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The Bockstein Map is Necessary

Marius Dadarlat and Seren Eilers

Abstract. We construct two non-isomorphic nuclear, stably finite, real rank zero C*-algebras E and E’ for
which there is an isomorphism of ordered groups ©: @,~( Ke(E;Z/n) — @, Ke(E’;Z/n) which is
compatible with all the coefficient transformations. The C*-algebras E and E’ are not isomorphic since there
is no © as above which is also compatible with the Bockstein operations. By tensoring with Cuntz’s algebra
Ooo one obtains a pair of non-isomorphic, real rank zero, purely infinite C* -algebras with similar properties.

0 Introduction

Elliott has initiated a program for a classification theory of nuclear C*-algebras. The in-
variants should be based on K-theory as in the prototypical case of AF algebras. It is also
plainly clear that the invariants should encode the ideal structure of the C*-algebras. For
AF algebras A or more generally for C*-algebras of real rank zero and stable rank one the
lattice of ideals is completely described by the order ideals of Ky(A) [16]. This invariant
was enlarged by adding an order structure on K¢ (A) = Ko(A) @ K;(A) [8], [11]. Examples
exhibited by Gong [12] showed that the invariant is not complete even for real rank zero
approximate homogeneous C*-algebras (AH algebras). The effort of several authors [6],
[10], [7], [3] led to a refined invariant, the total K-theory group

K(A) = @D Ka(A;2/n)

n>0

endowed with a certain order structure and acted upon by the natural coefficient transfor-
mations p,: K;(A) — K;(A;Z/n), /iim: Ki(A;7Z/n) — K;(A;7/m) and by the Bockstein
maps 3’ : Ki(A;7/n) — Ki41(A) studied in [15] and [14]. It turns out that K(A) gives a
better description of how the various ideals of A are glued together. That feature was illus-
trated by a classification result of [3] according to which a large class of C*-algebras of real
rank zero including the AH algebras with slow dimension growth and the AD algebras are
classified by K(A). The AD algebras are inductive limits of certain subhomogeneous C*-
algebras with one dimensional spectrum and torsion K; groups [11]. Let us emphasize that
the effectiveness of K(—) comes from the integration of the coefficient and the Bockstein
maps along with the order structure. If one disregards the order, then any KK-equivalent
C*-algebras have isomorphic K(—) groups, irrespective of their ideal structure. On the
other hand, the coefficient transformations and the Bockstein maps are a key part of K(—).
It is a goal of this note to highlight their role.

Received by the editors January 28, 1998; revised April 29, 1998.

AMS subject classification: 46135, 46180, 19K14.

Keywords: K-theory, torsion coefficients, natural transformations, Bockstein maps, C*-algebras, real rank
zero, purely infinite, classification.

(©Canadian Mathematical Society 1999.

274

https://doi.org/10.4153/CMB-1999-033-0 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-1999-033-0

The Bockstein Map is Necessary 275

There are a number of interesting cases when K(A) (including its order structure) sim-
plifies dramatically. For real rank zero AD algebras with #n tor K;(A) = 0,

0 0
Ko(A) —2 s KoAs2/m) —2s Ki(A)

is a complete invariant [10]. Moreover if nK;(A) = 0then 8% and K, (A) can be disregarded.
For general AD algebras K(A) can be substituted by an invariant based on K-theory with
coefficients Z,Q and Q /7 [9], [1]. Other reduction results were given in [4]. The existence
of many reduction results might suggest that due to some interesting interplay between the
order and the algebraic structure of the K-groups in question, some of the natural maps
in K(A) were redundant. It is relevant in this respect to note that the non-isomorphism
of the algebras in the examples of [12] can be proved by just using the ordered groups
Ko(—;7 @ 7/n) of [6]. The fact that p!, is necessary was proved in [4] for AH algebras
and in [9] for AD algebras. However the question whether or not the odd natural transfor-
mation [ was at all necessary to classify the C*-algebras studied in the papers mentioned
above, turned out to be more difficult and has eluded us for quite a while.

