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Abstract

We construct global-in-time singular dynamics for the (renormalized) cubic fourth-order nonlinear Schrodinger
equation on the circle, having the white noise measure as an invariant measure. For this purpose, we introduce the
‘random-resonant / nonlinear decomposition’, which allows us to single out the singular component of the solution.
Unlike the classical McKean, Bourgain, Da Prato-Debussche type argument, this singular component is nonlinear,
consisting of arbitrarily high powers of the random initial data. We also employ a random gauge transform, leading
to random Fourier restriction norm spaces. For this problem, a contraction argument does not work, and we instead
establish the convergence of smooth approximating solutions by studying the partially iterated Duhamel formulation
under the random gauge transform. We reduce the crucial nonlinear estimates to boundedness properties of certain
random multilinear functionals of the white noise.
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1. Introduction
1.1. White noise on the circle and Hamiltonian partial differential equations

A white noise on the circle T = R/(2nZ) is defined as the following infinite-dimensional random
variable:'
u®(x) = Zgn(w)e"’”‘, (1.1)
nez
where {g, },cz is a family of independent standard complex-valued Gaussian random variables. On the
other hand, using the representation of the L?(T)-norm in terms of the Fourier coefficients, one may
formally define the white noise measure induced by (1.1) as

2

-1
Fll s oy g

71,
There are many important Hamiltonian PDEs such as the Korteweg-de Vries equation (KdV) and the
nonlinear Schrodinger equations (NLS), under which the L?-norm of a solution is conserved. Therefore,
for this type of equations, thanks to the general globalization argument introduced by Bourgain in [6, 7],
if one can solve the equation locally in time with data distributed according to (1.1), then one can almost
surely extend the solutions for all times, and the white noise would be an invariant measure of the
resulting flow.

It is easy to check that the white noise measure induced by (1.1) is supported in the space of
distributions H*(T) \ H -3 (T), s < —%. It is this low regularity that makes it very difficult to solve
locally in time a Hamiltonian PDE with the white noise initial data defined in (1.1). It is remarkable
that this severe difficulty was overcome in the context of the KdV equation; see [63, 49, 50, 51, 52]. An
important property of the KdV equation that is heavily exploited in these works is the absence of resonant
interactions when restricted to solutions with a fixed zero Fourier mode (which is a conserved quantity
for the KdV equation). As we shall see below, in the case of NLS-type equations, one may remove a part
of the resonant interactions by a gauge transform. Even after such a transformation, however, there are
remaining resonant interactions. The main goal of this work is to show how, by exploiting an intricate
mixture of probabilistic and deterministic analysis, one may deal with such resonant interactions in the

1By convention, we endow T with the normalized Lebesgue measure (271)~!dx.
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context of the cubic fourth-order nonlinear Schrodinger equation on the circle with the white noise initial
data (1.1). In our construction, the main random part of the solutions will be a nonlinear object (in fact,
of infinite degree), which is in sharp contrast with the simple random linear evolution appearing in the
previous random data well-posedness results such as [7, 15]. This difference between our main result
and [7, 15] is similar in spirit to the difference between ‘scattering’ and ‘modified scattering’ appearing
in the analysis of dispersive PDEs posed on the Euclidean space. See Remarks 1.5 and 4.3 below.

We succeeded in making our method work only for an NLS equation with a sufficiently strong
dispersion. The generalization of our result to the more standard (in particular because of its integrability)
NLS with second-order dispersion remains as a challenging open problem.

1.2. The cubic fourth-order nonlinear Schrodinger equation and a soft formulation of the main result

In this work, we consider the cubic fourth-order nonlinear Schrédinger equation (4NLS) on the circle T:

(x,1) e TXR, (1.2)
uli=0 = uo,

{ié,u = 0%u + |ul>u
where u is complex-valued. The equation (1.2) is also called the biharmonic NLS; it was studied, for
instance, in [38, 70] in the context of stability of solitons in magnetic materials. The L>-norm is formally
conserved by the dynamics of (1.2), and therefore, as discussed in the previous subsection, one may
hope to construct global dynamics of (1.2) with data given by (1.1). This is a delicate problem for many
reasons, the most basic being that it is not clear how to interpret the nonlinearity for such low-regularity
solutions.

Let us now briefly go over the deterministic well-posedness theory of (1.2). A simple fixed-point
argument via the Fourier restriction norm method introduced by Bourgain [5] yields local well-posedness
of (1.2) in H*(T), s > 0. The main ingredient is the following L*-Strichartz estimate:

el (rxey < llull o5 5 (1.3)
where X**? denotes the Fourier restriction norm space adapted to (1.2). See [57] for the proof of (1.3).
Thanks to the L2-conservation law, this local result immediately implies global well-posedness of (1.2)
in H*(T), s > 0. Equation (1.2) is known to be ill-posed in negative Sobolev spaces in the sense of
non-existence of solutions [33, 59]. See also [58, 18] for ill-posedness by norm inflation. We point out
that the ill-posedness results in [58, 18] also apply to the renormalized equation (1.6) below.

Taking into account that we have a well-defined flow of (1.2) for smooth initial data, one may
formulate the problem of solving (1.2) with the white noise initial data (1.1) as that of studying the
limiting behavior of smooth solutions to (1.2) with initial data given by suitable regularizations of (1.1).
We do not know the answer to this question in full generality, but we can answer it in a satisfactory
manner for the natural regularizations by mollification.

Let {u(‘)‘jm}zzl be a sequence of random smooth functions defined as the regularization of #“ in (1.1)
by mollification; that is,

U = U % pp = ) Pr(n)gn(@)e™, (1.4)

nez

where p,,,(n) = 8(n/m) with a bump function 6 on R, which equals one near the origin.2 Denote by u,,
the smooth solution to (1.2) with smooth initial data u,,|;=o = u(‘)"m constructed in [57]. If we could solve
the equation (1.2) with data given by (1.1), then the sequence {u,, };,_, would converge to the solution

in an appropriate sense. The ill-posedness result in [33, 59], however, implies that there is no hope to

2We also allow @ to be a sharp cutoff function 1_; 17(n), in which case the resulting u§°, =~ corresponds to the frequency-
truncated version of the white noise onto the frequencies {|n| < m}.
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make {u,, },_, converge in any Sobolev space of negative regularity. It turns out that a ‘renormalization’
of u,, is convergent. Here is a precise statement.

Theorem 1. The sequence { exp (2it||um(t)||iz) um(t)} | almost surely converges in’° C(R; H*(T)),
m=
s < —%. If we denote the limit by u, then we have

=) galt,we™,

nez

where for every t € R, {g,(t,w)}nez is a family of independent standard complex-valued Gaussian
random variables. Furthermore, the limit u does not depend on the choice of the bump function 6.

Theorem 1 is a satisfactory qualitative statement. However, it does not explain in which sense the
obtained limit u satisfies a limit equation, and it does not give any description of the obtained limit. This
will be the purpose of the next two subsections.

Remark 1.1. It is worthwhile to note that in a similar discussion for the KdV equation, one can show
convergence of the sequence of regularized solutions for any regularization of the white noise initial
data. This is because the local well-posedness analysis in [39, 50] is purely deterministic. Furthermore,
renormalization is not necessary for the KdV equation. It would be of interest to investigate whether the
result of Theorem 1 holds for a more general class of regularizations of the white noise than those given
by mollification (1.4). See Remark 1.2 for a discussion in case of smoother random initial data.

1.3. Renormalized equation

We now derive the equation satisfied by the limiting distribution derived in Theorem 1. Given a global
solution u# € C(R; L(T)) to (1.2), we define the following invertible gauge transform:

u(t) — Gu) (1) = eZitf |u(x,t)|2dxu(t), (1.5)

where f f(x)dx = ﬁ [T f(x)dx denotes integration with respect to the normalized Lebesgue measure

(27)~'dx on T. A direct computation with the mass conservation shows that the gauged function, which
we still denote by u, solves the following renormalized 4NLS:

i1 = 0%u + (|u|2—2f |u|2dx>u. (1.6)

Note that the gauge transform G is invertible. In particular, we can freely convert solutions to (1.2) into
solutions to (1.6) and vice versa as long as they are in C(R; L?(T)). Clearly, the definition (1.5) does not
make sense outside L2 (T) (in space), and hence the original 4NLS (1.2) and the renormalized 4NLS
(1.6) are no longer equivalent outside L? (T). As it turns out, the renormalized equation (1.6) is the one
satisfied by the limiting distribution u appearing in the statement of Theorem 1.

Just like the original 4NLS (1.2), the L*-Strichartz estimate (1.3) along with the mass conservation
yields global well-posedness of the renormalized 4NLS (1.6) in L?(T). The important point is that
the renormalization removes a certain singular component from the cubic nonlinearity; see (1.18)
and (1.19) below. This allows us to study well-posedness of the renormalized 4NLS (1.6) in negative
Sobolev spaces. In recent papers [41, 59], the renormalized 4NLS (1.6) was shown to be locally well-
posed in H*(T) for s > —% and globally well-posed for s > —%. Note that the white noise in (1.1) lies

almost surely in H5(T) \ H -3 (T), s < —%, which is beyond the scope of the known deterministic well-
posedness results in [4 1, 59]. For this reason, the main part of our analysis is devoted to the probabilistic
construction of local-in-time and global-in-time solutions to (1.6) with the white noise as initial data.

3Here, we endow C (R; H* (T)) with the compact-open topology in time.
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Note that the renormalization of the nonlinearity in (1.6) is canonical in Euclidean quantum field
theory (see, for example, [66]).# This formulation first appeared in the work of Bourgain [7] for studying
the invariant Gibbs measure for the defocusing cubic NLS on T2.See [21, 54, 33, 55] for more discussion
in the context of the (usual) nonlinear Schrédinger equations. See also Remark 1.6 below.

1.4. Statements of the well-posedness results

In the following, we consider the Cauchy problem for the renormalized 4NLS (1.6) with Gaussian
random data in a more general form than (1.1). For this purpose, we introduce a family of mean-zero
Gaussian measures on periodic distributions on T. Given @ € R, consider the Gaussian measure o
with formal density:

dpo =25 e Wi gu = 7 [ [em 2710 P g, (1.7)

nez

We can indeed view pu, as the induced probability measure under the map Z, given by

gn(w)
(my«

Ey:w€Qr— Ey(w)(x) =

nez

"™ € D'(T), (1.8)

where (-) = (1+]- Iz)% and {g, }nez is a sequence of independent standard> complex-valued Gaussian
random variables on a probability space (Q, F, P). An easy computation shows that E,, in (1.8) lies in
H*(T) for

1
__ 1.9
s<a-3 (1.9)

but almost surely not in H a3 (T). In particular, u, is a Gaussian measure on H*(T), and the triplet
(H%, H®, u,) forms an abstract Wiener space, provided that («, s) satisfies (1.9). For more details, see
[28, 40]. When a = 0, the random Fourier series (1.8) reduces to that in (1.1), and hence the Gaussian
measure y in (1.7) corresponds to the white noise measure.

Our first step is to construct local-in-time dynamics for the renormalized 4NLS (1.6) almost surely
with respect to the random initial data of the form

gn ((L)) einx

(me

uy’ (x) =

nez

(1.10)

with @ > 0. For this purpose, we first introduce the following nonlinear operator Z (of infinite degree)
by setting

e (iDkF ~ -~
205y = Ym0 S O Fp i), (111
k=0 '

nez

a priori defined for smooth functions f = 3,7 f(n)e””‘ on T. The following theorem addresses almost
sure local well-posedness of the renormalized 4NLS (1.6) for a > 0.

Theorem 2 (Almost sure local well-posedness). Let @ > 0. Then the renormalized cubic 4NLS (1.6)
on T is locally well-posed almost surely with respect to the Gaussian measure (i o. More precisely, there
exist C,c > 0 such that for each sufficiently small 6 > 0, there exists a set Qs C Q with the following
properties:

4To be precise, it is an equivalent formulation to the Wick renormalization in handling rough Gaussian initial data.
5By convention, we set Var(g,) = 1.
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(1) P(QS5) = e 0 Eq(QF) < Ce_%, where o and B, are as in (1.7) and (1.8).

(ii) For each w € Qg, there exists a (unique) solution u to (1.6) with u|,—o = u® given by the random
0o 8 y
Fourier series (1 10) in the class

29+ C([-6,6]; L*(T)) c C([-6,68]; H*(T)), (1.12)

where 7 = Z(u(‘)") isasin(1.11)and (i) s =0ifa > % and (ii) s = a— % —eforanye >0, ifa < %
In the next subsections, we discuss an outline of the proof of Theorem 2.

Remark 1.2. (i) When a > % the random initial data ug’ in (1.10) almost surely belongs to L*(T), and
hence the deterministic uniqueness statements apply. In particular, when a > %, one can easily modify
the argument in [32] to conclude that the solution to (1.6) is almost surely unconditionally unique:
namely, uniqueness holds in the entire C([—6, 6]; Hs (T)). For % <a< %, the solution is almost surely
conditionally unique. Namely, uniqueness holds in an auxiliary function space (the X*"-space for some

b > % in this case) contained in C([-6,8]; L*(T)). As for the uniqueness statements for 0 < a < 4

2)
see Remark 1.10 for 0 < a < % and Remark 4.4 for a = 0.
(ii) Given s € Rand 1 < p < oo, define the Fourier-Lebesgue space FL*"P (T) by the norm
I fllgLsrp(ry = 11Kn)* F (W)l ep z)- (1.13)

Then, given a € R, it is easy to see that the random initial data ul’ = u{’ (@) in (1.10) almost surely
belongs to the Fourier-Lebesgue space FL*"P (T) defined in (1.13) if and only if (s — @)p < 1. namely,
s <a— L. See[1], for example. In particular, given a > 0, we can take s > 0 by choosing sufficiently
large p = p(a) > 1. Then, as already pointed out in [21], by adapting deterministic local well-
posedness results [19, 29, 60] of the renormalized cubic NLS (with the second-order dispersion) in the
Fourier-Lebesgue space FL*P (T) with s > 0 and 1 < p < oo to the renormalized 4NLS (1.6), we can
prove almost sure local well-posedness of (1.6) with the random initial data u(‘)" = u(‘)"(a) in (1.10) (via
the deterministic method), provided that @ > 0. As in the case of KdV discussed in Remark 1.1, we then
have convergence of the sequence of regularized solutions for any regularization of the initial data in the
appropriate Fourier-Lebesgue space when a > 0. See also [25] for an analogous local well-posedness
result in the context of the stochastic cubic NLS on T with almost space-time white noise.

When a = 0, however, the white noise defined in (1.1) almost surely belongs to FL5P (T) only for
s < =L and thus the deterministic argument in [19, 29, 60] is no longer applicable to our problem.
In fact, our main goal in this paper is to prove Theorem 2 when a = 0, which requires a new idea. See
Sections 4 and 6.

Lastly, we point out that the construction of a solution in Theorem 2 is done in the more canonical
Sobolev space H® (T) (rather than the Fourier-Lebesgue space FL*P (T)), and this presents a challenge
even for a« > 0, as observed in the paper by Colliander and Oh [21] in the case of the standard
(renormalized) cubic NLS with random initial data of the form (1.10). See Section 3.

Theorem 2 with @ = 0 shows that the renormalized 4NLS (1.6) is almost surely locally well-posed
with the white noise in (1.1) as initial data. In constructing almost sure global-in-time dynamics, we
adapt Bourgain’s invariant measure argument [0, 7] to our setting. More precisely, we use invariance
of the white noise measure under the finite-dimensional approximation of the 4NLS flow to obtain a
uniform control on the solutions, and then we apply a PDE approximation argument to extend the local
solutions to (1.6) obtained from Theorem 2 to global ones. As a byproduct, we also obtain invariance
of the white noise under the resulting global flow of the renormalized 4NLS (1.6).

Theorem 3 (Almost sure global well-posedness and invariance of the white noise). Let @ = 0. Then
the renormalized 4NLS (1.6) on T is almost surely globally well-posed with the random initial data ug
given by (1.10). More precisely, for almost every w € Q, there exists a unique solution u to (1.6) with

https://doi.org/10.1017/fms.2020.51 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2020.51

Forum of Mathematics, Sigma 7
ule=0 = ug’, satisfying

u € z¢ + C(R; LA(T)) c C(R; H2%(T))

forany & > 0, where 7% = Z(ug’). Furthermore, the white noise measure p is invariant under the flow.

Remark 1.3. When a > %, the deterministic global well-posedness [59] of the renormalized 4NLS (1.6)
in H*(T), s > —%, implies almost sure global well-posedness of (1.6) with the random initial data ug
in (1.10) since the random initial data ug’ almost surely belongs to H*(T) for some s > —%.

The proof of Theorem 3 depends heavily on the (formal) invariance of the white noise measure and
hence is not applicable for the case a € (0, %]. In [21], Colliander and Oh adapted Bourgain’s high-low
decomposition method [9] to prove almost sure global well-posedness of the renormalized NLS (with
the second-order dispersion) with random initial data of the form (1.10) below L*(T) (without relying
on any invariant measure). The same approach is expected to yield almost sure global well-posedness
of the renormalized 4NLS (1.6) for some range of a € (0, é] We do not pursue this analysis here.

Remark 1.4. The solution u constructed in Theorems 2 and 3 has a structure
u = random nonlinear term + smoother term.

See (1.38). This is quite different from the standard probabilistic well-posedness results as in [7, 15],
where a solution u has the structure

u = random linear term + smoother term. (1.14)

In the field of stochastic PDEs, a well-posedness argument based on the decomposition (1.14) is usually
referred to as the Da Prato-Debussche trick. When the decomposition (1.14) is not sufficient, one may
try to write a solution as the sum of finitely many stochastic terms plus a smoother remainder. See, for
example, [30, 34].

