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ABSTRACT

Fix an integer n > 2. To each non-zero point u in R", one attaches several numbers
called exponents of Diophantine approximation. However, as Khintchine first observed,
these numbers are not independent of each other. This raises the problem of describing
the set of all possible values that a given family of exponents can take by varying the
point u. To avoid trivialities, one restricts to points u whose coordinates are linearly
independent over Q. The resulting set of values is called the spectrum of these exponents.
We show that, in an appropriate setting, any such spectrum is a compact connected
set. In the case n = 3, we prove moreover that it is a semi-algebraic set closed under
component-wise minimum. For n = 3, we also obtain a description of the spectrum of
the exponents (gl, Py £3,¢1,¢2,¢3) recently introduced by Schmidt and Summerer.

1. Introduction

The recent advances in parametric geometry of numbers have led to an abundance of new
results concerning the spectra of various families of exponents of Diophantine approximation.
We describe these notions below with a quick overview of the known results, using the formalism
of parametric geometry of numbers and the notation of [Royl5]. Then we present new general
properties of the spectra, mostly topological, and discuss a particular spectrum in detail.

Fix an integer n > 2 and a non-zero point u € R™. Then consider the parametric family of
convex bodies of R™ given by

Culg) ={xeR" x| <land |x-ul<e ?} (¢=0),

where x - u denotes the standard scalar product of x and u in R”, and ||x|| = |x - x|'/2 is the
Euclidean norm of x. For each ¢ = 1,...,n and each ¢ > 0, set

Lu,i(Q) = log )\i(cu(Q)a Zn),

where \;(Cu(g),Z"™) is the ith minimum of Cy(¢g) with respect to the lattice Z", namely the
smallest positive real number A such that ACy(g) contains at least i linearly independent points
of Z™. In 1982, using a slightly different but equivalent setting, Schmidt noted that, for the
purpose of Diophantine approximation, it would be important to understand the behavior of the
maps Ly: [0,00) — R”™ given by

Lu(q) = (Lu,1(q); - -+ Lun(q)) (¢=0)
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ON DIOPHANTINE APPROXIMATION SPECTRA

(see [Sch83]). Transposed to the present setting, his preliminary observations can be summarized
as follows. We have Ly 1(¢) < -+ < Lun(q) for each ¢ > 0 and, by Minkowski’s second convex
body theorem, the function Ly 1(q) + -+ + Lun(¢) — ¢ is bounded on [0, 00). Moreover, each
Ly, is a continuous piecewise linear map with slopes 0 and 1. In the same paper [Sch83], he also
made a conjecture which was solved by Moschevitin [Mos12a] (see also [Keil6)).

In [SS09, SS13a], Schmidt and Summerer established further properties of the map Ly, which,
by [Roy15], completely characterize these functions within the set of all functions from [0, c0) to
R™ modulo bounded functions. They also introduced the quantities

1 1
¢ .(u) =liminf —Ly ;(¢), @;(u) =limsup —Ly,(q) (1 <1i<n).
1 q )

- q—>0 q q— 00
Revisiting work of Schmidt in [Sch67], Laurent [Lau09b] defined additional quantities related to

%

P.(u) = liminfEZLuvj(q), ;(u) = limsup ~ ZL“J (I1<i<n).

q—> 00 q] 1

All of these are called exponents of Diophantine approximation, because they appear as critical
exponents in problems of Diophantine approximation. Of particular interest are the exponents

flzyp @1:@1, fnzl—an,l and @, =1-1

n—1"

Their spectrum is the set of all quadruples (¢, (u), %, (u), ¢, (u),%,(u)), where u runs through
the points of R” whose coordinates are linearly independent over Q. It is easily described for
n = 2. For n = 3, it was determined by Laurent in [Lau09a]. Moreover, the spectra of the following
general families are known:

— (¢,,Py): the constraints come from Khintchine’s transference principle [Khi26a, Khi26b],
and constructions of Jarnik in [Jar35, Jar36] show that they are optimal,

= (¥, .- 9, )t the constraints by Schmidt [Sch67] and Laurent [Lau09b] describe the
full spectrum [Roy16];

~ (@1,¢,): the constraints by Jarnfk [Jar38] for n = 3, and by German [Gerl2] for
n > 4, are optimal (see Schmidt and Summerer [SS16]) and describe the full spectrum
(see Jarnik [Jarb4] for n = 3 and Marnat [Marl5] for n > 4).

For n = 4, we also know optimal constraints on the spectrum of (¢ ,%,,) thanks to [Mos12b]
and [SS13b], as well as for the spectrum of (¢,,®;) thanks to [SS13b].

We propose the following notion as a general framework to study the spectra of such families
of exponents of Diophantine approximation.

DEFINITION 1.1. Let T' = (T1,...,T,): R® — R™ be a linear map. For each non-zero point
u € R, we define

pr (L) = <lim inf ¢~ ' Ti(Lu(g)), - .., lim inf q‘le(Lu(q)))-

q— 00 q— 00

We denote by Im(ur) the image of pp, that is, the set of all m-tuples pp(u) where u runs through
the non-zero points of R™. The spectrum of pr is its subset, denoted Im*(ur), consisting of the
m-tuples p7(u) where u runs through the points of R™ with Q-linearly independent coordinates.
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For example, the spectrum of the exponents (fl’ PPl , @), whose definition
involves both inferior and superior limits, can be expressed as o(Im*(u7)), where T: R® — R??
and o: R?® — R?" are the linear maps given by T'(x) = (x, —x) and o(x,y) = (x, —y) for any
x,y € R™. Our first main result below implies that it is a compact and connected subset of R?".

THEOREM 1.2. Let T': R™ — R™ be a linear map. Then Im*(ur) is a compact connected subset
of R™. The set Im(ur) is also compact but in general not connected.

As above, this implies that the spectrum of (gl, . ’yn—l’@h ...y¥,_1) is compact and
connected. The proof of the theorem uses the following notions.

DEFINITION 1.3. Let u be a non-zero point of R™. We denote by F(Ly) the set of all points
x € R™ for which there exists a strictly increasing unbounded sequence of positive real numbers
(gi)i>1 such that g; 'Ly(g;) converges to x as i — oo. We also denote by K(Ly) the convex hull
of F(Ly).

So, F(Ly) and (L) are compact subsets of [0, 1]™ and, in the notation of Theorem 1.2, we
have

/LT<Lu) = (inf T (.F(Lu)), ces ,inf Tm(f(Lu)>)

To write this formula in a more compact way, we use the coordinate-wise partial ordering on R™,
where, for any two points x and y in R”, we have x < y if and only if all coordinates of y — x
are > 0. For this ordering, any bounded subset F' of R has a greatest lower bound denoted
inf(F'). For each ¢ = 1,...,m, its ith coordinate is the infimum of the set of ith coordinates of
the points of F'. Then the above formula simply becomes

:UT(Lu) = infT(}—(Lu))'

Moreover, the infimum of a bounded subset S of R™ is the same as the infimum of the convex
hull of S, and a linear map T: R®™ — R sends the convex hull of a bounded subset F' of R" to
the convex hull of T'(F'). Therefore, we also have

:UT(LU) = infT(lC(Lu))' (1'1)
In the case of dimension n = 3, we obtain the following result.
THEOREM 1.4. For each pair of points v,w in R® having Q-linearly independent coordinates,
there exists a point u of R® which also has Q-linearly independent coordinates, such that K(Ly)

is the convex hull of K(Ly) U K(Ly).

Then, for a linear map 7': R® — R™, we find, using (1.1), that

NT(LU) = inf(T(’C(LV)) U T(K(Lw))) = min{NT(Lv)v MT(LW)}'

This gives the following result.

COROLLARY 1.5. Let T': R® — R™ be a linear map. For any X,y in Im*(ur), the point min{x, y}
also belongs to Im*(ur).

1514

https://doi.org/10.1112/50010437X17007126 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X17007126

ON DIOPHANTINE APPROXIMATION SPECTRA

As Theorem 1.2 shows that Im*(u7) is compact, it follows that this spectrum contains the
infimum of any of its subsets. It would be interesting to know if this property extends to the
linear maps T7: R" — R" with n > 3.

In all cases where we know the complete spectrum of a family of m exponents of
approximation, it appears to be a semi-algebraic subset of R™, that is, a subset of R™ defined
by polynomial equalities and inequalities. Here, we show that this is true of any spectrum in
dimension n = 3.

THEOREM 1.6. For any m > 1 and any linear map T: R® — R™, the spectrum Im*(ur) is a
semi-algebraic subset of R™.

Jarnik showed in [Jar38] that, in dimension n = 3, the spectrum of (fg,al) is contained in
the arc of an algebraic curve

J = {(x,y) € [1/3,1/2) x [0,1/3]; (1 - 22)(1 — 2y) = ay}

and, in [Jarb4], that it is equal to J. As mentioned above, this remarkable result was extended
by Laurent in [Lau09a] to a complete description of the spectrum of (¢,,¢,, %1, P3). Our last
main result deals with the full family (¢, ¢,,...,®3).

THEOREM 1.7. Suppose that n = 3. Then the spectrum S of (£1,£2,£3,¢1,¢2,¢3) is a semi-
algebraic subset of RS defined by polynomial inequalities with coefficients in Q within R? x J x R2.
It is moreover the topological closure of a non-empty open subset of R? x J x R2.

Thus, the spectrum is a closed manifold of dimension 5 with boundary. In §11, we give
an explicit set of inequalities describing it, some of which have been obtained independently
by Schmidt and Summerer [SS17] (for more details, see the comments after the statement of
Theorem 11.5 below). More precisely, we simply list half of the inequalities, because, with one
exception, all others are obtained from these by a simple transformation, in agreement with a
general observation of Schmidt and Summerer (see the remark after their [SS13a, Theorem 1.2]
and also at the end of the introduction of [SS13b]). That transformation consists in reversing
inequalities and permuting the variables representing ®; and p,_; for each ¢ = 1,2, 3. The search
for a precise formulation and a satisfactory explanation of this duality was the initial motivation
for the present research, but it remains an open problem.

This paper is organized as follows. In § 3, we use results of [Roy15] recalled in § 2 to transpose
the notion of spectrum in terms of a simple class of R"-valued functions of one variable called
n-systems. In the recent papers [Keil6, Marl5, Roy16, SS13b, SS16], the authors exhibit points of
a given spectrum by forming n-systems whose graphs are invariant under a non-trivial homothety
with center at the origin. In §3, we show that the points of a spectrum coming from such
self-similar n-systems all belong to a single connected component of the spectrum. Using tools
from §§4-6, we show moreover in §7 that these points are dense in the spectrum. The latter
must therefore be connected. Its compactness is proved in §8. Thus, the whole spectrum is
the topological closure of its subset of points attached to self-similar n-systems. The last three
sections treat the case of dimension n = 3, proving Theorems 1.4, 1.6 and 1.7, together with
an explicit description of the spectrum of (fl’ ...,@3). The arguments are geometric, taking
advantage of the fact that, like the sets F(Ly) attached to points u € R3, the analogous sets
F(P) attached to 3-systems P (defined in § 3) are planar sets and therefore can easily be drawn
on paper. More precisely, the proofs are based on a geometric description of the sets F(P) given
in §9 for self-similar 3-systems P satisfying a mild non-degeneracy condition.
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2. Non-degenerate systems, rigid systems and canvases

Fix an integer n with n > 2 and let
e; = (1,0,...,0),...,e, =(0,...,0,1)

denote the elements of the canonical basis of R™. In our setting, the notion of (n,0)-system
introduced and studied by Schmidt and Summerer in [SS13a, §§2-3] takes the following form.

