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Abstract

We consider a finite-time optimal consumption problem where an investor wants to
maximize the expected hyperbolic absolute risk aversion utility of consumption and
terminal wealth. We treat a stochastic factor model in which the mean returns of risky
assets depend linearly on underlying economic factors formulated as the solutions of
linear stochastic differential equations. We discuss the partial information case in which
the investor cannot observe the factor process and uses only past information of risky
assets. Then our problem is formulated as a stochastic control problem with partial
information. We derive the Hamilton—Jacobi—Bellman equation. We solve this equation
to obtain an explicit form of the value function and the optimal strategy for this problem.
Moreover, we also introduce the results obtained by the martingale method.
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1. Introduction

When optimal consumption problems on a finite time horizon are studied, the dynamic pro-
gramming approach is often used to solve these problems. Adopting this approach, Hamilton—
Jacobi—Bellman (HJB) equations are derived. Optimal consumption-investment strategies are
obtained from the solutions of the HIB equations. For this approach, we recall the pioneering
work of Merton [40] in which the author examined a hyperbolic absolute risk aversion (HARA)
utility function for a model with constant interest rate and where the price of the risky asset is
an exponential Brownian motion. Karatzas et al. [32] and Liu [39] studied a counterpart of [40]
with a general utility and stochastic factor model, respectively. In stochastic factor models, the
returns and volatilities of the assets are affected by some economic factors. See [21] for an
introduction and [16]-[18], [25], [26], and [43] for stochastic factor models and infinite time
horizon optimal consumption problems.

The martingale method is another useful approach to solve optimal investment problems
including the consumption problems discussed in this paper; see [12], [31], and [46]. The
advantage of the martingale method is that an optimal consumption-investment strategy may
be derived without solving a partial differential equation (namely, the HIB equation). In
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complete markets, explicit solutions of the consumption problems were obtained by Liu [39]
and Wachter [54]. Indeed, in [54] the author considered the models in which the risky stock
and the factor process are perfectly negatively correlated. Castaneda-Leyva and Hernandez-
Hernandez [8] adopted an incomplete market approach. Using a combination of the martingale
method and stochastic control techniques, the authors of [8] solved the consumption problems
explicitly for the Kelly utility.

We refer the reader to [14], [23], and [30] for pioneering work on the model in continuous
time with partial information. Linear Gaussian models were considered in [4], [14], [15],
[23], [35], [41], [44], [47], and [56]. We follow the approach of [41] by considering the
filtering equation for the estimated mean based on the observation. We use a different argument
starting from the innovation process. We obtain the equation for the estimated mean using an
innovation process. Using the estimated mean as a new factor process, we then have the model
with complete information. The problem can be solved using either a dynamic programming
approach or a duality approach using the martingale method. For the convenience of the reader,
we provide the argument necessary to derive the filtering equation in Appendix A. The filtering
equation is often considered in the study of models with partial observation; see, e.g. [3], [4],
[23], [28], [30], [35], and [37]. See [5], [13], and [50] for the model in which the drift of a risky
asset is constant and cannot be observed. In [22], [27], [47], and [52] hidden Markov models
were considered. See also [9] and [36] where jump diffusion was used to model the problem.

In this paper we consider the finite time horizon optimal consumption problem with partial
information. An investor wants to invest in m + 1 assets including a riskless asset and m risky
assets, also he/she consumes his/her wealth. In particular, we consider the linear Gaussian
model in which the factor process is a Gaussian diffusion process and the returns of the assets
depend linearly on the factor; see [41], [42], and [44]. In particular, this is the counterpart
of [41] for the consumption problem. Note that Nagai [41] studied a risk-sensitive portfolio
optimization problem on a finite time horizon.

Now we consider the following setting. The market consists of one bank account and m
risky stocks. We assume that the bank account process S° and the price process of the risky
stocks S := (S!,..., ™) T are governed by:

dsY =rs%dr,  S) =",

n—+m
asi = Sf{(a+AYt)idt+ > z;;dw,k}, Sh=st, i=1,....m,
k=1
dY, = (b+ BY,)dt + A dW,, Yo=yeR"Y, (1.1)

where W; = (Wtk k=1,...,(n+m) 1S an (m + n)-dimensional standard Brownian motion process.
Here ‘T’ denotes the transpose of a vector or matrix. For the coefficients, we have r > 0,
aeR™ beR" AecR"™ BeR % eR"™®HM and A € R™ @M In this paper we
always assume that

H) =T >0.

We consider an investor who invests at time ¢ a proportion h; of his/her wealth in the ith
risky stock St i=1,...,m. Withh, = (hl, R h;”)T chosen, the proportion of the wealth
invested in the bank account is 1 —A,;'1. Here 1 = (1, ..., 1)T. Let X" and ¢, X" be the
investor’s wealth and the rate at which wealth is consumed, respectively.

We set

G =08y, u=<1),
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and we consider a strategy (c;, h;) in the space #r of investment strategies:
Hr = {(c;, h)eero.11; (ct, hy) is a [0, 00) x R™-valued §;-progressively measurable

T T
stochastic process such that / ¢ dt < o0, |h,|2dt < 00, P-a.s},
0 0

where we abbreviate P-almost surely to P-a.s. By the self-financing condition, the investor’s
wealth X" starting with the initial capital x, satisfies

c,h m
%:( hH)dSO Zh‘——c,dt X5 = x,
t i=1
or, equivalently
dXC’h
={r+h/(AY, +a—rl) — ¢ }dt + h T dW,. (1.2)

c,
t

Our goal is to select consumption and investment controls which maximize the finite horizon
discounted expected HARA utility of consumption and terminal wealth:

(IC) V(0,x,y) :=sup ryen, J X, y5¢,h;T), p >0,
where J(x, y; c, h; T) is defined by

Jx,y; ¢, h; T):= E[/
0

Here A7 (C F7) is the space of admissible strategies defined later; see Section 4.

