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Abstract

In this paper, we deal with a weighted eigenvalue problem for the anisotropic (p, g)-Laplacian with Dirichlet bound-
ary conditions. We study the main properties of the first eigenvalue and a reverse Holder type inequality for the
corresponding eigenfunctions.

1. Introduction

Let 2 C R", n > 2, be an open, bounded, and connected set and let p, g be such that 1 < p,and 1 < g < p*,
where p* =np/(n — p) if p <n and p* = oo if p > n. In this paper, we study the following variational
problem:

/ H(Vuy dx
M (@)= inf 22 (1.1)

—_— >
ueW, (), q
u#0 mlul|? dx
Q

where m € L*(2) is a positive function and H : R" — [0, +o0] is a C'(R" \ {0}) convex and positively
1-homogeneous function (see Section 2 for more details).
Obviously, AZq(Q) depends also on m, but to simplify the notation we will omit its dependence.

The Euler-Lagrange equation associated with the minimization problem (1.1) is the following
weighted eigenvalue problem for the anisotropic (p, g)—Laplace operator with Dirichlet boundary
condition:

—L,(u) = rm(O)ull? 4ul’u in Q
’ (1.2)
u=0 on 0€2,

where |lull,, = |ullo@m is the weighted Lebesgue norm of u and £, is the so-called anisotropic
p-Laplacian operator defined as follows:

L,(u) = div(H(Vuy~'H.(Vu)). (1.3)

We stress that when p = g and m(x) = 1, (1.1) is the first eigenvalue Af (2) of the anisotropic p-Laplacian,
and it has been studied by many authors (see for instance [9, 19] and the references therein). In particular,
in [9], it is proved that )»5’ (R2) is simple for any p, the corresponding eigenfunctions have a sign, and that
a suitable Faber—Krahn inequality holds.
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2 Nunzia Gavitone and Rossano Sannipoli

When H = £ is the usual Euclidean norm, £,,(u) is the well-known p-Laplace operator and the eigenvalue
problem (1.2) reduces to the following:

—Au=A|ullP7u?u  in Q

q,m

u=>0 on 0%2.

(1.4)

The spectrum of (1.4) and the first eigenvalue )\If ,(§2), when p # g and m = 1, have been studied for
instance in the case p =2 in [11], for any p in [25, 26, 34, 35] and in [20] where the authors study also
the weighted case. It is known that kiq(Q) is not simple, in general, for any 1 < g < p*. Indeed in [27],
the authors prove the simplicity for any 1 < g < p, while for p < g < p*, Aﬁq(Q) could not be necessary
simple. This fact has been observed for instance in [11], in the case p =2, and for any p in [32] and
[29], where the authors prove that for every fixed p < g < p* the simplicity fails if €2 is a sufficiently thin
spherical shell.

In this paper, we study the main properties of )»g ,(€2) and of the corresponding eigenfunctions. In
particular, our aim is to prove a reverse Holder inequality for them.

In the Euclidean case, if p =g =2 and m =1, in [15, 16], Chiti proves the following inequality for
the first eigenfunctions v corresponding to the first Dirichlet eigenvalue of the Laplace operator A5 (2) =
A(S2):

Vi@ < C@, s, n, M(Q)IVIs@, 0<s<r, (1.5)

and the equality case is achieved if and only if € is a ball and v =*, where the symbol ‘“*”” denotes the
Schwarz symmetral of a function (see [30]). In [3], the authors prove (1.5) for the first eigenfunctions of
the p-Laplacian. Moreover, in [1], the authors extend the result to the weighted case, and the inequality
reads as follows:

”v”L’(Q,m) < C(pv r,s,n, )"5(9))”V||L"(Q,m)’ O <s<r. (1 6)

The equality sign holds if and only if €2 is a ball, v =1* and m = m*, modulo translation. In the general
case p # ¢, in the Euclidean case, a Chiti type inequality is proved in the case m = 1 in [14] and [13] when
p =2 and for any p, respectively. More precisely in [13], the authors prove the following inequality:

Vllee < Cp,q,r,n, )\iq(Q))”V”Lq(Q), qg<r. (1.7)

Even in this case, the equality sign holds if and only if € is a ball and v =1*, modulo translation.
The goal of this paper is to prove a Chiti type inequality in the spirit of (1.6) and (1.7) for the first
eigenfunctions of the general weighted eigenvalue problem (1.2). We recall that, when p =g and m = 1,
the result in the anisotropic setting has been proved in [9]. Our main theorem is the following.