DEFINITION 2.1. Let I be a subinterval of [0,00) with non-empty interior. An n-system on I is
amap P = (Py,...,P,): I - R" with the property that, for any ¢ € I:

(S1) 0< Pi(q) < -+ < Pulg) and Pi(q) + -+ + Palq) = ¢;

(S2) there exist € > 0 and integers k, ¢ € {1,...,n} such that

P(l) = P(q) + (t —q)e¢ foranyteIn[qg—e,q,
P(q) + (t —q)ex forany t € IN[q,q+ ¢;

(S3) if ¢ is in the interior of I and if the integers k and ¢ from (S2) satisfy k& > ¢, then we have
Pi(q) = -+ = Pi(q)-

We say that such a map is proper if P; is unbounded.

In [SS13a], Schmidt and Summerer showed that the maps Ly: [0,00) — R™ attached to
non-zero points u of R™ satisfy similar but weaker conditions and they proposed those n-systems
as an idealized model for the former maps. By [Royl5, Theorems 8.1 and 8.2], the n-systems
have the following approximation property.

THEOREM 2.2. For each non-zero point u in R™, there exist gy > 0 and an n-system P on [qg, 00)
such that P—Ly, is bounded on [qy, 00). Conversely, for any gy > 0 and any n-system P on [qg, ),
there exists a non-zero point u € R" such that P — Ly is bounded on [q,c0). The point u has
Q-linearly independent coordinates if and only if the map P is proper.

The last assertion follows from the fact that u has Q-linearly independent coordinates if and
only if the function Ly 1: [0,00) — R is unbounded.
We now present several constructions related to n-systems.

Rescaling. If P is an n-system on some subinterval I of [0,00), then, for each p > 0, the map
P: pI — R"” given by P(q) = pP(p~1q) is also an n-system. We say that P is self-similar if I is
unbounded and if there exists p > 1 such that P(pq) = pP(q) for each ¢ € I (i.e. P =P on pI).

Gluing. As the definition shows, an n-system P: I — R" is defined by local conditions. In

particular, it is a continuous map which admits a left derivative P'(¢7) € {e1,...,e,} at each
point g € T with ¢ # inf([), and a right derivative P'(¢") € {e,...,e,} at each point ¢ € I with
q # sup([).

Suppose that P is an n-system on [u,v] and R is an n-system on [v,w]| with 0 < u < v < w.
Let k and ¢ be the integers for which P/(v™) = e, and R/(v") = e;. If P(v) = R(v) and k < ¢,
then the map S: [u,w] — R™ which coincides with P on [u,v] and with R on [v,w] is also an
n-system.
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The above process of gluing n-systems can be repeated indefinitely. For example, suppose
that P(v) = pP(u) for some p > 0. Then, by Condition (S1), we have p = v/u > 1. Suppose
further that the integers k and £ for which P’(u™) = e, and P’(v™) = e satisfy k < £; then the
map S: [u,00) — R” given by S(p'q) = p'P(q) for each ¢q € [u,v] and each i > 1 is a self-similar
n-system which extends P.

Combined graph. Let P = (Py,...,P,): I — R"™ be an n-system. Following the terminology of
Schmidt and Summerer in [SS13a], its combined graph is the union of the graphs of its components
Py, ..., P, in I x R. Since, by Condition (S1), the map P takes values in the set

Ay ={(z1,...,20) ER" 2y < - < 2},

this graph determines P except in some degenerate cases. A division number of P is a point of I on
the boundary of I, or an interior point q of I where P is not differentiable (i.e. P'(¢7) # P’(¢™)).
The division numbers of P form a discrete subset of I. A switch number of P is a point of I on
the boundary of I, or an interior point g of I for which the integers k and ¢ in Condition (S2)
satisfy k < £. Thus, the switch numbers of P are also division numbers of P. A division point
(respectively switch point) of P is the value of P at a division number (respectively at a switch
number).

Suppose that u < v are points of I with no switch number of P between them, and let £ and
¢ be the integers for which P’(u™) = e} and P’(v~) = ;. Then we have

Pi(u) < Py(v) and (Pi(u),...,Pr(u),...,Py(u)) = (P1(v),...,Pi(v),..., Pp(v)),
where the hat on a coordinate means that it is omitted. Moreover, the restriction of P to [u, v]
is given by

P(q) = ®n(Pi(u), ..., Pe(u), ..., Po(u), Pe(u) + ¢ —u) (u<q<v),

where ®,: R" — A, denotes the continuous map which lists the coordinates of a point in
monotone increasing order. This formula simply expresses the fact that the combined graph of
P over [u,v] consists of the horizontal line segments [u,v] x {Pj(u)} for j =1,...,k,...,n and
the line segment of slope 1 joining the points (u, Py(u)) and (v, Pp(v)). The n-system P can be
viewed as the result of gluing together such simpler systems, for example the restrictions of P
to the closed subintervals of I joining consecutive switch numbers of P.

Canvases and non-degenerate systems. A non-degenerate n-system is an n-system P defined on
a closed subinterval of (0,00) whose switch points all have n distinct positive coordinates. We
will need the following related notions.
A finite pre-canvas in R™ is a finite sequence of points (a(i)>1<i< s in A, of cardinality s > 2
with the property that:
(C1) foreachi=1,...,s, the coordinates (agl), cee ag)) of a® form a strictly increasing sequence
of positive real numbers;

(C2) for each i =1,...,s — 1, there exist integers k; and ¢;11 with 1 < k; < £;11 < n such that

i i1 i 0 i i1 1) i
aéi)<a1g:1) and (ag),...,aéi),...,a )):(ang),...,aéijl),...,aglﬂ));

(C3) for each index i with 1 < i < s, we have k; < ¢;.
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The pairs (k;, £;4+1) with 1 <14 < s are uniquely determined by Condition (C2). We call them the
transition indices of the pre-canvas.
To a pre-canvas as above, we associate the function P: [¢q1,¢s] > A, given by

—

P(g) = ®u(at’, .00l o) +a—a) (1<i<sa<a<an),  (21)

where
g=ad"+  +a) (1<i<s) (2.2)
This map is an n-system which satisfies P(g;) = a(®) for i = 1,...,s, as well as P/(¢;") = e}, and

P'(q ) =epy,, fori=1,...,5 -1

A finite canvas in R™ is a pre-canvas (a());<;<, which, instead of Condition (C3), satisfies
the stronger condition k; < ¢; whenever 1 < i < s. Then the numbers ¢y, ..., ¢s given by (2.2)
are the switch numbers of the associated n-system P: [q1, ¢s] — A,. Since P(g;) = al® for each
1=1,...,s, that system is non-degenerate. We obtain in this way all non-degenerate n-systems
whose domain is a compact subinterval of (0, 00).

If (a);<ics is a finite pre-canvas, then the subsequence obtained by deleting each point
a® with 1 < i < s and k; = {; is a canvas with the same associated n-system. Thus, the
non-degenerate n-systems with compact domain are also the n-systems associated to the finite
pre-canvases.

An infinite pre-canvas is an infinite unbounded sequence (a?);<; such that (a®?)icics is
a pre-canvas for each integer s > 2. Then the corresponding n-systems given by (2.1) are the
restrictions to [q1,gs] of a unique non-degenerate n-system P: [g1,00) — A,,. We obtain in this
way all non-degenerate n-systems with unbounded domain.

The notion of an infinite canvas is similar. The non-degenerate n-systems associated to such
canvases are those with unbounded domain and infinitely many switch numbers. This includes
all proper non-degenerate n-systems.

Rigid systems. Let 6 > 0. A rigid n-system of mesh § is a non-degenerate n-system P whose
switch points belong to 6Z™. By Condition (S1), the switch numbers of P are then positive
multiples of 4. By the above, such a system comes from a pre-canvas, possibly infinite, contained
in §Z™. By [Royl5, Theorems 8.1 and 8.2], they have the following approximation property.

THEOREM 2.3. For any § > 0 and any n-system P with unbounded domain I, there exists a
rigid n-system R: [qy,00) = A,, of mesh ¢ with gy € I such that P — R is bounded on [qg, 00).

Example 2.4. For simplicity, we say that a canvas or a pre-canvas is integral if it is contained in
Z"™. We also say that an n-system is integral if it is rigid of mesh 1. The following sequence is an
example of a finite integral canvas of cardinality 9 in R3:

(l? 27 4)7 (2747 5)7 (2757 )’ (2765 g)? (27§7 T7)’ (27 E? 17)7 (m’ ﬁ? 17)’ (Q? ﬁ’ ]‘7)7 (147 177 E)'

In each triple except the last, we have underlined the coordinate which is not a coordinate of the
next triple and, in the latter, we have overlined the new coordinate. In the notation of Condition
(C2), the underlined coordinate of the ith triple thus has index k; (if i < 9) and its overlined
coordinate has index ¢; (if ¢ > 1). Figure 1 shows the combined graph of the corresponding
3-system P: [7,49] — As, with its switch numbers marked on the horizontal g-axis.
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FI1GURE 1. The combined graph of the integral 3-system of Example 2.4.

3. Spectra of non-degenerate systems

Let T = (T1,...,Tm): R — R™ be a linear map. For each n-system P with unbounded domain,
we define p7(P) and F(P) as in Definitions 1.1 and 1.3, upon replacing everywhere the map Ly
by P. We also denote by IC(P) the convex hull of (P). Then the same reasoning as in § 1 shows
that

pr(P) =inf T(F(P)) = inf T(K(P)).

We also note that, if u is a non-zero point of R” and if P — Ly, is bounded, then we have F(P) =
F(Ly); thus, K(P) = K(Ly) and p7r(P) = pr(Ly). In view of the approximation properties
stated in Theorems 2.2 and 2.3, this yields the following alternative descriptions of the spectrum
of KT

THEOREM 3.1. Let T: R™ — R™ be any linear map, as above. Then Im(ur) is the set of all points
pr(P) where P runs through the n-systems with unbounded domain, while Im*(ur) consists of
all pp(P) where P runs through the proper n-systems. For any § > 0, this statement remains
true if we restrict to rigid n-systems of mesh § of the same types. In particular, it remains true
if we restrict to non-degenerate n-systems of the same types.

Thus, all statements of the introduction naturally translate into statements about n-systems,
and we will prove them in this form. For that purpose, the following fact will be useful.

PROPOSITION 3.2. Let P: [wg,00) — A, be a proper n-system, let wg < wi < wy < --- be its
division numbers and let E be the set of limit points of the sequence (w; "P(w;))i>1. Then K(P)
is the convex hull of E.

Proof. Since E is contained in F(P), its convex hull is contained in K(P). To show the converse,
fix an arbitrary point x of F(P). It remains to show that x belongs to the convex hull of E. By
definition, that point is given by x = lim; . t; "P(t;) for some unbounded sequence (%;);>1 in
(wp, 00). For each i > 1, let u; < v; be the consecutive division numbers of P for which ¢; € [u;, v;],

and put A; = u;(v; — t;)/(ti(vi — u;)) € [0,1]. Then we find that

ti—ui

ty P(t) =t <P(Uz‘) + (P (vi) — P(“z‘))) = Ny P(ui) + (1= Ao, P (),

V; — Uyg
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because P is affine on [u;, v;]. As the triples (u; 'P(u;),v; "P(v;), \;) with i > 1 form a sequence
in [0,1]™x[0,1]™ % [0, 1], and as the latter product is compact, this sequence contains a converging
subsequence whose limit is a point (y,z,\) in E x E x [0,1]. By continuity, we conclude that
x = Ay + (1 — \)z, as required. O

In the case where P is self-similar, the sequence (w; 'P(w;));>1 is periodic and the conclusion
simplifies as follows.