In the context of nonlinear dispersive PDEs, there are recent works [3, 53], where a solution theory
was built based on the decomposition of a solution as the sum of finitely many stochastic terms plus a
smoother remainder. A remarkable new feature of the decomposition used in Theorems 2 and 3 is that
the series expansion (1.11) for Z(ug’) consists not only of the free solution (that is, k = 0 in (1.11)) but
also of infinitely many higher-order correction terms k > 1. As a consequence, z* = Z(u{’) depends on
arbitrarily high powers of Gaussian random variables, and hence it does not belong to Wiener chaoses
H<k, defined in (2.10), of any finite order. See also Remark 1.11.

Remark 1.5. A decomposition such as (1.14) not only is useful in establishing well-posedness of a
given equation, but also provides a finer regularity description of a solution thus obtained. For example,
the decomposition (1.14) states that in the high-frequency regime (that is, at small spatial scales on
the physical side), the dynamics is essentially governed by that of the random linear solution. See
also Remark 1.11(ii). In [10, page 62], Bourgain made an ‘analogy’ of the decomposition (1.14) to
scattering (that is, a nonlinear solution behaving like a linear solution asymptotically as t — +oo) by
saying, ‘This property [namely the decomposition (1.14)] reminds of “scattering” occurring in certain
dispersive models’ in the sense that in both the decomposition (1.14) and scattering, the dominant part
of dynamics is given by the linear dynamics.
In our solution theory, we have the decomposition

u = z“+ smoother term,

where z = Z(uy’). Namely, the dominant part is nonlinear (with an explicit structure). In this context,
one may wish to say that the results of Theorems 2 and 3 remind of modified scattering occurring in
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certain dispersive models [61, 37, 36], where the asymptotic dominant dynamics is given not by a linear
dynamics but by a certain nonlinear dynamics. See Remark 4.3 below for more details on this analogy.

Remark 1.6. Instead of the renormalized 4NLS (1.6), one may work with the Wick renormalization to
study the same problem. The disadvantage for this approach is that there is no equation for the limiting
dynamics. The limit u of smooth approximating solutions would formally ‘satisfy’

i@,u=6§u+|u|2u—oo~u. (1.15)

This is in sharp contrast with the case of the renormalized 4NLS (1.6), where the renormalized nonlinear-
ity has a well-defined meaning as a cubic operator, defined a priori on smooth functions. See (1.18) and
(1.19). Lastly, we point out that if the Gaussian measure (1o in (1.7) were invariant, then one could show
that the renormalized 4NLS (1.6) is equivalent to the Wick-ordered 4NLS (1.15) in a suitable limiting
sense, provided that « > ‘l‘. See Section 3 in [54]. Unfortunately, such invariance is true only for a = 0.

1.5. Outline of the well-posedness argument

When a > %, it follows from (1.9) that our random initial data u;’ defined in (1.10) almost surely
belongs to L?(T). Hence, the aforementioned deterministic global well-posedness of (1.6) in L*(T)
implies Theorem 2 in this case. Therefore, we focus on the case 0 < a < % in the following.

When0 < o < %, the random initial data u;’ in (1.10) almost surely lies strictly in negative Sobolev
spaces. In view of the failure of the local uniform continuity of the solution map in these spaces (see
[21,57]),itis non-trivial to construct solutions to (1.6) in negative Sobolev spaces since a straightforward
contraction argument fails in this regime. For @ > %, the random initial data u;’ in (1.10) almost surely
belongs to H*(T) for some s > —%, and hence the global well-posedness in [59] based on a more robust
energy method is applicable to conclude Theorem 2. In the following, however, we present a uniform
approach to construct local-in-time solutions in a probabilistic manner for 0 < @ < % by making use of
the randomness of the initial data ug’ in (1.10).

By writing (1.6) in the Duhamel formulation, we have

t
u(t) = S(t)uy’ —i/ S(t=t")N(u)(#")dt', (1.16)
0
where S(t) = ¢~i19% denotes the linear propagator and
N(u) = (|u|2 - 2f |u|2dx)u. (1.17)

Next, we make an important decomposition of the nonlinearity N(u) into resonant and non-resonant
parts. Namely, define trilinear operators N| and N, by setting

Ny (s, 13) (x, ) 1= D > (1, )ik (na, iy (n3, 1)l M40, (1.18)
nezZr (n)
No(uy, uz, uz)(x,1) == - Z iy (n, )iy (n, 1)z (n, 1)e™, (1.19)

n
where I'(n) denotes the hyperplane:
I'(n) := {(nl,nz,n3) €Z’:n=n —nm+nzandny,n3 # n} (1.20)

When all the arguments coincide, we simply write N (u) = Ny (u,u,u), k = 1,2. The term Ny (u)
denotes the non-resonant part of the renormalized nonlinearity N(u), while N (#) denotes the resonant
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part. Then the renormalized nonlinearity N(u) can be written as
N(u) = Ni(u) + No(u).

Let us first go over the basic idea of probabilistic local well-posedness, as developed, for instance, in
[7, 15,68, 21, 45]. See also [42]. This argument is based on the following first-order expansion:

u=zy+v, (1.21)
where z{” denotes the random linear solution defined by
212(1) = S(Dug’ . (1.22)

By rewriting (1.16) as a fixed-point problem for the residual term v := u — z{”, we obtain the following
perturbed renormalized 4NLS:

v(t) = —i/ot St =t )N(v +2z{)(t')dr'. (1.23)

Then the main aim is to solve this fixed-point problem for v in L?(T), where the unperturbed equation
(1.6) is deterministically well-posed by a simple contraction argument. In particular, it is crucial to
make use of probabilistic tools (for example, see Subsection 2.2) and show that the perturbation
N +z{’) = N(v) is smoother than the random linear solution z{” and lies in L*(T) for each . When
@ > %, this can indeed be achieved, and we can show that for each small § > 0, there exists Qs C Q

with P(QS) < C ¢~ such that for each w € Q s, there exists a solution u = z{” + v to the renormalized
4NLS (1.6) in the class:

2+ C([-6,6]; LX(T)) c C([-9,6]; H (T)),

fors < a-— % The most singular contribution on the right-hand side of (1.23) is given by

t 2 .
(1) = —i/ S(t = t)Na(z2)(t)dt’ = itz 18nl"8n inx-nts (1.24)
0

3
nez <n> ¢

where N> is as in (1.19), denoting the resonant interaction. This resonant cubic” term is responsible for
1
the restriction a > }3. It is easy to see that z{’(¢) almost surely lies in H*(T) \ H3%"2(T) for

1
<3a-—-.
S a 3

In particular, when o > %, the L2-deterministic well-posedness theory (via a contraction argument)

becomes available for solving the perturbed equation (1.23). As mentioned above, the case @ > % is

also covered by the deterministic well-posedness in [41, 59] (based on a more robust energy method),
and thus our main goal in the following is to treat lower values of a.

Remark 1.7. This argument is basically the Da Prato-Debussche trick in the context of stochastic PDEs
[22, 23], where the random linear solution is replaced by the solution to a linear stochastic PDE. See

oStrictly speaking, we need to consider the fixed-point problem (1.23) in some appropriate function space Xs C
C([-6, 8]; L*(T)). For simplicity, however, we only discuss the spatial regularity and suppress its time dependence. A similar
comment applies in the following. In particular, in discussing the spatial regularity of a space-time distribution, we may suppress
its time dependence.

7Namely, zé" in (1.24) is trilinear in the random initial data.
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[35] for a concise discussion of the Da Prato-Debussche trick. It is worthwhile to point out that the
paper [42, 7] by McKean and Bourgain precedes [22, 23].

According to the discussion above, the basic probabilistic argument based on the first-order expansion

(1.21) does not work for our problem when @ < é because the second-order term z5” almost surely does
not belong to L*(T) if a < %. See also Case (b) in Subsection 4.2 of [21]. This shows that we cannot
solve the fixed-point problem (1.23) in L*(T) when & < ¢.

A natural next step would be to consider the following second-order expansion

u=z"+z5+v
for a solution u to (1.6) and study the equation satisfied by the residual term v := u — z{” — z§”:

iy = 0%y + [N(v +2z¢ +2%) = Na(z2¢) ]
V]i=0 = 0.

Namely, we consider the following fixed-point problem:

v(r) = —i/o St —1) [N +2z +25) = No(z) ] (¢)dr’. (1.25)

Note that the worst contribution z§” in the first step coming from the resonant interaction N»(z{”) is
now eliminated. We can then perform a case-by-case nonlinear analysis on Ny (u, up, u3), k = 1,2, in
the spirit of [7, 21], where each u; can be zf’, zg", or the smoother unknown function v except for the
case u; = up = uz = z{” with k = 2. This allows us to show that the fixed-point problem (1.25) for
the residual term v is almost surely locally well-posed in L*(T), provided that o > %. Recalling that
zi“, zg" € C(R; H*(T)) for s satisfying (1.9), we obtain a solution u = z; + z3 + v to the renormalized
4NLS (1.6) in the class:

2’ +2§ + C([-6,6]; L*(T)) € C([-6,5]; H* (T))

almost surely, for s < @ — %
In this second step, the restriction @ > ﬁ comes from the following resonant quintic term in (1.25):

t
2(1) = —i Z / S(t =1 )Ny (22,22, 22) () dt’
Jisdasjzen-1 70
J1+j2+j3=5

1 |gn|4g" i(nx-n*t)
=——= —_— . 1.26
5 ZZ i€ (126)

Givent € R, it is easy to see that z’ () almost surely lies in H*(T) \ H32 (T) for

1
Sa - =.
s < Sa >

In particular, z¢’ (#) almost surely does not lie in L*(T)ifa < %.
One can repeat this process in an obvious manner. Namely, consider the following third-order
expansion

S /7] w w
M—Zl +Z3 +Z5 +v
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for a solution u to (1.16), and study the fixed-point problem for v = u—z{’ -z’ —z¢’. From the discussion

above, we see that the limitation comes from the resonant septic term, yielding the restriction of @ > 11—4.

In general, in the kth step, we could write a solution « to (1.16) as
k
u=v+zz;’j_l (1.27)
j=1

and consider the fixed-point problem for v = u — Zf'=1 zg’j_l. Here, z5;-1 denotes the following resonant
(2j — 1)-linear term (in the random initial data):

t
25 (1) = i Z / S(t =1 )Na(25), 255, 25 (¢)dt’. (1.28)
Jisdasjzen-1 Y0
Jitja+j3=2j-1

Proceeding as before, it is easy to see that the limitation in this kth step comes from z3; ., yielding the
restriction of

1
> — 1.29
722k ) (129)
which is needed to guarantee that z5; ,, (#) almost surely belongs to L*(T).
The restriction (1.29) shows that, to treat the @ = 0 case, we at least need an infinite iteration of this
procedure. Furthermore, the argument based on the kth-order expansion (1.27) leads to the following

equation for the the residual term v = u — Zle zé"jf]:

k
idv = 3ty +N(v SN (2,20, 280)
=1

Jj= ) Ji+ia+iz€l3,5,...,2k—1}

Jinj2nf3€41,3,....2k=3}
Vvl=0 = 0.

In particular, we need to carry out the following case-by-case nonlinear analysis on
Ne(uy,uz,uz), €=1,2,

where each u;, i = 1,2,3 can be either the smoother unknown function v or z%¥ for some
J €{1,3,...,2k—1} such that it is not of the form N> (z},, 2,, 2j;) wWith j1+j2+j3 € {3,5,...,2k—1}.
In general, it could be a cumbersome task to carry out this case-by-case analysis due to the increasing
number of combinations. In the next subsection, we will describe an approach to overcome this issue.

Remark 1.8. In [3], Oh with Bényi and Pocovnicu studied the cubic NLS on R3 with random initial
data based on a higher-order expansion (of order k), analogous to (1.27). To avoid a combinatorial
nightmare in the relevant case-by-case analysis for high values of k, the authors introduced a modified
expansion of order k, which simplified the relevant analysis significantly. We point out that the analysis
in [3] is significantly simpler than that in the current paper, since (i) the random data considered in
[3] are of positive regularities, and (ii) the refinement of the bilinear Strichartz estimates [9, 62] are
available on the Euclidean space. We also mention a recent work [53] on the probabilistic local well-
posedness of the three-dimensional cubic nonlinear wave equation in negative Sobolev spaces, where
the main analysis is based on the second-order expansion.
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1.6. The o > 0 case

In this subsection, we describe an outline of the proof of Theorem 2 for the @ > 0 case. In the next
subsection, we discuss additional ingredients required to treat the & = 0 case.

In view of the restriction (1.29), we need to iterate indefinitely the procedure described above to treat
arbitrary a > 0. For this purpose, we define z¢ by

=2 (1.30)
=1

Then from (1.22), (1.24), (1.26), and (1.28), we see that z* defined in (1.30) is nothing but a power
series expansion of a solution to the following resonant 4NLS:

{iazz“' =042 + Np(z) (131)

Zw|t=0 = u(‘)l)’

where ug’ is the random initial data defined in (1.10). By letting z(r) = S(-1)z“(#), we see that

Z,(1) =Z(n, 1) satisfies the following ODE

10,Zn = —|Zn|*Z,
Brzn = ~lenl"zn (1.32)
Zyli=0 = >
for each n € Z. By the explicit formula of solutions to (1.32), we have
2, (1) = "B OFZ, (0). (1.33)
Hence, we can express z¢ as
()= Y el e _en_ (1.34)
e .

nez

By expanding in a power series, we obtain

k 2k
()= Y el nt)Z(”) Lenl gn (1.35)

| 2k+1
nez k! <n>( e

By comparing (1.11) and (1.35) with (1.10), we obtain
“=Z(uy

Note that, unlike the random linear solution z{” in (1.22) and other lower-order terms z’z”j_l in (1.28),
the random resonant solution z* depends on arbitrarily high powers of Gaussian random variables and
hence it does not belong to Wiener chaoses of any finite order. Nonetheless, the formula (1.34) shows
that z has a particular simple structure, allowing us to study its regularity properties; see Lemmas 1.9
and 2.10 below. In carrying out analysis on the random resonant solution z¢ involving the X**-spaces,
we instead need to make use of the series expansion (1.35) and apply Lemma 2.11 below for each k.

Lemma 1.9. Given a € R, let 7% be as in (1.34). Then z almost surely belongs to C(R; H*(T)),
1

provided that s < @ — 5.
Proof. Fix & > 0 sufficiently small such that
ste<a-i. (1.36)
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Lemma 2.7 below states that we have
sup [gn(w)| < C(w)(n)*® (1.37)
nez

for some almost surely finite constant C(w) > 0.
For fixedr € R, let {¢; };‘;1 be a sequence converging to . Then, for each n € Z, it follows from (1.33)

that 2% (n, tj) converges to 29 (n, 1) almost surely as j — oo. Furthermore, from (1.33) and (1.37), we
have

$u§<n>s|;“j(n, )|+ (n)s|z/5(n, 1] < 2C(w)(n)* =+,
je

where the right-hand side belongs to £?(Z) in view of (1.36). Hence, the claim follows from the
dominated convergence theorem. O

Now, express a solution « to (1.6) in the following random-resonant /nonlinear decomposition:
u=z%+v. (1.38)

Then the residual term v = u — z% satisfies

i0v =0+ [N(V +z%) - Nz(z“’)] (1.39)
Vlt:() = 0
By writing (1.39) in the Duhamel formulation, we consider the following fixed-point problem:
t
v(t) =Tv(t) = —i/ S(t =) [N +2%) = No(z) | (")t (1.40)
0

In this formulation, we successfully reduced the number of combinations; we only need to study
Ni(u1,u2,u3), k = 1,2, where each u; can be either the random resonant solution z* or the smoother
unknown function v, except for the case u; = up = u3 = z¢ with k = 2. In Section 3, we perform the
case-by-case nonlinear analysis and show that the fixed-point problem (1.40) is almost surely locally
well-posed in L?(T) via the standard Fourier restriction norm method, provided that & > 0.

Lastly, Lemma 1.9 allows us to conclude that the solution # = z + v to the renormalized 4NLS (1.6)
lies in the class

z% + C([-6,6]; L*(T)) c C([-6,5]; H*(T))

almost surely.

Remark 1.10. The probabilistic local well-posedness argument in [7, 15, 68, 21] yields uniqueness of
solutions in a ball of radius O(1) in a suitable (local-in-time) function space (such as the Strichartz
spaces or the X*P-spaces) centered at the random linear solution. When a > 0, the proof of Theorem
2 yields uniqueness of solutions in the ball of radius 1 in X034 centered at the random resonant
solution z.

Remark 1.11. (i) When a > 0, the terms zg’j_l appearing in (1.27) get smoother as j increases, and
hence only a finite number of expansion are needed. Nonetheless, the random-resonant/nonlinear
decomposition (1.38) allows us to avoid a number of combinations in the relevant case-by-case analysis
when k > 1. When a = 0, the terms zé"j_l in (1.30) do not get smoother, and hence the infinite-order
expansion in (1.30) is necessary in this case.
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(ii) Let a > 0. In this case, the random-resonant /nonlinear decomposition (1.38) with (1.30) allows us
to write the solution u as

U=z +z5+ 425V (1.41)

for some v € C([=6,6]; L>(T)), where k is the smallest non-negative integer such that (1.29) holds.
The expansion (1.41) provides a finer regularity description® of the solution u than the random-
linear/nonlinear decomposition (1.21). As mentioned above, the terms in (1.30) do not get smoother
when « = 0. In this case, the solution u can be written as

u=z“+v

for some v € C([-6,8]; L*(T)). Namely, the dominant part of the dynamics in small scales is indeed
given by the random resonant solution z* defined in (1.34).