Theorem 1.1. Let Q CR" be an open, bounded, and connected set. Let 1 < q < p, and let u be an
eigenfunction corresponding to the first eigenvalue (1.1). Then the following statements hold

i) There exists a constant C = C(p, q, 1, n, )»[’Z q(Q)) such that

lullrom < C lulla@ms g<7; (1.8)
ii) There exists a constant C = C(p, q, 1, n, Aﬁq(Q)) such that

lullo@ < Cllullr@m 1 <7 <00, (1.9)

The equality cases hold if and only if Q is a Wulff shape and u and m coincide, that is, in Q2 with their
convex symmetrization, modulo translation.

We stress that this result gives, in particular, a Chiti type inequality for the eigenfunctions corresponding
to the first weighted eigenvalue of the anisotropic p-Laplacian and extend (1.7) to the weighted case.
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The proof is based on symmetrization techniques and a comparison between the eigenfunctions corre-
sponding to the first eigenvalue (1.1) and the first eigenfunctions of a suitable symmetrical eigenvalue
problem.

The structure of the paper is the following. In Section 2, we fix some notation, recall some basic prop-
erties of the Finsler norms, and give a brief overview about convex symmetrization. In Section 3, we
study the main properties of Ag ,(§2) and a Faber-Krahn type inequality. In the last section, we prove
Theorem 1.1 by using symmetrization arguments.

2. Notations and preliminaries

Throughout this article, | - | denotes the Euclidean norm in R”, while - is the standard Euclidean scalar
product for n > 2. Moreover, we denote by |€2| the Lebesgue measure of 2 C R”, by B the Euclidean
ball centered at the origin with radius R and by w, the measure of the unit ball.

Let E C R” be a bounded, open set and 2 € R” be a measurable set. We recall now the definition of the
perimeter of 2 in E in the sense of De Giorgi, that is,

P(S2; E) = sup {/ divp dx: ¢ € CZ(E;R"), [|¢lle < 1}.
Q

The perimeter of 2 in R" will be denoted by P(2) and, if P(2) < co, we say that Q2 is a set of finite
perimeter. Some results relative to the sets of finite perimeter are contained, for instance, in [31].
Moreover, if €2 has Lipschitz boundary, we have that

P(Q)=H""'0Q).

2.1. The anisotropic norm

Let H: R* — [0, +o00[, n > 2, be a C'(R" \ {0}) convex function which is positively 1-homogeneous,
that is,

H@)=t|lH(E) V5§eR", VieR. (2.1)
Moreover, let 0 < y < § be positive constants such that

vIEl < H(E) < 8I&]. 2.2)

These properties guarantee that H is a norm in R". Indeed by (2.2), we have that H(§) = 0 if and only if
& =0. It is homogeneous by (2.1) and the triangular inequality is a consequence of the convexity of the
function H: if &£, n € R", then

H(X+y)=H x oy <H(X) H()’).
2 2 2 2 2

Because of (2.1), we can assume that the set

K={§eR":H(¢)< 1}

is such that |K| = w,, where w, is the measure of the unit sphere in R”. We can define the support function
of K as:

H°(x) =sup (x, &), (2.3)

11574

where (-, -) denotes the scalar product in R". H° : R" — [0, 4+-00] is a convex, homogeneous function
in the sense of (2.1). Moreover, H and H° are polar to each other, in the sense that

o xE)
0= 5
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and

e
HOO=P ey

H is the support function of the set:
K ={xeR":H(x) < 1}.

The set W = {x e R" : H°(x) < 1} is the so-called Wulff shape centered at the origin. We set k, = |WV)|.
More generally, we will denote by Wr(x,) the Wulff shape centered in x, € R" the set RW + x,, and

Wr(0) = Wh.
The following properties hold for H and H°:
H.(§)-§ =H(), H (&) -§=H(), 2.4
H(H;(§))=H"(H(§))=1 V§eR"\ {0}, 2.5
H*(§)H:(H;(§)) = H(§)H;(H:(§)) =§ V& e R"\ {0}. (2.6)

An example of an anisotropic norm that satisfies the above-mentioned properties is the following. Let
r € (1, 400) and let us consider

1
r
s

H(g) = (Z |sl-|")

known in literature also as r-norm. With this choice, the highly nonlinear operator £,(u), defined in
(1.3), becomes
r "%’ r—2 au
3xk ’

We stress that for r=p, £,(u) is the so called pseudo-p-Laplace operator. Examples of non-smooth
anisotropic norm can be found in [8] and references therein, where the authors consider a crystalline
anisotropy and the associated Wulff shape is a polyhedron.