We will see that (IC) becomes a standard stochastic control problem with partial information.
We regard the factor process Y as the state process, the price process S of the risky stocks as
the observation process, and the consumption rate and investment policy can be considered as
the control processes.

In Section 2 we reduce (IC) with partial information to a problem with full information.
In order to do that we introduce an innovation process. We first derive the Kalman filter of the
factor process, which is a time-inhomogeneous diffusion process. Note that the coefficients of
(2.11) for the state estimate depend on the conditional variance I1; of the filter which solves
the Riccati equation (2.5). By using the innovation process and the Kalman filter, we are able
to rewrite criterion (1.3). The Kalman filter becomes the state process. We can then reduce
(IC) to a problem with full information. In this regard, we compare our approach with [41], in
which the authors made a measure change before using the Kalman filter. Instead, we make the
measure change after rewriting the dynamics of the risky assets using the Kalman filter and an
innovation process. This seems to greatly simplify the calculation. An innovation process and
filter are often used in the study of the problem for models with partial information; see, e.g.
[31, [4], [23], [28], [30], [35], and [37]. For the convenience of the reader, we provide a brief
discussion in Appendices A and B. For more detailed discussions, we refer the reader to [2],
[11], and [38].

In Section 3, applying a dynamic programming approach, we derive a HIB equation. By a
suitable transformation, the HIB equation turns out to be a linear partial differential equation.
As a result, an explicit solution for the HIB equation is obtained by the solution of the time-
inhomogeneous Riccati equation (3.4).

T
1 1
e P = (e, XM dr +e_'°T—(X;’h)V}. (1.3)
1% 1%
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In Section 4 we prove the verification theorem. Indeed, the proof follows closely the
arguments of Theorem 5.1 of Nagai [43]. The optimal value and the optimal strategy is obtained
by the Kalman filter (2.3) and the solution of the time-inhomogeneous Riccati equation (3.4).

In Section 5, adopting the martingale method, we consider our consumption problem. First,
we introduce the result for a general utility function. Next, we treat the power utility function
in particular. Then we verify that the result obtained from the martingale method is the same as
that obtained from the dynamic programming approach. In this particular case, we can apply
the martingale method. We obtain an optimal strategy from the martingale representation of a
random variable. To derive its feedback form, we still need to consider the associated partial
differential equation. As another interesting observation, we know that the Merton consumption
problem in an incomplete market with full information does not have an analytic (or explicit)
solution; see [39]. For the same problem with partial information, an analytic solution may be
obtained, as shown in this paper. Finally, we indicate an extension for future research, which
is the consumption problem on the infinite time horizon.

2. Reduction to a corresponding control problem with full information

Let _ '
Z; :=log$,, i=1,...,m,

with Z, = (Z),..., Z"). Then Z solves
dZ, = (d + AY,)dt + = dW,, .1

withd = (d),d" :==a' — L(ZXT)".
In this section we compute the Kalman filter ¥; of Y; defined by

Y :=ELY; | G4l

In this case we consider the innovation process I; defined by
t
I := f {dZ, — (d + AY,) du}. 2.2)
0

Then we have the following results. For the convenience of the reader, we state the proof in
Appendices A and B. See also [2], [11], and [38] for more detailed discussions.

Lemma 2.1. The innovation process I, is a G;-Wiener process with covariance matrix X T
Proof. The proof can be found in Appendix A. ]

Lemma 2.2. The Kalman filter i/\, solves the stochastic differential equation
dY, = (b + BY,) dr + A(I1,)dl,, Yo =y, (2.3)
where A(I1;) is defined by
AMI) = ILAT + AT )z, (2.4)
and I1l; = E[(Y; — 2)(Yt — ?,)T | G:1 solves the Riccati equation
IL+(MLAT+ASHEE D) HAML+SAT)—AAT—BI,—I,BT =0, Ty =0. (2.5)

Proof. The proof can be found in Appendix B. (]

https://doi.org/10.1017/apr.2018.7 Published online by Cambridge University Press


https://doi.org/10.1017/apr.2018.7

An optimal consumption and investment problem 135

Using (2.1) and (2.2), we have
dl, = A(Y, — Y,)dr + £ dW,. (2.6)
Moreover, by (2.6), we have
dZ, = (d + AY,) dt + dI,. (2.7)

From (2.3) and (2.7), using ?, as a new factor process, we have the market with full information
which has the filtration {§,} and the dynamics of the risky assets become Z; given in (2.7).
Then we can write (1.2) as

dx;" TAT T
“h :{V+ht (AY,+a—r1)—C,}dt+ht dIt (28)
1

Hence, we have
t
(ch’h)y =x7 exp|:y / {(e(Yy, hy) — CM}duiIMth’
0
where £(y, h) and Mlh are defined as