COROLLARY 3.3. Suppose moreover that P is self-similar. Let p > 1 be such that P(pq) = pP(q)
for each q > qo, and let s > 1 be the index for which pwy = ws41. Then IC(P) is the convex hull
of {wy P (wr), ..., w7 P (ws)}.

The rest of this section is devoted to the following construction.

PROPOSITION 3.4. Let v: [0,00) — [0,00) be a strictly increasing continuous function, and let
P be an n-system on a subinterval I of [0,00). Define a” = (v(a1),...,v(a,)) for each point
a=(ay,...,a,) in [0,00)". Then there is a unique n-system, denoted P”, whose image is the set
{P(q)";q € I}. Its switch points (respectively its division points) are the points a” where a is a
switch point (respectively a division point) of P.

Proof. Write P = (P, ..., P,) and consider the function o: I — [0, 00) given by

o(q) =v(Pi(q)) +---+v(Palq)) (g€).

This is a continuous and strictly increasing map. So, it restricts to a homeomorphism o: I — J
where J, the image of o, is a subinterval of [0,00). If there exists an n-system P” as in the
statement of the proposition, then its domain is J and it satisfies

P"(o(q)) =P(q)" (g€ ).

We now show that the function P¥: J — R’ defined by the above formula is an n-system. Fix
g € I. Condition (S1) clearly holds for P¥ at the point o(q) € J. Since P is an n-system, there
are integers k,¢ € {1,...,n} such that, in a neighborhood U of ¢ in I, the component P; of
P is constant to the left of ¢ if j # ¢, and constant to the right of ¢ if j # k. Then o(U) is a
neighborhood o(g) in J such that the jth component P} of P” is constant to the left of o(q)
if j # ¢, and constant to its right if j # k. Then, because of Condition (S1), the remaining
component P} (respectively P}) is affine of slope 1 to the left (respectively right) of o(q) in
o(U). Moreover, if ¢ < k, we have Py(q) = --- = P,(q) and so P/(c(q)) = --- = P/(o(q)). Thus,
Conditions (S2) and (S3) hold as well, showing that P” is an n-system. Moreover, it follows from
the above that o(q) is a switch number or a division number of P if and only if ¢ is of the same
type for P. O

COROLLARY 3.5. Let T: R® — R™ be a linear map. For each self-similar proper n-system P,
the point 7 (P) belongs to the connected component of n='T'(1,...,1) in Im*(ur).

Proof. Let P = (P1,...,P,): [wg,00) = A, be a proper self-similar n-system, let wy < w; <
wy < --- be its division numbers, let p > 1 be such that P(pq) = pP(q) for each ¢ > wq and let
s > 1 be the index for which ws,1 = pw;. For each A € (0,1], we denote by P?, instead of P,
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the n-system given by the above proposition for the map vy sending each a > 0 to a*. Then, for
each ¢ > wg, we have

Pox(q)) = (Pi(g)Y, ..., Pu(q)"), where ox(q) = Pi(q)* + - + Palq)™.

It follows that P? is proper and self-similar with P*(p*t) = p*PA(t) for each t > o (wp). Its
division numbers are o)(wg) < oa(wy) < or(we) < --- and we have oy(wsi1) = pror(wr).
According to Corollary 3.3, this implies that /C(P?) is the convex hull of the set

Ex = {oa(w) " PMoa(wi)); 1 < i < s}

and so ur(P*) = minT(E)) is a continuous function of A\ on (0,1]. Since P is proper and
self-similar, we also note that P; vanishes nowhere on [wp, c0) except possibly at wyg if wg = 0.
Thus, as A goes to 0 in (0, 1], the ratios Pj(w;)*/Pi(w;)* with 1 < i < s and 1 < j < n all
converge to 1. Consequently, the elements of E\ converge to n~'e, where e = (1,...,1), and so
pr(P?) converges to n~'T(e). Moreover, the proper n-system S attached to the infinite canvas
{(i+1,...,i+n);i >0} has F(S) = {n~te} and so ur(S) = n~1T(e) belongs to Im*(u7). This
means that the points pp(P) and pp(S) are connected by an arc in Im*(up). Thus, they belong
to the same connected component of that set. O

4. Approximation of sets

For any subsets E and F' of R, we define
E+F={x+y;x€Fandye€F}.

When E and F are bounded, we define their mutual distance dist(£, F') to be the infimum of
all € > 0 such that

ECF +[-€¢€" and F CE+[—e¢€".

This function satisfies the triangle inequality:
dist(F, G) < dist(E, F) + dist(F, G)

for any bounded subsets E, F and G of R™. It turns the set of all compact subsets of [0, 1]™ into
a complete metric space.
The goal of this section is the following approximation result.

LEMMA 4.1. Let R be an n-system on some unbounded closed subinterval [qg, o) of (0,00), and
let € > 0. Then there exists u > qo such that

{07 R(q);¢ > u} € F(R) + [—¢, " (4.1)
Moreover, for each u > qq, there exists v > u such that
F(R) C {g "R(q);u < g < v} +[—e¢" (4.2)
Note that, if u = wug satisfies (4.1), then any choice of u with u > ug does so. Similarly, if for
a given u > qo, the choice of v = vy satisfies (4.2), then any choice of v with v > vy does so.
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Proof. Since F(R) C [0,1]", there exist finitely many points x1,...,xxy € F(R) such that
FR)C O = {x1,. . xw} 4 (—e/2.¢/2)"

Since O is an open set, the difference [0,1]™\O is compact. By definition of F(R), there is no
unbounded sequence of real numbers gy < ¢1 < g2 < --- such that g¢; "R(g;) € [0,1]"\O for all
i > 1 (otherwise a subsequence of (¢; 'R(g;))i>1 would converge to a point of F(R) in [0,1]™\O,
and there is no such point). Thus, there exists u > gy such that

{¢7'R(g);0 > u} C O C F(R) + (—¢/2,¢/2)".

This proves the first assertion of the lemma. Finally, let u > qg be arbitrary. Foreach j =1,..., N,
there exists ¢; > u such that |x; — qj_lR(qj)Hoo < €/2. Then we have

F(R)COC{g;'R(g;); 1 <j<N}+(—€,€)"
and so (4.2) holds with v = max{q1,...,qn}. O

COROLLARY 4.2. When u and v satisfy both conditions of the lemma, we have

dist(F(R),F) <€, where F = {q 'R(q);u < ¢ <v}.

5. Two types of deformations

Our next goal is to show that, for each linear map 7: R™ — R™, the associated spectrum
Im*(ur) is a compact subset of R, and that a dense subset of that set is provided by the
points pr(S) where S runs through all self-similar rigid n-systems of a given mesh. This requires
constructing new n-systems from others by restricting them to suitable compact intervals, and
then by modifying and rescaling the resulting pieces in order to glue them together. To select
suitable intervals, we use Lemma 4.1 and its corollary from the previous section. Then we make
two types of deformations on the pieces. The first one is provided by the following result, which
allows us to modify a rigid n-system on a compact interval near the end of that interval.

PROPOSITION 5.1. Let 6 > 0, let P = (Py,..., P,): [u,v] = A, be a rigid n-system of mesh ¢

defined on a compact subinterval [u,v] of (0,00) and let ¢ = (c1,...,c¢,) be a strictly increasing
sequence of positive multiples of §. Suppose that We~have~Pj(v) S ¢ forj=1,...,n, and let
w = ¢y + -+ ¢p. Then there exist a rigid n-system P = (P, ..., P,): [u,w] > A, of the same

mesh § and a surjective map A: [u,w] — [u,v] with the following properties:

q) = P(q) and A(q) = q for each q € [u,v] such that P,(q) < P,(v);

< Pj(q) — Pj(A(q)) < ¢j — Pj(v) for each q € [u,w] and each j = 1,...,n.

Proof. Suppose first that there exists an index m with 1 < m < n such that ¢, > P, (v) while
¢; = P;(v) for any other index j in the same range. Let (al!),... al®)) be the finite canvas
attached to P, and let (¢1,...,¢s) be the corresponding sequence of switch numbers, so that
uw=qy,v=qs and P(g;) =a® fori=1,...,5. Fori=1,...,5 — 1, we also denote by (k;, {i;1)
the pair of transition indices characterized by P, (¢") = Py, (q;31) = 1. Define

Om = em — Pn(v) (5.1)
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and denote by r the smallest index with 1 < 7 < s such that

ag-r) = -'-:ags) forj=m,...,n.
Then we have ¢; < m for each ¢ with » < ¢ < s, and moreover £, > m if r > 2. In the case where
r > 2 and £, > m, we form the canvas

@D, &)Y = @), a0 A+ gy

) )

where a0t . a6t are obtained respectively from a(™, ..., a®) by replacing their mth
coordinate by c,. Its associated transition indices and switch numbers are given by

ki, ¢; if1<i<r—1, ‘ ‘
(l%f ) E“ ZJ;l) %f~ P - {Qi if1<i<r,
i ti+1) = §(m,m ifi =nr, qi = . .
- fr+1<i<s+1.
(kiq, b)) ifr+1<i<s+1, Gi—1+ 0 ifr+ i< s+

In the complementary cases where r = 1 and where r > 2 with £, = m, we construct a canvas
(@, ...,a)) directly from (aV),... a®) by replacing the mth coordinate a%) of a) by ¢,
for i = r,...,s. Its transition indices remain the same as those of the original canvas, and its
switch numbers are g; = ¢; for i =1,...,r — 1 and ¢; = g; + o, for i =r,...,s. In all cases, the

corresponding n-system P = (Py,..., Py): [q1,¢s + 0m] = A, satisfies

Pj(q) if 1 <q<gr,
i P;(qr) if gr < ¢ < gr + 6 and j # m,
Pi(q) = { Pular) +q—ar if ¢ < q < g+ 0p and j =m,
Pj(q — 0m) if ¢r 4+ 0m < q < gs+ 0 and j #m,

Ph(q—06m) + 0m =cm if g+ 0m < q < g5+ 0y and j = m.

So, it satisfies the conditions (i)—(iii) with w = g5 + d,, and the map A: [q1, s + dm] = [q1, ]
given by
q fq<g<aq,
Alg) = @ if ¢ < ¢ < ¢ + O,
q—0m if gr 4 0m < ¢ < gs + -

This proves the proposition in the case where ¢ and P(v) differ by at most one coordinate,
because, if ¢ = P(v), it suffices to choose w = v, P = P and to take for A the identity map
of [u,v]. Moreover, for each g € [u,v] with P,(q) < P,(v), the constructed map P satisfies

]Sn(q) < ]sn(w), because ]Bn(q) = P,(q) and P,(v) < ¢, = Py (w).
For the general case, define

cm — (Pi(v),..., Pp—1(v),¢m,...,cn) and 0™ =y £ 8+ 6y

for m =1,...,n+ 1, with 8,, given by (5.1) as above. Starting from the n-system P+ = P

on [u, vV = [u,v], the special case proved above allows us to construct recursively, for each
m =mn,...,1, an n-system P(™ on [u,v(™)] and a surjective map A" : [u, v(™] — [u,v("+D)]
such that:

(1) P (q) = P(q) and A"™)(q) = q for each q € [u,v] such that P,(q) < P,(v);
(2) Pm) (U(m )= c(m).
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(m) _ plm+1) m m L ; ; .
(3) P (q) =P, (A1) (q)) for each ¢ € [u,v™)] and each j = 1,...,n with j # m;

(4) 0< Pi™(q) — PI™™ (A (q)) < 8, for each g € [u, v™)].
Then the composite map A = A™ o ... 0 AM: [u,vM] = [u,v] is surjective. For that map and
for the choice of w = v, the n—system P = P(l) satisfies all conditions (i)—(iii). 0

Ezample 5.2. To illustrate the above construction, suppose that P: [25,42] — Ay is the 4-system
associated with the integral canvas

(1,3,9,12),(1,3,12,15), (1,6,12,15), (6,9, 12,15)

and that ¢ = (8,12,16,20) (using the same convention as in Example 2.4 for underlining
and overlining coordinates of points in a canvas). Then, starting with P(®) = P_ the canvases

associated to PW, ... P are respectively
PW: (1,3,9,12),(1,3,12,20), (1,6, 12, 20), (6,9, 12, 20),
P®): (1,3,9,12),(1,3,12,20), (1, 3,16, 20), (1,6, 16, 20), (6,9, 16, 20),
P (1,3,9,12),(1,3,12,20), (1, 3,16, 20), (1,6, 16, 20), (6, 12, 16, 20),
PW: (1,3,9,12),(1,3,12,20), (1, 3,16,20), (1,6, 16, 20), (6, 12, 16, 20), (8, 12, 16, 20).