If E C R” is an open, bounded set with Lipschitz boundary and €2 is an open subset of R", we can
give a generalized definition of perimeter of 2 with respect to the anisotropic norm as follows (see for
instance [6]):

ou

ou
0x;

o
=25 ((X

k=1

8xk

Py(QULE)= HWw)dH"",

I*QNE
where 0*Q2 is the reduced boundary of €2 (for the definition see [21]), v is its Euclidean outer normal, and
H"~! is the (n — 1)—dimensional Hausdorff measure in R". Clearly, if E is open, bounded and Lipschitz,
then the outer unit normal exists almost everywhere and

Py(E,R"):= P,(E)= / HW)dH" . .7
oE

By (2.2), we have that
yP(E) < Py(E) < SP(E).
In [5], it is shown that if u € W"!(Q), then for, that is, > 0

d H(V
“2 | HVwWdx=P,(u> 1), Q)= / HOW 1, (2.8)
dt Jiysy srusane | Vil
Moreover, an isoperimetric inequality for the anisotropic perimeter holds (for instance see [2, 12, 18,
23, 24])
Pu(E) > nkj|E|'"7. 2.9)
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2.2. Convex symmetrization

Let Q@ C R”" be an open, bounded, and connected set. Let f:€2 — [0, +-00] be a measurable function.
The decreasing rearrangement f* of f is defined as follows:

A @=inf{t>0: u@ <s} sel0,]Q]],
where
u(@)=H{xeQ:|f(x)| >},

is the distribution function of f. We recall that the Schwarz symmetrand of f is a radially spherically
function defined as follows:

FA) =f(w|x") xe Q.

where ©* is the ball centered at the origin such that |Q2°| = |Q2|. The convex symmetrization f* of f,
instead, is a function symmetric with respect to H° defined as follows:

[ =fk(H X)) xe€,

where * is a Wulff shape centered at the origin and such that |Q*| = |2| (see [2]). We stress that both
f* and f* are defined by means the decreasing rearrangement f*, but they have different symmetry. In
particular, it is well known that the functions f, f*, f*, and f* are equimeasurable, that is,

f>al={fF>al=I{f">dl=1{f >0 t>0.
As a consequence, if f € L7(2), p > 1, then
”f”u’(sz)” = Hf:”mm) = Hf*”U([o,\szn) = ”f*”U’(Q')- (2~10)

Regarding the norm of the gradient, a generalized version of the well-known Pdlya—Szegd inequality
holds and it states (see for instance [2])

Theorem 2.1. (Pélya—Szegé principle). If w € WJ"’ () for p > 1, then we have that

fH(Vu)” dx > / H(Vu*Y dx.
Q o
where Q* is the Wulff Shape such that |2*| = |<2|.

For the sake of completeness, we will state the result concerning the equality case of the Pélya—Szego
inequality, whose proof is contained in [22] for the generic anisotropic case and in [38] for the Euclidean
case.

Theorem 2.2. Let u be a non-negative function in W'*(R"), for 1 < p < +00, such that
{IVu'|=0}N{0 < u* <esssupu}| =0.
Then

f H(Vuy dx:/ H(Vu'y dx
Rﬂ ]R/X
if and only if u = u* a.e. in R", up to translations.

Obviously, Theorem 2.2 can holds true in the case of a W,”(2) function.

We conclude this section by recalling some known properties about rearrangements that we will use in
the proof of the main theorem. The following result is the well-known Hardy—Littlewood inequality (see
[30D):

1€l

/ [F)g(0)] dx < ()¢ (s) ds. 2.11)
Q 0
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So, if we consider g as the characteristic function of the set {x € Q: u(x) > t}, for some measurable
function u : 2 — R and ¢ > 0, then we get

mo)
Jx)dx < fr(s)ds, (2.12)
{u>1} 0
where, again, u(f) is the distribution function of u. Finally, we recall the definition of dominated
rearrangements (see for instance [4] and [17]).