1.7. The o« =0 case

Next, let us discuss the @ = 0 case. Namely, we consider the white noise initial data (1.1). Unfortunately,
the argument described above breaks down in this case. As we see in Section 3, the worst interaction
comes from the following resonant nonlinear terms on the right-hand side of (1.39):

No(v,2,29) + Na (2,2, v) = =257 [|ga*V(n) ]
and
No(2%,v,2%) = =F e 21 20l g2 5|
To weaken the effect of these terms, we introduce the following random gauge transform:

I (u) (x,1) = Z einx=itlen (@) P i, 1) (1.42)

nez
When a = 0, the solution z¢ to the resonant 4NLS (1.31) reads as

20,0 = ) el gitlen 4B (n). (1.43)

nez

The random gauge transform J¢ in (1.42) allows us to filter out the random phase oscillations appearing
in (1.43). This gauge transform is clearly invertible and leaves the H*-norm invariant. If u is a solution
to the renormalized 4NLS (1.6), then the gauged function w := J“ (u) satisfies the following random

equation:
i(?tw=6;‘w+Ni"(w)+N§"(w) (1.44)
W= = u(‘)".
Here, the first nonlinearity N{’(w) is defined by
NE W), 1) = ) €™ " ™ DG (ny, 1) (na, ) (13, 1), (1.45)

nez C(n)

8This regularity description can also be understood as the ‘local’ (in space) description of the solution since the singular
components of the solution become dominant in small scales.
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where I'(n) is as in (1.20), and ¥ (77) denotes the random phase function:

W () = W (12,13, 1) = |gny (@) = 18 ()P + [gns (@) = |gn(w) . (1.46)

The second nonlinearity N5’ (w) is defined by

N (w) (x, 1) = — Z "1 (n,0) 2 = |gn(@) ] #(n, 1) . (1.47)

nez

As we can see, (1.45) and (1.47) are random versions of (1.18) and (1.19). The main advantage of
working with this gauged version of the renormalized 4NLS (1.6) lies in the weaker resonant nonlinearity
[IW(n)|* = |gn(w)|*]w(n), which would be eliminated if W(n) = g,. This observation turns out to be
crucial in our later analysis.

The Duhamel formulation for the gauged solution w is given by

t
w(t) = S(Huy —i/ S(t =1 )[NP(w) + Ny (w) | (")’ (1.48)
0
Now, by setting z{” = § (t)u(‘)" , we see that the residual term
v=w-z,

satisfies the following Duhamel formulation:
t
v(t) = —i/ St =) [NP (v +2) + N$ (v + 2°) | ()’ (1.49)
0

A naive approach would be to try to solve the fixed-point problem (1.49) by a contraction argument
(namely, by the Picard iteration scheme) for v in L? (T), exploiting randomness. It turns out, however,
that this naive approach via a contraction argument does not work for our problem. In the following, by
partially iterating the Duhamel formulation, we prove convergence in L2 (T) of approximating smooth so-
lutions and construct a solution to (1.49) and hence to (1.44). See Section 4 for more details. We establish
the crucial nonlinear estimates (Propositions 4.1 and 4.2) by reducing them to boundedness properties of
certain random multilinear functionals of the white noise, whose tail estimates are proved in Appendix A.

Remark 1.12. As will become clear from the analysis below, there is room to extend our analysis to
the fractional NLS with dispersion weaker than the fourth-order dispersion. However, this would not
introduce any new qualitative phenomenon as compared to the case of the fourth-order dispersion,
and hence we only consider the fourth-order NLS in this paper. We also point out that the case of the
standard NLS (with the second-order dispersion) is out of reach at this point. See the introduction in
[25] for a discussion on the criticality of this problem (in the context of the stochastic NLS with additive
space-time white noise forcing).

Remark 1.13. (i) In the deterministic setting, Takaoka-Tsutsumi [67] implicitly used a gauge trans-
form analogous to (1.43) in the low-regularity study of the modified KdV equation to weaken the resonant
interaction. This led them to work in the modified X*?-spaces. See also [44]. In our case, the gauge
transform J is random, and hence it leads to the random X*-P-spaces. See A.1. We also point out the
work [56] on the use of a gauge transform in the probabilistic context.

(i) To construct the dynamics for the @« = 0 case, we partially iterate the Duhamel formulation
(of the gauged equation) and establish convergence property of smooth approximating solutions.
See Section 4. This strategy is close in spirit to the work [52, 65]. In the context of stochastic
PDEs, such iteration of a Duhamel formulation appears in the dispersive setting [50, 31] and in
the parabolic setting [34, 17, 43]. We also mention [8, 11, 12, 13] on the probabilistic construction
of solutions by establishing convergence of smooth solutions. In particular, the recent approach by
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Bourgain-Bulut [11, 12] relying on the invariance of the truncated Gibbs measures even in the con-
struction of local solutions works well for a power-type nonlinearity with positive regularity but is not
suitable to our problem at hand. See [4] for a survey of this method.

1.8. Organization of the paper

In Section 2, we introduce the basic notations and list some basic deterministic and probabilistic lemmas.
In Section 3, we present the proof of Theorem 2 for @ > 0. The remaining part of the paper is devoted
to handling the @ = 0 case. In Section 4, we prove Theorem 2 by assuming two key nonlinear estimates
(Propositions 4.1 and 4.2). In Section 5, we prove Theorem 3 and then Theorem 1. We present the proofs
of Propositions 4.1 and 4.2 in Sections 6 and 7. Appendix A contains the proofs of some probabilistic
lemmas.

2. Notations and preliminaries

As in the usual low-regularity analysis of dispersive PDEs, an important ingredient will be the Fourier
restriction norm method introduced in [5]. Given s, b € R, define X5-? (T x R) as a completion of the
test functions under the following norm:

lillyos ory = 6mY* (7 +n*YP R, D)3 2 @1

where (-) = (1 +] - |2)%. Recall that X*-* embeds into C(R; H*(T)) for b > % Given a time interval
I = [a, b], we define the local-in-time version X;’b = X% ([a, b]) by setting

||M||X;,b = inf{”V”Xs,b(TXR) vl = u} 2.2)

Note that Xls’b is a Banach space. When I = [-4, §], we simply set X290 = X‘;’b. The local-in-time
versions of other function spaces are defined analogously.

For simplicity, we often drop 2 in dealing with the Fourier transforms. If a function f is random,
we may use the superscript £ to show the dependence on w € Q.

Letn € C2°(R) be a smooth non-negative cutoff function supported on [-2, 2] withn = 1 on [-1, 1],
and set

n,(t) =n(67'1) (2.3)

for § > 0. We also denote by y = yx[-1,1] the characteristic function of the interval [—1, 1] and let

X5 (1) = x(67'1) = x1-6.61(1).
Let Zso := Z N [0,c0). Given a dyadic number N € 2720, let Py be the (non-homogeneous)
Littlewood-Paley projector onto the (spatial) frequencies {n € Z : |n| ~ N} such that

f=iPNf~

N>1
dyadic

Given a non-negative integer N € Z(, we also define the Dirichlet projector 7y onto the frequencies
{|n| £ N} by setting

anf) = Y flme™. 24)

|[n|<N
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Moreover, we set
1 _
ny =ld-ny. 2.5)

By convention, we also set ﬂfl =1d.

We use ¢, C to denote various constants, usually depending only on @ and s. If a constant depends
on other quantities, we will make it explicit. For two quantities A and B, we use A < B to denote an
estimate of the form A < CB, where C is a universal constant, independent of the particular realization
of A or B. Similarly, we use A ~ B to denote A < B and B < A. The notation A <« B means A < cB
for some sufficiently small constant c. We also use the notation a+ (and a—) to denote a + € (and a — ¢,
respectively) for arbitrarily small £ > O (this notation is often used when an implicit constant diverges
in the limit £ — 0).

2.1. Deterministic tools
Define the phase function ®(72) by
O (1) = D(ny,ny,n3,n) =n‘f —n‘2‘+n§—n4. (2.6)

Then the phase function ®(77) admits the following factorization. See [57] for the proof.

Lemma 2.1. Let n = n; — ny + n3. Then we have
®(71) = (11 — na) (ny — n) (13 +n3 +n3 +n* +2(ny +n3)?).

Recall that by restricting the X*-”-spaces onto a small time interval [—d, ], we can gain a small
power of ¢ (at a slight loss in the modulation).

Lemma 2.2, Let s € Rand b < % Then there exists C = C(b) > 0 such that

1_p
17, 0) - llces + Dy () -l < CEFP ]y

The proof of Lemma 2.2 is based on the following scaling property: 77, (7) = 677(67), yielding

—~ g-1 g-1
17, lle ~6°T 170 < 6% @7
for g > 1. See [21] for details.
Next, we collect the basic linear estimates (see [26]).
Lemma 2.3. Let s € R.
(i) Given b € R, there exists C = C(b) > 0 such that

IS(Duollxsr.s < Clluollas
forany0 <6 < 1.

(ii) Given b > %, there exists C = C(b) > 0 such that

S || Fllxsb-1,6
Xs,b,é

H /t S(t—t")F(x,t')dt’
0

for any § > 0.
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The following periodic L*-Strichartz estimate from [57] also plays an important role:
lalls, < Mlull o5 - (2.8)
Interpolating (2.8) with ||u||, 2 = ||| xc0.0, We have
lullgs, < Ml o g and  llullz, < llulloor. 2.9)

We also recall the following lemma on convolutions. See [26] for a proof.

Lemma 2.4. Let @ > 3 > O with a + 8 > 1. Then there exists C > 0 such that

/ 1 dy< €
R (X = )¥(y)P (x)”

for any x € R, where vy is given by

a+p-1, ifa<l,
y=\B-¢ fa=1,
B, ifa>1

for any small € > 0.
Lastly, we state two lemmas related to boundedness properties of products in Sobolev spaces.

Lemma 2.5. Let € > 0. Then there exists C = C(g) > 0 such that

Ifel i . <CIfI

e S ol s

1 c .
H2*® HI F®)

Lemma 2.5 easily follows from standard analysis with Littlewood-Paley decompositions and Bern-
stein’s inequality. We omit details.

Lemma 2.6. Let 0 < b < % Then we have

o7y fllae® S W Ee®)s

uniformly inT > 0.

See [24] for a classical proof via an interpolation argument. By Plancherel’s identity, Lemma 2.6 also
follows from the boundedness of the Hilbert transform (on the Fourier side) with an A,-weight (7)??,
0<b< 3. See[27].

2.2. Probabilistic estimates

Next, we state several probabilistic lemmas related to Gaussian random variables. See also Appendix A
for further lemmas. In the following, {g, }»<z denotes a family of independent standard complex-valued
Gaussian random variables on a probability space (Q, F, P).

We first start with a well-known fact (see, for example, [48, 21]).

Lemma 2.7. Let £ > 0. Then there exist ¢, C > 0 such that

P(sup(n)_£|gn(w)| > K) < Ce~K?
nez
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for any K > 0. In particular, given 8 > 0, by choosing K = 6‘% we have
P(sup(n)~®lga(w)| > 678) < Ce™3F
nez

for any § > Q.

Next, we recall the Wiener chaos estimates. Let {g,, },en be a sequence of independent standard
Gaussian random variables defined on a probability space (Q, F, P), where F is the o--algebra generated
by this sequence. Given k € Zs(, we define the homogeneous Wiener chaoses J(; to be the closure
(under L?(Q)) of the span of Fourier-Hermite polynomials [T, Hk,(gn), where H; is the Hermite
polynomial of degree j and k = 3", k,.° Then we have the following Ito-Wiener decomposition:

LX(Q,F,P) = @ K.
k=0

See Theorem 1.1.1 in [47]. We also set
k
Ha = P H; (2.10)
j=0

for k € N. For example, the random linear solution z}” defined in (1.22) belongs to H, (for each fixed
t € R), while z§“ in (1.24) belongs to H<3. As pointed out above, the random resonant solution z¢
defined in (1.34) does not belong to H y for any finite k € N.

In this setting, we have the following Wiener chaos estimate [66, Theorem 1.22]. See also [69,
Proposition 2.4].

Lemma 2.8. Let k € N. Then we have
k
IXllr @) < (P = D2 1XL2 (o)
for any finite p > 2 and any X € H ;.

We also recall the following lemma, which is a consequence of Chebyshev’s inequality. See, for
example, Lemma 4.5 in [71] and the proof of Lemma 3 in [2].1°

Lemma 2.9. Let k > 1. Suppose that there exists Cy > O such that a random variable X satisfies
I Xl r (@) < Cop% for any finite p > 2. Then there exist ¢, C > 0 such that

o

2
P(IX] > 1) < Ce <S04
for any A > 0.

In probabilistic well-posedness theory, a probabilistic improvement of Strichartz estimates for random
linear solutions plays an important role. The following lemma states that a similar estimate also holds
for the random resonant solution z* defined in (1.34).

Lemma 2.10. Given a > 0, let z be the solution to the resonant 4NLS (1.31) given by (1.34). Then,
given p > 2 and € > 0, there exist ¢, C > 0 such that

2&

P(||PNZw||L§,(Tx[—5,5J) > N%_‘“s) < Ce s 2.11)
for any 6 > 0 and dyadic N > 1.

9This implies that k;,, = 0 except for finitely many n’s.
10This corresponds to Lemma 2.3 in the arXiv version.
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One way to prove Lemma 2.10 would be to directly apply the Wiener chaos estimate (Lemma
2.8) to the (2k + 1)-fold products of Gaussian random variables in the series expansion (1.35). See
Lemma 2.11 for such a direct approach. In the particular case of Lemma 2.10, we can give a shorter
proof by exploiting the invariance of a complex-valued mean-zero Gaussian random variable under the
transformation g — e!’8 i g; see Lemma 4.2 in [57]. This allows us to avoid higher-order products of
Gaussian random variables.

Proof of Lemma 2.10. Givenn € Z and (x,¢t) € T X R, define h,(x, t) by

i lenl?
hn(x f) — ei(nx—n4t)e‘t<5;12a 8n
,1) —

< n) a’
Then it follows from the rotational invariance of complex-valued Gaussian random variables and Lemma

4.2 in [57] that h,, (x, 1) ~ Nc(0, {n)~2®) for each fixed (x,t) € T x R.
By Minkowski’s integral inequality and Lemma 2.8, we have

“ Z hn(x,t)
N L™ (Q)

D)

In|~N

1
(E[HPNZ“)”Z?[ (Tx[—a,é])]) = ‘

P
LX, s

< Vr

L2(Q)||pr s
X,

< VFoPNIT®

for any r > p. Then the desired estimate (2.11) follows from Lemma 2.9. |

Finally, we conclude this section by stating a crucial lemma in studying powers of the random resonant
solution z* in the multilinear X*-?-analysis. This lemma also plays an important role in establishing
boundedness properties of certain random multilinear functionals of the white noise (see Lemma 6.1
below), which is a key ingredient for the proof of Theorem 2 when a = 0. We present the proof of this
lemma in Appendix A.

Lemma 2.11. Fix a non-empty set A C {1,2,3} and k, k; € Zs¢, j € A, such that

k= ij. 2.12)

jeA

Given a (deterministic) sequence { K with k = {k;} jeA, define a sequence {Z, },cz by

. C"LlJ’lZJ’B}n],nz,n3 €Z
semng

- 1 k P
Sp=T(B) === D Chimm | | &m0, (2.13)

. .
[Tjen kst (n1,n2,n3) €l (n) JjeA

forn € Z, where I'(n) is as in (1.20) and g,*ql_ is defined by

. gn., Wwhenj=1or3,
8n; ={ ! (2.14)

8n;» When j=2.

Then there exists C > 0, independent of k and kj € Z>, j € A, such that
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N ] \
IZnllLr ) < C(p = 1= ( > |c,’;,n2,,,3|2) (2.15)

(n1,nz,n3) €l (n)

forallp >2andn € Z

3. Local theory, Part1: 0 < a < %

In this section, we present the proof of Theorem 2 when 0 < @ < % In particular, we show that the
Cauchy problem (1.39) for v is almost surely locally well-posed. More precisely, we show that for each
small § > 0, there exists Qs with P(Q) < C ¢35 such that, for each w € Qg, the map ' defined in

(1.40) is a contraction on B(1), where B(1) denotes the ball of radius 1 in X 0.3+ centered at the origin.
Given v on T X [—6, d], let v be an extension of v onto T xR. By the non-homogeneous linear estimate
(Lemma 2.3), we have

H/tS(t—t')‘ﬁ‘“(v)(t’)dt'
0

<
s

7y (1) / S( — )R ) ()i’
0
< IR,y

Ly

1
X’ 2" X0'7+

where 7 is a smooth cutoff on [-27, 26] as in (2.3) and
N (V) = x, - (N +Z9) - N2 (Z9)) (3.1)

with an extension 7 of the truncated random linear solution y, - z¢ from [-6, §] to R. Then our main
1
goal is to prove that there exists Qs C Q and 6 > 0 with P(QS) < Ce™ 5 such that

3
IR oy, < 87 (1+1701.) (3:2)

for all w € Qs and for any extension v of v. By the definition (2.2) of the local-in-time norm, we then
conclude from (3.1) and (3.2) that

3
6
0 3+.6 S0 (1 * ”v”X‘)’%*ﬁ) ’

H /t St =t YR () ()dt'
0

By the trilinear structure of the nonlinearity, a similar estimate holds for the difference I'“v; — ['“v,,
allowing us to conclude that ' is a contraction on B(1) C X03+5 for w € Q. Note that the claim
(1.12) follows from the embedding X024 ¢ C([-6,6]; L*(T)) and Lemma 1.9.