1_
ey, h) = —TythzTh fr+hT(Ay+a—rl),

1 ,}/2 13
Ml = exp[y/ h) dI, —7/ hy s, du:|.
0 0

Therefore, we can write (1.3) as

14 T ! ~
Jx,y; ¢,h; T) = x—E[[ cty exp[[ [y{€(Yy, hy) —cu} — ,o]du:|Mlh dt
14 0 0

T
+ epr [y {(¥u, hu) — cu} — p] du}M%}. (2.9)
0
Let
Ab = {(c;, hy) € Hr; E[MIE] =1}
Then, for all h € AIT, we can define the probability measure P* on (2, §) using

dph

5| = M. (2.10)

G1

Under the probability measure P”, we have
dY; = {b+ BY, + yA(I,)S X" h,} dr 4+ A(T1,) dI”, Yo=y, 2.11)

where I,h defined by I,h =1 — yfot Y% "hy, du is a §,-Wiener process with covariance X 7.
Then (2.9) can be expressed as

Y T ! ~
J(x,y; ¢, b T>=x—ﬂ<:ih[f cfexp[f [y{mu,hu)—cu}—p]du}dz
14 0 0

T
+6Xp|:/ [V{E(Yuvhu)_cu}_p]duiu. (2.12)
0
We conclude that (IC) can be reduced to a stochastic control problem vyjth full information,

which is the problem of maximizing (2.12) subject to a system process Y; given by (2.11) on
the filtered probability space (2, ¥, §;, P").
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3. The HJB equation and its explicit solution

In this section we will derive the HIB equation for the new control problem with full
information obtained in Section 2. We will obtain an explicit solution for the HIB equation.
We first introduce the value functions

14
Vi, xy) = sup  —J(v; e hs [, T1)
(c.hyeA!

or, equivalently,

xy
V(l9xs )’) = 7U(I, )’),

where
v(t,y) = sup J(yi e h [T,  ye(1),
(c,h)EAtIT
v(t,y)= inf  J(y; ek [, T,  y e (—o0,0).
(ch)eA

Here f(y; ¢, h; [t, T]) is defined by
A~ T B o~
Jvi e hs 18, TD) :Eﬁy[/ o exp[/ [ 4V, ) —cu}—p]du} dr
t t

T -~
—l—exp[/ [y{€(Yy, hy) _Cu}_p]d”i|:|-
t

We denote by ]E y the expectatlon with respect to a probability IE” , defined similarly to P,
but with Yl =y. Also Al LT is the restriction of the space Al on the tlme interval [¢, T']. Then,
using the dynamic programming approach (see [20, Chapter II1.7]), we can formally deduce
the following HIB equation for v with the dynamic (2.11):

31) 1 T T2 Cy
— 4+ —tu[AII)ZT "A(,) D> v+ b+ By) " Dv — pv+ ysup| —cv + —
ot 2 c>0 Y

+y sup {E(y,h)+hTEETA(H )T }
heRm

=0, t<T, v(T,y) =1. 3.1
We provide a formal derivation of (3.1) in Appendix C. This holds for y € (—o00,0) U (0, 1).
We define u(z, y) by the relation v(¢, y) := u(t, y)l_”. Then u satisfies

w1
a—L: + 5 el ST T D] - l(Du)T,\(nt)zzT,\(nt)TDu + b+ By) Du

J/
__r u+ 4 sup(—cul”+ )u”
-y 1=y >0 14

+

sup |:€(y )+ 1 —y)h"sT T )T }
L=y herm

=0, t<T, u(T,y) =1. 3.2)
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Simplifying this equation, we have

ou

o7 +Lu+1=0, t<T, u(T,y) =1. (3.3)

The supremum in (3.2) is attained by (¢(2, y), h(2, y)):

&ty y) = u(t, y)™!,

. 1 D
h(t,y):= m(z xhH! {Ay +a—r1+(1- y)zzT,\(nt)TTM}.

Here £; is the differential operator defined by
Lif = $ AT AL D f]
-
+ [b + %)\(HI)W —r1) + {B + %A(HI)A}y] Df

Y
+l—y{za—y)

We now consider the following time-inhomogeneous Riccati equation:

Ay+a—-r)' =D YAy +a—r) +yr — p}f.

U +UOK(OUO+K () U +U@OK (1) +Kg=0, t<s, U(s)=0, 34
where
Ko (1) = ﬁun»zzwnf 0. Ki()=B+ #A(ntm,

4

— Al(=zzhH'a.
L—vy

Ko =

We also use U(t) = U(t; s) for the dependence of U (¢) on s € [¢, T]. The term g(t) = g(¢; 5)
is the solution of a linear differential equation:

g0+ {K1(1) + Ko(OU 0} (1) + U0 + ﬁ{ﬂz O™+ U@L} a — 1)
=0, t<s, g(s) =0, 3.5
and [(t) = I(¢; 5) is the solution of
[(0) + 3 (TN EE AT TUMO] + 380 TATNEE AT Tg (1) + b g(@) + yr
n 2(+_y)(a A+ =AM e (=2 e — 11+ =2 TA) Tg(1)
=0, t<s, I(s) =0. 3.6)

Then we have the following results.