Definition 2.3. Let f, g € L'(2) be nonnegative functions. We say that g is dominated by f and write
g <f if the following two statements hold

s

() /g*(l)dt< /Xf*(l)dt;

O\QI 0 19|
(ii) / gdt= (@ dr.
0

0
In [4], the authors prove the following result:

Proposition 2.4. Let f, g, h be positive and such that hf, hg € L'(2). Let F be a convex, nonnegative
Sfunction such that F(0) =0. If hg < hf Then

12| 9]
/ W F(g*) dt < f W F(f*) dt.
0 0

Moreover, if F is strictly convex, the equality holds if and only if f* = g*, that is, in [0, |22]].

3. The (p,q)-anisotropic Laplacian

In this section, we study the main properties of (1.1) and the corresponding minimizers. Let Q C R”,
n > 2 be an open, bounded, and connected set. Let m € L*(£2) be a positive function and p, g be such that
1 <p<ooandl < g < p*, where p* = np/(n — p),if p < n, and p* = 00, if p > n. A functionv € W,” ()
is a weak solution to the problem (1.2) corresponding to A if

/ (H(Vv))”‘lHE(Vv) -Vodx= )L||v||’;;n" / m(x) [v|*% v @ dx, 3.1

for every ¢ € W,”(R2). By standard argument of calculus of variations, it is not difficult to prove the
following result:

Theorem 3.1. Let n > 2 and Q2 CR", be an open, bounded set and let p, q and m be as above. Then
)Lf,” ,(§2), defined in (1.1), is strictly positive and actually a minimum. Moreover, any minimizer is a weak

solution to the problem (1.2), with A = AZ ,(§2), and has constant sign on every connected component.

As regard the simplicity, we have

Theorem 3.2. Let n > 2 and Q2 C R", be an open, bounded, and connected set and let p and m be as
above andlet 1 < q < p. Then kl’j ,(§2) is simple, that is, there exists a unique corresponding eigenfunction
up to multiplicative constants.
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The proof of the previous result is contained in [29], where the authors consider a more general class of
quasilinear operators. We stress that this result was already proved when H = £ and m = 1 in the paper
[28] and in the case of a positive and essentially bounded weight in [33]. Finally, we have the following:

Theorem 3.3. Let n > 2 and let Q CR" be an open, bounded, and connected set. Let p and m be as
above and let 1 < q < p. Any nonnegative function v € Wé’p (R2), which is a weak solution to the problem
(1.2), for some A > 0, is a first eigenfunction, that is A = )»IIZq(Q).

Proof. The proof is similar to the one contained in [10, Theorem 5.1], and it follows standard argu-
ments and a general Picone inequality. For the reader convenience and sake of completeness, we write the
main steps. Let v be a non-negative weak solution to the problem (1.2) corresponding to A. By the strong
maximum principle, we have that v > 0 in Q. Let u be the first positive eigenfunction corresponding to
A () such that

el com = VIl Loc@m)- (3.2)

Then,

ars

/ (H(Vuw)Y dx = )\ﬁq(Q) (/ m(x) u? dx) . (3.3)
Q Q
q
Being v a weak positive solution to (1.2) corresponding to A, we can chose ¢ = % as test function in
-
(3.1) obtaining
u?
e

/((H(Vv))”’ng(Vv)-V (—_1) dx:)»||m$v||’;"’/ m(x) u? dx
Q Q

=\ (/ m(x) u? dx) ’ , (3.4)
Q

where last equality follows by (3.2). In the left-hand side, we can apply the general Picone inequality
(see Proposition 2.9 in [10]) and we have

P

/ (H(VV)T (H(Vuw)™ dx > M\ </ m(x) u? dx)
Q Q

By the Holder inequality, the normalization (3.2) and (3.3) we get that kgq(ﬂ) > A, that implies
u=v. L]

3.1. The case =W,

In this subsection, we study the problem (1.2) when €2 is a Wulff shape. In this case, the eigenfunctions
inherit some symmetry properties. Let be 2 = W;, and let m € L*°(W;) be a positive function such that
m(x) = m*(x). Then problem (1.2) becomes