In this note we exhibit examples of real rank zero AD algebras showing that the map 39
is indeed necessary for the classification theory. The construction involves continuous field
C*-algebras where the fibers are glued together using morphisms with highly non-trivial
KK-classes. These examples were devised such that by tensoring with Cuntz’s algebra O
we automatically obtain examples with similar properties for nuclear purely infinite C*-
algebras. Therefore the Bockstein maps have to play a role in the classification theory of
(non-simple) purely infinite nuclear C*-algebras, too.

In the final part of the introduction we discuss some notation. Using the functors
Ki(—;7/n) from C*-algebras to abelian groups (¢f. [15]) one may define ordered abelian
groups

Ko(=2&Z/n) = Ko(—) @ Ki(=) & Ko(—Z/n) & Ky (= Z/n)
as described in [6]. For each i, n and m, there are also natural maps pi, «, , and 3, and
collecting all of the ordered groups and all of the group homomorphisms, we get an invari-

ant K(—) for C*-algebras. Extracting again the parts of the invariant associated to a fixed
integer n we get

Ke(=3n) = [Ke(=Z @ Z/n), pl, B3]
Of special interest to us will be the invariant
0 30
K(—n):  Ko(A) —2 s Ko(AsZ/n) —2 s Ki(A).

1 Preliminaries

We write aX for the one point (Alexandroff) compactification of a locally compact space X,
and denote the point at infinity by cox. All examples in the paper will based on a straight-
forward construction of continuous field C*-algebras over alN. The following notation will
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be convenient for us: when ¢,,: A — B is a family of *-homomorphisms we denote by
F((om)] or Flp1, 2,3, 4, . . | the C*-algebra

{(a,6) €40 [ B 6w — puia)] - 0}.
m=1

We collect a list of properties of such continuous fields.

Lemma 1.1

(i) If A and B are separable, or of real rank zero, or of stable rank one, or purely infinite, so
is F{(m).

(ii) If A and B are AD algebras, so is F[(¢,)].

(iii) If A and B are separable, simple, nuclear C*-algebras, then F[(p,,)] ® O is a nuclear,
purely infinite C*-algebra of real rank zero.

(iv) If A and B are simple, then Prim (5[((,0,,1)]) = al.

(v) Thereis a split extension

0— D;°B— Fllpm)] — A — 0.

Proof We note that F[(¢,,)] is an inductive limit of C*-algebras of the form A & @]1( B,,
using bonding maps of the form

(1) Xk(a,bl,...,bk): (a,bl,...,bk,<pk+1(a)),

and since the properties of (i) are closed under finite direct sums and countable inductive
limits, that proves this fact. Similarly, (ii) follows from the fact that countable inductive
limits of AD algebras are again AD as a consequence of the local criterion in [5, 1.2]. Notice
that (iii) follows from (i), since A ® O, and B® O, are simple, nuclear and purely infinite
by [13]. They have real rank zero by [17]. The remaining claims follow directly from the
continuous field structure of F[(¢,,)]. [ |

2 Necessity of p

In this section we construct an example showing the necessity of the reduction maps p;
i.e., that if one deletes the p maps from K(—) the resulting invariant K, (—) will not be
complete, not even for AD algebras of real rank zero where K(—) is known from [7, 3.6]
to be complete. More precisely we shall construct for each n > 2 a pair of non-isomorphic
AD algebras D, D’ with tor K;(D) and tor K;(D’) annihilated by n and order isomorphisms
fitting in the vertical lines of

Kiy(Dim):  K(DsZ/n) —s Ko(D)  KoDs7/m) —s Ky(D)
K<p)(DI;7’1): Kl(D/;Z/I’l) T) Ko(Dl) Ko(D/;Z/I’l) T) Kl(Dl)

https://doi.org/10.4153/CMB-1999-033-0 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-1999-033-0

The Bockstein Map is Necessary 277

Here, the notation K (—;n) should be self-explanatory.

AH examples of this kind, with torsion in Kj, have been constructed earlier in [4]. An
AD example appeared in [9]. We include an easier example here for two reasons: first, to
demonstrate our main techniques; second, to construct an algebra which plays a role in our
next example showing necessity of the Bockstein maps (.