Theorem 3.1. If(3.4)—(3.6) have solutions U(t; s), g(t; s), and £(t; s), then u(t, y) defined by

T
u(t,y) = / w(t; s,y)ds+w; T,y) 3.7
t
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solves (3.3), where w(t; s,y), s € [t, T, is defined by

B(t; 5, y) = exp[ﬁ{%ﬂvu; )y +8t:9) y+1t:s) — pls — r)”. (3.8)

In particular, corresponding to the value function V (¢, x, y) for (IC), we define
— xV _ 1=y
Vit,x,y) = 7u(t, y) Y. 3.9

Proof. A straightforward calculation shows that w(z, y) = w(¢; s, y), given by (3.8), solves

0
8—j}+£,w=0, t<s, w(s,y) = 1.

Moreover, using an argument similar to that of Lemma 2 of Liu [39], we see that (3.7)
solves (3.3). U

Remark 3.1. In the y < 0 case, it is known that (3.4) has a unique solution (see Lemma 5.2
of [6, Chapter V], or Theorem 5.2 of [19, Chapter 5]).

4. Verification theorem

In this section we prove the verification theorem. In order to do so, we first rewrite (3.2).

Define n by
n(,y) =1 —y)logu(t,y). 4.1)
Then, using (3.2) and Theorem 3.1, 1 solves
0 1 1
B—’Z + 5 AN TS TAM) T D] + (D) AN EETAM) D+ (b + By) " Dn — p
ey L TyxT T
+ ysup| —c + —e +y sup {{(y,h)+h X A(I1;) Dn}
c>0 Y heR™
=0, t<T, n(T,y)=0. “4.2)

Next we define the space of admissible strategies
A7 = {(c, h) € Ak; EPMp] =1},
where M? is defined by

t
M, = eXp[ / (Dn(u, V) A(TL,) dI!
0

t
- % / (Dn(u,ﬁ))U(HumzH(Hu)TDn(u,?u)du]
0

Then we have the following theorem.

Theorem 4.1. Assume that (H) holds and (3.4)—(3.6) have solutions U (t), g(t), and £(t). Note
that n(t, y) is given by (4.1). Define

@ty y) = e NN/ 1=y),

h(t e ST a1 Ay £ SETAM)TD
,y)-—l_y( ) {a—r1+Ay+ AIT;) " Dn(t, y)}.
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Then N I
(€1, he) == (€1, Yy), h(t, Y})) € Ar (4.3)

iian optimal strategy for (IC). Moreover, V (0, x,y) = V0, x, v). Here, from (3.9) and (4.1),
V is given by

_ Y
VO, x,y) = %e”(o’”. (4.4)

Proof. We apply the idea of the proof of Theorem 5.1 of [43]. First, for any (c;, h;) € AT,
we will show that .
Jx,y;¢,h; T) <V(0,x,y). 4.5)

Now, we consider the y € (0, 1) case. We apply It6’s differential rule to n(z, f’;). Note that f/\t
is given in (2.11). Then we have

t
n(, Y) —n@,y) =/0 (Dn(u, Yu))T?»(Hu)dlf
/t[an v ! T T2 %
+ | | =, V) + = trO (L) EE AL T D2n(u, Yy))
0 au 2
+ (Dn(u, Y) " {b + BY, + y/\(nu)szhu}] du

t -
~ _ —h
5[[p—y{£(Yu,hu)—cu}—cZe ”(“’Y”)]du+10th,
0

where the second inequality follows from (4.2). Hence, we obtain

t
> > —n
J//O {€(Yu, hy) — cuydu — pt < n(0,y) —n(t, Y;) +log ¥/ +logM,, (4.6

t ~
Yl = exp[—/ cZe_”("’Y”)du:|.
0

Moreover, using (2.12) and (4.6), we have

where ¥/ is defined by

xV r A —h
Jx,y; ¢, h; T) < 7e’7(0’Y)IEh [/0 cg/e_"(t’Y’)l/ffM? dr +¢;MT]

T
= V(O,x,y)Eh[—/o dyre + w;}

Here Eh [-] is the expectation with respect to the probability measure ﬁh:
P
dph

v
te

G

Next, we consider the y € (—oo, 0) case. In a similar way to the above, we have

t

~ —~ —h

y/ (@ ) — ca} du — pt = (0, y) — 0t Ty) + log ¢ + log ..
0

Hence, we have (4.5) again.

https://doi.org/10.1017/apr.2018.7 Published online by Cambridge University Press


https://doi.org/10.1017/apr.2018.7

140 H. HATA AND S.-J. SHEU

Next, we take (¢;, E). By Theorem 3.1, we have |iz\,| <C(+ |2 |); Furthermore, following

the arguments of Lemma 4.1.1 of [2], we have E[M?] = land EZ[MI;] = 1. Hence, we verify
that (¢, h;) € Ar. Letting y € (—o0, 0) U (0, 1), we will show that

J(x,y, 6 h; T) = V(0,x, y).
Now, we can define the probability measure Pﬁ (see (2.10)), and we see that under Pﬁ, ?l solves
dY, = (b + BY, + yA(II)SE hy}dr + A dIk, Yo =y.
Then we have
t ~
n(t, Y) —n(,y) = / (Dn(u, ¥,)) T A(T1,) A1)
0
Ton o, 1 T TH20n vV
+ a(u, Y, + Etr(?»(l'lu)EE AIly) D™n(u, Yy,))
0
+ (Dy(u, Y,) " {b + BY, + yA(nu)zzTﬁu}] du

t X )
=/ o — 1@ o) — ) — e T du +10g B
0

where the second equality follows from the fact that (c, ﬁ) is the maximizer in (4.2). Hence,
we have

; .

s o~ —~ = R —h

)/f {€(Yy, hy) —cuydu — pt =n(0,y) —n(t, Y;) +log ¥/ +logM, .
0

Moreover, we have

~ 7 X ommh| [T -na B e vl
J(x, 9,0 h; T) = —e"OVE /0 oy e 1Y EM ] dt + Yo My

<

5. The martingale method

In this section we consider (IC) by adopting the martingale method. In Subsection 5.1 we
treat the general utility case. In Subsection 5.2 we treat the power utility case. In addition, we
check that the optimal strategy obtained by the martingale method accords with the optimal
strategy (4.3) by the dynamic programming approach. In Subsection 5.3 we introduce an infinite
time horizon optimal consumption problem as an extension for future research. Actually, the
problem on the infinite time horizon is not completely solved. We state the difficulty faced.