—L,(v) =am* )|Vl L vy in Wy
(3.5)
v=0 on 0W.
The following result holds
Proposition 3.4. Let 1 <p <ooand 1 < q<p. Letve C'(Q) N C(RQ) be afirst positive eigenfunction

to the problem (3.5). Then there exists a decreasing function p(r), r € [0, R], such that p € C>((0, R)) N
C'([0, R]), p'(0) =0, and v(x) = p(H(x)).
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Proof. By the simplicity, we can assume that ||v|| s,y = 1. Let By be the ball centered at the origin
with radius R > 0, and let us consider the weighted p-Laplace eigenvalue problem in Bg:

—Ayz=Am(|xDzllg,+ 1212z in Bg

q.m*

3.6)
z=0 on 0B,

where m(r) = m*(k,r"), 0 < r < R. Let z be the positive eigenfunction corresponding to the first eigen-
value Ai q(BR) to the problem (3.6), such that ||z|| ez, = |VIlLeovem = 1. Then uniqueness guarantees
that z is radially symmetric, which means that there exists a positive one-dimensional function p, : r €
[0, R] — R* such that z(x) = p,(|x]), and p, solves the following problem:

(p 1)|P/| 210,)/ nrl |10/ |p ! - )" X (BR))~”|IOp|q 2,0p, re (O’Ie)
4 y? P pq
,0[/,(0) = ,Op(R) =0.

In particular, integrating equation (3.7), it is possible to see that p, is zero only when r = 0 and conse-
quently that p, is strictly decreasing in [0, R]. Now we can come back to the anisotropy. Indeed if we
consider w = p,(H°(x)), then using properties (2.4)-(2.6) and the regularity of H, by construction, we
obtain that w(x) is a solution to problem (3.5), which is positive and radial with respect to the anisotropic
norm. The simplicity and Theorem 3.3 imply that v = w, and this concludes the proof. O

(3.7)

Remark 3.5. We stress that the proof of the previous result shows that the first eigenvalue )\;{ k)
coincides with the first eigenvalue of problem (3.6).

3.2. A Faber—Krahn type inequality

Theorem 3.6. Let 2 € R", n > 2, be an open, bounded, and connected set and let 1 < g < p. Then
@)= M (@), (3.8)

where Q* is the Wulff shape such that |Q2*| = |2|. The equality case holds if and only if Q = Q* and
m = m*, that is, in 2, up to translations, where m* is the convex symmetrization of m.

Proof. We argue as in [9]. We observe that )L[’j q(Q*) has the following variational characterization:

3.9)

/ H(VwY dx
AZq(Q‘): inf &

7
weWy P (@*), . q
w0 m*|w|? dx
o

The Faber—Krahn inequality is a straightforward application of the Pélya—Szegd principle and the
Hardy-Littlewood inequality. Indeed if u is a positive eigenfunction corresponding to )‘;17{. ,(€2), then

/ H(Vuy dx / H(Vu'Y dx
_Ja > Q*

2 (@)= >
(/ mu’ dx) (/ m*(u*)? dx)
Q @

Let us now consider the equality case. From (3.10), P6lya—Szego principle and Hardy—Littlewood
inequality, we get

> (). (3.10)

2= Tpg
q

P

/H(Vu)” dx (/ m*(u*)? dx>q

1< =2 = z
/ H(Vu'y dx < / - dx),,
Q* Q

https://doi.org/10.1017/S0017089524000235 Published online by Cambridge University Press
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It follows that

f H(VuY dxdx = / H(VuY dx, (3.11)
Q Q*
and
( / mu’ dx) = < / m*(u*)? dx) . (3.12)
Q Q*
The thesis follows from (3.11), Theorem 2.2 and (3.12). O]

4. A Chiti type inequality

In this section, we prove a reverse Holder inequality for the eigenfunctions corresponding to kl’f ,(§2). We
first prove the following proposition as in the spirit of the Talenti result contained in [37] (see also [1-3,
7, 36]).

Proposition 4.1. Let Q2 C R", n > 2, be an open, bounded, and connected set, 1 < q < p, and let m €
L>(R2) be a positive function. Let u be a positive eigenfunction corresponding to )»;{q(Q). Then we have
that

(—u’(s)y ' < n”’kn’%)\H )lully; / m*u*(r)*" dr, s € [0, €2]]. 4.1)
0

p4q

In particular, the equality case holds if and only if Q = Q* and m = m*, that is, in 2, up to translations,
where m* is the convex symmetrization of m.

