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CONFORMALLY FLAT SPACES OF CODIMENSION 2 
IN A EUCLIDEAN SPACE 

BANG-YEN CHEN AND KENTARO YANO 

1. I n t r o d u c t i o n . In a previous paper [1], the au thors introduced and 
studied the notion of special conformally flat spaces and quasi-umbilical hyper-
surfaces. In t h a t paper, the au thors proved t h a t every conformally flat space 
of codimension one in a Euclidean space is special and, conversely, every 
special conformally flat space can be isometrically immersed in a Euclidean 
space as a quasi-umbilical hypersurface. 

In the present paper, the authors s tudy the conformally flat spaces of 
codimension 2 in a Euclidean space. (Manifolds, mappings, functions, etc. are 
assumed to be sufficiently d i f fe ren t ia te and we shall restr ict ourselves only 
to manifolds of dimension n > 3.) 

2. P r e l i m i n a r i e s . We consider an ^-dimensional submanifold Vn of an 
(n + 2)-dimensional Euclidean space En+2 and represent it by 

(2.1) X = X ( £ S f 2 , . . . , r ) , 

where X is the position vector from the origin of En+2 to a point of Vn and 
{£*} is a local coordinate system of Vn, where here and in the sequel the indices 
h, i,j, k . . . run over the range {1, 2, . . . , n\. 

We pu t 

(2.2) Xt = dtX, (dt = d/d?) 

then the components of the fundamental metric tensor of Vn are given by 

(2.3) gjt = XrXt 

the dot denoting the inner product in En+2. 
Let C and D be two mutua l ly orthogonal uni t normal vectors of Vn in 

En+2 and let V^ denote the operator of covar iant differentiation along Vn with 
respect to Levi-Civita connection. T h e n equat ions of Gauss and Weingar ten 
are respectively wri t ten as 

(2.4) VjXt = hjtC + kjtD 

and 

V3C = -h^Xt + IjD, 

ViD = -kj'Xt - IjC, 
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where hjt and kji are the second fundamental tensors with respect to C and D 
respectively and lj the third fundamental tensor, hj* and &/ being defined by 
hj1, = hjtg

H and k/ = kjtg
H respectively. T h e mean curvature vector is then 

given by 

(2.6) H-lg'^jXt. 

If there exists, on the submanifold Vn, two functions a, /3 and a uni t vector 
field Ut such t h a t 

(2.7) hjt = agjt + fiUjUi, 

then Vn is said to be quasi-umbilical with respect to C. In part icular if fi = 0 
identically, then F^ is said to be umbilical with respect to C. If Vn is umbilical 
with respect to the mean curvature vector H, then Vn is said to be pseudo-
umbilical in En+i. 

T h e equations of Gauss for Vn are given by 

(2.8) Rkji
h = hk

hhH - hjhhki + kk
hkjt - kjnkki, 

where Rkji
h is the Riemann-Christoffel curvature tensor of Vn. Denot ing by 

Rji = Rtji
l and R = gjiRji the Ricci tensor and the scalar curvature respec­

tively, we define a tensor field Ljt of type (0, 2) by 

^ * y ; ^ " n - 2 ^ 2{n - 1)(» - 2) " 

T h e conformai curvature tensor Ckji
h is then given by 

(2.10) Ckji = Rkji + 8kLji — 5jLki -f- Lk g3i — Lj gkil 

where ôl is the Kronecker delta and Lk
h = Lktg

tn. 
A Riemannian manifold Vn is called a conformally flat space if Ckji

h = 0. 

3 . C o n f o r m a l l y flat spaces of c o d i m e n s i o n 2 . Let ©w be the set of all 
real symmetr ic square matrices of order n and p be a na tura l number . W e pu t 

(3.1) A™ = Trace (A*), A £ ©„, 

where Ap denotes the product of A with itself p times. For any A £ ©», 
let Xi, x2, . . . , xn denote eigenvalues of A. We define a real function <r on 
©n by 

(3.2) <r(4) = £ ( * * " XjYiXi - xh)\ 

where the summat ion is taken over all distinct k, j , i, h. We notice here t ha t 
if a (A ) = 0, then a t least n — 1 of x's are equal. 

L E M M A 1. For any A £ ©w(^ > 3) , we have 

(3.3) ia(A) = -n(n - 1)4<4> + 4 (» - 1 ) 4 "M'3» + (rc2 - 3rc + 3) (4<2>)2 

- 2rc(4<1>)24(2> + (A^)\ 
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Proof. By a direct computation, we find that both sides of (3.3) are equal to 

2(» — 2)(w — 3) X) %k2Xj2 — 4 0 — 3) 2 X **Vi 2 + 24 X) x&jXiXh. 
k<j i^k,j k<j k<j<i<h 

This proves the lemma. 