5.1. General utility

In this subsection we use the argument of Karatzas and Shreve [29, Chapter 3].
Use (2.3) and (2.8). Define
HY :=e™ "M, (5.1)
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where M,0 is defined by
t
MO = exp|:—f (a—r1+AY,) (zxH 41,
0

1 [ ~ ~
- 5/ (a—r1+AY,)" (=2 a —r1+AYu)dui|.
0

Using (2.8) and (5.1), we have
d(HPXP") = HY dX{" 4+ XP" dHL + d(HO, XOt),
= HXSM{r + 1] (a — r1+ AY)) — ¢;}dr + b/ dI]
— H'XMrdt + (@ — r1 + AY) T (=2 )7 dI)
— H'X"n[ (a — r1+ AY)) dr
= —H’c, XM dt + HOXEMh, — (25 T) Y@ — r1 + AY)) T d1,.

Hence, we have
t t
h +/ Hc, XS du = x+/ HXMh, — (22T Na—r14 AV} dl,. (5.2)
0 0

Then, the left-hand side of (5.2) is nonnegative and a §,-local martingale. That is, it is a
G:-supermartingale. Therefore, we have

|:HTX +f HoctXf’h dt:| <x forall (c, h) € Hr,
where Fr is given in Section 1. Then, following similar arguments as in Theorem 3.5 of [29,

Chapter 3], we have the following proposition.

Proposition 5.1. Assume that a contingent claim & € G7, &€ > 0, and C; > 0 such that

T
E[H%g +/ HYC, dti| = x.
0

In addition, define

where X, is defined by

1 0 r 0~
Xt = FE[HTE +[ Hu Cu du

t

)
Then there is an h such that (c, h) € Hr and X;’h =&, Xf’h = X,. Indeed, h is given by

~ 1
hy = (EX ) Na —r1+ AY) + —— s,
ci= ()7 0+ gV

t

where U is a G,-progressively measurable integrand ¥ : [0, T] x Q — R™ such that the
following martingale representation theorem holds:

t 13
HOXO! +/0 HC,dt = x +/0 v, dl,. (5.3)
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LetU;: [0, 00) > RU{—0o0} (i = 1, 2) be the general utility functions. We assume that U;
is strictly increasing, strictly concave, and twice continuously differentiable. In addition, we
assume that

lim U/(x) =0 and limU/(x) = oo.
X—>00 xJ0

Moreover, I; : (0, 00) — (0, oo) denotes the inverse function of U.
Now we consider the following problem:

T
(GU) Vo(x,y):= sup ]E|;/ e "', (C,X,C’h)dt + e_pTUg(XcT’h):|, o0 >0,
(c,h)ehr 0

where A7 is the space of admissible strategies defined by
T
A = {(c, h) € #r; EUO e_p’Ul_(ctXf’h)dt} < o0, Ele™TUy (x5M)] < oo}.
Define .
x (k) := E[ /0 HI (ke”" H?) dr + H?Iz(kep’H?)]

Then, following closely the arguments of Theorem 6.3 of [29, Chapter 3], we have the following
proposition.

Proposition 5.2. Assume that x (k) < oo for all k > 0. Define k such that x (k) = x. Then
C,:=Ii(ke H") and & := Ly(ke’T HY)
lead to .
Vo(x, y) i= E[ fo e P'UI(Cy) di + e—p%(é)].

In addition, the optimal strategy (¢;, fzt) € JI)T is defined by

C
Et = f_ (54)
x&h
and
. ~ 1
hi = () Na —r1+ AY) + —Vi, (5.5)

HYX[

where  is a §;-progressively measurable integrand in the martingale representation
-z t . t
HO X +/ HY&, XM du = x +f Yk dl,.
0 0
Here X,E’h is the optimal wealth process defined by

. 1 - T
ch o _ 0 0
X[ = FE[HTS +\/t Hu Cu dI/t

t

9,,:| and X‘;ﬁzé

5.2. Power utility functions

In this subsection we consider the case of the power utility functions. Under this setting,
we obtain the optimal wealth process, the optimal strategy, and the value function. We confirm
that the same result as Theorem 4.1 is obtained.
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First, we consider

Ui(x) =Us(x) = % fory € (—o00,0) U (0, 1).

Then we have
h(y) = hL(y) =y /.