In practice, we will use the proposition in the following form.

COROLLARY 5.3. With the notation and hypotheses of Proposition 5.1, suppose that v > nu,

and choose € > 0 such that ¢; < Pj(v) +ev for j =1,...,n. Then we have:
(i) P(q) = P(q) for each q € [u,v/n);
(i) P(w) = c;

(iif) dist(E, E) < n(n+ 1)e,
where E = {q"'P(¢);u < ¢ < v} and E = {¢"'P(q);u < ¢ < w}.

Proof. For each ¢ € [u,v/n), we have

and so P(q) = P(q) and A(q) = ¢ by Proposition 5.1(i). This proves part (i) of the corollary.
Part (ii) needs no proof as it is the same as Proposition 5.1(ii). For each ¢ € [v/n,w], we find,
by Proposition 5.1(iii), that

n n
0< Z Z < nev < neq

Jj=1 Jj=1

"Uz

and also |P(q) — P(A(q))|ls < ev < neq. Then, using ||P(A(q))/loo < A(g), we find that

lg™"P(a) — A(@)""P(A@) s < ¢ IP(a) = P(A@))lloo + la™" — A(@) " IP(A(@) ]l
< ne+q7'A(g) — g
<

n(n 4+ 1)e
for each ¢ € [v/n, w] and therefore also for each ¢ € [u,w] (because P(q) = P(q) and A(q) = ¢
when ¢ € [u,v/n)). This yields part (iii) of the corollary. O
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The other type of deformation that we need is provided by the next result, allowing us to
increase by a given constant b the components of a rigid n-system.

LEMMA 54. Let R = (Ry,...,Ry,): [u,v] = A, be a rigid n-system of mesh § defined on a
compact subinterval [u,v] of (0,00), and let b > 0 be a multiple of 6. Then its translation
P: [u+ nb,v+ nb] —> A, given by

P(q) = (b+ Ri(¢ —nb),..., b+ R,(q — nb))

for each q € [u + nb,v + nb| is also a rigid n-system of mesh 6. Moreover, we have

(g +nb)~"P(q +nb) = ¢ 'R(q)[|oc < ———5-
for each q € [u,v].

Proof. Put b = (b,...,b) € A,, and let (a?);c;cs be the canvas attached to R. Then the
sequence (b+a());¢;c, is a canvas of the same mesh §, with the same pairs of transition indices,
and P is the corresponding n-system. This proves the first assertion. For the second one, fix
q € [u,v]. Using ||R(¢)||cc < ¢, we find that

(g 4+ nb)""P(q+nb) — ¢ 'R(q)llsc = (g + nb) " 'b+ ((q+71b) " — ¢ R(q)||ow
<(g+nb) o+ |glg+nb)~t—1| = m.

6. A refined approximation result

Recall that an n-system P = (Py, ..., P,) is proper if its first component P; is unbounded. This
implies that the domain I of P is unbounded and that there are arbitrarily large values of ¢ in
I for which P’(¢") = e; (otherwise P; would be eventually constant, against the hypothesis).
Then we may define a subset F(P,e;) of F(P) as follows.

DEFINITION 6.1. Let P = (Py,..., P,) be a proper n-system, and let I C [0,00) be its domain.
We denote by F(P,e;1) the set of all points x € R™ for which there exists a strictly increasing
unbounded sequence of positive real numbers (¢;);>1 in I such that P’(g;") = e; for each i > 1,
and lim;_, q;IP(qZ-) = X.

Equivalently, F(P,e;) is the set of accumulation points of the ratios ¢ 1P(q) € [0, 1]" where
q € I with P’(¢%) = e;. It is not empty since [0,1]" is compact.

We can now state the main result of this section, which refines Corollary 4.2 using the
deformation process of Lemma 5.4. For the sake of compactness, we define

e=e +---+e,=(1,...,1). (6.1)

PROPOSITION 6.2. Let § > 0, let R be a proper rigid n-system of mesh ¢ and let x € F(R,eq).
For any ¢; > 0 and any €5 > 0, there exist positive multiples v and v of § with u < v and a rigid
n-system P: [u,v] — A,, of mesh ¢ satisfying the following properties:

(i) P'(u) =ei;
(ii) (1+ 3ne)) L(x+eae) <u'P(u) < x +4ee;
(iii) x — 2e0e < v TIP(v) < x + 2e2€;
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(iv) dist(F(R), E) < 4(n + 1)e1, where E = {qg"'P(q); q € [u,v]}.

Moreover, we may take u to be arbitrarily large and, for a given appropriate choice of u, we may
take v to be arbitrarily large.

Proof. Fix a choice of €1, €5 > 0. By definition of F(R,e1), there exist arbitrarily large multiples
ug and vy of ¢ in the domain of R satisfying

R'(uf) =e1, [ug'R(uo) —X[loo < &1 and [Jvg 'R(vo) — X[l < €2. (6.2)
By Corollary 4.2, we can choose them so that ug < vy and
dist(F(R), F) < €1, where F = {¢"'R(q);u0 < ¢ < v} (6.3)

More precisely, we can take for ug any sufficiently large multiple of § satisfying the first two
conditions in (6.2) and, once ug is fixed, we can take for vy any sufficiently large multiple of §
satisfying the last condition in (6.2). Put

b=[2e1u90" ]9, w=wug+nb and v=wvy+nb

and consider the map P: [u,v] - A,, given by P(q) = R(q—nb)-+be for each g € [u, v]. According
to Lemma 5.4, this is a rigid n-system of mesh § such that

(n+1)b

dist(F, F) < ,
ist(F’ B) ug + nb

where E = {q"'P(q); q € [u,v]}. (6.4)

Assuming wug large enough, we have 2e1ug < b < 3equg. Since [lug 'R(ug) — %[|o < €1, this yields

u TP (u) > (ug + 3nerug) " H(R(uo) + 2e1upe) = (1 + 3ner) " (x + ere),
u P (u) < uy t(R(up) + 3erupe) < x + 4ese.

Thus, P satisfies condition (ii). It also satisfies condition (i) since P'(u") = R/(ugj) = e;.
Assuming vg/ug large enough, we also find that

[P (0) — v R(0) low = lI(v0 + 1b)~ (R(w0) + be) — v R(eo) oo < €2
Then condition (iii) follows as well, using (6.2). Finally, (6.3) and (6.4) yield

(n+1)b <t 3(n + 1)erug

i <
dist(F(R), E) < €1 + w b S "

< 4(n+ 1)ey,

as requested in condition (iv). By varying ug, we can make u arbitrarily large and, for a fixed
ug, we can make v arbitrarily large by varying vyg. O

7. Approximation by self-similar systems

The next result corroborates the importance of self-similar systems. We use it below together
with Corollary 3.5 to conclude that any spectrum of exponents of approximation (in the sense
of Definition 1.1) is connected.

THEOREM 7.1. Let R be a proper n-system. For any 6 > 0 and € > 0, there is a self-similar rigid
n-system S of mesh 0 with dist(F(R), F(S)) < e.
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Proof. Fix § > 0 and € > 0. By Theorem 2.3, we may assume that R is rigid of mesh 4. Choose
x € F(R,e;) and consider the n-system P: [u,v] = A,, given by Proposition 6.2 for the choice
of ¢4 = min{1,e}/(16n%(n + 1)) and €3 = 61/2 We take v/u large enough with v/u > n, so that
the integer m = [(1 + 3nep)vu~1] satisfies m < (1 + 4ney)vu~!. This yields

mP(u) > (14 3nep)vu 'P(u) = v(x + e1e) = v(x + 2e2e) = P(v),
mP(u) < mu(x + 4ere) < v(1 4 4nep)(x + 4ere)
< u(x +4ere + 4ner (1 + 4ep)e) < v(x + 4ere + bneje) < P(v) + 8neyve,

using x < e, €1 < 1/16 and n > 2, where e is given by (6.1). Then Corollary 5.3 applies to P for
the choice of ¢ = mP(u). It prov1des a rigid n-system P: [u, mu] — A,, of mesh ¢ such that

]E’(u) =P(u) and P'(ut)=P'(u") =ey, (7.1)
P(mu) = mP(u), (7.2)
dist(E, E) < 8n’(n+ 1)e; < €/2, (7.3)
where E = {¢"'P(q);u <} and E = {¢"'P(¢);u < mu}. By (7.1) and (7.2), the map

P extends to a Self—51mllar rigid n-system S: [u, c0) — A of mesh ¢ satisfying S(mgq) = mS(q)
for each ¢ > w and thus F(S) = E. Since we have dist(F(R), E) < 4(n + 1)e; by the choice of
P, we conclude from (7.3) that dist(F(R), F(S)) <4(n+ 1)e1 +€/2 < e. O

COROLLARY 7.2. Let T: R™ — R™ be a linear map, and let S; be the set of all points pup(S)
where S is a self-similar integral n-system. Then S is a dense subset of the spectrum Im*(ur)
and that spectrum is a connected subset of R™.

Recall that an integral n-system is a rigid n-system of mesh 1.

Proof. Choose C > 0 with the property that ||T'(x)||cc < C||X||s for each x € R™. For any proper
n-system R and any € > 0, the preceding theorem provides a self-similar integral n-system S
with dist(F(R), F(S)) < C~'e. For this choice of S, we have dist(T(F(R)), T(F(S))) < € and
so [|ur(R) — u7(S)|leo < €. Thus, S; is dense in Im*(ur). Since Corollary 3.5 shows that S; is
contained in a single connected component of Im*(u7), the latter must be connected. O

8. Compactness of the spectra

In this section, we complete the proof of Theorem 1.2 by showing that any spectrum of exponents
of approximation (as in Definition 1.1) is compact. We first establish a general result, which uses
the following notation.

DEFINITION 8.1. Let (F;);>1 be a sequence of non-empty subsets of R”. We define liminf;_, o F;
to be the set of all points in R™ which can be written as the limit of a sequence (x;);>1 in [[;5; F,
and we denote by limsup,_, . F; the set of all points in R™ which are an accumulation point of
such a sequence (x;);>1, that is, the limit of a subsequence of (x;);>1.

THEOREM 8.2. Let (R(™);>; be a sequence of proper rigid n-systems of the same mesh & for
some & > 0. Suppose that there exists a convergent sequence (x¥);>; in [Lis1 F(R® e;). Then
there is a proper rigid n-system R of mesh § such that

F(R) = limsup F(RY).