Fix n € N with n > 2. Let A denote the unique simple AD algebra of real rank zero
having Ky (A) = Z[ﬁ] and K;(A) = Z/n, with [14] = 1 and

Ke(A)r ={(x,y) |x>0o0r(x=0,y =0)}
(where >’ refers to the order induced from R). Let B denote the tensor product of the
(n+ 1)° UHF algebra with the algebra of n x n matrices, such that Ko(B) = Z[ﬁ] and

K;(B) = 0 with [15] = n and order induced from IR as above. Choosing suitable generators
(not the same as in [6] and [10]!), we may identify

KAsn): Z[-L] —2 Z/ne2/n —2— 7/n

nt+l
K(B;n): Z[ﬁ] p—) Z/n T) 0
B MB

where

pa(x) = (%,0)  Balu,v) =v pp(x) =% Bp(u) = 0.

By a one-sided version of [7, 3.6] we may choose unital *-homomorphisms ¢, ¢’: A — B
with

K(gsn) = (n,[0 1],0) K(p'sn)=(n,[0 —1],0).
Now let D, D’ be the C*-algebras defined by
D =3lp,0,0,¢,...1 D' =Tlp,¢",0,¢,...].

Lemma 2.1 Every homeomorphism of Prim(D) = aN lifts to an automorphism of D which
acts trivially on Ky (D).

Proof We identify the ideal spectrum using Lemma 1.1(iii). Denote the homeomorphism
by f. Since ooy is the only non-isolated point of Prim (D), f(ocon) = ooy, and so f restricts
to a permutation o of N. We may hence define an automorphism

E(a, (bn)) = (a, (bo(m))

of D which clearly has the desired properties. ]

Proposition 2.2 D isnot isomorphic to D’. Moreover, DRQ . is not isomorphic to D' ®0 .
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Proof ByLemma 1.1 also Prim(D’) = aN. If D were isomorphicto D’ by a *-isomorphism
=’ it would induce a homeomorphism o=/: aN — aN. By Proposition 2.1 there would
then also be an isomorphism = with o= = id. It is straightforward to check that in this case
we may write

=(a, (bw) = (€@, (&n(bm))

for unique automorphisms §,: A -+ Aand ,,: B — B.
Given (a, (bm)) € D we note that

2) o(a) = bl — 0 m — oo.

Since E(a, b,,) € D’ we also get

||<P(§(l1)) — &mi1(bami)|| — 0 }
m — oo.

3
( ) ||s0’(§(a)) _EZm(me)H —0

From (3) we get

—0

|t (2 (€@)) = o
| (' (€@)) = ban

which combines with (2) to give

’—)0

[€2me1 © &5,) 0 @' (a) — p(a)|]| — 0 m — oo.

This is true for every a by Lemma 1.1(v) and surjectivity of &.
Therefore for any x € Ko(A;Z ® Z/n)

Jim (€ami1)s © (€am)y ! 0 9L(x) = pu(x)

and since (&), = id. for every k because the only unital positive automorphism of Z[ﬁ]
is the identity, this combines with the fact that Ko (A; Z @ 7/n) is finitely generated to yield
that ¢, = ¢, a contradiction since 1 # —1 in Z/n (by assumption n > 2).

The proof for the infinite case follows similarly, since Lemma 2.1 obviously extends to

D® O. [ |

Theorem 2.3  There exist real rank zero AD algebras which are distinguished by K(—) but
not by K, (=).