First, we observe that
T
x (k) = E[/O HY (ke HY)~V/ 77 di 4 HyQ(kep’Hg)—l/(l—y)}

T
_ k—l/(l—wEUO e=P1/01=0) (0)=7/(1=7) g; +e—pT/<1—y)(Hg)—y/<1—y>}

T ! T
= k_l/(l_y)EI:/ M, exp[/ qb(?u) du] dt + My exp|:/ ¢(2) dt]i|, (5.6)
0 0 0

where M, and ¢ (y) are defined as follows:
t
M, = exp[lL / (a—r1+AY) (=T "1di,
-V Jo

1 2ot ~ ~

R /(a—r1+AYu)T(22T)*‘(a—r1+AYu)du ,
2 1—)/ 0

y

_ryr T Tv—1,,
2(1—y)(a rl+ Ay) (£X') (a rl—l—Ay)}.

1
() = 1—{—p+yr+
-

Now, we define the probability measure P as

dp

_]P) ZMt.
dPlg,

Under the probability measure }f", f’\t solves
v, = {b + BY: + %Mnf)(a —rl+ A?o} dr + (1) df,
-Y

where I, is defined by

¥ 14

t
I, = It—ﬁ/ (a—r1+ AY,)du.
- 0

Note that Ivt is a G,-Wiener process with covariance matrix =37 under P (see Lemma 2.1).
Then we have

x(k)y =k~ £, ),
where f (¢, y) is defined by

T K} T
f(r,y>=fa[/ exp[/ ¢®>du}ds+exp[f ¢<?s>dsﬂ,
t t t
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where IE[~] is the expectation with respect to the probability measure P. Noting that f(z, y)
solves (3.3), we see that

f@,y) =u(.y),
where u is given by (3.7). Hence, from (5.6), we have
x () = ka0, ).
Moreover, noting that x = x (l;), we have
k=x"1=50, y)'-7. (5.7)

Then we have
HYE = HY I (ke’T HY)
— HO(ke?T 5O~/
= xii (0, y)*le*pT/(lfJ/)(Hg)*}’/(lﬂ/)

T
= xit(0, y) "' My exp[/ ¢(?,)dr} (5.8)
0
and, similarly,
t
C, := xii(0, y)~' M, exp[f oY) du](H,O)—l. (5.9)
0

Using (5.8) and (5.9), we have
e T . K . . T .
H,OXf’h=xﬁ(0,y)‘lEU MseXPU ¢(Yu)du]d5+MTeXP[/ ¢(Y,)dt”9t]
t 0 0
- i
= xii(0, y) "' M, exp / ¢ (Y,) du
LJO n
T .. K} . . . T .
x]E|:/ MSM,_lexp[/ ¢(Yu)du]ds+MTM;1epr qb(Ys)ds:Hg,]
t t t
o i
= xii(0, y) "' M, exp f ¢(Y,) du
LJO h

T K T
xfﬁ[/ exp[/ ¢®)du}ds+exp[/ ¢<?s>ds”g,]

t
= xii (0, y)~' M, exp[/ ¢®)du}f(t,?z>
0

t
= xi(0, y) "' M, exp[/ ¢(?u)du:|ﬁ(t, Y. (5.10)
0
From (5.4), (5.9), and (5.10), we have
G =, YL (5.11)

Set .
1\7I¢ = HtOXf’h +/ HL?EMXS’h du.
0
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Using (5.10) and (5.11), we have
t t s
M,=xa<0,y>—1{Mtepr ¢(?u>du}a<t,2)+/ Msexp[/ ¢<?u>du]ds}.
0 0 0

Here, we see that

aM, = : Y ]\Vlt(a 1+ Azl

{a_(r Y,)+1tr<x<n )2 TA(,) " D%, ) + (b + BY) " Di, Y,)}

da(t, Y;)
+ (Dii(t, Y;) "A(T,) dI,.

Hence, we have

t
dM, = xii(0, y)~' M, exp[f ¢®)du}
0

ou ~ ~
X [{8_:(t’ Y) + Lo, Yy) + 1}(11‘

+ {aa, Tt ~Mia—r1+ AY)T (=2~ + (i, ?,»Tx(nz)} dlt}

T DM(I Yt) } d[t’

— HOXO — =)~ a = r1 + AY)) + A(TT))
l u t, Yt

where the last equality follows from the fact that & solves (3.3) and (5.10). From (5.3), we see

that R
v = H)X "‘{—@ET) 1(a—r1+AYz>+x<n,>TM}.
1 M([, Yl)
Using (5.5), we have
hy = IT(EZT) l{a —r1+AY, 4+ (1 — )T AT, )TW} (5.12)
t

Finally, we have .
Vo(x,y)zE[/ e p'Ul(c,X )dt—i—e_”TUz(XT ):|
0

T
= IE[ / e PU (I (ke? HY)) dr + e PT Uy (Iy (ke T H?))].
0

Note that 1

1 - - —_ p—
Ui(I;(y)) = —(y"VI=7yy = —y=v/0=y)
Y Y

Therefore, we have

1 T - i
Vo(x, y) = y [/0 ept(keptH,O)V/(l")dz—i—epT(kepTH?)y/(ly)]
;; y/(1=y) T t/(=9) ¢ 70—y /(1=p) —pT/(1=y) g Oy—y/(1=y)
E/ep DH))TIT dr e (Hpy TV /Oy
Y 0
fr/=y) .
= Tkl/“_}’)x(k)
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= —x

Y
Y

=2 a0, pi-. (5.13)
14

Here, the third equality follows from (5.6) and the last equality follows from (5.7).
Remark 5.1. Recall that

it y) = exp[”l(t_’ yy)];

see (4.1). Then we see that ¢; = ¢; and ﬁ, = 71\, hold. Here ¢; and I~zt are given by (5.11)
and (5.12), respectively. Also, ¢; and h, are given by (4.3). Moreover, we also see that
Vo(x,y) = V(O x,y) holds, where Vo(x, y) and V (0, x, y) are given by (5.13) and (4.4),
respectively. Hence, we can check that the results obtained using the martingale method are in
agreement with those obtained using the dynamic programming approach.