1— 00
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Proof. Choose a sequence of positive real numbers (¢;);>0 satisfying the conditions lim;_,», ¢; =0
and ¢; > [|[x® — x| for each i > 1. We first apply Proposition 6.2 to construct, for each
1 = 1, positive multiples u; and v; of 6 with nu; < v; and a rigid n-system P, [ui,vi] > A, of
mesh § which fulfill the following four conditions:

(PO (uf) = e, (8.1)
(1+9ne 1) (xW + 3¢;1e) < uy PO () < xD 412616, (8.2)
x(M — 2¢;e < vi_lP( )(v;) < x4 2e,~ e, (8.3)
dist(F(RD), ED) < 12(n + 1)e;_1, where E® = {¢7'PD(¢); ¢ € [us, vi]}, (8.4)

with e given by (6.1). More precisely, we start by making appropriate choices of uy,ug, . ... Then,
for each ¢ > 1, we select v; large enough compared to w;y1 (With v; > nu;) so that the integers
defined recursively by m; =1 and m;1 = [(1 + 9ne;)m;viu; +1] for i > 1, satisfy

(1 4+ 9ne;)mv; < myipruirr < (1 + 10ne)mgv; (1> 1). (8.5)
Since x(HD — e < x() < x0HD 4 e, we deduce from (8.3)(8.5) that

miP@ (v;) < myv;(xT) + 3¢se),
mi+1P(i+ )(u2+1) (14 10n€;)m;v;(x (+1) 4 12¢;e)

mivi(x(i"'l) — 3¢e)

mivi(x(”l) + 3¢;e)

IN N

and, therefore, using x(*1) < e, we conclude that
m;P® (v;) < miHP(iH)(qu) < m;PW (vi) + €sm4vze, (8.6)
where €, = €;(10n + 15 4 150ne;). For each i > 1, define
u; = myu; and  U; = myv;.

By (8.6) and the fact that ©; > na;, Corollary 5.3 applies to the rigid n-system P [a;, 0] = Ay,
of mesh § given by o '
PW(q) =miPY(m;"q) (g € [, W),

with the choice of ¢ = m; 1 POV (u;41). It provides a rigid n-system R of mesh & on [i;, @4 1]

such that
RO () = mPW(w;) and (RO) (1) = (PDY (u]) = e, (8.7)
RO (ti541) = misa PU (uig), (8.8)
dist(EW, EDY < n(n+1)é,, where ED = {¢7'R(q); q € [tis, 1i11]}, (8.9)

the last property using the fact that {¢~'P®(q);q € [, 7]} = E® since P(® is obtained from

P by rescaling. By (8.7) and (8.8), the n-systems R, R(® ... can be pasted together to
produce a rigid n-system R of mesh ¢ on [4;,00) whose restrlctlon to [, Wiy1] is R® for each
i > 1. By (8.4) and (8.9), it satisfies

F(R) = limsup B = limsup E® = lim sup F(R™). O

We note a first immediate consequence.

COROLLARY 8.3. Let R and R® be proper rigid n-systems of the same mesh §. Suppose that
FRW e;) and F(RP, e;) have at least one point x in common. Then there exists a proper
rigid n-system R of mesh § such that F(R) = F(RM) U F(R®).
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Proof. Tt suffices to apply Theorem 8.2 to the sequence (R®);>; given by R = R if 4 is odd
and R® = R® if j is even, using the constant sequence x(Y) = x for each 7 > 1. The resulting
n-system R has the required property. O

If we drop the main assumption in the theorem, we obtain the following weaker result.

COROLLARY 8.4. Let (P(i))@l be a sequence of proper m-systems. Then there is a proper
n-system R such that liminf;_, ., F(P®) C F(R) C limsup,_, . F(P®).

Proof. For each i > 1, let R® be an integral n-system whose difference with P is bounded,
and let x) ¢ F(R® e;). Since (x(");5; is a sequence in the compact set [0,1]", it contains
a converging subsequence (x(ij )) j>1. Then Theorem 8.2 provides a proper integral n-system R
such that F(R) = limsup;_, F(R)). Since F(RM) = F(P®) for each i > 1, this system has
the required property. O

A similar but slightly more elaborate argument yields the compactness of the spectra.

COROLLARY 8.5. Let T: R® — R™ be a linear map. Then the associated spectrum Im*(ur) is
a compact subset of R™.

Proof. Let y be a point of R in the topological closure of Im*(ur). There exists a sequence of
proper integral n-systems (R(®));>; such that inf T(F(R®)) converges to y as i — oco. Choose
x®) ¢ F (R(i), e;) for each i > 1. By going to a subsequence if necessary, we may assume that
x() converges to a point x as i — co. Then Theorem 8.2 provides a proper integral n-system R
such that F(R) = limsup,_, ., F(R®). For each integer j > 1, define

F = JF®R).

2]

Since F(R®) C [0,1]" for each 4, the distance dist(F;, F(R)) tends to 0 as j — oc. Moreover,
since T is a linear map, there exists a constant C' > 0 such that ||T(x)||cc < C|x||co for each
x € R™. So, we find that

||linf T'(F}) — inf T(F(R))|loo < dist(T'(F;), T(F(R))) < Cdist(F};, F(R))
also tends to 0 as j — oo. On the other hand, the point
inf T(F;) = inf{inf T(F(RD));3 > j}

converges to y as j — o0o. Thus, y = inf T(F(R)) = pur(R) belongs to Im*(u7). This proves
that Im*(p7) is a closed subset of R™. It is also bounded and thus compact since, for y and R
as above, we have F(R) C [0,1]" and so ||y|l. < C. O

To complete the proof of Theorem 1.2, we use the following observation.

LEMMA 8.6. Let T: R™ — R™ be a linear map, and let .: R"~! — R™ be the linear map given

by i(zg,...,xn) = (0,29,...,2y,) for any xa,...,x, € R. Then we have
Im*(pr) Ulm(pro,) ifn >3,
I = 8.10
m(pr) {Im*(uT) U{T(0,1)} ifn=2. (8.10)
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Proof. Let P = (Py,..., P,) be an arbitrary n-system with unbounded domain I. If P is proper,
then pr(P) belongs to Im*(p7). Otherwise, its component P; is bounded and thus eventually
constant, so there exist gy € I and a > 0 such that P;(q) = (n— 1)a for each g € [gp,0). If n > 3,
then the map R: [go, 00) = A, _1 given by

R(q) = (P2(¢) +a,..., Pulg) +a) (4> o)

is an (n—1)-system, and we have F(P) = {0} x F(R); thus, ur(P) = p7o,(R) belongs to Im(uro, ).
If n =2, then Py(q) = g — a for each ¢ > qo; thus, F(P) = {(0,1)} and so ur(P) =T7/(0,1). This
shows that Im(ur) is contained in the right-hand side of (8.10). The reverse inclusion follows
from the fact that, when n = 2, the map P: [0,00) — Ay given by P(q) = (0,¢) for each ¢ > 0
is a 2-system with pup(P) = T'(0,1), while, if n > 3, the composite ¢ o R is an n-system with
pur(toR) = pro,(R) for any (n — 1)-system R with unbounded domain. O

Proof of Theorem 1.2. Let T: R®™ — R™ be a linear map. The connectedness and the
compactness of the spectrum Im*(u7) follow respectively from Corollaries 7.2 and 8.5. The
compactness of Im(u7) then follows, by induction on 7, from the above lemma. Finally, Im(ur)
is not connected if we take for example n = 2 and T': R? — R given by T'(x1,z2) = x2, because,
for any proper 2-system P = (P, P»), we have Pj(q) = q¢ — P2(q) < P»(q) for each ¢ in the
domain of P, with equality for arbitrarily large values of ¢; thus, up(P) = 1/2, which, by the
above lemma, gives Im(ur) = {1/2,1}, a non-connected set. O

9. Self-similar non-degenerate 3-systems

In this section, we provide a complete description of the sets F(S) attached to self-similar
non-degenerate 3-systems. We conclude with a proof of Theorem 1.4, which, as we saw in the
introduction, implies that, in dimension n = 3, any spectrum of exponents (as in Definition 1.1)
is closed under the minimum.

Let P = (P1, Py, P3): [qo,00) — Ag be a proper non-degenerate 3-system. For each ¢ > qo,
the point ¢~ 'P(q) belongs to the triangle

AB) = {(z1, 22, 23) € R3:0< 2 <29 <a3and 21 + 29 + 23 = 1}

with vertices
fi=1(ea+e3), fr=1(e1+er+e;) and f3=es.

So, the map ¢p: [go,00) — A®) given by ¢p(q) = ¢ 'P(q) (¢ > qo) represents a continuous
path in that closed set.

When g is a switch number of P, the coordinates of P(q) form a strictly increasing sequence
of positive numbers and so ¢~ 'P(q) is a point in the relative interior of A®) denoted

AB) = {(z1,x2,23) € R30 < 21 < 29 < 3 and @1 + x9 + x5 = 1}.

When ¢ is a division number of P which is not a switch number, the point P(q) is of the form
(a,a,b) or (a,b,b) with 0 < a < b and so ¢~ 'P(q) belongs to one of the open line segments

L= {((El,xg,xg) S A(B);O <X =22 < xg} = (fg,fg)
or
L* = {(:1:1,332,933) S A(S);O < <x9 = 333} = (fg,fl),

using [x,y], [x,¥), (x,¥] and (x,y) as shorthand to denote the various line segments between
points x and y in R3, with x and y included or not according to the same convention as for
subintervals of R.
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We also note that, when u < v are consecutive division numbers of P, all components of P
are constant on [u, v] except one, say Pj, which is strictly increasing. Then we have

wp([u,v]) = [u ' P(w), v P(v)] C [u”'P(u), e;).

It follows from this that pp maps any compact subinterval of [gy,o0) to a polygonal chain in
A®) In particular, if P is self-similar, with P(pq) = pP(q) for each ¢ > qo and some fixed p > 1,
then op(pq) = ¢p(q) for each ¢ > qo and so F(P) = ¢p([qo, pgo]) is a closed polygonal chain.
This partly explains the next result.

PROPOSITION 9.1.  The sets F(S) where S runs through the self-similar non-degenerate
3-systems are the closed chains in A®) defined as follows.

DEFINITION 9.2. A simple chain in A®) from A € L to A; € L is a polygonal chain of the form
AATCTASCS - AGCrCR A - - CaA2Cr Ay
for some integers g, h > 1, where

At e L*N[A e, Cf e AP N[AL es],

Af e L*N[C; ,,es], Cre AP N[Af es] fori=2,...,g,
Che AP N[Cses), Ay € LN[Ch, el

Cie AP N[Ai1,e0], AieLN[Ciey] fori=h—1,...,1.

A closed chain in A®) is a closed polygonal chain which is a succession of simple chains from
AW 10 A A@) 10 AB) . AG) to AD for some points AD), ..., A®) of [ with s > 2.

In both kinds of chain, any vertex, except the first, lies on the line segment joining the
preceding vertex to ei, ey or e3. Figure 2 illustrates the notion of a simple chain.

Proof of Proposition 9.1. Let (a);>q be a canvas in R? whose associated 3-system S is self-
similar and thus proper. For each ¢ > 0, let (k;, ¢;11) denote the pair of transition indices defined
by Condition (C2) from § 2. By definition of a canvas, we have k; < ¢; for each i > 1; thus, k; # 3,
£; # 1 and so

(ki7€i+1) € {172} X {2>3} = {(173)> (253)7 (2>2)a (172)} (Z > 1)'

The condition k; < f;41 from (C2) is thus automatically satisfied for these pairs and so the
sequence ((k;, £i+1))i>1 can be viewed as a walk in the following directed graph.

