordering B = {by : a < w1}, such that for all 8 < wi{b. : a < B} is closed
in B. The subspace B is called a left-separated subspace (of cardinality NRy).

The following proposition is very useful. The proof appears in [8].

ProposiTION 5. If A 1s « right-separated space with s(A) = Yo, then A 1is
hereditarily separable.

A similar proof shows that if B is a left-separated space with s(B) = N,
then B is hereditarily Lindelsf. From Proposition 5 we can show the following.

THEOREM 1. If there exists a countably compact, perfectly normal space which
1s not compact, then there exists a separable one.

Proof. Suppose X is a countably compact, perfectly normal space which is
not Lindelof. There exists an uncountable right-separated subspace 4 C X.
By Proposition 5, 4 is separable. Hence A is a countably compact, perfectly
normal, separable space. Since 4 is not Lindelof, 4 is perfectly normal, 4
cannot be Lindelof.

However, if there exists a countably compact, perfectly normal, non-com-
pact space, it need not be separable. For example, if we assume & we can
construct both Ostaszewski's space 6, as in [12], and a compact Souslin line L,
as in [4]. The disjoint union of 6 and L is a countably compact, perfectly
normal space which is neither compact nor separable. However, as Proposition
3 and the next theorem show, if we assume M4 and 280 > N;, every countably
compact, perfectly normal space is hereditarily separable. This generalizes a
well-known theorem of I. Juhéasz [9].
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TurorREM 2. Assume MA and 280 > Ny, If X is a countably compact regular
space with s(X) = Ny, then X 1s hereditarily separable.

Proof. We suppose that X is not hereditarily separable and derive a contradic-
tion. By restricting the argument for Theorem 1 in [1] to the countable case
we can conclude that since X is countably compact and regular with s(X) = R,
t(X) = No.

Let {y. : @ < w1} be a left-separated subspace of X and let

Vo =cli{y,:v <al.

Let V= U {V,:a <w}; Yis closed since {(X) = X¢. We now deal only
with the subspace V.

For each a < wi, let U, be an open neighbourhood of v, such that
UsM Vo = 0. Since s(X) = Ny, ¢(¥) = X, and hence by Proposition 1 (i),
¥ has X; as a precaliber. So let S be an uncountable subset of w; such that
{U.: « €S} has the finite intersection property. Since ¥ is countably com-
pact, for each 8 € S we can define a non-empty £z as follows:

Fs=N{U,:a <pBanda C S}

We can now inductively pick an increasing sequence of ordinals {8, : u < wi}
and a sequence of points {x,: u < i} such that {x,:» < p} & Vj, but
xy € I, Then {x,: p < wi} is left-separated by { Vs, : u < wi} and right-
separated by {Fs : p < w1} and is hence discrete. This contradicts that

S(X) = No.

The next theorem shows that it is consistent with the usual axioms of set
theory that every countably compact, perfectly normal space is compact. This
answers the question asked in [4; 6; 2; and 7].

THEOREM 3. Assume S and 28° > Ni. Every countably compact, perfect, regular
space s compact.

Proof. Suppose X is a countably compact, perfect, regular space which is
not Lindelof. X contains a right-separated subspace ¥ of cardinality ¥;. Let
V =1{V,:a < w}. Foreach g < w,, there is a set Uz open in X such that
Ya:a 2B} C Ugand Ug M {y, > B} = 0.

Since X is regular, for each 8 < w; we can pick an open neighbourhood Vg
of yz such that V3 C© Uz No countable subcollection of {Vs: 8 < wi} can
cover an uncountable subset of V.

Since X is perfectand U {175 : 8 < w;} is open, there is a countable collection
of closed sets {F, : n < w} such that U {Vs: 8 < w} = U {F,: % < w}. So
there is an m < w such that ¥ M\ £, is uncountable.

Let E = YV F,. Since E is a closed subset of I, £ is countably compact
and regular. By Propositions 3 and 5, Y is hereditarily separable, so that E is
separable. Thus a contradiction to Proposition 2 is achieved, completing the
proof of the theorem.
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COROLLARY. Assume MA and 280 > Xi. Every countably compact, perfectly
normal space is compact.

Recall that Ostaszewski's space 8 is constructed using and is countably
compact perfectly normal and not compact. It should be noted that, using ¢, a
space is contructed in [18] which is countably compact, locally compact, perfect,
completely regular, hereditarily separable and not normal. It is also of interest
to note that J. Chaber [3] has proven the following theorem: every countably
compact space with a G; — diagonal is compact.

The proposition S is a “‘combinatorial”’ consequence of M4, in the sense of
[11]. Thus, as is shown in [11], there is a model of set theory in which there is
a Souslin line, but S holds, hence every countably compact, perfect, regular
space is compact. Hence, although it is shown in [16] that the existence of a
Souslin line implies the existence of a normal, hereditarily separable, non-
Lindelsf space; the existence of a Souslin line does not imply the existence of
Ostaszewski's space B. F. Tall has noticed the following application of Theo-
rem 3.

THEOREM 4. Assume MA and 2% > Ry If X is a countably compact space
such that X? 1s hereditarily normal, then X is compact.

Proof. We can assume X is infinite and thus contains a countably infinite
subset 4. Since X is countably compact, 4 cannot be discrete; hence 4 con-
tains a countable subset which is not closed. By a theorem in [10], X is perfectly
normal. Thus, by Theorem 3, X is compact.

This leads to what may be the most elementarily-stated mathematical
result, which is consistent with and independent of the usual axioms of set
theory.

THEOREM 5. I1 15 consistent with and independent of the axioms of set theory
that there exists a countably compact non-compact space X such that X X [0, 1]
is hereditarily normal.

Proof. The independence is shown in Theorem 4. To prove the consistency
let 8 be Ostaszewski’s space, as in [14], and consider the space 6 X [0, 1].
Since a perfectly normal space is hereditarily normal, the following lemma
completes the proof.

LEMMA 2. X 1s perfectly normal if and only if X X [0, 1] 1s perfectly normal.

Proof. The necessity is evident. To show the sufficiency, note that X is
countably paracompact and hence X X [0, 1] is normal, and thus it only
remains to show that X X [0, 1] is perfect.

Let {B,: n < w} be a basis for [0, 1]. Let { U, : @ < «} be a basis for X. Let
V be an arbitrary open subset of X X [0,1]. For each # < w, let
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4, =la €x: Uy X B, C V}. Thus

V=U{U{UsXBy:a€ 4,}:n<uw

=U{U{Us:a€ 4,} XB,:n < ol
Since U {Uy: @ € 4,} is open in X,

Uf{Us:a € 4, = U{F":m < w}

where each F,* is closed in X. Also, B, = U {E;*: k < w} where each E;" is
closed in [0, 1]. Hence

U{Us:a € 4,} X B, = U{F"XE":m<w k<ol
Thus

V=U{U{F"XE" m<wk<ow:n< o
=U{F"XE" m<wk<uwn<ol,
which is an F,. Therefore X X [0, 1] is perfect and the lemma is proved.

Using a theorem of P. Zenor in {20], we can prove results similar to Theorem 4
and Theorem 5, replacing “‘hereditarily normal”’ with ‘“‘hereditarily countably
paracompact’’. Using Katetov’s theorem in [10] as well, we have the following
corollary to Lemma 2.

CoROLLARY. The following are equivalent:
(1) X 1is perfectly normal.
(ii) X X [0, 1] s perfectly normal.
(iii) X X [0, 1] is hereditarily normal.
(iv) X X [0, 1] is hereditarily countably paracompact.
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