In view of (3.1), to prove (3.2), we need to carry out a case-by-case analysis on

s - NicCurs uz, uz)ll -y k=12, (3.3)

where u; is taken to be either of type

(D Rough random resonant part:
uj =z*, where z% is some extension of y - z,

where z% denotes the random resonant solution defined in (1.34)
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(I) Smoother ‘deterministic’ nonlinear part:
uj =vj, where v; is any extension of v,

except for uy = up = uz =7 when k = 2 (thanks to the subtraction of N,(z*) in (3.1)).
In the following, we take 7« = 17,z%. It follows from (1.34) that

w = 4 _ |n|2 . 8n
F1,2) 1) =7, (v 40t = 4555 ) - 5 (3.4)

Thanks to the sharp cutoff function in (3.3), we may take
Uj=xs"vj (3.5)

in (3.3) when u; is of type (II). We use the expressions u;(I) (and u (II), respectively) to mean that u ;
is of type (I) (and of type (II), respectively) in the following. We point out that the most intricate case
appears when all u;’s are of type (I) in estimating the non-resonant contribution. In this case, a simple
application of the Wiener chaos estimate (Lemma 2.8) is no longer applicable, and we need to carefully
estimate the contribution from the sum of the products of the (2k; + 1)-linear term, k; € Ny, j = 1,2, 3,
in (1.35), using Lemma 2.11. See Case (D) in Subsection 3.2.

3.1. Resonant part N,
In this subsection, we estimate the resonant part of the nonlinear estimate (3.2). In particular, we prove

H —_~
by - Na(unsuzsus) oy < 67 TV 0y (3.6)
jed

for some 6 > 0, outside an exceptional set of probability < Ce‘#, where N, is the resonant part of the
nonlinearity defined in (1.19), u; is either of type (I) or (II), except for the case when all u;’s are of
type (I), and the index set J is defined by

J={j€{1,2,3} 1 u;is of type (ID}. (3.7)

We have
1

LHS of (3.6) = -
(t+n*)2~

(3.8)

/ 71 (n, 7)) T2 72) s (n, 73) dmr

T=T1—T2+73

202

o Case (a): u; of type (II), j = 1,2,3.
By Holder’s inequality with p large (2 5t ) we have

(3.8) 5 sup [(t +n*)" 3| 2
n

/ &1 (n, 7)) (0, T2) s (n, 73) dr

T=T1—T2+73

12394

By Young’s and Holder’s inequalities, £2 C £5, and Lemma 2.2 with (3.5),
3 3 1 3
s[ ool s [T+ ool < [ [l
j: n -r j:l j:]

1_ —_~
<6 ]—][ 51 o 3.
J:

https://doi.org/10.1017/fms.2020.51 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2020.51

Forum of Mathematics, Sigma 23

o Case (b): Exactly one u; of type (I). Say u; (1), u (1), and u3z(II).
By Holder’s inequality (with p > 1 as before), (3.4), and a change of variables, we have

(3.8) < sup [z + %) 2| 2
n

—~ 2\ =~
(n)"“Ignl / s (Tl +nt - !i;zla)uz(n, n)uz(n, 13)dTidT,

X

T=T1—T2+73 [%Lf

< (sup(n)™*Ignl) ' / s (L) ua(n, 72)uz(n, 13)d1dT) .

p
" 7={1-12+13-C (n,w) (nlz

where C(n, w) is defined by
)
C(n,w) :=n*- <|fl’;2|(,. (3.9)

Note that for fixed n € Z and w € Q, C(n, w) is a fixed number. Hence, we can apply Young’s
inequality (in 7, {1, 72, and 73), Lemma 2.7 with 8 = 0+, (2.7), and Lemma 2.2 with (3.5) as above

and obtain

3
(3.8) £ 82 (sup(m)~lgal) [ | li;(n, 7)1l

4
= il

3 3
1_ 4\ 1y~ 1_
<ot [T+ n a0 llarz < 64 [ gl .
Jj=2 j=2

3

1_ —_—
<" ]Il o e

j=2

for any @ > 0, outside an exceptional set of probability < C e

o Case (c): Exactly two u;’s of type (I).
First, consider the case u; (1), up (1), and u3(II). Proceeding as before with p > 1 and a change of
variables, we have

= 2
GO sl [ A (nent - dk)

T=T|—T2+73

= lgn* )~
X 14 (T2 +nt - e u3(n, 13)dtdm X
2Ly

/ A ()7 (G (n, 75)drd

T={1-0H+T3

< (sup(n)7|gal?)
n GLr

By Lemma 2.7, (2.7), and Lemma 2.2 with (3.5),
1 _ —~ 1
< 62 (sup(n) 2 1gu P a3 (n, Dllz 2 < 63 lusllyoo

1=~
S 6 ||v3||XO,%+

1
for @ > 0, outside an exceptional set of probability < Ce™ 3° .
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Next, consider the case u1 (1), up(Il), and u3(1). Proceeding in a similar manner (with p > 1 and a
change of variables with C(n, w) as in (3.9)), we have

(3-8) <

— 0 2
Wl [ A (nent - )
T=T|—T2+7T3

rama——— 2
Xuz(n, T2)1, (‘1'3 +nt - Jﬁ;'zla )dTlde

27 P
Lz

15 (&1)uz(n, )7, (£3)d1dEs
7={1-12+3-2C (n,w)

< (sup(n)7Igal?)
n LY

1_ -2 2\ |~ 1_
< 627 (sup(n) " gnl*) w2 (n, Dl 212 < 627 lluallxoo
n

]7 —_~
<0 ||v2||Xo,%+
1
for @ > 0, outside an exceptional set of probability < Ce™5° .

3.2. Non-resonant part N

In this subsection, we evaluate the non-resonant part of the nonlinearity 9t (v). In particular, we prove

It - Ny Ges iz, un)l oy < 67 T TIFI oo (3.10)

3+
jed

for some 6 > 0, outside an exceptional set of probability < Ce*ﬁ, where N is the non-resonant part
of the nonlinearity defined in (1.18), u; is of type (I) or (II), and the index set J is as in (3.7). Set

o :=(r+n*) and o =(T1; +n;‘-), j=12,3,
and
Omax := Max(o, 01,02,03)  and  nmax = max (|n|, |ngl, [n2], |n3]) + 1. (3.11)
Given dyadic numbers N, Ni, Ny, N3 > 1, we also set
Nmax := max(N, N1, N», N3).

By duality, we can estimate the left-hand side of (3.10) by

sup
lwll y1_<1
03

o
/ /Nl(ul,uz,ug) - wdxdt|. (3.12)
-0 JT

Without loss of generality, we may assume that w = y, - w.

o Case (A): uj of type (I), j = 1,2, 3.
By Holder’s inequality, (2.8), and Lemma 2.2 with (3.5), we have

3 3
3_ _
G125 [ [ Ml Iwlizs, <657 [ TIGH gl oy
j=1 j=1

o Case (B): Exactly one u; of type (I). Say u (1), uo(II), and u3(II).
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First, suppose that max (0%, 03, 0°) ~ Oax. Then it follows from Lemma 2.1 that
7 7 _ a1 _
max (o7, 03,0)%" ~ 0-[121‘:1)( 2 anqza)(‘ (3.13)

By L%, L3, L3, L3*,-Holder’s inequality with p large, (2.9), Lemma 2.10, Lemma 2.2, and (3.13),
we have

G125 D IPvuily, IPNall o5 PNl g g IPAWI o 5.
N,N,N>,N3
dyadic

I+
D NETIPnuall s PNl g P 5
N,N;,N;,N3
dyadic

1_ -+ ~ —~
SO > Nk 1PNl oy P, T3l PN w1
N,Ny,N2,N3
dyadic

A

3
1 _ —
<5 [ 11l o (3.14)
J=2

for @ > 0, outside an exceptional set of probability

Next, suppose that max (o7, 03, 0) < Omax, namely o ~ opax. We first consider the case 5P >

N;é:zs for some small 8, & > 0. It follows from Lemmas 2.1 and 2.7 that there exists a set g  C

Q with P(QS, ) < Ce™ such that

|gn § - _
(n )]2a S 5P (m)® < N2pf < Omax
1

on Qg ., uniformly in n; € Z, as long as @ > 0. Hence, we have

_ 4 |gn1|2)‘ 1 1
n (Tl -S| S — S (3.15)
° b 01 " Naal (n = 1) (n = n3)|

on Qg . Then, by Holder’s inequality (with p > 1 as in Case (a)), (3.4), (3.15), Young’s inequality,
and Lemma 2.7 (with 8 < 1), the contribution to (3.12) in this case is bounded by

< |gn1| 1

a 14
NNy NoR.dyadic | (ny oy erny 1) {Nauxl(n=np)(n—n3)|}27°
6B >N 22 [n|~N,|n;|~Nj

max
x -/

T=T1—T2+73

1
5—&

[P, uy(n2, )| [Py us (13, 3) [dT1dT)

—~ 4 |gn1 |2
s (Tl + ny— (n1 )2

12394
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1

< (Sup<nl>_a_8|gn| |) lie
™ N,Ni,Nz,N3,dyadic " (n1,n2,n3) €T (n) {ernaxl(n -m)(n— I’l3)|} s
6P >N 22 [n|~N,|nj|~N;

3
~ 1_g —
ol [ W B LSRR AT
T j=2 7j

G
3
N T TP
<62 D max [ [P, (st e
N,N;,N;,N3,dyadic j=2 nj=T;

-24+2¢&
P >N

1 g 3 8 2 —
e By
Jj=2

1
for @ > 0, outside an exceptional set of probability < Ce™ 3.

Lastly, we consider the case 6% < N;2t2¢. Proceeding as in (3.14), we bound the contribution of

max

this case to (3.12) by

21 _ 1o+ —~ ~
somm 3 N TIPN Ty 1PN s PN Wy
N,Ni,N2,N3
dyadic
20 _p_ —34 ~ -
SEEFT N Nk P Tl IPNTA o 5

N,Ni,N»,N3
dyadic

3
2l _p_ _
<5 P ]IVl o1
Jj=2

for & > 0, outside an exceptional set of probability < Ce 5.
o Case (C): Exactly two u;’s of type (I). Say u1 (1), up(1), and u3(1I).
First, suppose that max (o3, 0) ~ 0max. Then it follows from Lemma 2.1 that

1 1_
1_ 3 1—
max(03,0)2" ~ 0ax 2 Nmax-

Suppose that - ~ omax. Then, by L)’:’ILQ,,Lif,Li’t-Hélder’s inequality with p large, (2.9), Lemma

2.10, Lemma 2.2, and (3.16), we have

G125 D Pyl IPx,ualle IPusllxoos [Py wllxoo
N,N{,N2,N3
dyadic
1o+, L-a+
S > NN TP usllxen [Py wllxeo
N,N;,N>,N3
dyadic
1_ ) _
SO D Naat* PN PRI oy
N,N|,N,,N3
dyadic

1~
<02 ||V3||Xo,%+
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for @ > 0, outside an exceptional set of probability

NP Ny 1
<Y et e Y et e
N >1 Ny>1
dyadic dyadic

A similar argument holds when 03 ~ oypax.
Next, suppose that max (073, 0) < Opax, namely max (o, 03) ~ omax. Without loss of generality,
suppose that o1 ~ omax. We first consider the case B > N;éj[zg for some small 8, & > 0.

Proceeding as in Case (B) above, the contribution to (3.12) is bounded by

2
|gnj| 1
s ) 2 \lloos Vo
NNy No s dyadic | (e \ =1 ) {N2axl(n = ny) (n = m3)|}>7°
OB >N 22e [n|~N,|ny|~N

max

<

T=T1—T2+73

2
—_—y—<
(ﬂsup<n,-> o z|g,,,.|)
j=1 M N.Ni.Ny.Ns.dyadic | (n1,nym3) €0 (n) { Nl (n = np) (n = n3)|} 22
8P >N22e [n|~N,|ni|~Ny

1
3—& —
|I N3u3(”3s 23)|d11d12

-~ 4 _ |gn2 |2
775 (T2 + I’l2 <n2>2lt

-~ 4 _ |gn] |2
T]é (Tl + n] <nl >2af

17994

1

<

~ 1, ~ =
x ||I,12 ||LTgIIm;IIL;IIPN3u3(n3,T3)|IL%

2
73 4

1_._2_ 0-
<55 B Z Npax PN (n3, ) e
N,N1,N2,N3,dyadic GLE

oF >N 2828

for @ > 0, outside an exceptional set of probability < Ce 5.
Lastly, we consider the case 68 < N,22¢. Proceeding as in (3.14) but with
L2, LY L3 L% -Holder’s inequality, the contribution of this case to (3.12)

1-2
S DL Naa ™ lIPwuslloo [Py wllxoo
N,N1,N3,N3
dyadic
1-8- -1-2a ~
<0 B Z Nmax a+||PN3V3||X0,%+”PNW”X(),%f
N,N1,N2,N3
dyadic

1_ —~
<8Il g

for @ > 0, outside an exceptional set of probability < C e
o Case (D): u; of type (I), j = 1,2,3.
Fix small § > 0 (to be chosen later). From (1.35) and (2.3), we have

lgnl**gn

(=0)
Tkl (@M 6(r +n%) (nyk+Da

F(n,2) (1) =6 )
k=0
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Then we have

ni- ey ks !
(T+n%)27 120 &y .k ks=0 kilkalks
k=k1+k2+k3

1
N 02,2y =

)

3
ki, ko, k 2k
x> @) [ [ len Pes,
P “He2r?

(n1,n2,n3) €l(n)

where g;‘ll_ is as in (2.14) and cﬁ'] ]fé]fg (1, 6) is defined by

kl ko, k3 - (akjﬁj)(é(‘rj +I’lj))
Cny,na, nz( ,0) = <nj>(2kj+1)0

T1d7'2

r=11-1pt73 J=1

(3.17)

with the convention that 77; = 7 when j = 1 or 3 and 77 = ﬁwhen J = 2. Then, by Minkowski’s

integral inequality and Lemma 2.11, there exists C > 0 such that

””Nl (7752“))||Xo.7%+||Lp(g)

[} =)
3
<pi), ), (Cpo)
k=0 ki ks, k=0
k=k1+k2+k3

1

1 ki ka, k 5\
X - - n]’nz’n'% ,5 d
(/RZ Z <T+n4)1_|c 1,12, 3(T )| T

nez (ny,ny,n3) €l (n)
for any p > 2. In the following, we estimate (3.18) with
p=69>1
for some sufficiently small § > 0. Note that, from Lemma 2.1 and n # ny, n3, we have
2 2
U’max Z nmax|(n - nl)(n - n3)| Z nmax'
o Subcase (D.1): 0 ~ omax-  First, note that, in view of suppn C [-2, 2], we have
1F1 (@M ) ()] = [(=it)¥in(n)| < Cin(r) .

Then, by a change of variables— ¢ = 67 + n‘l1 - ng + n‘3‘ and {; = 6(7; + n‘j‘.), j=12,3—

Plancherel’s identity, Holder’s inequality (in #) with (3.21), and k = k + k3 + k3, we have

ky.ka,k 1
”Cnll,né,n}g(‘r’ 6)”L% =02

3 ki~
0%n;(<;)

l__[ <nj>(2kj+1)adé’ld§2 )
i=0i-0+g 7! L
F1(okinm;)

i <nj>(2kj+l)a .

=

=0

L

|/\
‘:lw

< >(2k +Ha”
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From (3.18), (3.20), and (3.22), we bound the contribution to

1N (2,20 o,y

LP(Q)

in this case by

pist Y (Cpo)h(Cps)(Cps)s
ki,ks,k3=0

3 2

1 1
X Z Z 1= H (n;) kit
J=

nez (ny,ny,n3) €l (n) {nzmax(n —ny)(n— n3)}

By choosing small § = §(C) > 0 such that Cps = Cs'7¢ < 1,

< pst (3.23)
fora > 0.
o Subcase (D.2): 0 < Oax- Assume that 0| ~ Omax. A similar argument holds when 0 ~ 0ax OF
03 ~ Omax-
From (3.17), Holder’s inequality with g large (% = % + é), Minkowski’s integral inequality, and

Lemma 2.11, we have

N1 G132 o3l

1
2

”%Z i (Cpd) (Z Z ||Cﬁiiﬁiiﬁi(f,6)llig) (3.24)

oo
k=0 ky,k2,k3=0 nezZn=n1—n+nj
k=k+ko+k3 na#ny,n3

for any p > ¢. By integration by parts, we have

B
( kl?](t)) lt‘rdt

ok
[0% ()| = ‘Ilﬁ §7a

for 7 # 0. In particular, with § = 1, we have

~ ch
1671 ()| 24, S ——. (3.25)
LI (lr1zK) K"

By a change of variables (as in (3.22)) and Young s inequality, (3.25) with K ~ d07, (3.20), and

(3.21), we can bound the contribution to ||cf,‘1 ]ffz my (7,0) |l 4 in this case by

] 1
51—q( —)”ak g 51 (94 F (0 7)||
g (n;)yPhte 2 (1r |>K>” I
= 1 1
< Cks2 ]—[ . (3.26)

E (nj>(2kj+1)a

[ (n— ) (n —n3)} ™%

Hence, by choosing g > 1 and proceeding as in (3.23), we conclude from (3.24) and (3.26) that the
contribution to || [IN1(77,2) ”XO**%*| in this case is also bounded by

LP(Q)

ol

< por. (3.27)
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Finally, by Chebyshev’s inequality with (3.23) and (3.27), we have
P(IN 07,2 oy > A) < CPAPpirst
for any A4 > 0. Letting A = sz(S% and p = 67% as in (3.19), we have
PN (7,2 g > CO3720) < TP I0VP < o730
for all @ > 0. In other words, we have

[, < Co1™

2

[IN1 (775Zw)||Xo,_

1
for & > 0, outside an exceptional set of probability < e” 5.