C(1,3) «— (2,3) D

| >< |

If there were only finitely many pairs equal to (1,3), then this sequence would eventually become

constant and equal to (2,3) or (1,2), forcing the sequence (agi))@l to be bounded, against the
fact that S is proper. Thus, we have (k;, £;+1) = (1,3) for infinitely many indices i > 1.
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FIGURE 2. A simple chain in A®),

Consider two consecutive occurrences of the pair (1,3), say (ki, lit1) = (kj,44+1) = (1,3)
with 1 < i < j. According to the above graph (9.1), the intermediate pairs are

(ki liy1) = (1,3),(2,3),...,(2,3),{(2,2)}, (1,2),...,(1,2),(1,3) = (kj, £j41)
— |
(g—1) times (h—1) times

for some integers g, h > 1, where the braces around the pair (2, 2) indicate that this pair may or
may not appear in the sequence. The corresponding points of the canvas are

8 = (¢".a", 1), (4", 5", 7). (0", 5. 65). . (0 y. = D). 02)
(Ch =a*, cp_1, b), RN (62,01, b), (01, a, b), ((J,, b, C) — U+ .

for real numbers

0<c'<a"=¢<b' =cy<ci< < 1<cp1<-<ca<a=c<b=c,<c
with ¢;_; = cp—1 if there is no intermediate pair (2, 2).

Each pair of consecutive points in (9.2) forms a canvas and its associated 3-system is the
restriction of S to some compact interval I. We describe below the corresponding polygonal chain

F = os(I) ={q'S(q); q € I} for each of them.

— For the pair ((c*,a*,b*), (a*,b*, ¢})) with transition indices (1, 3), there are two intermediate
division points (a*, a*,b*) and (a*,b*,b*), so F = CAALC;, where C € AB), A € LN[C,e],
A% € L* N [A, ey) and CF € AB) N [A%, e3).

— For each of the pairs ((a*, ¢} _5,¢f_1), (a*,¢f_1,¢f)) (2 <i < g) with transition indices (2, 3),
there is only one intermediate division point (a*,cf ;,¢f ), so we have F' = C¥ [ A*C?,
where A € L* N[CF ,,e2] and CF € AB) N[A% es).
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— For the pair ((a*, cj_y,b), (a*, cp—1,b)) with transition indices (2, 2), there is no intermediate
division point, so F' = C;C},, where C}, € AB) N [Cy, ea].

— For each of the pairs ((¢jt1,¢i,b), (¢i,ci—1,b)) (h—1 >4 > 1) with transition indices (1, 2),
there is only one intermediate division point (¢;, ¢;, b), so we have F = C;11A;41C;, where
A1 € LN [Ci+1,e1] and C; € AB N [AZ'_H, eg].

— Finally, for the pair ((c1,a,b), (a,b,c)) with transition indices (1,3), the situation is the
same as for the first pair, so F = C1 A1 A'C’, where A; € LN[C,e1], A’ € L*N[A1, e2] and
C' e ABN[Ay, es).

Thus, @s([2a* + b*,2a + b)) = AAYCT ---C1A; is a simple chain in A®), from A to Aj, as
in Definition 9.2. Finally, since S is self-similar, finitely many of these chains suffice to cover the
image of ¢g and thus the set F(S) itself is a closed chain.

Conversely, suppose that Ay AsAs .-+ Apy1 with A,,11 = Aj is a closed chain in A®). Then,
for each i = 1,...,m, the point A;y; lies on the line segment joining A; to e; for some j. So, we
can write A; 11 = A\ A + (1 — \;)e; for some A; € (0,1). Then A;1; and A\;A; have the same kth
coordinate for each index k distinct from j, and the sum of the coordinates of A; ;1 exceeds that
of A\;A;. Since A,,+1 = A1, the sequence (/Nli)l;l defined recursively by

A=Ay, A= M)A (1<i<m), Apgm=O1 ) YA (i21)

has the property that consecutive points A;, Az+1 share two equal coordinates with the remaining
coordinate larger in A;4; than in A;. One checks that the subsequence consisting of A; and the
points A; with three different coordinates (those coming from points of the open triangle AB ))
forms a canvas and that (A4;);> is the sequence of division points of its associated non-degenerate
3-system S. By construction, this 3-system is self-similar and F(S) coincides with the given closed
chain. a

COROLLARY 9.3. Let S and S® be a pair of non-degenerate self-similar 3-systems. Form
the set F = F(SW) U F(S@) and let K denote the convex hull of F. Then there exists a
non-degenerate self-similar 3-system S with F' C F(S) C K.

In particular, for such a 3-system S, we obtain that K(S) = K is also the convex hull of
K(SM)yu K(S®@).

Proof. By the above proposition, each set F(S)) is a closed chain AjAZCY - - - CjAj starting with
Aj € L and A} € L* N [Aj, e]. Without loss of generality, we may assume that A; € (fz, Ag].
Then we have A} € (f2, A%], as illustrated in Figure 3. Let C' and C* denote the points of [Ag, A}]

DA <«
which belong respectively to the lines e; A; and e3 A]. Then
A1ATCT - C1 AL ATCT ASCS -+ CoAg ASCS - CyAs C Ay

is a closed chain containing F'. Since all its vertices belong to F', it is also contained in K.
The conclusion follows, because, by the proposition, this closed chain is equal to F(S) for some
non-degenerate self-similar 3-system S. O

In view of the considerations of § 3, the next result proves Theorem 1.4.

COROLLARY 9.4. Let P() and P(® be proper 3-systems. There exists a proper 3-system P such
that KC(P) is the convex hull of K(PM) U K(P®).
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FI1GURE 3. Joining two closed chains into a single one.

Proof. Let K denote the convex hull of the set F := F(P(1))u F(P®). Using Theorem 7.1, we
choose, for each j = 1,2, a sequence (S(")); of non-degenerate self-similar 3-systems such that
dist(F(PU)), F(S())) tends to 0 as i — co. Then, using the preceding corollary, we select, for
each 7 > 1, a non-degenerate self-similar 3-system S such that

F; Cc F(8W) c K;,

where K; is the convex hull of F; := F(S®D) U F(S(2). By Corollary 8.4, there is a proper
n-system P such that ‘ ‘
liminf F(S%) C F(P) C lim sup F(S9).

Since dist(K;, K) < dist(F;, F') tends to 0 as i — oo, we also have

F = liminf F; C liminf £(S®) and limsup F(S®) C limsup K; = K.

1— 00 1—> 00 1—> 00 i— 00
This implies that FF C F(P) C K and so K(P) = K is the convex hull of F' or, equivalently, of
KPWO)uKP®?). O
10. Semi-algebraicity of the spectra in dimension 3

In this section, we characterize the sets K(S) attached to non-degenerate self-similar 3-systems
S in terms of the strict elementary paths defined below, and we use this to prove the semi-
algebraicity of the spectra in dimension 3.

DEFINITION 10.1. An elementary path in A®) is a polygonal chain AA*B*C*CBA with
AcL, A* e L*N[A,e)], B*c[A* 1],
C* e A® N [B*e3), CeABN[C* ey, Be[Aes]N[C, el

where L = [f5, f3] and L* = [fy, f1] denote the closures of L and L*, respectively. The base of such
a path is the line segment [A, A*]. We say that the elementary path is strict when

A,BeL, A" B*elLl* and C,C"e AW,

See Figure 4 for an illustration.
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FIGURE 4. A strict elementary path in A®),

We start with the following observation.

LEMMA 10.2. Let K be the convex hull of an elementary path £ = AA*B*C*CBA with base
AA* and let V = {A, B,C, A*, B*,C*} be the set of vertices of £. Then there exists a proper
3-system P such that V' C F(P) C K and thus K(P) = K. If £ is a strict elementary path, we
may choose P to be self-similar and non-degenerate.

Proof. If £ is a strict elementary path, we may insert points C7, A3,...,C}, between A* and
B*, and points Cy,, Ap—_1,...,C1 between B and A, with CY, ..., C}, sufficiently close to L* and
C,,...,C1 sufficiently close to L, to obtain a simple closed chain

AA*CrAL - CLB*C*CBCy Ap_y -+ C1 A

whose convex hull is also K. By Proposition 9.1, this polygonal chain coincides with the set F(S)
attached to a non-degenerate self-similar 3-system S and so V' C F(S) C K.

In general, there exists a sequence of strict elementary paths & = A; AT BfC;C;B;A; (1 > 1)
whose vertices A;, A7, ... converge respectively to A, A*, ... as i — oo. For each ¢ > 1, we
choose a non-degenerate self-similar 3-system S with V. CF (S(i)) C K;, where V; is the set of
vertices of &;, and K; is its convex hull. Then, by Corollary 8.4, there exists a proper 3-system
P such that F(P) is contained between

V =liminf V; C liminf F(S®”) and limsup F(8™) C limsup K; = K,

1—> 00 1—> 00 i— 00 1— 00

as required. O

PROPOSITION 10.3. A subset of A®) is equal to K(S) for some non-degenerate self-similar
3-system S if and only if it is the convex hull of a finite non-empty union of strict elementary
paths in AG).

Proof. If &1, ...,&s are strict elementary paths, then the above lemma provides, fori =1,...,s,
a non-degenerate self-similar 3-system S such that K(S®) is the convex hull K; of &, and
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Corollary 9.3 implies the existence of another non-degenerate self-similar 3-system S such that
K(S) is the convex hull of K7 U ---U K. This shows that the condition is sufficient.

Conversely, let S be any non-degenerate self-similar 3-system. By Proposition 9.1, the set
F(S) is the union of finitely many simple chains

AAICE - ALCECR AL -+~ Ci Ay (10.1)

starting with A € L and A € L*N[A, e2]. Let A (respectively Af) denote the point of LNF(S)
(respectively L* N F(S)) which is closest to fo. Then we have Ag = A and A§ = A7 for at least
one of these simple chains and so A§ € L* N [Ap, e2].

Now let K be the convex hull of Ay, Aj and of one of the simple chains (10.1) composing F(S).
We prove that K(S) is the convex hull of a finite union of strict elementary paths by showing
this for K. First, we note that K contains the strict elementary path £ = AOASA;C;ChAhAO.
Moreover, the convex hull Ky of £ contains Ay, Aj and all vertices of the given simple chain
except possibly some points C with 1 < i < g and some points C; with 1 <7 < h. Suppose that
Cr ¢ Ky for some index 7 with 1 <14 < g. Then the line (;1—14()) intersects the segment [C}, A7, ] in
a point C;, and we obtain a strict elementary path AgAJA;CY C; Ay contained in K(P) (because
C; € F(P)) and containing C; (see Figure 5). Similarly, if C; ¢ Ko for some i with 1 < i < h,
then ég—A% intersects [A;4+1,C;] in a point @* yielding a strict elementary path AOA(’;@*CI»AZ»AO
both contained in IC(S) and containing C; (see Figure 6). Thus, K is the convex hull of a finite
union of strict elementary paths. O

We now turn to the consequences in terms of spectra.

THEOREM 10.4. Let T = (T1,...,T},) be a linear map from R? to R™ for some integer m > 1,
and let y = (y1,...,Ym) € R™. Then'y = pur(S) for a non-degenerate self-similar 3-system S if
and only if there exist strict elementary paths £1,...,&, in A®) such that

y; <i(T3(E)) (1 <ij <m) and y; = mf(T3(E)) (1< j < m). (10.2)

Moreover, y = ur(P) for a proper 3-system P if and only if there exist elementary paths &1, .. .,
Em in AB) with the same property.