THEOREM 1. Let Vn be a conformally flat space of codimension 2 in a Euclidean 
(n + 2)-space EnJr^ Then we have 

(3.4) a(H) = *(K), 

where H = (ht
h) and K = (kt

h). 

Proof. Since the ambient space is Euclidean, the Riemann-Christoffel 
curvature tensor of Vn is given by (2.8) ; we have 

(3.5) Rjt = H™hjt - hjtht* + K^kjt - kjtkt\ 

(3.6) R = (# ( 1 ))2 - H™ + (K<»y - K^ 

and 

(17\ T = - # ( % * ~ huh/ +K(1)kji - kjtkj1 Rgjt  
(6'n ji n-2 ^ 2(n- 1 ) 0 - 2) ' 

Substituting (2.8) and (3.7) into (2.10) and transvecting the equation 
obtained with hh

khji and kh
kkji respectively, we obtain 

(3.8) h«hHCkjl
h = {n _ ^{n __ 2 ) [ { -» (» - 1)HW + 4(» - 1)HWHW 

+ (n2 - 3ra + 3)(ff(2))2 - 2n(Hm)2Hm + (ff(1>)4} 

+ {(» - 1)(» - 2)((HK)m)2 - n(n - 1)(HKHK)W 

- 2(n - l)HmKm{HK)m + 2(» - l)Hm(HKK)w 

+ 2(» - l)Km{HHK)w + (H(1>)2(X<1,)2 - (Hw)2Km 

-Hm(Km)2+HmKm}] 

and 

1 " ' - " < 4 > x / i / „ _ n r a ) F « (3.9) *»*A"CW<* = (w _ 1 ) ( w _ 2 ) [{ -n(n - 1)KW + 4(» - 1)X(1)X 

+ (n2 - 3n + 3)(i£<2))2 - 2n(Kw)2Ki2) + (K(1))4} 

+ {(n - 1)(» - 2)((KH)W)2 - n(n - l){KHKH)m 

- 2{n - l)KmHm(KH)m + 2(» - l)Km(KHH)w 

+ 2(» - \)Hm{KKH)m + (Km)2(Hw)2 - (Kw)2Hm 

- Ki2\Hmf + KmHm}]. 
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Thus by Lemma 1 and the facts that 

(HK)w = (KHYl\ (HKHK)w = (KHKH)™, 
(HKKyv = (KKHYl\ (HHK)W = (KHH)^, 

we obtain 

(3.10) (hhh -khk )Ckji = 2 ( n _ 1 ) ( n _ 2 ) -

This completes the proof of the theorem. 

4. Applications and remarks. From Theorem 1, we have the following 
applications. 

THEOREM 2. Let Vn be a conformally flat space of codimension 2 in a Euclidean 
{n + 2)-space En+2. If Vn is quasi-umbilical with respect to one normal direction 
C, then it must be also quasi-umbilical with respect to another normal direction D. 

Proof. If Vn is quasi-umbilical with respect to C, then the second fundamental 
form hjt with respect to the normal direction C is given in the form (2.7). 
Therefore the matrix H = (h*) has only two distinct eigenvalues with 
multiplicity n — 1 and 1 or w and 0. Thus we see that <r(H) = 0. Thus, 
from Theorem 1, we see that <r(K) = 0. This implies that the eigenvalues of 
K = (kth) are given in the following form 

x, x, . . . , x, y (x (n — l)-times). 

This implies that Vn is quasi-umbilical with respect to D. 

From Theorem 2, we have immediately the following 

COROLLARY. Let Vn be a conformally flat space of codimension 2 in En+2. 
If Vn is umbilical with respect to one normal direction C, then Vn is quasi-umbilical 
with respect to another normal direction D. 

Remark 1. If Vn is a pseudo-umbilical submanifold of codimension 2 of 
En+2 and if the length of the mean curvature vector H is nowhere constant, then 
Vn is automatically conformally flat (cf. [2]). 

Remark 2. The concept of "being quasi-umbilical (or umbilical) with respect 
to one normal direction" is invariant under the conformai change of metric 
of the ambient space. But since the mean curvature vector is not invariant, 
the concept of "being pseudo-umbilical" is not invariant under the conformai 
change of metric. 
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