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A lemma used in the above paper! can be extended to cover the
case of a sequence S, determined by a recurrence relation of the form

(1) Sn=a’:LSn—l+a3LSn—2+ v e ‘f‘a:‘;Sn—r

r being any positive integer.
For convenience denote |a]| by 0], everywhere. Let us suppose
that an inequality of the form

-1
@) 18, < Kk, TI I,
t=1

holds for p =2,3, ...., » — 1. The constant K can be determined
from the initial values of S,, when k, and [, have been found.

Taking moduli in (1), the inequality (2) is seen to be true for
p =n also, if

n-3 n-r—1 n-1
Lk H L+ ke MU, 4+ ...+ k., DL<E,. I,
t=1 t=1 t=1
n-2
Choosing b, as k, everywhere, and dividing across by b} II [, we
t=1
obtain
bikns | bhka s A

n . Sln— .
l+k +k ln 2Zn 3+ +knln—2ln—3----ln-r—- !

This will clearly be satisfied if &, < I, always, and

3 b2 bS + b; _‘l
( ) n 1+ +kn kn 2 + o knkn-2kn-3" .. k"""*'l oo

But equation (3) contains the other condition £, <1,. Hence
(2) is satisfied for all p if %, = b} always, and [,_, is then found from
(3), by substitution there for £,.

1 Proc. Edinburgh Math. Soc. (2), 3 (1932), 147-150.
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The theorems of the previous note can now be extended, using
the lemma in this wider form. Theorems of another type may
perhaps be indicated here.

From a recurrence relation of the form
1 2 J
(4) Up =0y Up1+ Ay Upgs + .. .0 + a:, Upyr T+ Cn 0,
where lim 6, = 0, we can derive the relation

(5) U = AL Uy + B Umgr+ oo+ LD U+ S N, 6,

t=n
and n <m+ 1. When n=m-1, A% =1, while B, etc., and A, all
vanish.

Because of (4), a recurrence relation

n _— 1 n+1 2 n4-2 r n4r
Ar=a, Ayt +a A7F2 + .. + af, A2t

m

exists for A?. In addition A7+!, which we regard as the first term

m

for the other coefficients B}, etc., and for the X’s. The lemma may

of the sequence A7, is unity. There is a similar recurrence relation

thus be used to fix limits for these coefficients, having imposed suit-
able conditions on the «’s and on ¢,.

When a condition

5 | A< R
t=n
holds, R being independent of m and =, it follows that

T X6,~-0
t=n
as n— o, uniformly with respect to m, since lim §,-=0. If in
addition each of the other terms Aj, u,,,, etc. on the right hand side
of (5) tends to zero as m tends to infinity, » being fixed, then
Iim %, =0.
The following well known theorem! is a special case of this kind.
If lim Zilbg =1, b, = bny, always, and lim a, =lim b, = 0,
n+l — Yn
then lim a,/b, =I.

1 Bromwich, Infinite Series (1926), 413.
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For, writing a, = b, (I + u,), the hypotheses yield the relation

b, ba
Up = b:l Un 41 + <1 - b:l> 0.

where 6,, b,, b, u, all tend to zero. The sequence u, is easily seen to
obey the conditions of the preceding paragraph, and so lim u, = 0,
as required.
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