This completes the proof of the nonlinear estimate (3.2) and hence the proof of Theorem 2 for

1
O<a§§.

4. Local theory, Part2: o =0

The remaining part of this paper is devoted to the @ = 0 case. Namely, we consider the white noise
initial data. In this section, we present the proof of almost sure local well-posedness (Theorem 2) by
establishing convergence of smooth approximating solutions. The key ingredients are Propositions 4.1
and 4.2, whose proofs will be presented in Sections 6 and 7, respectively.

4.1. Partially iterated Duhamel formulation

In Section 1, we introduced the random gauge transform J* in (1.42) and converted the renormalized
4NLS (1.6) into the random equation (1.44) for w = J“ (). In the following, we study the Duhamel
formulation (1.48) for this random equation. Define

t
Ji(wi, wo, w3) (1) = —i/ S(t =t )N (wi, wa, w3)(t')dt’,
0
t
Jo(w)(2) := —i/ St =1 )N (w)(t')dr’, 4.1
0
where N’ (w1, w, w3) is defined by

NE (w1 wa, wa) (x,1) 1= "™ 3" ™ DG, (ny, )2 (na, 1) W3 (13, 1)
nez I'(n)

with the random phase function ¥ defined in (1.46) and N5’(w) is as in (1.47). By setting J; (w) :=
Ji1(w,w,w), we define J(w) := J;(w) + J»(w). Then we can write the Duhamel formulation (1.48) for
w=J%(u) as

w=S(uy +I(w), 4.2)

If we were to apply the strategy for the @ > 0 case discussed in Section 3, then by noting that
J“(z) = S(H)uf’, we would write v = w — S(t)u and try to solve the fixed-point problem for v

v=01(v+S)u’) + (v +S(t)uy’) 4.3)
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by a contraction argument. As mentioned in Section 1, however, we are not able to solve the fixed-point
problem (4.3) by a contraction argument. In the following, we reformulate the equation by assuming
that w is a solution to (4.2) and study the reformulated problem. Recalling that w(n, 0) = g,, and that w
satisfies the equation (1.44), we formally have

t
d INI2 747
/0' EIw(n,t)I dt

t _
— JRei / S Dy, 1Yo 3, ) (13, 1Y (o, 1)
0 )
= Ep(w,w,w,w)(1). 4.4

|2

W (n, 0> = Ign

In view of (1.47), (4.1), and (4.4), we then have

Jr(w) = i‘/ot S(t—1t) Z e (w,w, w, w) (1) w(n, t')dt’

nez

for a solution w to (1.44). We denote by 52(w) the quintilinear operator 5;’ (w,w,w,w,w) given by

—_—~ t .
35 (w1, wa, w3, wa, ws)(x, 1) ::/ S(t—t’)Ze””CEn(wl,wz,W3,W4)(t')\'475(n,t')dt’.
0

nez

Then, for a solution w to (1.44), the equality
J2(w) = T2(w) (4.5)

formally holds. As a result, we can rewrite (4.2) as the following partially iterated Duhamel formulation
with cubic and quintic nonlinearities:

w = SOul + 91 (w) +Ta(w). (4.6)

We then obtain the following fixed-point problem for v = w — S(#)u’:
v=T1(v+S)ul) + (v + S(H)ul). (4.7)

It turns out that the quintic term az(v + S(t)u(’) has a better regularity property than the original cubic
resonant nonlinearity J>(v + S(#)ug’), which enables us to solve the fixed-point problem (4.7) for v by
a contraction argument. See Remark 4.4 below. Note, however, that in deriving the equation (4.7), we
used the a priori equality (4.5), which only holds for a solution w = S(¢)u’ + v to (4.2).

To overcome this issue, we use an approximation method to construct a solution to (1.6). To be more
precise, we construct a local solution u to (1.6) as a limit of a sequence {u™ } N exy of smooth solutions
with smooth initial data u’, . For simplicity of the presentation, we only consider the following
frequency-truncated data

w w _ inx
uyy =aNUy = Z gn(w)e
n|<N

in the following. Here, )y is the Dirichlet frequency projection onto the frequencies {|n| < N} defined
in (2.4). See Remark 4.4 (ii) for the case of smooth initial data given by mollification as in (1.4).
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Letting

N gn,» if|n| <N,
= 1 c8n = 48
&n In|<N - & {0, i 1] > N (4.8)

we have

uy  (x) = Z g,]:] (w)e"™.

nez
Define a truncated version of the random phase function ¥ in (1.46) by setting
Wi o= g (@) = lgn (@) + g (@) = Igy) (@), (4.9)
We also set P = W<,

Let N € N. Then we have uy’,, € C*(T) almost surely. Hence, by Proposition 1.1 in [57], there

exists a unique global-in-time solution u™V to (1.6) with u™ |;=¢ = ug’y - Furthermore, by introducing the
truncated random gauge transform

wN (1) = g @) = ) emila (PN (5, 1) (4.10)

nez

with g in (4.8), we see that w™ satisfies a modified version of the random equation (1.44):

. _ 04 w w
io,wN —iwa +:N1’N(WN)+N2,N(WN) @.11)
W|t:0 = MO,N’
where Nf‘,’N (w) = Ni"’N (w,w,w) and Né‘,’N (w) are defined by
NEN Wi, wa, w3) (x, 1) = Z e Z "N (n1, )W (ng, 1) W3 (n3, 1), (4.12)
nez I'(n)
NN W) (x, 1) o= — Z " [[w(n, 0)I* = gy (@)W (n,1).
nez
By writing (4.11) in the Duhamel formulation, we have
wh = S(uy + 375 W) +35 5 (W), (4.13)
where Ji‘jN (w) = J;"’N (w,w,w) and Jé‘jN (w) are defined by
t
IVN (Wi, wa, w3) o= —i/o St =t )Ny (Wi, wa, w3) (')dt’, (4.14)
t
9PN (w) = —i‘/o St =t )Ny (w)(t)dt'. (4.15)
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Noting that w” is almost surely a smooth solution to (4.11) with the truncated random initial data uy
we have

N>

N ! d N ’ ’
W ) = g = [ N ) Par
0 1
t — e ——
= —2Rei/ Z "IN WN (1, 1 Y wN (g, 1)wN (n3, " )wN (n,1")dt’
0 o)
= NN, wN Wl W) (1). (4.16)

This motivates us to define a truncated version of 52 by

jgj]\] (Wls WwWa,W3, W4, WS)(x, t)

t
::/ S(t 1) Y €™ EY (wi,waws, wa) (15 (n. 1) dr 4.17)
0 nez

We also set 5501\/ wh) = 55"1\, W, wN wN w wN). Then we can rewrite (4.13) as the following
partially iterated Duhamel formulation:

wN = S(uy + 3¢ (W) + T2 (W), (4.18)

Note that while J5°,, (w) in (4.15) corresponds to the resonant part of the nonlinearity, only the non-
resonant contribution survives in (4.16) after substituting the equation, thus yielding a non-resonant
structure in the quintic term J§’; (wh).

To prove Theorem 2, we need to show that {w™ } yen converges in some function space and that
the limit w = limy 0 w" is a distributional solution to (1.44). We now state the crucial nonlinear
estimates in our analysis. Recall from (2.5) that given N € Z>_| = ZN[-1, o), my; denotes the frequency
projection operator onto the (spatial) frequencies {|n| > N}, with the understanding that 7+, =1d.

Proposition 4.1. Let 0 < B,y < 1 and b > % be sufficiently close to % Then there exist c¢,0 > 0 and

small 5o > 0 with the following property. For each 0 < & < 0o, there exists Q5 C Qwith P(Q%) < e 3"
such that for each w € Qs, we have

3
195 (Wi, wa, w3)lIxop.s < cs? 1_[ ((Nj)‘ﬁ +lw; - S(t)ﬂJI{,_i(MSJ)Hx-y.b,(s), (4.19)
j=l

uniformly in N; € Z»_1, j = 1,2,3, and N > No(w, 6) for some No(w, 6) € N. Here, we allow N = oo
as well.
Proposition 4.2. Let 0 < B,y < 1 and b > % be sufficiently close to % Then there exist ¢,0 > 0 and

small 69 > O with the following property. For each 0 < & < &y, there exists Qs C Qwith P(Q5) < e 3
such that for each w € Qs, we have

15 (w1, w2, w3, wa, ws)lIxo.s
5
< €6 [ T(N)F + 1wy = SOk, )lxss), (4.20)
j=1

uniformly in N; € Z»_y, j = 1,...,5, and N > No(w, 6) for some No(w,5) € N. Here, we allow
N = oo as well.
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We remark that both estimates (4.19) and (4.20) exhibit some smoothing effect. The main reason is
that both nonlinearities J‘“ (w1, wy,ws) and 32 ~ (W1, W2, W3, wg, ws) possess non-resonant structures.
In the next subsection, we present the proof of Theorem 2 by assuming Propositions 4.1 and 4.2. We
present the proofs of these propositions in Sections 6 and 7. By careful analysis, we reduce these
nonlinear estimates to boundedness properties of certain random multilinear functionals of the white
noise.

Remark 4.3. In deriving £, (w,w,w,w) in (4.4), we made use of a key cancellation:
Re (i&“(N;)(w))(n)W(n)) - 0. 4.21)

That is, the resonant part of the nonlinearity disappears in (4.4). Interestingly, a similar cancellation
is used in the context of the modified scattering analysis of the one-dimensional cubic nonlinear
Schrédinger equation on the real line

i0u = 0%u + ul’u (4.22)

Lo .
with localized initial data. More precisely, if we set v(t) = e'"%u(t), then by a stationary phase
argument, (4.22) can be rewritten as

AV (&, 1) = cit ' [V(&,1)|*V(&, 1) + R(E, 1), £eR, (4.23)

where ¢ is a real constant and vV denotes the Fourier transform of v on the real line. The trilinear
remainder term R(&,t) decays (in a suitable functional framework) faster than t~', and therefore the
principal part of the nonlinearity for analyzing long-time behavior is given by cit™'[V(&,1)|*V(€, 1),
which is the analogue of the resonant part of the nonlinearity N5’ (w) in our problem. Note that the key
cancellation in the context of (4.23) is

Re (n—1|v(§ NP, )T (E, t)) (4.24)

The cancellation (4.24) appears in computing 0,|v(&,1)|%, which is the analogue of the computation
(4.4) in the context of (4.23). We point out the strong similarity between (4.21) and (4.24).

4.2. Proof of Theorem 2: the a = 0 case

In this subsection, we present the proof of Theorem 2 for @ = 0. More precisely, by applying Proposi-
tions 4.1 and 4.2 to the iterated Duhamel formulation (4.18), we prove that, for each 0 < § <« 1, there

exists Qs C Q with P(Q) < e~ 3 such that for w € Qs, the following statements hold:
(i) The sequence {w" — S(r)uf’ }n e is Cauchy in X0:3+:8
(i) The limit w of w¥ satisfies the equation (1.44) in the distributional sense with the white noise
initial data u’
(iii) The solution w is unique in the class: S(#)ug’ + B, where By denotes the ball of radius 1 in

1 ..
X0%2+9 centered at the origin.

Given0 < 8,y < l and b > é sufficiently close to é, apply Propositions 4.1 and 4.2 and construct a

set Qs C Q with P(QS) < e” 3 for each 0 < § < 1 such that the conclusions of both Propositions 4.1
and 4.2 hold. In the followmg, we fix w € Qg, and hence the parameter Ny(w, d) in Propositions 4.1
and 4.2 is a fixed number. In what follows, unless otherwise stated, the numbers N and M are always
assumed to be greater than Ny(w, §).
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(i) By setting vV = wh — S(Hug - it follows from (4.13) and (4.18) that vl satisfies

vV :Jf‘jN(vN +S(t)u(‘)"’N)+J§"’N(vN +S(Dugy)

= In O +S(Ouy) + Ty 0N + S y). (4.25)

where Ji‘:N, 35,)1\/’ and 5501\1 are as in (4.14), (4.15), and (4.17). Note that the second equality holds

since w? is a classical solution to (4.11).

‘We first claim that
™o ges <1 (4.26)

by choosing ¢ > 0 sufficiently small. Indeed, by applying (4.19) and (4.20) in Propositions 4.1
and 4.2 (with N; = —1; that is, ﬂIJ\‘]I_ =1Id) to (4.25), we have

N 0 N 3 0 N 5
Ml gens € 874V g ) + 87+ IV 0)

<SP H IV N0 g0s)* + 67+ IV oy ). (4.27)

Then by choosing ¢ > 0 sufficiently small, the bound (4.26) follows from (4.27) and a standard
continuity argument.

Next, we show that the sequence {v"}ycy is a Cauchy sequence in X0:3+:6, By possibly
restricting to smaller 6 > 0, we prove

< N~ min(8.y) (4.28)

I =
X

1
0,2+,c§

forany w € Qg5 and M > N > No(w, 5). The bound (4.28) shows that vV converge in X%2*: for
each w € Qs, and thus w" = vV + S(1)ug’, converge to w = v + S(t)ug in C([-6,6]; H(T)),
s < -1

We now prove (4.28). From (4.25), we have

M =M o 10s < 1990 OM +S@Ougy) = I0y O +SOuF 0,100
+ 11750, M + S ) = TN N +S(Ouy) o ge.s- (4.29)

We first estimate the first term on the right-hand side of (4.29). From (4.12) and (4.14), with

wl = vN +S(t)u,,, we have

M N
”j(f)M(W ) — jile(W )||XO,%+,6
M M M N
< ”jﬁM(W ) — ji)N(W )”XO’%J"& + ”ji)N(W ) - ji)N(W )”Xo,%ms
M M M N M M
< ”ji‘jM(W ) — ji)N(W )||X(],%+,6 + ”ji‘jN(W -—wo,we LW )”XO,%+,6

N M N M N N M N
+”jﬁN(w W =W, W )||X(),%+,(s+”ji)1v(w W W =W )||XO*%+’5' (430)

In the following, we treat only the first two terms since the other two terms can be treated in a
similar manner. Using the trilinear structure of J{°, for L € {M, N}, we have

Ji‘jL(wM) = Ji‘fL(rr&wM,wM,wM) +Ji‘jL(7r%wM,7r§wM,wM)

M M M)

w M Lr M w M
+31’L(ﬂ%w SANW ,F%W )+31’L(7T%W AW AN W
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The key point is to observe that it follows directly from the definitions (4.12) and (4.14) with (4.9)
that for M > N,

jﬁM(ﬂ'%WM,ﬂ%WM,ﬂ%WM)—j(ij(ﬂ'%WM,ﬂ%WM,ﬂ%WM) =0.

Therefore, to control

193 (0™) = T2 M)y
we only need to bound

M M M
192, G M M

M M M
”j(ffL(n'%W ,ﬂéw WO o 1ss0

M ) M M
HJ?:L(N%W yAINW »ﬂ'l%w )”X(J,%Jr,(s

3

for L = M and N. We consider only the first one, since the others can be treated similarly. From
Proposition 4.1 and (4.26), we have

M M M 0 (N M M 2
13, ey w M Moy s 80N F ML) (U IV )

SO/ (NF+N- 7||vM|| 0.45)
<6 N—mln(ﬁ,)’),

where we used the fact that w" = vV + S(r)u,,. Therefore, we obtain
M M 0 n/— mi
195 ™) = T2 WD g 30 5 GONTTED),

Next, we proceed with estimating the second term on the right-hand side of (4.30):

”j N(W N M M)” 0 L+
<3 M N 4 SO v+ SWOu v+ SOOI o
+]|97 N(S(t)ﬂMu0 VN +S(Oug VN +S(t)”(‘)1,)N)”X0%+,5' (4.31)

By applying Proposition 4.1 to (4.31) with N; = N or M and N> = N3 = —1, we obtain

M N M M
”Ji)N(W -—w o, W, w )”XO,%+,J

2
0 A8 M _ N M
SO (NF M =Nl (1 I )

< 59(N-ﬁ T

rbos) (4.32)

Similarly, we can estimate the second term on the right-hand side of (4.29) by applying Proposition
4.2 and obtain

Bt M T N
”jng w™) - jng(W )||Xo,%+,5

< 59(N—mi"<ﬁ’7> e (4.33)

XO +6)

Putting (4.29), (4.32), and (4.33) together, we obtain

WM =N || 1. < CSON™RED 4 cs?|vN —vM |
XO,2+,6

1 .
X0’7+'6
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Therefore, by choosing ¢ > 0 sufficiently small, we obtain (4.28).
(ii) Next, we show that the limit w = v + S(¢)u’ satisfies the Duhamel formulation (4.2)

w=S)uy’ +I1(w) +I2(w) (4.34)

in the distributional sense, locally in time.

Given 0 < 6 < 1, let w € Q. Then it follows from Lemma 2.7 that the truncated random
linear solution S(t)u(‘fN converges to S()ugy’ in C([-0, 6]; FL™#*(T)) forany & > 0. The residual
part vV converges to v in X%2*9_ and hence in C([~6, 6]; L2(T)). Putting this together, we see
that w"V converges to w in C([-d, §]; FL~%*(T)). Hence, from the definitions (4.1) and (4.15) of
J, and J5, v, we conclude that Jp (W) converges to J»(w) in C([~6, 8]; FL™35°(T)). On the
other hand, from (4.30), we see that J;_y (W) converges to J;(w) in X036 Together with the
convergence of w™ to w, we have shown that each term in the truncated Duhamel formulation (4.13)
converges to the corresponding term in (4.34). Recalling that w satisfies (4.13), we conclude that
w is a solution to the Duhamel formulation (4.34) in the distributional sense.