5.3. Infinite time horizon problem

As an extension for future research, we introduce a consumption problem on the infinite time
horizon. That is, using the general utility function U; given in Subsection 5.1, we consider the
following:

o0
Voo(x, y) := sup EU e"’Ul(c,Xf”l)dt}, p >0,
(c,h)eh 0

where 4 is the space of admissible strategies defined by:
T
= {(c, h) € Hr; IE|:/ e_’”Ul_(c,Xf’h) dti| < ooforeach T > 0}.
0

Define o
Yoo (k) 1= IE[ fo HYI (ke HY) dt].

Then we have the following proposition.

Proposition 5.3. Assume that
Xoo (k) < o0. (5.14)

Define k such that Xoo (/2) = x. Then we have
w ~
Vo (x, y) := E[/ e P'U(C™) dt:|.
0

Here C~”l(°°) is defined by

€ = Iy (ke” HY),
where 1 is given in Subsection 5.1. Also, (cl(oo) h(oo) ) € At is the optimal strategy. Here c(oo)
is defined by

500 . o

! : g(00) fo0)
¢l h
Xl
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g(00) (o0

)
where X; is the optimal wealth process defined by

&(09) (o) 1 0
xo T = —EU HOC du
HO
t t

9»;:|~ (5.15)

Moreover, I;EOO) is determined by the following:
0 ~
E[ / HOC du
0

Remark 5.2. Asin (5.2), we have

! ~(00) j(00)  ~ =
9] :/ HOXET MO — (25T) @ — r1+ AV dl,.
0
(5.16)

~(00) 7, (00) ! ~
HOXE +f HOC® du
0
4 ~(00) j(00)  ~ -~
:x+/ HOXE™ D (00 _ (53 Ty (g — r1+ AY,)}T dI,.
0

From this and (5.15), we obtain (5.16).

In particular, we are interested in the case of the power utility:
1
Ui(c) = —c¥ fory € (—o0,0) U (0, 1).
14

Note that we need to check condition (5.14) in order to use Proposition 5.3.
Then, in a similar way to Subsection 5.2, we have

o0 1 1
Xoo(k) = k= 1/0=7) f exp[l—{EyTU(o; Dy +y g(0;1) +1(0; t)—pr”dr, (5.17)
0 -V

where U, g, and [ solve (3.4)—(3.6), respectively. We guess that we may need the conditions
of the discount factor p and the HARA parameter y satisfying (5.14). In future work, we aim
to investigate the asymptotic behaviors of U, g, and /. One possible direction is to follow the
ideas of Nagai and Peng [44]; we can assume the stability of the matrix

G:=B-AxT(zzT) A
Then we see that IT, — IT as r — oo, where IT is a solution of the algebraic Riccati equation
GN+MOG"+nATE=sH A+ Al —-=T(z=H'o)AT =o0.

In addition, the stability of the filter can be proved. In this case, when time is large, we may
replace the equation for the factor process (2.3) by a time-homogeneous equation

dY, = (b + BY,)dt + (M) d1,.

We expect that similar results to [26] and [43] may be obtained. From (5.17), we will find the
conditions of p and y such that x.. (k) is finite. This will be discussed further elsewhere.
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Appendix A.
Proof of Lemma 2.1. We apply the approach of Proposition 1.2.3 of [2]. For s < ¢, we have

y
3

t t t
=E / Zqu—l—f(d—i—AYu)du—/(d—i—AYu)du
S s N
o]

t
Bl — 1, | 1 =E z,—zs—/ (d + AT,) du
N

t
=E EU x dw,
S

=0.

t
?} +/ A(Yy —E[Y, | Gu]) du

s

Moreover, noting that
d(ly — I, — 1) = (L, — I)d(L, — I) " +d(l, — L)L, — )T + 227 du,

we have
El(f, — I = 1) | §s1=Z2T(t —5). O

Appendix B.
Proof of Lemma 2.2. We apply the approach of Theorem 22.1.9 of [11]. Define

t t
M, =Y, — Y —/ Elb+ BY, | Guldu =Y, —y —/ (b + BY,) du. (B.1)
0 0
Then we see that
E[Y, — Y, | §51 = E[Y, — Y, | §]

B t t
:E/(b+BYu)du+/ AdW,
LJ S s

)

-t t
=Ef(b+BE[Yu|g,u])du+E|:/ AdW,

l

and that M, is a §,-martingale. Hence, there exists a §,-progressively process f, € R"*+m)

such that .
MT ::/ ﬂu dvus
0

vi=x(zx L.

o[

B t
=E / (b + BY,) du
LJ S

where v, is defined by

Then, by (B.1), we have R R

Using (2.1) and (B.2), we have

d(¥,Z) = dN, + H, dt,
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where .
N; := / (Y, (2 qu)T + (Aqu)ZuT}’
0
t
H, = [ (Yu(d+ AY,) " + (b + BY,)Z] + AT} du.
0

Note that N; is an F;-local martingale.
Using a similar argument as in Appendix A,

t
Y, Z, —/ H, du is §,;-martingale.
0
That is, since Z; is §,-measurable,
t
Y, Z, —/ H, du is §,;-martingale. (B.3)
0

On the other hand, using (B.2) and recalling that
dZ, = (a + AY,) dr + = dv,,
we see that

t
Y, Z, —/ {(Yu(d+AY,)" + b+ BY)Z] + B, "} du (B.4)
0

§ also §,-martingale. Since the two decompositions (B.3) and (B.4) of the semimartingale
Y, Z, should be the same, we have

BET =YY AT =Y,V AT + AT =TIAT + AST, (B.5)
where T, = Y,Y,| — Y,Y, = E[(Y; — Y)(¥; — ¥))T | §,]. Hence, by (B.2) and (B.5), we
obtain (2.3).