Proof. Suppose first that the conditions (10.2) hold for a choice of elementary paths &1, ..., &y.
Then we have y = inf T'(K), where K is the convex hull of & U---UE,,. If &1, ..., &, are strict,
the preceding proposition gives K = IC(S) for a non-degenerate self-similar 3-system S and so
y = pr(S). In the general case, Lemma 10.2 shows that, for i = 1,...,m, the convex hull of &;
is equal to IC(P;) for some proper 3-system P;. By Corollary 9.4, this implies that K = K(P)
for a proper 3-system P and then y = up(P).

Suppose now that y = p7(S) for a non-degenerate self-similar 3-system S. By the preceding
proposition, IC(S) is the convex hull of a union of strict elementary paths 5’1, e . For each
Jj=1,...,m, we have y; = inij(gl U---u c‘js); thus, y; = inf T;(&;) for at least one path &;
among these. Then &,..., &, fulfill the conditions (10.2).

Finally, suppose that y = up(P) for a proper 3-system P. By Corollary 7.2, we can write
y = limy_, ,uT(S(e)) for a sequence of non-degenerate self-similar 3-systems (S(e))@l. By the
above, for each ¢ > 1, there exist strict elementary paths 51(2), . ,5,%) satisfying y; <inf Tj(é'i(g))
for each i,7 = 1,...,m, with equality when ¢ = j. Write

e = AV 4O O OcBOAY (1 <i<m, =),

7 7
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€2

FIGURE 6. A strict elementary path visiting C;.
Since the vertices of the paths Si(g) belong to the compact set A®)| there is a sequence of integers
1<l < ¥y <--- such that Al(-gj), A;‘(Zf), ... converge respectively to points A4;, A7,... in AB) ag
j — oo for each i =1,...,m. Then & = A;A!B;C}C;B;A; (1 <i < m) are elementary paths,
which, by continuity, fulfill the conditions (10.2). O

As a consequence, we prove Theorem 1.6 in the following stronger form.

COROLLARY 10.5. Let T = (T1,...,T,,) be as in Theorem 10.4, and let S denote the set of
all points pup(S) where S runs through the non-degenerate self-similar 3-systems. Then both
Im*(pr) and S are semi-algebraic subsets of R™.

Proof. By Theorem 10.4, a point y = (y1,...,ym) of R™ belongs to Im*(ur) (respectively S) if
and only if, for each i = 1, ..., m, there exists an elementary path (respectively a strict elementary
path) EZ = AZA;‘(B:C:(CZBlAZ satisfying

max{T;(A:), Tj(Bi), Tj(Cy), Tj (A7), T(B;), T;(C7)} <y

for j = 1,...,m, with equality for j = i. We view this as a system of m? inequalities in the
18m coordinates of the 6m points Ay, Ay, ...,Cr, and in the m numbers yi,...,yy. For each
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i = 1,...,m, the condition that & is an elementary path (respectively a strict elementary
path) also translates into a system of inequalities for the coordinates of its vertices A;, B;,
..., Cr. All together, these conditions define a semi-algebraic subset of R of which Im*(u7)
(respectively S) is the image under the projection to the last m coordinates. By the Tarski—
Seidenberg theorem [Sei54], the latter set is therefore a semi-algebraic subset of R™. O

11. A special case

We now turn to the spectrum of the six exponents Pps---5P3in dimension n = 3. We first describe

it in geometric terms, and then as a semi-algebraic subset of R®. We conclude by proving its
topological property stated in Theorem 1.7. For convenience, we denote by

m:A®) — L and m3: A®\{e3} — L*

the projection operators with respective centers e; and es, so that we have m1(A) € [A,ei]
and A € [r3(A),es] for any point A in the appropriate domain. We also denote by x; the ith
coordinate function for ¢ = 1, 2, 3. The following geometric observation is crucial for what follows.

LEMMA 11.1. Let £ = AA*B*C*CBA be an elementary path with base AA* in A®). Then we
have

inf & = (21(C), min{z2(C*), z2(B)}, z3(A")),

sup € = (z1(A4), max{za(B*), z2(C)}, z3(C™)).

Proof. The level curves of the restriction of x; to the triangle with vertices e, eq, es are line
segments parallel to [ez, e3], with values increasing from 0 on [ez,e3] to 1 on {e1} = [e1, e1]. In
view of the slopes of the edges composing £ (see Figure 4), we find that

21(A) = x1(A") 2 21(B*) 2 21(C*) > 21(C) and x1(A4) = x1(B) = 21(C).

So, the minimum of 1 on & is achieved at the point C, and its maximum at the point A. Similarly,
the minimum of x3 on £ is achieved at A*, and its maximum at C*. Finally, the minimum of zs
on & is achieved at B or at C*, and its maximum at B* or at C. o

Theorem 10.4 shows that one can realize any point in the spectrum of (fl’ ..., P3) using
six elementary paths. The next result together with its dual shows more precisely that only two
elementary paths suffice.

PROPOSITION 11.2. Let (a, @y, g, @1, 2, @i3) € RS. There exists a proper 3-system P such that

@1(13) = o1, fg(P) = a3, fl(P) = Qy, @2(P) = g,

B B (11.1)
EQ(P) >ay, P3(P)<a3
if and only if there exists an elementary path &€ = AA*B*C*CBA satisfying
r1(A) =01, x3(A%) =a3, 22(B*)=a, x1(C)=aqy,
’ ' (11.2)

12(C) <@, x2(B) > ay, 12(C*) =2y, 23(C*) < a3

and at least one of the two conditions zo(C') = @y or B = A, and, in the case where B* = fj,
the conditions B = A and C* = C. Such an elementary path, when it exists, is unique.
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Note that, when a, = 0 and @3 = 1, the last two conditions of (11.1) are automatically
satisfied, as well as the last three conditions of (11.2), and the proposition yields a geometric
description of the spectrum of (@, 2 £1,¢2). Moreover, the last assertion means that, when it
exists, the elementary path constructed by the proposition is a function of &, as, o, a2 alone.

Proof of Proposition 11.2. Suppose first that there exists an elementary path &£ satisfying the
conditions (11.2). By Lemma 10.2, there is a proper 3-system P for which (P) is the convex
hull of €. Then K(P) has the same infimum and the same supremum as &, so

¢, (P) =zi(inf C(P)) = z;(inf &) and B;(P) = z;(supK(P)) = z;(sup€) (1 <i<3)

and thus Lemma 11.1 yields (11.1).

Conversely, suppose that there exists a proper 3-system P satisfying (11.1). By Theorem 10.4
applied to the map T': R? — RO given by T'(x) = (x, —x) for each x € R?, there exist elementary
paths & = A; A7 B CrC;B;A; for i = 1,...,6 such that

pr(P) =inf(T(E U---U&)).
By Lemma 11.1, this means that
(2, (P), 0, (P), 0, (P)) = min{(x1(C;), min{z(B;), 22(C) }, x3(A7)); 1 < i < 6},
(?1(P),%2(P),93(P)) = max{(z1(4;), max{wa(B;]), z2(C;) }, v3(C;)); 1 < i < 6}.
We choose A € {Aq,...,Ag} such that
z1(A) = max{z1(A1),...,21(46)} =7, (P) = ay.
Then the point A* on [A, ey] N L* satisfies
z3(A") = min{z3(41),...,23(46)} = p,(P) = as.
We also choose j,k € {1,...,6} such that
21(Cj) = ¢,(P) = a; and  max{zy(By), 72(Cr)} = $o(P) = ao.

Since the plane of the equation x1 = q; contains C; € A®) that plane cuts A®) in a line
segment [D, D*] with D € L and D* € L*, and the paths &1, ..., & are contained in the triangle
f,D*D. In particular, we have A € [fy, D], A* € [f5, B*] and so &1, ...,& are in fact contained
in the convex quadrilateral AA*D*D. Then, since the plane xo = @> contains the point Bj or
Cy, it must cut that quadrilateral in a line segment [B*, E] with B* € [A*, D*] C L* (because
x2(A*) < ap) and E € [Cj,D*] C [D,D*]. We conclude that &i,...,& are contained in the
convex polygon AA*B*ED.

Let F' denote the unique point of [D, D*] with 71 (F) = A, and let G = 7 (E) € [f, D] C L.
If G € (A, D], we are in the situation of Figure 7. We have B* # f], because else B* = E and
thus G = f5 € [f2, A], against the hypothesis. Then, putting B = G and C' = E, we note that
[B*, e3] meets [B, C], so there exists C* € A®) for which AA*B*C*CBA is an elementary path.
Since B* # fi, the choice of C* is unique. Otherwise, we are in the situation of Figure 8 with
G € [f, A]. Then we define B = A, C = F and we claim again that the line segment [B*, e3]
meets [B,C| = [A,C]. This is clear if G = A, because then C' = F' = E. Suppose now that
G # A. Then we have E € [D*, F) and so z2(C) = z2(F) < x2(E) = @s. Since C belongs to
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FIGURE 8. The case where G € (fy, A].

the triangle AC'D and since C' is the point of that triangle with the largest xo-coordinate, this
yields 22(Cy) < 22(C') < @a. In view of the choice of k, this implies that x2(B}) = @ and thus
B* = Bj. As C} also belongs to ACD while B} belongs to L*, it follows that [Bj, C§] cuts [4, C].
A fortiori, the longer line segment [B;,e3] = [B*, e3] does the same. So, there is a point C* in
A®) for which AA*B*C*CBA is an elementary path. If B* = f;, we simply take C* = C'. Else,
the choice of C* is unique.

In all cases, the triangle B*C*es is contained in the triangle B;-‘C;eg, because B* € [B;-‘, D]
and C € [Cj, D*], as illustrated in Figures 7 and 8. Since C} is the point of that triangle with

1540

https://doi.org/10.1112/50010437X17007126 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X17007126

ON DIOPHANTINE APPROXIMATION SPECTRA

the largest x3-coordinate and also the one with the smallest xo-coordinate, we deduce that
23(C%) < 23(C;) < 75(P) and  2(C*) > 22(CY) > g, (P).
Finally, we have B = m1(C) € m1([C}, D*]) = [Bj;, f2] and thus
z2(B) = 22(Bj) = ¢, (P).
So, all conditions in (11.2) are fulfilled. O

The next proposition is dual to the above in the sense that it is obtained from it by permuting
A and A*, B and B*, C and C*, x1 and z3, #, and s, Py and p,, [ and p,, o; and a3, ay and
ao, a3 and @ and by reversing inequalities. The proof is also dual in that sense, although some
slight additional modifications have to be done. This is left to the reader. Note that, in that
sense Lemma 11.1 is auto-dual as it stays the same under these permutations, provided that we

permute as well the functions min and max, inf and sup.

PROPOSITION 11.3. Let (ay, ay, a3, a1, 0, @3) € RO. There exists a proper 3-system P such that

Gl(P) = o, £3(P> = a3, EQ(P) = Qo, @3(13) = a3,

- B (11.3)
v, (P)=a;, $(P) <@
if and only if there exists an elementary path € = AA*B*C*CBA satisfying
z1(A) =1, x3(A%) =a3, 22(B) =ay, x3(C7) =0,
( ° ? (11.4)

22(C*) > ay, x2(B*) <@, x2(C) <z, z1(C) 2>

and at least one of the two conditions x2(C*) = ay or B* = A*, and, in the case where B = f3,
the conditions B* = A* and C' = C*. Such an elementary path, when it exists, is unique.

Again, for the choice of @; = 0 and @, = 1, the last two conditions of (11.3) and the last three
conditions of (11.4) are automatically satisfied, yielding a geometric description of the spectrum
of (@y, 2% 92,63). We also deduce that, when it exists, the elementary path constructed by the
proposition is a function of @y, ag, ay, &3 alone.