Proof. We argue exactly as in the proof of [9, Lemma 3.6]. Let u be a weak solution to the problem
(1.2) corresponding to the first eigenvalue Ag ,(§2), that is,

—L,w) =27 (Qm|lu|P7iu™"  in Q

p,q q,l}l

u=0 on 9€2.
Let ¢, h > 0 and let us choose as a test function in (3.1) the following function in Wé’” ():
0 u<t

on=u—t t<u<t+h

h u>t+h.
By standard arguments, we have
d
7 H(Vuy dH" ' = A}’zq(Q)HullZ;n" / mu?™" dx. 4.2)
{u>1} {u>t}

Recalling that the anisotropic perimeter can be written as follows:

d
- H(Vu)dH"™" = Py({u > 1}),
dt J i

by Holder inequality, we get

1

Py(fu> 1) < ( 4 Hewy dﬂ“)"( — ).

{u>t}

Therefore, the isoperimetric inequality (2.9) gives

(— /'L/(t))]p( - % H(Vuy dHnl> > n"kr? M([)P*%

{u>t}

https://doi.org/10.1017/S0017089524000235 Published online by Cambridge University Press
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Since p'(f) = m and (4.2) holds true, we have

(= ()Y ™ <n k22 (@l ) / m(out™ dH

{u>t}

Using (2.12) and calling s = (), we have
(=Y~ <Pk A ()llully 557 / (Y™ dr.
0
An application of the Hardy-Littlewood inequality gives the desired result. O

The main tool we use in order to prove Theorem 1.1 is a suitable comparison result between u and
an eigenfunction z of a suitable eigenvalue problem. More precisely, let 2} be the Wulff shape centered
at the origin such that )Lg ,(€2) is the first eigenvalue to the following symmetric problem:

—L,(2) = pum*|z|l7 iz in
(4.3)
z=0 on 9%,

We stress that the Faber—Krahn inequality (3.8) implies that
2] > |€2;], 4.4

and hence m* is well defined in €2;.

Let z be a positive eigenfunction for the problem (4.3) corresponding to the first eigenvalue )‘17, ,(£2),
and we observe that repeating the same argument as before, by Proposition 3.4, for any 1 < g <p we
have

(=Y =n"k " (@I / m*Z(r) dr. 4.5
0

The following proposition gives a comparison result between the eigenfunctions u and z when they
are normalized with respect to the L* norm.

Proposition 4.2. Let 2 CR", n > 2, be an open, bounded, and connected set, 1 < q <p and let m €
L>(R2) be a positive function. Let u be a positive solution to the problem (1.2) corresponding to )L;f /(82
and let 7 be a positive eigenfunction to the problem (4.3) corresponding to )LZ ,(§2) such that
lull o) = llzllecey)
Then
u'(s) = z"(s), Vs € [0, [$27]],

where u* and 7* are, respectively, the decreasing rearrangements of u and z. The equality case holds if
and only if Q = Q; and m = m?*, that is, in 2, up to translations, where m* is the convex symmetrization
of m.

Proof. First of all we stress that, if |Q2| = [€2}], then there is nothing to prove, since Faber—Krahn
inequality implies that u*(s) = z*(s).
Moreover, we have u*(|€2}]) > z*(|2;]) = 0. Then, the following definition is well posed:

so=inf{s € [0, |11 ' () = 7' (1), Ve [s, |

By definition, u*(sy) = z*(sy), and we want to prove that s, = 0. We proceed by contradiction supposing
that s, > 0. Then under this assumption, «* and z* coincide in 0 and s, and we have

u*(s) <z'(s) s€(0,sy)
4.6)
u(s) 2 z°(s) s € (50, 125)).
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By (4.1), (4.5), and (4.6), we have that
—u*' (1)< —77(t), foreveryte(0,s).
Integrating between (0, s), with s € (0, s¢), being u*(0) = z*(0), we get
u'(s) = z'(s), Vs € (0, s0),

which is in contradiction with the definition of s,. Hence, s, = 0, and the proof is completed. O

As an immediately consequence of the previous result, we get the following scale-invariant inequality
for any r > 0:

[|ue ”L’(Q,m) ||Z||L"(Q;,m*>

4.7

= .
Nl oo ) 2l

When the functions u and z are normalized with respect to the weighted L7-norm, we get the following
comparison result.