Next, we will obtain (2.5). Note that, we also have
I, =E[(Y, — Y)Y, — Y) ] (B.6)

since Y and Z are Gaussian processes, hence, Y; — f/\, is independent of §,. Using (1.1), (2.3),
and (2.6), we have

d(Y, —Y,) = (B — MI1)A)(Y, — Y;) dt + (A — A(T1,) ) dW,.
Then we have
dY, =YY, =¥ = (A — AI1)Z)(A — AI1HT) " dr
+ (Y = YDU(B — A(ITDA)(Y; — V) dr + (A — A(T) D) dW,} T
+{(B = MII)A)Y, — Y)di + (A — A(TINE) AW} (Y — T) .

Integrating this on [0, ¢], and taking the expectation for both sides, we have, by (B.6),

1
I = / (B = A(I,) AT, + M, (B = A(IT)A) T + (A — A1) E)(A — A(IT,)E) "} du
0

t
= / (-2 E= AL " + AAT + BT, + I, B} du.
0

For the last relation, we use (2.4). Hence, we see that I1; is the solution of (2.5). U
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Appendix C. A formal derivation of (3.1)

For the derivation of (3.1), we consider only y € (0, 1). The derivation for y € (—o0, 0) is
similar.

LetO <t < T and § > Osuchthatr + 8§ < T. By the dynamic programming principle (see
[20, Theorem IIL.7]), we have

t+8 s R
v(t,y) = sup Et,y|:[ Ci/exp[/ [V{K(Yu,hu)—cu}—p]du} ds
1 t t

(CIEAL s

+ exp[[t+6[y{€(fu, hy) —cu} — pl du}v(t + 4, f/t+5)i|. (C.1)
Here Y, is governed by (2.11). Assume that v(, -) is C>. We can apply It’s formula:
dv(s, ¥y) = {z—;’(s, Yo + %tr(x(ns)zzTA(ns)TDzv(s, Yy))
+ (b + BYs + yA(II) =X T hy) " Dugs, f@)} ds + (Du(s, Yy)) TA(TT,) dI”.

Then
ds{eXp[/ [y {e(Yu, hy) — cu) — p] du}v(s, f;)}
t

= exp|:/ [V{Z(?uv hy) —cu} — pl du:|
t
x {z—v(s, Y, + %tr(k(HS)EETA(HS)TDzv(s, Y9)
S
+ (b + BYs + yA(II) == T hy) T Dus, ¥y)

+ [V, hy) — cu) — plucs, ?y)} ds
- exp[ / [y {e(Yu, ) — cu} = p] du}(l)v(s, Y5)) TA(TI) dI?.
t
Then with )A’, =y, we have
t+6 R .
epr [y{aYu,hu)—cu}—p]du}vow,mw
t
448 K R
— (1, ) +/ exp[/ A ) — cu) — p]du}
t t
x {2—:(s, ¥y + %tr(A(HS)ZETA(HS)TDzv(s, ¥))
+ (b4 BYs + yA(I1) =X T hy) " Dus, Yy)

+ [y ey, hy) — cu} — plos, ﬁ)} ds

t+6 K
+ / exp[ f [y{aﬁ,,hu)—cu}—p]du}(Dv(s,?;))TA(HS)dlsh.
t t
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Assuming some growth condition on the derivatives of v and also 4 such that

t+46 K
E?,y[ / exP[ / AP ) — ) — p] du}(Dv(s, 7o) Ty dlsh} —0,
t t
then

t+5 R R
E?,y |:exp|:/ [y {€(Yy, hy) — cu} — p] du]v(t +34, Yl+8)]
t

t+6 s R
= v(r,y)+IEi’,y[/ exp[/ AL, ) — €} — p] du]
t t

LU 1 T Tn2 o
X a—(s, Ys)+§tr()»(l'ls)22 A(ITy) " D7v(s, Ys))

S

+ (b + BYs + yA(I1) X T hy) " Du(s, ¥y)

+ [V 1V, hy) — e} — plucs, ﬁ)} ds}.

Hence, (C.1) becomes

t+6 s
Supl Eﬁy [f C?v/ exp[/ [y {€(Yu, hu) — cu} — p] d”] ds
t t

(C*h)E‘A’LH—B

s
+ eXp|:/ [y{€(Yu, hy) — cu} — p] d“i|
t
v o 1 T T 2 o
X 8—(& Yy) + Etr(X(Hs)ZE A(Ils)  D7v(s, Ys))

s

+ (b + BYs + ya(II)BE T hy) T Du(s, ¥y)

+ s h) = cu) = ploGs, ?s)} ds]

=0.
Dividing by § and letting § — 0, we can formally derive (3.1).
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