Putting the two propositions together, we obtain the following geometric description of the
spectrum of the six exponents.

COROLLARY 11.4. A point a = (a;, s, a3, a1, 02,a3) € RS belongs to the spectrum S of the
family (g1,£2,£3,¢1,¢2,¢3) if and only if, for the same point, there exist elementary paths &;
and & satisfying respectively the conditions of Propositions 11.2 and 11.3.

For the proof, recall from the introduction that & = o(Im*(ur)), where T: R? — RS and
o: RS — RS are given by T'(x) = (x, —x) and 0(x,y) = (x, —y) for each x,y € R3. Since Im*(p17)
is closed under the minimum, we deduce that, for any points (x1,y1), (x2,y2) of S, viewed as a
subset of R? x R?, we have (min(x1,X2), max(y1,y2)) € S.

Proof of Corollary 11.4. Clearly the existence of such elementary paths is necessary. Conversely,
suppose the existence of such paths. Let Py and P4y be corresponding proper 3-systems satisfying
(11.1) and (11.3), respectively. Since

min(fi(Pl)in(PQ)) =q; and max(g;(P1),9;(P2)) =a; fori=1,23,

the remark made before the proof implies that o € S. O
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We now turn to an explicit description of the spectrum S as a semi-algebraic set. Although
the statements of Propositions 11.2 and 11.3 suggest multiple systems of inequalities depending
on the various forms of the elementary paths, we manage to construct a single set of inequalities.

THEOREM 11.5. Let a = (qy, a9, a3, a1, a2,a3) € RS. The point a satisfies the conditions of
Proposition 11.2 if and only if the following hold:

a;<a; <1/3< a3 <@ < (1—aq)/2 < xo(fy), (11.5)
(1—2a1)(1 — 2a3) = @10, (11.6)
(g + 201 — 3ayaq)ae < (1 — ay)aq, (11.7)
ay <ap, (1—a;+as)ay <as, (11.8)
Bay < aya,  yap < (1 —a1)oyas, (11.9)
Bas > (1—2a)(1 —ay — @), ~as > (1—ay)(l — 2a)(1 — 2a), (11.10)
1—a)as = (1 - a1 —2a), (11.11)

where
B=aar+(1-2m)(1-a2), v=o1(1-0a1)(1—a2)+ (1—ay)(1—2a)(1 - 2a).

The same point o fulfills the conditions of Proposition 11.3 if and only if it satisfies ag+ai3 < 1
and all the dual constraints obtained from (11.5) to (11.11) by interchanging everywhere the
symbols oy and @3, ay and g, a5 and &y, the inequality signs < and > and the constants
afg(fl) = 1/2 and l‘g(fg) = 0.

Finally, o belongs to the spectrum S of the six exponents if and only if it satisfies the
constraints (11.5) to (11.11), the dual constraints indicated above and the additional condition
Qg9 + Q3 <1

As a consequence, we deduce that (11.5)—-(11.7) are necessary and sufficient conditions for
a point (@1, a3, ;,@2) to be in the spectrum of (91, ¢,, ¢, Py). This follows from the remark
made after Proposition 11.2 upon noting that the other inequalities are satisfied when ay = 0
and @3 = 1. Similarly, the duals of these constraints together with oy + a3 < 1 are necessary and
sufficient conditions for a point (a1, as, ay, @3) to be in the spectrum of (¢17£3792’¢3)'
In [Lau09al], Laurent showed that the spectrum of the exponents (gl, £3,¢1,¢3) consists of
the points (ay, a3, @1, @3) in R? satisfying 0 < oy < @1 < 1/3, Jarnik’s condition (11.6) as well
s (11.11) and its dual. Very recently, in [SS17], Schmidt and Summerer have independently
established the inequality (11.7) and its dual. However, we must warn the reader that our
definition of the exponents ¢. and yp; is slightly different so that, for each ¢ = 1,2,3, what
they write as ¢, (respectlvely gpz) becomes 1 — 3p,_; (respectively 1 — 3¢, ) in our notation.

Proof of Theorem 11.5. We first show that the conditions (11.5)—(11.11) are equivalent to the
existence of an elementary path AA*B*C*CBA as in Proposition 11.2. To begin, we note that
the first three conditions in (11.2) determine uniquely A, A* and B*:

A= (61,61,1—251), Af = (1—2%,g3,g3), B* = (1—2@2,@2,@2).
Then (11.5) and (11.6) simply translate the requirements that

A€ [fQ,D] - L= [fQ,fg], A* e [fQ,B*] - [fQ,D*] - L* = [fg,fl] and A* € {A, 82],
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where
D= (a,ay,1—2ay) and D" = (ay,(1—0ay)/2,(1 —ay)/2).

In particular, (11.5) implies that there exists a unique choice of points E, F' € [D, D*| satisfying
x2(F) = @2 and 71 (F) = A. They are given by

l—ap)ar (1-ay)(1-2a
E=(a;,a2,1—-a; —a3) and F=<a1,( ey (1-a) a1)>.

1—10o9 ’ 1—10oq

Since E € A®) we may also form

G = 7T1(E) = (1 — Qg +52)_1(@2,@2, 11— —@2) e L.

Suppose first that B* # f; or, equivalently, that @y < 1/2. The proof of Proposition 11.2
shows that, if there exists an elementary path & = AA*B*C*C BA with the requested properties,
then the points B, C' and C* are given by

C=E, B=G, C*=C} ifGe(A D], asinFigure7,
C=F, B=A C*=C} ifGelfy,A], asin Figure 8§,

<~
where CF, (respectively C7.) denotes the point of intersection of e3B* with the non-parallel line
<>

exF (respectively eaF'). We find that

Cp =By (1 - 2a2), a;, (1 — oy — @2)(1 — 2002)),
Ch=7""(ay(1 — @) (1 — 2a2), ay@a(1 — 1), (1 — ) (1 — 2601 ) (1 — 2a2)),

where 3,7 > 0 are as in the statement of the proposition. In order for these points to make
an elementary path, we simply need (besides (11.5) and (11.6)) that C' belongs to the triangle
e3B*f;. Since D* already belongs to that triangle and since C' € {E,F} C [D* (], this is
equivalent to asking that both E and F' belong to that triangle. This is automatic for E, because
of the geometry. For the point F, this is equivalent to asking that F' = e or that w3(F') € [B*, fi].
Since

B*#fl:>A*7éf1:>7T1<F):A7éegéF7éeg,

this condition reduces to zo(B*) < xo(m3(F')), which translates into (11.7). The two conditions
x21(C) = a; and z2(C) < @y follow from the choice of C. We also have B € {A,G} and A,
G € [fy, B]. Thus, the condition x2(B) > ay is equivalent to both x2(A) > ay and x2(G) > ay,
which translate into (11.8). Similarly, we have C* € {C},,C}} and C}, C. € [B*,C*], because
E,F € [C, D*]. Thus, the condition z2(C*) > ay is equivalent to both z2(C},) > ay and 22(C}) >
Qy, which is (11.9), while x3(C*) < @3 is equivalent to both x3(C}) < @3 and 23(C}) < @s,
which is (11.10). Thus, the inequalities (11.5) to (11.10) are equivalent to the existence of an
elementary path as requested in Proposition 11.2 when @y # 1/2. The extra inequality (11.11)
expresses the condition @ > x3(F). It is a consequence of the previous ones, because they give
as > z3(Cf) 2 3(F).

Finally, if @s = 1/2, we have a; = 0, because of (11.5); thus, E = B* = f;. Then, for an
elementary path &€ = AA*B*C*CBA to fulfill the requested properties, we need to have B = A
and C* = C' = F. Conversely, for this choice of points, £ is an elementary path in A®). The
constraints x1(C) = ay = 0 and z5(C) < @2 = 1/2 are automatically satisfied. The condition

1543

https://doi.org/10.1112/50010437X17007126 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X17007126

D. Roy

x2(B) > ay reduces to the first inequality in (11.8) and implies that x2(C*) > a, since we have
x2(C*) = x9(F) = x2(A) = x2(B). Moreover, the condition x3(C*) < @3 reduces to (11.11). The
remaining inequalities (11.7), (11.9) and (11.10) are no restriction when a; = 0 and @y = 1/2,
while the second inequality in (11.8) reduces to oy < 1/3, a consequence of (11.5) together with
the first part of (11.8). This completes the proof of the first assertion of the theorem.

The proof of the second assertion is dual but there is a slight complication due to the fact
that the boundary of A®) is not symmetric. The line 23 = @3 must cut this boundary in a point
D € L and a point D* € L* U [f},f3]. When a3 < 1/2, we have D* € L* and the constraint
ay + a3 < 1 is automatically satisfied. Otherwise, we need it in order to ensure that the point
E* = (1 — ay — @3, 0y, a3) belongs to [D, D*].

The final assertion follows immediately thanks to Corollary 11.4. O

Proof of Theorem 1.7. The above result shows that S is defined by polynomial equalities and
inequalities with coefficients in Q. Moreover, (11.5) and (11.6) imply that S is contained in
R? x J x R?, where J is the portion of the curve (1 — 2z)(1 — 2y) = zy in [1/3,1/2] x [0,1/3].
This proves the first assertion of the theorem.

Denote by U the largest open subset of R? x J x R? contained in S. To complete the proof,
it remains to show that U is dense in S. To this end, fix a point a = (@, @9, a3, @1, @2, a3) of S
coming from an integral self-similar 3-system S. Since, by Corollary 7.2, such points are dense
in &, it suffices to show that a belongs to the closure of U.

By Proposition 10.3, the set I(S) is the convex hull of a finite union of strict elementary
paths. Thus, the coordinates of a satisfy

O<a;<a1<1/3<az3<ag<l and 0<ay<ay<l1/2

Consider the elementary path attached to a by Proposition 11.2. Geometric considerations,
based on Figures 7 and 8, show that this is a strict elementary path and that, for each ¢ > 0
sufficiently small, and for each 81, d2 € (—€3, €3), it can be deformed into another strict elementary
path & = A1 A7B7C{C1B1 Ay of the same type (with A; = By or z2(B]) = x2(C1)), uniquely
determined by the conditions

z1(A) =@ +e x2(Bf)=as+ e+, 21(Ch)=0q; — €+
and that, for this path, we have
x2(C1) < xz2(B]), z2(B1) > ay, x2(C])>ay and z3(CY) < @s.

It should also be possible to check this directly using the inequalities of Proposition 11.5 (which
by hypothesis hold true for the given choice of a;, ..., as).

Similarly, by deformation of the elementary path provided by Proposition 11.3, we find that,
for each n > 0 sufficiently small, and for each d3, 6, € (—n3,73), there exists a unique elementary
path & = Ay A5 B5C5C By Ay of the same type determined by the conditions

z3(A5) = ag—n, x2(B2) =ay,—n®— 03, a3(C3) =as+n°+
and that it satisfies

J,'Q(C;) > .TJQ(BQ), :L'l(CQ) > oy, 332(02) <@y and .QZQ(B;) < Qs.
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As the point (a3, a1) belongs to the curve J, we can choose n so that (ag —n, @1 + €) also
belongs to J. Then we have A; = Ay, A7 = A5 and, by Corollary 11.4, we deduce that

(a; — € + 62,00 — 1> — 03,03 — 1, Q1 + €, Q2 + €2 + 01,03 + 17° + 54)

belongs to S. By varying €, 1, . .., 04, these points make an open subset of R? x J x R2. So, they
are in fact contained in U. The conclusion follows since they converge to a as € goes to 0. O
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