Theorem 4.3. Let Q2 C R" be an open, bounded, and connected set, 1 < q < p and let m € L*(2) be a
positive function. Let u be a positive solution to the problem (1.2) corresponding to kg ,(§2) and let z be
a positive eigenfunction to the problem (4.3) corresponding to AZq(Q) such that

/ mu’ dx = / m*z? dx. (4.8)

Then we have
/ m* (W) dt < / m* () dt, s€l0,|Q5]], q<r 4.9)
0 0

where u*, m*, and 7* are, respectively, the decreasing rearrangements of u, m, and z, and m* is the convex
symmetrization of m. The equality case holds if and only if Q@ = Q*, z=u=u"*, and m = m*, that is, Q,
up to translations.

Proof. If |Q2| = |£2;], the conclusion is trivial. Let be |€2| > |2}, since u and z verify (4.8), by (4.7)
it holds that

u (0) = |lull =) < llzllix@s) = 27(0),

If u*(0) = z*(0), then Proposition 4.2 and the normalization (4.8) imply that u*(s) = z*(s) for every s €
[0, |€2;]] and than the claim follows trivially.
Let u*(0) < z*(0). Since u*(|€2;]) > z*(|€2;]), we can consider

so =sup{s € (0, [2}]) : u* (1) < " (1) for ¢ € [0, s5]}.

Obviously, 0 < sy < |2} ], u*(so) = 2*(so) and u* < z*" in [0, so]. We want to show that u* > z* in [s,, |2} |].
Indeed, if we suppose by contradiction that there exists s; > s, such that u*(s;) = z*(s;) and u*(s) > z*(s)
for s € (sy, 1), we can construct the following function:

() s €[0,5]U [sy, 23]
u*(s) s€ 8,511

It is straightforward to check that
/ H(VwY dx =n"k, / (—w' (k, H (x)" )Y H (x "V dx.
Q Q

Applying Coarea Formula and considering the change of variables s = k,#", we get
[ (I
/ H(VYwY dx=n’k; f SR —wH ()Y dt.
Q 0
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Thanks to the normalization (4.8) and the definition of w, we have that

llull aom = ||Z||L4(Q;,m') < ||W||Lq(Q;,,,z*),

then by (4.1) and (4.5), we have that

(—w @Y <Pk Al (Q)llw |10 Lsn P / m*(r)(w*)?"\(r) dr. (4.10)

12
0

Multiplying (4.10) by —w’/, rearranging the terms and integrating between 0 and |2} |, we get

1251
'k / S (=W () ds <
0

234 s
< (DNw 174 / (—w"(s)) / m*(r)(w")""\(r) dr ds.
0 0
An integration by parts allows us to conclude that

2| )
[ ey ar e [ stwora
% - 0 — <A@ =2 ().

4 L2 s pq

i 19 i
</ mw? dx) (/ m*(s)(w*)(s) ds)
Q 0

A

By the minimality and the simplicity of A}’j ,» and the definition of w*, it must be w*(s) =z"(s) for
every s € [0, [2;[], but this is a contradiction since in (s, s;) we have that u*(s) > z*(s).
In this way, we have proved that there exists a unique point s, where #* and z* can cross each other, and
such that

u (s) <z'(s) s€[0,s]
4.11)
u*(s) = z°(s) s €[50, 192 ]].

If we extend z* to be zero in [|€2}], |€2|], by (4.8) and (4.11) then we have that for every s € [0, |2|]
/ S m* () (1) dr < / S m*(t)("(2))? dt. 4.12)
Indeed (4.11) implies that the fuflction: 0
G(s)= fo j m* (D))" — )" dt, s €10, [€]]

has a maximum in s, and cannot be negative in any point. This proves (4.12). Finally, inequality (4.9)
follows easily by (4.12) by using Proposition 2.4 being m*(1*)? < m*z7. O

Proof of Theorem 1.1. The proof of statement i) follows directly from (4.8) and (4.9), indeed we
have

1 1 ( / m'z dx) 1
(/mu’dx) < </ m*z’dx) :%—1</ mu"dx) .
Q Q q Q
( / m*z? dx)
o)

lullrom < C ullo@m, q<1<-+00;

i
Therefore, we have

with
_ ||Z||L’<9;,m*)

B ||Z||m<a;.m*) '
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The proof of statement ii) follows immediately by Proposition 4.2 with C = % and the theorem

is completely proved. O
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