In Step (i), we already showed that w satisfies the iterated formulation (4.5). Thus, as a byproduct,
we have verified that

T (w) = To(w)

for the solution w constructed in Step (i).
(iii) Lastly, we turn to the uniqueness issue. Given 0 < 6 < 1, fix w € Qs. Let w = S(#)ug’ + v be the
solution to (4.2) with the white noise initial data u(‘)" constructed in Steps (i) and (ii). Suppose that

there exists another solution w to (4.2) of the form w = S(t)ug’ + v for some v € By C X054,
Since such w is also a solution to (1.44), by repeating the argument in Subsection 4.1, we see that
w satisfies the iterated Duhamel formulation (4.6):

W= S(Ou + 3, (W) + ().
Then, by repeating the argument in Step (i) with Propositions 4.1 and 4.2, we obtain
~ < Cs? ~ < 1 ~
llv - V||X0,%+,5 > v - V”XO,%+,6 > EHV - V”Xo,%hd
for ¢ > 0 sufficiently small, yielding v = Vv in X035 This proves uniqueness in the class
S(t)u(‘)" + Bj.
This completes the proof of Theorem 2 when « = 0.

Remark 4.4. (i) By a continuity argument, we can easily upgrade the uniqueness of w in S(t)u{’ + By
to uniqueness of w in the class

S(uy + X039
See Remark 2.9 in [20]. By inverting the random gauge transform J¢ in (1.42), we then obtain

uniqueness of u in the class

0,4+,6
Zw@) + X"

. . 0,4+ . o . . .
where Z is as in (1.11) and X_'7,"" is the local-in-time version of the random Fourier restriction

1
norm space X(,):f: defined in (A.2).

Note that Lemma 2.7 appears in the proof of Propositions 4.1 and 4.2 (see also Lemma A.3), and thus we may assume that
the conclusion of Lemma 2.7 holds on the set Qs constructed in Step (i).
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(i) Letuy, =us * pm be the regularization of the white noise u¢’ by mollification via a mollification
kernel py, in (1.4). Denote by w,y the solution to the gauged equation (1.44) with w,|i=0 = ug’, .
Then, by proceeding as above, ' one can easily establish convergence of w,, to w in the class

S(H)uy + By, satisfying (4.2). Then, by the uniqueness proved in Step (iii) above, we conclude that
w = w. This proves independence of the mollification kernel.

5. Global well-posedness and invariance of the white noise measure

In this section, we extend the local solutions constructed in Theorem 2 to global solutions and prove
invariance of the white noise measure (1.7) with @ = 0 under the flow of the renormalized 4NLS (1.6).
The main ingredient is Bourgain’s invariant measure argument [6, 7].

5.1. Invariance of the white noise measure under the truncated 4NLS

In this section, we will denote the white noise measure by u. For fixed & > 0, y is a measure on

H ¢ (T), defined as the pushforward of P under the map from (Q, F, P) to H -3-e (T) (equipped with
the Borel o--algebra) given by

w Ul = ) gn(w)e™.

nez

Given N € N, we also define the finite-dimensional white noise measure uy on Exy = span{ei"x, |n| <

N } as the pushforward of P under the map from (Q,F, P) to Ey given by w +— nyu{’, where ny is
the Dirichlet projector onto the frequencies {|n| < N} defined in (2.4).
Consider the frequency-truncated version of the renormalized 4NLS (1.6)

{iﬁ,uN = dqu™ + 7y (N@)) (5.1)

uN (x,0) = nyup(x) € En,

where N(u) denotes the renormalized nonlinearity in (1.17). Itis easy to see that the solution u to (5.1)
exists globally in time. Let ©y (¢) denote the flow map for (5.1). By the Liouville theorem, we see that
the truncated white noise measure u is invariant under ®y (¢). Following [14], we also consider the
extension of (5.1) to infinite dimensions, where the higher modes evolve according to linear dynamics:

{i[),uN = 0tuN + iy (N(zyul)) (5.2)

ul (x,0) = up(x) € H_%_E(T).
Let ®p (¢) denote the flow map for (5.2). Then we have
OV (1) = ON (Nrn + S(1) 73y,

where 71y, = Id -7y . Denoting by Ey; the orthogonal complement of E in H “38(T), let Uy, be the
white noise measure on Ey; (that is, the image measure under the map: w — 7y, u¢’). Note that et
is invariant along the linear flow on Ey; (this is a consequence of the invariance of complex-valued
Gaussians under rotations). Therefore, by writing

du = duy ® duy,

we conclude the following invariance of y under Oy (7).

12Here, our assumption that the symbol p,,, = 1 on [—com, com] for some ¢y > 0, independent of m € N, provides a
simplification of the argument as compared to a general mollification kernel.
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Lemma 5.1. For each t € R, the white noise measure 1 is invariant under the flow map ON (1) on
1
H™274(T).

5.2. Almost sure global well-posedness

By using the invariance of the white noise measure for (5.2) (Lemma 5.1) and a PDE approximation
argument, we have the following lemma, guaranteeing long-time existence with large probability for the
renormalized 4NLS (1.6).

Lemma 5.2. There exist small 0 < € < &1 < 1 and B > 0 such that given any small k > 0 and T > 0,
there exists a measurable set X, 7 C H -3¢ (T) such that

@) ,u(Z,f’T) < k and (ii) for any ug € X, r, there exists a (unique) solution

u € Z(ug) + C([-T,T]; L*(T)) € C([-T,T); H"3~*(T))

to the renormalized 4NLS (1.6) with u|;=g = ug, where Z is defined in (1.11). Furthermore, given
any large N > 1, we have

”u(t) - @N(t)(uo)” < C(k, T)NE,

C([-T.T:H 21 (T))
where N (1) denotes the flow map for (5.2).
For the uniqueness statement, see Remark 4.4 (i).

Proof. Once we have almost sure local well-posedness (Theorem 2), the proof of Lemma 5.2 is by now
standard. In the following, we sketch only key parts of the argument and refer to [6, 7, 16, 64, 65] for
further details.

Given a solution u” to (5.2), we define w" = g% (u") as in the proof of Theorem 2, where J%
denotes the truncated random gauge transform in (4.10). Namely, we have

wh (x,1) = Z einx—iz|g{y(w)|2';ﬁ(n’ 0,
nez

where g/ is as in (4.8). The key observation is that convergence properties of w” in a Fourier lattice 3
can be directly converted to convergence properties of u™¥. For M > N > 1, write

M L N

M N:( M N)+7rj,[w —ayw.

wo =-w Tpqw —TNW
The convergence of (W™ — Sug’y,) — (N whN — S()ug’ ) can be shown exactly as in the proof
of Theorem 2, locally in time: that is, in X02+8 ¢ C ([=6, 6]; L*(T)), which yields convergence of
auwM —ayw? in C([-6, 6]; H‘%‘S(T)). On the other hand, the second and third terms decay like
N7B for some B > 0, thanks to the high-frequency projections. The remaining part of the argument
leading to the proof of Lemma 5.2 is contained in [6, 7, 16, 64, 65]. In particular, see the proof of
Proposition 3.5 in [64] for details in a setting analogous to our work. O

Once we have Lemma 5.2, the desired almost sure global well-posedness follows from the Borel-
Cantelli lemma. Given « > 0, let 7; = 2/ and «; = 37> J € N. By applying Lemma 5.2, construct a set

13Namely, in a space where a norm depends only on the sizes of the Fourier coefficients: for example, H* (T) and FL5-P (T).
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Ek,»,T,» , and set

Y, = ﬂ Sy (5.3)

J=1

Then we have u(X¢$) < «, and for any ug € Z,, there exists a unique global-in-time solution to the
renormalized 4NLS (1.6) with u|,=9 = ug. Finally, set

Y= DZ
n=1

Then we have u(X€) = 0, and for any up € X, there exists a unique global-in-time solution to the
renormalized 4NLS (1.6) with u|;=¢9 = ug. This proves almost sure global well-posedness.

S|=

5.3. Invariance of the white noise measure

Let O(t) be the flow map for the renormalized 4NLS (1.6) defined on the set X of full probability
constructed above. Our goal here is to show that

[ Femw)dut = [ Fudutw (5.4)

P z

for any F € LI(H‘%‘a(T), du) and any t € R. By a density argument, it suffices to prove (5.4) for
continuous and bounded F'.
Fix t € R. By Lemma 5.1, we have

[ Fe® ow)dut = [ Fuduw. 5.5)

z z

Fix small 6 > 0. The boundedness of F' implies that for any sufficiently small x > 0, we have

+ <9, (5.6)

[ Flemuw)dua

L

[ Fe¥ 0w)du

g
where X is as in (5.3). Fix one such « > 0. Then, by Lemma 5.2, we have
1©(t) (u) - ®N(t)(u)||H_%_g < C(k,t)NP

for any u € X, and sufficiently large N > 1. Hence, by continuity of F', we have

<6, (5.7

/mewwwm—/F®WMMWW)

2l( 2K

for any sufficiently large N > 1. Combining (5.5), (5.6), and (5.7) and taking 6 — 0, we obtain (5.4).

5.4. Proof of Theorem 1
The proof of Theorem 1 follows from the arguments presented in the proofs of Theorems 2 and 3.
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6. Nonlinear estimate I: non-resonant part

In this section, we present the proof of Proposition 4.1.

6.1. Probabilistic estimates

We begin by presenting several probabilistic estimates that will be used to prove Proposition 4.1. The
proofs of these lemmas are presented in Appendix A.
We first recall some notations. Let € C2°(R) be a smooth non-negative cutoft function supported
n [-2,2] withp = 1 on [—1, 1]. Recall from (1.20), (2.6), and (4.9) that

I'(n) = {(ny,n,n3) € 73 n=ny—ny+n3andny,nz # n},
O (i) = ©(ny,ny,n3,n) = n? - ng + ng -n*,
PO(7) = Ign (w)* = [gh () +Ign (w)* = g} (w)I? (6.1)

where g/ is as in (4.8). Given s, b € R and § > 0, the following random functionals S“:’l]’\;‘s, j=123

play an important role in the proof of Proposition 4.1 (and also in the proof of Propositioh 4.2 presented
in Section 7):

—~ n d(n
s BO(f) = H Z f(nl)na(T+ (W) — g 1% 62)

“ (2 (3> () ()
(n1,na,n3) €l (n)

2 2
[n.nz,n3 Lz

(observe that there is at most one term in the n; summation),

s‘“m,fz)-“ D, hmhm)

ny,n€eZ
(n1,na,n3) €l (n)

7, (7 + @) — |gn > + g 1*)
(n3)*(n)* <T>"

> (6.3)
Gy 12

S50 S for f3) = || D Frlnn) Falma) Fo(m)

T'(n)

o 7, (1 + @) — g > + g I* = 181 1)

(m)» ()P

(6.4)

€LY

In the following, we will take fi, f>, f3 as the white noise

fi=h=Ff=uf=) guwe™, (6.5)

nez

or its frequency truncated version (projected onto high frequencies)

) = Y galw)e™.

|n|>Nj
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For simplicity of notation, we set'#

ST (w) = STy, (), (6.6)
s”“% ) —Sé“(an (). my, (uf’)). (6.7)
S0 (w) = Sy, (), mx, (u), mx, () (6.8)

for N1, N», N3 € Z»_1 (recall our convention: ﬂfl = Id). With the notations defined above, we have the
following tail estimates for these random functionals.

Lemma6.1. Lets <0, b < % and B > 0 such that s and 8 are sufficiently close to 0 and b is sufficiently
close to % Then there exist ¢, k > 0 and small 5y > 0 such that the following statements holds.

(i) We have

P({w €Q:sup sup (N])BISY b:d(w)| > 6“;) <eF
NeNN|eZs>_

forany 0 < 6 < .
(ii) Let k =2,3. Given 0 < § < 8, define the sets Ay by

A = {w € Q : there exists Ny = Ny(w, 6) € N such that

k
sup  sup (N<)’8)|Ss’b’5(w)| < 6“}.
N >Ny NjGZZ_l (1—[ ! kN
j:]’...’k

Then we have
P(AS) < e75°

forany 0 < 6 < dy.

Given N € N U {co}, we introduce a random version Xi’b (w, N) of the X*-P-space:
letllyso gy = 160)* (T 40 + 1@l (@) PP, )l 2

with the understanding that g, = g,. By slightly losing spatial regularity, we can control the random
X%-?_norm by the standard X “-?-norm (with o > s) uniformly inu € X",
Lemma 6.2. Let 0 > s and b > 0. Then for each K > 0, there exists a set Qx C Q with P(Q%,) <

Ce~<K b such that

sup  Nlullys.o ) S L+ K)llutllxon.
N eNU{co} * ’

Inparticular, by choosing K = 5~ for some small € > 0, there exists a set Qs C Qwith P(Q;() <Ce™ 3
such that

sup Ilullyes oy ) < 6 ltllyes
N eNU{oo} * ’

uniformly inu € X7? forany 0 < 6 < 1.

14Strictly speaking, we should denote the dependence of Sv k/ 6((1)) on the parameters N, N, and N3. For simplicity of the

presentation, however, we suppress such dependence unless 1t plays an important role.
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For the proofs of Lemmas 6.1 and 6.2, see Appendix A. In the next subsection, we prove Proposition
4.1, assuming these lemmas.

6.2. Proof of Proposition 4.1
For j=1,2,3,letz; = S(t)n]{,_ (u(‘)"), and set v; = w; — z;. Then, by the linear estimate (Lemma 2.3),
J

. 1
it suffices to construct Qs C Q with P(Q¢) < ™% such that for each w € Q, we have, for some s < 0
sufficiently close to 0,

3
NG 14 21,v2 + 22,934 29| oy < €8O [ | (NP 411015 10 69)
j=1

uniformly in N; € Z>_1, j =1,2,3, and N > Ny(w, §) for some Ny(w, §) € N. By the definition (2.2)
of the local-in-time space, the estimate (6.9) follows once we prove

3
I, () - Ny P+ 20,72 + 22,53 4 20l oy, < €87 [ [ (V) F 4151y 1) (6.10)
J=1

for any extension Tz'j of v; (restricted to the time interval [-6, §]) onto R, j = 1,2, 3. For simplicity of
notation, we denote the extension v; by v; in the following.
By duality, we have

LHS of (6.10) =  sup

llall j1_<1
03~

, (6.11)

/ ns(1) - Ni‘fN(Vl +21,V2 + 22,3 + 23)a(x, t)dxdt
TR

where 7, is as in (2.3). By (4.12) and expanding the product, we write the double integral in (6.11) as®

[ 103 3 5 [Fa ) Rl )3

n I'(n)

itnd =, .~ =, ~ . .
+ Ly 15N, (1) e g, Vo (n2)v3(n3)a(n) + similar terms

2
. 4 4 —_— - < . .
+ ( 1_[ 1|n.,-|>N_,-)e”("1"Z)gmgmm(ns)a(n) + similar terms
j=1

3
(A 4 . =
+(1_[1|"j|>NJ')e e n2+n3)8n13n28n3a(n) dt
j=1
= [+0+0I+1V,

where the term I consists of the term with all three factors given by v;’s, II consists of the terms with
one factor of z; and two factors of v;’s, III consists of the terms with two factors of z;’s and one factor
of v;, and IV consists of the term with all three factors given by z;’s.

o Estimate on I. Define
b;('zj) — eitn4+it|g,’lv 2 <I’Z>S’\7j(l’l) and a, = eitn4+it|g,11v 2 <n>253(n)’ (6.12)

essentially representing the Fourier transforms of the ungauged interaction representations of v ;

15Here and in the following, we suppress the time dependence.
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and a. Then we have

L= [ 10 ) D O )Pl ) )

n T'(n)

—ird()\ 1 (1) 7 (2) 1 (3)—
Z Z (n1)s(ny)s (n3) (n)2s /R(U(s(t)e )bnl by by ay dt.

n I'(n)

By Parseval’s identity in the ¢ variable, we have

_ 1 (1 (2) (3)—
I= ZZ PR <n>25/n6(7+<b(n))3"(b b2 D@ (~1)dxr.

n I'(n)

By Cauchy-Schwarz inequality, we have

7, + @) | \?
(;F(Zn)<m>2v<nz>2*<n3>2v<n>4v - Lg)
(Z D H<T>z—ff(bm>b<2>b(3>—)(7)”;)2. (6.13)

n I'(n)

By Lemma 2.4 with (2.3), we have

—~ 1 1
(1 - ®(7 52 2 52

M < (/ = - d‘r) —21 (6.14)

(ryz=¢ 2 ()!172¢6(r — ®(n)) (@(71))2 2
for any small & > 0. Then, by (6.14) and Lemma 2.1, we can bound the first factor of (6.13) by
1
>3 I ! (6.15)
e G <n2>2s ()2 (my® @@= ) T '

provided that s < 0 is sufficiently close to 0. Next, we consider the second factor of (6.13). By
Lemma 2.5, we have

I R

n I'(n)

<2 Ib‘”nm (”nm nb“)nm o, -

- (znn) [1(SI0 ) ©16

By (6.12), Plancherel’s identity, and Lemma 6.2, we have that

S . = 3 eyt st PP,
n n
= e+l R TONS]

n 1_
1 H?

||v]||2 , < 67%|v;lI1? 6.17)

s Ly
X 2 ((/.),N) X222
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and

2 _
Sl =l <5l

for small &€ > 0, outside an exceptional set of probability < C e 5, Collecting estimates (6.13),
(6.15), (6.16), and (6.17), we obtain

3
1_
L) s 627 [ | Ivill g0
J=1

1
outside an exceptional set of probability < Ce™ 3¢ .

o Estimate on II. Without loss of generality, we may assume II has only one term:

= / na(0) ) > MO, e, B n) s (n3)a(m) | di

n T'(n)

With bflj ) and a, as in (6.12), Parseval’s identity yields

=22, <n2>‘nl<;:§g<n;;>2s / 7, (x4 ®(@) - g PYF (b2 b ) (—r)dr.
n T'(n)

By Cauchy-Schwarz inequality in 7 and then in n, ny, n3, we have

I < 5 L, n 8 0, (T +®(a) - [g) )
- m (n2)*(n3)* (n)? (r)3° 2o g2
(n1 ny, n;)eF(n) n,ny,n3 T

)|<r>r3f(b”’b“)—>(r)

2
n ,ny,n3 Lz

-6 (w )Hnb<2>b<3)—||

Sssz

where (w) is defined in (6.6). Proceeding as in (6.16) and (6.17), we arrive at

1_
H<Sz’ w)|va|| .1 3|l .1 a 1 .
@l el

Then, by applying Lemmas 6.1 and 6.2, we conclude that there exist small 6, 8 > 0 and s < O close
to 0 such that

3
M(w) < 6" NP [ [l 5.4
j=2

outside an exceptional set of probability < Ce 5.
o Estimate on III. Without loss of generality, we assume that III has the following form:

w 4 —_ aa—
I = / N, (1) | Y eI T o g BV (na)a(n)dt,

n T'(n)

https://doi.org/10.1017/fms.2020.51 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2020.51

46 T. Oh et al.

where y, , := H§:1 l‘nﬂ> N By Parseval’s identity, as before, we have

IH:ZZXl,z'gm%/né(‘r"'q)(n)_lg |2+|g |)(< >77ff(b )—)( T))

n F(n) <n3>S<n>2S <T>§7
where b 5,3> and a,, are as in (6.12). By Cauchy-Schwarz inequality and proceeding as before, we obtain

__ 1, (7 + (@) ~ g P + lgn 1)

I < Xio 8m&n
Z e (n3)5 ()25 (z) 2~

(n1,n2,n3) €l(n)

1|<r>r&"(b an) (1)

2 2
En,n3 Lz

L2

nng

SV @Il g

where S’ b (w) is defined in (6.7). Then, by applying Lemmas 6.1 and 6.2, we conclude that there
exist small 6,8 > 0and s < 0 close to 0 such that

2

l(w) < 69(H<N1)B)IIV3IIX;,;+

J=1

outside an exceptional set of probability < Ce 5.
o Estimate on IV. Lastly, we consider IV. We have

i w —i 4 - -
/%(ﬂZZ ) ) L g B8y A1)

n I'(n)
_ Z Z Xi2s " 8n18m 8ns /77 (t)eit(‘l‘;fN(ﬁ)—Q(ﬁ))a—dt
S5 n B
n TI'(n) <n>25 R
where X1,2,3 = Hi':l 1|nj\>Nj ’ lpllif) is as in (4'9)’ and lP3vN |g”1 |2 Ignzl2 + |g"? |2 By applying
Parseval’s identity and Cauchy-Schwarz inequality as before, we have
IV = X123 gnlgnzgnz (T+q)(l’l) \P (n))an(‘r)d‘r
<n>2s
n T'(n)
5 A L)) I
. - a 1
F(n)Xl,z,s 8ni8ny8ny (n)2S<T>%_ P "UH1 |2

1.6
< S22 %w)la I
@l sy

where S5 -b. 5(w) is defined in (6.8). Then, by applying Lemmas 6.1 and 6.2, we conclude that there
exist small 6,8 > 0and s < 0 close to 0 such that

3
V(w) 567 [ [(v)*
j=1

1
outside an exceptional set of probability < Ce™ 3° .
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This completes the proof of Proposition 4.1.

7. Nonlinear estimate II: resonant part
This section is devoted to the proof of Proposition 4.2. Recall from (4.16) and (4.17) that
—_— t .
33N (Wi, wa, w3, wa, ws)(x, 1) = / S(i-1") Z e EN (wi, wa, w3, wa) () Ws(n, t)dt’,
0 nez
where
t — —
EN (Wi, wa, w3, wy) (1) = —ZRei/ Z eIV DG (ny, 1) Wa(na, t)W3(n3, 1) Wa(n, t')dt’.
0 I'(n)

Givenwj,letv; =w;—S (t)ﬂﬁj (u§’). Then we denote by v; an extension of v; (viewed as a function
on the time interval [—8, 6]) and set
Wj = S(l)ﬂ;\']j (u(‘)") +F1;j.

Let s < 0 < B be sufficiently close to 0. By the linear estimate (Lemma 2.3) and the definition (2.2) of

1
the local-in-time space, it suffices to construct Qs C € with P(5) < e” 3 such that for each w € Qg,
we have

o (1) Y e EN (1, W2, 3, Wa) (1)ws (1, 1)

nez

1
X0.77+

5

<o’ [ (W # + 1wl g 4. ) (7.1)

j=1

for any extension v; of v;, j = 1,...,5, uniformly in N; € Z5_1, j = 1,...,5, and N > Ny(w, §) for

some No(w,6) € N. For simplicity of notation, we denote v; (and w, respectively) by v; (and w;,

respectively) in the following. We also suppress the time dependence when it is clear from the context.
By the (continuous) trivial embedding L2(T x R) = X% ¢ X%~2+ and Hélder’s inequality, we have

1

0 e Gerows w0750, 0F )

nez

LHS of (7.1) <

L2

1

i N = 2\?

<82 sup Z € (Wi, wa, wa, wa) (H)ws(n,1)|7] .
re[-6,61 \ ey,

Therefore, to prove Proposition 4.2, it suffices to prove

1

sup (Z|3,]:](W1,Wz,w3,w4)(l)ﬂ75(”,f)|2)2

te[-6,0] \ ;7
-
<o B[ (WDF + vl (7.2)
j=1
with large probability, where v; is given by

vi=wj— S(t)nlf,j(u(‘)").

https://doi.org/10.1017/fms.2020.51 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2020.51

48 T. Oh et al.
Step (i): Elimination of ws. With s < 0 close to 0, we have

1

(Z'Eiv (wl,W2,w3,w4)@5(n)|z)2

nez
1

2
< ( Z(’Z)_zswnN (w1, w2, ws, W4)|2) - sup [(n)* 1> w5 g (@)

nez

+ (Z<n>-2S|8£,V (wl,W2,W3,W4>|2)2 - sup ()" T (n)]. (7.3)

nez

By applying Lemma 2.7 with & = —5 > 0, we conclude that

sup [(n)* L= vy g (W)] < (N5)26°7, (7.4)

outside an exceptional set of probability < Ce™5° . We also have

sup _sup [(n) Vs (m,1)] < [Ivsll . y. (7.5)
te[-6,6] n

Therefore, we conclude from (7.3), (7.4), and (7.5) that, to prove (7.2), it suffices to show the following
estimate:

1

1 4
_2s 2 _1 _
sup (Z<n>2|8,7(wl,W2,wS,W4>|2) <Cs z+ﬂ(<Nj>ﬁ+||vj||X;,;+) (7.6)

te[-6,6] nez

outside an exceptional set of probability < Ce*é%, uniformly in N; € Z>_y, j =1,...,5,and N >
No(w, 6) for some Ny(w, ) € N.

Step (ii) Smoothing effect. In the remaining part of this section, we present the proof of (7.6). By
expanding the product of

_ - it
Wi, 1) =Vi(nj, 1) + e "y s N 8n;s

we can bound the left-hand side of (7.6) (without the supremum in time) by

t —_— —_—
(n>_S/ Zelwﬁ(n)wl(nl,t')ﬁ;z(nz,t’)W3(”3,t')W4(n,t')df'
0 )
<A+B+C+D+E, 7.7

&
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where A, B, C, D, and E are given by

t
A= |y [ Y7 RO L g B g Badt

s

I'(n) t
t VN I) = = )
B = (n>‘23/ Z S HNm-em),y g Bmgm bV dr’||  + similar terms,
0 () 2

+ similar terms,

t it' (P ()~ P (7)) —
e N —— (3) (4 .0
C:= / X, mBmbyy by dt

Sy

t ot (Igh] P-@ () . T
D := / —_—— -gnlbi,z)b,(n)b; Vdt’||  + similar terms,
0

e (m) (m) ()

o
t e o D)2 3) @)
E = / bV p D3¢ dr’
0 ;n) ()5 (no)s(n3)s(n)2s "™ p
) . .
Here, b,/ is as in (6.12),
k
Xi..., kzl—[llnj|>Nj, k=1, 4,
=1
and
k .
wey () = ) (-1, k=2,3.
=

In view of the restriction of the time variable onto [—d, 6], we may freely insert the cutoff functions
X, (t) and i, () in evaluating the terms A, B, C, D, and E. In the following, we prove (7.6) by estimating
each term on the right-hand side of (7.7).

(ii.1) Estimate on A. Fix «, & > 0 small. By applying Lemma 2.7, we have
l8n(@)] 5673 (n)° (7.8)
outside an exceptional set of probability < C e Then, for such w, we split A(w) into two parts:
A(w) = A(w) + Az (w),

where A|(w) denotes the contribution from the case np,x < 6. Namely, we have

t
Al(w) = <n>7s/\/6 (I)A Z lnmaxsa_’(e” (\FN(n)7¢(n))/\/1,2.3.4 'gm%gmg_ndt/

['(n)

&}
Note that if max(Ny, Np, N3, Ng) > 6%, then we have A|(w) = 0. Otherwise, using (7.8), we have

4
A](o.)) < 61+SK*CK 1—[<Nj>71
j=1

for some C > 0. This yields (7.6).
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K lig
Next, we consider A (w). Since nyax > 67X, we have |g, (w)| < 672 (n)® < n2,, - Then it follows
from Lemma 2.1 and (6.1) that we have
[Py (1) — @(71)| ~ (D(7)) (7.9)
for (ny,ny,n3) € I'(n). Thus, from (7.8), (7.9), and Lemma 2.1, we obtain

(Y ()-2() _ |

Az(w) = ||(n)™~* l;n) lPIL\LI) (71) — ®(7) X234 “ 8n18ny8n38n 2
4 n4,8+4a—5
< 6—2K( <N~>_ﬁ) max —
g J 1—%:) <(D(f’l)> 1,2,3.4 [rzl
4 1
< 62’<( <Nj>ﬁ) —
ﬂ F(Z) R0 (= 1) (n = ) g

4
o [ [y,
j=1

provided that €, 8, —s > 0 are sufficiently small. This yields (7.6).

(ii.2) Estimate on B. Without loss of generality, we may assume that B consists of only one term:

t ., w . — - oy ’
<n>—2s‘/0 Z et ¥y () (D(n))Xl,z,s -gmgmgn3b£,4)dt
I'(n)

B =

&
To exploit the oscillatory nature of the time integral, we rewrite the above integral as
et w ) — = - _4
/775 (") Z e (¥l () (D(n)))(l,u *8n18n,8n;3 (1[0,1‘] (t’)bi, )(t,))dt,’
R I'(n)

where 1, is as in (2.3). Then, by Parseval’s identity, the above expression is

i Bt [ 7, O = B ()T, (10,185 (-0
I'(n)

TG0 -, ()
= Z X123 " 8m8na8n; T_
I'(n) R <T>2

X ()5, (1o b7 (-1) ).

Therefore, by Cauchy-Schwarz inequality in the 7 variable and Lemma 2.6, we have

7, (T + ®(7) — Y2, (7))

— 4
B<| D Xias - 8mBmtng — (RGO COTI N
I'(n) (n)*s(7)2 L2 Hy
s,5-,6 (4)
<sin @il
where Sg’liv"s(w) is defined in (6.8). Then, proceeding as in (6.17), we obtain
s,%—,é
Bw) < Sy @lvall oy (7.10)

= X, * (w,N)
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Finally, by applying Lemmas 6.1 and 6.2 to (7.10), we obtain the desired estimate (7.6) for the term B
outside an exceptional set of probability < Ce 5.

(ii.3) Estimate on C. Without loss of generality, we assume that C consists of only one term:

it (¥ () -@(71)) L 3 o
C= /%no(t) PREEE Yoo & B (Lo (1)1 (1) (z))

G
By Parseval’s identity, we have

15 (7+®(71) - N(ﬁ))
Z Xl 2 gﬂlgnz / 1_
I'(n) R (n3)s () (1)

X (@) 5,100 b b7 (1) ) dr

&
By Cauchy-Schwarz inequality in 7 and n3 followed by Holder’s inequality in n, we have
i, (r+ ()~ P (7))
C< Z Xip* 8nmi8my > 1_
sty (n3)*(n)**(7)2

(n1,n2,n3) €l (n)

1100 ()5 ()0 ()4

2 2
t;n,n3 Lz

X sup (7.11)
nez n3

As for the second factor of (7.11), by applying Lemma 2.6 and then Lemma 2.5 and proceeding as
in (6.17), we have

’ 3 4 3 4
sup 10,1 ()53 (¢ )b“(mn N [ N
nez €s”3
S vsll 1. vall 1. . (7.12)
X, 2 (w,N 2 (w,N)
Therefore, from (7.11) and (7.12), we obtain
s,%—,&
Clw) s 8,y (W)lvsll 1. || 4|| ol ; (7.13)
’ X, * (0 2 (w,N)

where S b S(a)) is defined in (6.7). Finally, by applying Lemmas 6.1 and 6.2 to (7. 13) we obtain the
desired estlmate (7.6) for the term C outside an exceptional set of probability < Ce™ o

(ii.4) Estimate on D. Without loss of generality, we assume that D has only one term:

ot (Igh] P-@ ()
- Ny (11 3) @* .,
b= H./o F;l) 75 (1 )<n2) 5(n3)s <n>2? "8 (I[O,t](t Vouy ()b, (t")by (1 ))

G

Proceeding as before with Parseval’s identity and Holder’s inequality, we have

T+®(nn) -
D < S ke 775( () 2Igml)
et Mm@
(n1,m2,m3) €T () ’
2) ;. (3 4.,
sup 110,106 BT @B W]
,/ ny.n3
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Then, by estimating the the second factor as in (7.12) with Lemmas 2.5 and 2.6, we obtain

4
s,l—,5
D) s Sy @ [ vl g (7.14)
j=2 :

(w,N)

where SS -, 6(w) is defined in (6.6). Finally, by applying Lemmas 6.1 and 6.2 to (7.14), we obtain the

desired estimate (7.6) for the term D outside an exceptional set of probability < Ce 50

(ii.5) Estimate on E. We have

- /'}]ng (10 ) B B 1) ar
A ) () (s ) ;
Proceeding as before with Parseval’s identity and Holder’s inequality, we have
e 7, (7 + ()
nez [ (ny)s (n2)s (n3)s (n)?s (x) L2
mewmmMWmM”wwwww?uw , (7.15)

H7 N rm)
where the f -norm is defined by

1

2
E 2
||fn1,n2,n3||512 :( |fn1,n2,n3| ) .
(n)

(n1,n2,n3) €T (n)

By Lemma 2.4 followed by Lemma 2.1, we can bound the first factor on the right-hand side of (7.15) by
53

R (TYE (T = @ ()2

S8 (1 — D(7)))
(n1)% (n2)* (n3)* (n)2s ()2

< su
nez

nez
6}%1 ,nz,n3L3' L2

1
2
~ 55( > ;1-) <1
(n1,m2,n3) €T (n) ”max<q)(n)>

provided that s < 0 is sufficiently close to 0. The second factor on the right-hand side of (7.15) can be
estimated as in (7.12) with Lemmas 2.5 and 2.6. Therefore, we obtain

E@0<FHWW . (7.16)

= X2 (w,N)

N

Finally, by applying Lemma 6.2 to (7.16), we obtain the desired estimate (7.6) for the term E outside an
exceptional set of probability < Ce 5.

This completes the proof of Proposition 4.2.

Appendix A. Further probabilistic estimates

In this appendix, we state and prove crucial probabilistic estimates. These probabilistic estimates play
an important role in establishing Propositions 4.1 and 4.2. In A.3, we present the proof of Lemma 2.11.
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In the following, {g,}nez denotes a sequence of independent standard complex-valued Gaussian
random variables. In particular, we have

Elgf 85| = SkeSum - k! (A1)

forany k,{ € Zso and n, m € Z. The identity (A.1) easily follows from a computation with the moment-
generating function for the chi-square distribution of degree 2 (that is, |g,|> = (Re g,,)> + (Im g,,)?).

A.1. Random X**’-space

Given N € N U {oo}, set g,llv =1}, )<n - gn as in (4.8), with the understanding that 1)<y = 1 when

N = oo. Then we define random versions Xi’b (w, N) and X**(w, N) of the X*-?-space by the norm
ltllgs (ony = 10T+ 0t £ 18 (@) (n, D) 2 2 (A2)

When N = oo, we simply set Xifu = X5?(w, ). The following lemma shows that the random X*-?-

norm is controlled by the standard X*-?-norm in (2.1) with large probability.

Lemma A.1. Let n € 8(R) be a Schwartz function in time and u € X*° with s € R and b > 0. Then
there exists C > 0 such that

< Cp"*?lullxs (A.3)
LP(Q)

sup ”nullxiﬁb(w’]\])
N eNU{oo} =

for all p > 2, where the constant is independent of u. As a consequence, there exist c, C > 0 such that

1 -l
-K B4 |lu|| P32

P( sup ||77u||X§"’(w,N) > K”“”XN’) <Ce xs:b (A4)

N eNU{oo}
forany K > 0.

We present the proof of Lemma A.1 at the end of this subsection. While the tail estimate (A.4) holds
for each fixed u € X*?, Lemma A.1 does not provide a uniform control in u € X*** and hence is not
useful in the proof of the main nonlinear estimates (Propositions 4.1 and 4.2). By slightly losing spatial
regularity, however, we can control the random X*-”-norm by the standard X-?-norm (with & > s)
uniformly in u € X“-?. See Lemma 6.2 above.

Lemma A.2. Let o > s and b > 0. Then for each K > 0, there exists a set Qg C Q with P(Q%) <

1
Ce=K? such that

sup  Mullgso gy ny < (14 K)llullyers (A5)
N eNU{oo} -

uniformly inu € X,

Proof. Fix & > 0 sufficiently small such that
o > s5+2be.
1
By Lemma 2.7, there exists Qg with P(Q;'() < CeK? guch that

(r+n* 21N ()P s (r+nh)? +1gN (W)

< (v 0P+ K(n)?Pe.
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This implies that

sup  [llges (o) < lullxes + Kllullos
N eNU{oo} -

for each w € Qg , uniformly in u € X2, Then the desired estimate (A.5) follows from the monotonicity
of the X***-norm in s and b. ]

We now present the proof of Lemma A.1.

Proof of Lemma A.l. Trivially, we have

sup  limulls o,y < il el o)
N eNU{co} * )

Since the multiplication by a smooth cutoff function 7 is bounded in X**?, the estimate (A.3) follows
once we prove

b+2
L (Q) < Cp ”M”Xsb (A6)

w

([
The tail estimate (A.4) follows from applying Lemma 2.9 to (A.3).

Let v(¢) = S(—t)u(r) denote the interaction representation of u, and set a,, () = v(n, 7). Then we
have

T ) = [ fr+1)an(x = ), (A7)
R
From the definition (A.2), (A.7), and the triangle inequality (7)? < (1)? + (r —71)? for b > 0, we have

Il = /R (0> (0 | T (qu) (n. 7 = n* = |80 Pl
,w n

2
=3 [ @[5 % leaPants - nyan| ar
— Jr R
2
< O[] [t ® gPran(c - mydn| dr
2
+Z‘[R<n)2“' ‘[Rﬁ(ﬁ F gt = 1) Pan(r - 1)d7| dt
_qs AS)

Before proceeding further, we claim the following inequality:

1

3 b+2
Ep(7) = (E[<T>b”|ﬁ(r ¥ |gn|2>|"]) < C(b)

p
(1)

We first use this estimate to bound I and ITin (A.8). We present the proof of (A.9) at the end of this proof.
By Minkowski’s integral inequality, (A.9), and Young’s inequality, we have

E[Ig] < (Z/R(n)zs zd‘r)g

p
2z
5p<”+2>"(2<n>28 /R |an(r>|2dr) = pDP|u?,. (A.10)
n

(A.9)

/ Ep(t)lan(r - 1)ld
R
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Similarly, we have

o 2 \E
E[m] < (Z /<n>28 /EO(TI)<T = 1)’ lan(t = 71)ld7y dT)
— Jr R
L
2
S p¥ ( D / <r>2b|an<r>|2dr) < P lullxso. (A.11)
R
n
Hence, (A.6) follows from (A.8), (A.10), and (A.11).
It remains to prove (A.9). By the triangle inequality:
() S (T F gl + l2al*.
And using the rapid decay of 7 € S$(R), we have
b =1, |2 2P (o |2
107 LenP o iy < D27 F Len) o
<214 1820 ) <
~ gl’l L2(b+2)p(g) ~ <T>2 >
yielding (A.9). This completes the proof of Lemma A.1. O

A.2. Key tail estimates

In the following, we present the proof of the key tail estimates (Lemma 6.1) in establishing crucial
nonlinear estimates (Propositions 4.1 and 4.2). Given s,b € R, § > 0, and N € N, we recall the
definitions of S;:i’\;‘s, Jj =1,2,3, from (6.2), (6.3), and (6.4) (expressed in slightly different forms via
Taylor expansions):

Ssbé(f)

(A.12)

nj €z
(n1,mp,n3) €L’ (n)

L2

n .np.n3

)

Sy b 6(f1 )= Z Z fi(m) fa(n2)

k],kzIO nl,}’leZ
(n1,n2,n3) €l (n)

L en P akthq, (o + @ (i)

Uy (P

>

2 2
fn,n3 Lz

j=1
> A fn) f(n)
kl,kg,k3=01“(n)

|gN 2k ak1+k2+k3 (T + Q(”))
;! () ()"

S5 b DO ) =

J=1 e

Here, n € C2(R) denotes a smooth non-negative cutoff function supported on [-2,2] with 7 = 1 on
[-1,1], and the notations I'(n), ®(77), and ¥ (72) are as in (1.20), (2.6), and (4.9), respectively. We
also recall that there is only one term in the summation over n; in (A.12).
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For simplicity of notation, we set

Ssb5( ) —SSb(S(ﬂ'N](M ))’
3200 (w) 1= 8320y, (), 7y, (),
$3%:% (w) —S“’ R0 (ny, (). oy, () g, (),

where uf’ is the white noise in (6.5) and 7y, denotes the frequency projection onto the frequencies
J

{In] > N;} asin (2.5), with the convention that 7+, = Id. With the notations defined above, we have the
following tail estimates for these random functionals (Lemma 6.1).

LemmaA.3. Lets <0,b < %, and 8 > 0 such that s and B3 are sufficiently close to 0 and b is sufficiently
close to % Then there exist c, k > 0 and small 6o > 0 such that the following statements holds.

(i) We have

P({a) €Q: sup sup (Nl)BlS‘ b 5(a))| > 6“}) <e (A.13)
NeN N €Z>_

forany 0 < 6 < 9.
(ii) Let k = 2,3. Given 0 < § < 8¢, define the sets Ay by

Ay = {a) € Q : there exists Ny = No(w, 6) € N such that

sup  sup (l_[<N )ﬁ)|S5 bW < 6“}.
N2=No Nj€Zs
j=1, k

Then we have

P(AS) < e (A.14)
forany 0 < 6 < 8.

Proof. In the following, we take s < 0 and 8 > 0 both sufficiently close to 0 and b < % sufficiently

1
Cloiffet(:‘irzs't prove (A.13). Fix K > 1. Given small £ > 0, it follows from Lemma 2.7 that there exists
Qg C Q with
P(Qg) < e (A.15)
such that we have
lgn’ ()] < K(n)® (A.16)

for any w € Qg, any n € Z, and any N € N. We separately consider the following two cases:

1 1
() npax S K and (i) npa > K,
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1
where np,y is as in (3.11). Suppose that n2,, < K. By crudely estimating the contribution in this case
with (A.16), Ny < |n;| < K?, and 77, (1) = 677(67), we have

_ 75 (7 +®(7) = g () )
sup  sup <N1 >B|S1Y,]b\;5(a))| < Kl 8s+2B+2¢& lnmang s - ny
NeNNeZs_ ’ (7) €2 nyny L2
- 0
s Kl e lnmuXSK bsi-b+e = 2 *—b+£
(1)P62704 (7 + ®(71) — g (w)?)> Gy L3
< 6%+b—8[{4—8.§‘+2ﬂ+28 < 6%+b—8K5 (A 17)

provided that K > 1 and s, 3, and ¢ are all sufficiently close to 0.

1
Next, we consider the case n2,, > K. In this case, we have
- N 2 -
|©(71) - lgp! ()| ~ [@()]

uniformly for any w € Qg , i = (ny,np,n3,n) € 7* and N € N. Then by Lemma 2.4, we have

1

6 :
(/ (1)20620 (T + @(71) - Ign; (w)I2>2bd
6] -b 61 -b

7, (T + @) - g () )
(r)P

s 2b- 21 (A.18)
(@(71) — | gm (w)[?) (CD(ﬁ)) 7z
for b < % sufficiently close to % Hence, from (A.18) and Lemma 2.1, we have
sup sup (N1)PISTH0 (w))
NeN N €Zs_
_ ()P
$ 8" "KL mymyyerimy - Limyj=n,
;tnlzx1+4v E(l’l n]>2b 2<I’l n3>2b 2 s
< 67K, (A.19)

provided that s, 3, and ¢ are all sufficiently close to 0 and that b < 5 is sufficiently close to 5 2 Hence,
by choosing K = 6~ % for some small ¢ > 0, the bound (A.13) follows from (A.15), (A.17), and (A.19).
Let us now turn to the proof of (A.14) for k = 2. We have

i Z X 1_[ lg”1|2kjg"j okl (1 + @ (7))
e R & BT (n3)s(n)>s(r)P
(n1,n2,n3) €L’ (n) ‘

)

Ssbé(w)

2 2
[n,n3 Lz

1

Inj1>Nj

where g, isasin (2.14) and x,, = 12

=1 By Minkowski’s integral inequality and Lemma 2.1 1
with (2.3), we have

) MRS (1 + D))
||S;:?]’5”LP(Q) < pd Z (Cp6)k1+k2 P

(A.20)
1.2 25 (\b
ky,k2=0 {n3)* (n)>(7) frzl,r(ﬁ)L%

We separately consider the following two cases:

@) (1) 2 |@(n)] and (i) (1) < |@(7)].
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First, suppose that (r) > |®(7)|. By Plancherel’s identity with (3.21), we have
Inak—~ —~ k
62|07 (s (r + d)(n)))”L% <C (A21)

for any k € Zsg. Then, from (A.20), (A.21), and Lemma 2.1, and choosing p = 6~¢ for some 6 > 0
such that Cpé < 1 as in (3.23), we obtain

s 1 _ _ 00
15,52 e @) < po2 (NN X (Cpoykrhe
ki,ka=0

(n1)*{ny) %
8 (Z Z (n3)2 (ny*nphy (n = n1)?b (n — n3)?b

nezZT (n)

D=

< Cps (N) B (Ny) 2, (A.22)

provided that s and g are all sufficiently close to 0 and that b < % is sufficiently close to %

Next, we consider the case (7) < |®(7)|. By Hausdorff-Young’s inequality, we have

978 (x + @@ < [[(=i) 0|, < C*,
[6(r + (@) 3" 7S (r + @@ .o < |01 (=) n(D))]| 1 < C*

for any k > 0. By interpolating the two estimates above, we have
62 (7 + ®(7)20*7(5 (v + D (7))o« < C (A.23)
for any k > 0. Then, from (A.23) and Lemma 2.1, and choosing p = 5-% as above, we obtain

l - - (e8]
152 llLr @) < po2 (NN 3 (Cpoyihe
k1,ka=0

(n1)* (ny)*
1.2 <n3>S<n>2s|q)(ﬁ)|%—s<.r>b+s {;ir(ng

< Cpsr (Ny)y 2B(Ny) 2P, (A.24)

X

provided that s, 5, and ¢ are all sufficiently close to 0 and that b < % is sufficiently close to % such that
b+e> % By applying Chebyshev’s inequality with (A.22) and (A.24) and choosing 1 = Cp?§ 2 with
p= 6% we obtain

1

B B gs.b,6 ) S S S »
P(<N]> (NV2) |SZ’N»N1,N2| >4) < (N[ )YPP(N,)BP CPAPpPéz
1 1 1
-~ _,php R S
T PPN (NP (NpyBr S " (A.25)
Here, we added subscripts N} and N, in Sé'ﬁ,"?vl v, to show its dependence on Ny and N explicitly.

Now, by summing (A.25) over Ny, Ny € Z>_1, we obtain

P sup (NDP(N2YPISS, 1> 67720 < Cean
Nj€Zs LA

j=1,2
for any 0 < & < 89, where g > 0 is defined by Bdag =1
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Let M > N > 1. Then, by slightly modifying the computation above with the definition (4.8) of g¥

and Minkowski’s inequality (on the fﬁ,m L2-norm), we also have

$,b,8 ,b,6 A _ _
”S;,M,Nl,Nz _SZ,N,NI,NZHLP(Q) < CP52N 'B<Nl> 2B<N2> 2ﬁ,

since we must have n,,x > N to have a non-zero contribution to the left-hand side above. This shows

that {S;:f\;ho Nz} ~ e forms a Cauchy sequence in LP () for any p > 1 and converges to some limit
;’50’6]\/1 N, Satisfying
) b,& - - _
”S;,oo,Nl,Nz B S;,N,Nl,NZHLP(Q) < Cpé2N 'B<N1> 2'8<N2> »
and
s,b 1_ L
P( sup (NP (N2PIS3 3% ny| > 67 29) < Cew (A.26)
Nj €Z>_1
j=1,2

for any 0 < 6 < dyp.
By repeating the computation in (A.25), we then obtain

C
[ sip PSSR - S5 > 0 ) S g a)
N;€Zso ok e N
j=1,2

for any 0 < 6 < dp (by possibly making do smaller but independent of N € N). Given ¢ € N sufficiently
1

large, by choosing £ = 6772, it follows from (A.27) that

- ‘ ‘ 1
s,b,6 s,b,6
D[ sup PRI, S > )
N=1 NjEZZ()

j=1,2

- C(0)
SNZ NBP <

since Bp > 1. Therefore, we conclude from the Borel-Cantelli lemma that there exists Q, with P(Q,) = 1
such that for each w € Qg, there exists Ny = No(w) € N such that

‘ ‘ 1
.b, .b,
sup (NDYP(NDEISS G vy = Sabiwmel < 5
Nj €Zs>0o
j=1,2
for any N > Njy. By setting X = (;; Q¢, we have P(X) = 1. This shows that, as N — oo, S;’II’V"SNI N
almost surely converges to Sé’i’f\,l n, With respect to the metric
d(fN],st gNl,Nz) ‘= sup <N1>ﬁ<N2>ﬁ|fN1,N2 - gNl,N2|'
Nj €Zs>_1
j=1,2
Combining this almost sure convergence with (A.26), we obtain (A.14) when k = 2.
The proof of (A.14) for k = 3 follows in an analogous manner, and hence we omit details. m}
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A.3. Proof of Lemma 2.11

We conclude this appendix by presenting the proof of Lemma 2.11.
First, we consider the case |A| = 1.

By Stirling’s formula: k! ~ Vk (f)k, there exist Cy, C > 0 such that

!
% < CkVik < c* (A.28)
for any k € Zs(. Hence, the desired estimate (2.15) follows from the Wiener chaos estimate (Lemma
2.8), (A.1), and (A.28).

The proof when |A| > 2 follows in a similar manner, using an estimate such as (A.28). In the
following, we only present the proof when |A| = 3: namely, A = {1, 2, 3}, since the proof for the case
|A| = 2 follows in an analogous manner. In this case, by the Wiener chaos estimate (Lemma 2.8) with
(2.12), we have

3
IZallzr @) < (P = DM 2Z0ll2(q)- (A.29)

In the following, we estimate ||, |2 (). From (2.13), we have

1

2 - k k

Cninans €3, i iy

(n1,n2,n3) €l (n) (711,72,n3) €T (n)
3 3
2k; = _ 12kj 5%
Xl—[|gnj| ' 8n; l_[|gnj~.| Jgﬁf
Jj=1 7=1

Recall from (A.1) that under the conditions ny # ny, n3 and n, # ny, n3, the right-hand side of (A.30)
yields zero contribution unless ny = n,. Hence, we assume n, = 75 in the following.

(A.30)

L2(Q)

o Casel:n; # n3. Note that we must have ny = ny # n3 or ny = n3 # n; in this case. Otherwise,
the right-hand side of (A.30) yields zero contribution.
We first consider the case n1 = 1] # n3. In this case, we have n3 = n3. Then, from (A.1), we obtain

1

2
2
RHS of (A.30) < - 'k I '( E [ | |(2k,~+1)!)

_ 7
< C"( > |c’,§1,,,2,n3|2) . (A31)
I'(n)
Next, we consider the case n; = n3 # n;. In this case, we have n3 = n7. Then, from (A.1) and (A.28),
we obtain

1

2
RHS of (A.30) € ————— 0 'kz'k ] ( ; s, n3| [(ki + k3 + D)1 (2ky + 1)!) . (A.32)

We claim that

(k1 + k3 +1)!

T S cki+ks (A.33)
1:A3-

https://doi.org/10.1017/fms.2020.51 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2020.51

Forum of Mathematics, Sigma 61

for some C > 0. Hence, from (A.32) with (A.28) and (A.33), we obtain
3
RHS of (A.30) < Ck( > |c§,,n2,,,3|2) : (A.34)
I'(n)

Hence, it remains to prove (A.32). Without loss of generality, assume k| < k3. Then, by Stirling’s
formula, we have

3 KLk
(ki +k3+1)! <Ch (ki+k3)? (ki +k3)h < Ckitks (1 + ﬁ) " ) (A.35)
kilks! Vkiks k{q ki

Then (A.33) follows from (A.35) once we note that lim, 0 (1 + x)ﬁ =1.
o Case2:n; =n3. Inthis case, we must have n| = n3 = n| = n3. Proceeding as before with (A.1),

we have
1
RHS of (A.30) € ————{ 3" [k P (2k1 +2k3 +2)1(2ks + 1)! 2
T ko k! ni,na,n; 1 3 1(2kr !
I'(n)
1
. 2
< Ck( Z |C'I;1Jl2sn3|2) ’ (A.36)
I'(n)

where we used

(k11)?(k3!)?
in the second inequality. The proof of (A.37) is analogous to that of (A.33), and thus we omit details.

Putting (A.29), (A.31), (A.34), and (A.36) together, we obtain (2.15) when A = {1, 2, 3}. This
completes the proof of Lemma 2.11.

(A37)
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