Proof By Lemma 1.1, both D and D’ are covered by the classification result in [7] and
hence K(D) % K(D’) as a consequence of Proposition 2.2. In fact, we may apply [10] to get
that K(D; n) 2 K(D’; n). On the other hand, since the family F of quadruples of the form

K,y (B:K) Ki(BZ/K —2— Ko(B)  Ko(B'ZJk) —2— 0

| [ |

K,y (B;k) Ki(B;Z/k) T> Ko(B) Ko(B;Z/k) —Q 0
p 3
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consists of automorphisms of K (B; Z @ 7/k) which conjugate ¢, to ¢, are order preserv-
ing and respect the § and x maps, they induce by continuity of K, (—) an isomorphism
K<p> (D) = K<p> (Dl) since

2k (Xak+19X2k) % 2k+2
K,(A® @, B ——= K, (Ao D1 " B)
id ®(id @F)kl lid @ (id @F)*!

k k
K,(A® @% B) K,(A® @% *B)

(X1 OX k)=

commutes where the x and x; maps are bonding maps in the inductive limit description
of Dand D’ asin (1) of Lemma 1.1. [ |

Remark 2.4 The C*-algebras D ® O and D’ ® O are distinguished by K(—) and its
filtration induced by ideals but not by K, (—) and its filtration induced by ideals. More
precisely, there is no pair (0, ©) consisting of a homeomorphism 6: Prim(D ® O) —
Prim(D’ ® O4,) and an isomorphism ©: K(D ® O4,) — K(D’' ® O,) such that

(4) O(K(D® 0 || 1)) CK(D'® 0 | 6(1))

forall I € Prim(D ® O4). Here we denote by K(D ® O || I) the image of K(I) into
K(D ® O ). However there exists a pair (6, ©) with ©: K, ,(D® Oc) — K (D' ®0s)
satisfying (4). The proofs of the above remarks are left to the reader as they run parallel
with the proofs of Proposition 2.2 and Theorem 2.3. In this context it is perhaps interesting
to note that the space Prim(D ® O4,) of primitive ideals of D ® O, and its topology can
be recovered from the semigroup V(D ® O ® K) of Murray-von Neumann equivalence
classes of projections in D ® O, ® K. Moreover any semigroup isomorphism V(D ®
0o ®K) = V(D' ® Qs @ X) lifts to a unique homeomorphism : Prim(D ® Oy,) —
Prim(D’ ® O).

We note the following which shall be used in proving necessity of the 3 maps:

Proposition 2.5  Every automorphism of D acts as the identity on K,(D). Moreover, every
automorphism of D ® O acts as the identity on Ki(D ® Qo).

Proof Let an automorphism Z’ of D be given. Since Lemma 2.1 ensures the existence of
another automorphism, trivial on K; (D), which acts opposite of =’ on Prim(D), it suffices
as in the proof of Proposition 2.2 to prove the claim for = which acts trivially on Prim (D),
and we may write

(1]

(a, (b)) = (&@@), (€nb)) )

Since

lo@ ~bul —0 )
I (£(a)) — Enlb)]| — O '
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We conclude as above that
Tim (6)7" 0 u 0 £400) = ()
for every x € K¢(A;Z & 7/n), and thus
Ps 0 & = Pu
on Ky(A;Z/n) since every unital automorphism of B must induce the identity on

Ko(B;Z/n). Since the kernel of ¢, does not meet the second summand of Ky(A;Z/n) =
1/n & 7/n, £, must act like the identity here, and hence also on its image under 8. This

in turn equals K; (D).
The proof for the infinite case follows similarly. One needs to notice that the class of the
unit in Ko(B ® Og) %Z[ﬁ] equals 1. [ |

3 Necessity of

In this section we construct an example showing the necessity of 3; i.e., that if one deletes
the 6 maps from K(—) the resulting invariant K, ﬂ>(_) is not complete, not even for AD
algebras of real rank zero. More precisely we shall construct for each n > 2 a pair of non-
isomorphic AD algebras E, E’ with tor K;(E) and tor K; (E’) annihilated by n and order
isomorphisms giving commutative diagrams

K (Esn): Ko(E) L Ko(E;Z/n) K (E) L Ki(E;Z/n)
K (E'sn): Ko(E') — Ko(E';Z/n) Ki(E') —— K\(E';Z/n).
¢ o

Fix n > 2. Let C denote the (1 + 1)* Bunce-Deddens algebra with K(C) = Z[n—}rl] and
K;(C) = Z with [14] = 1. Choosing suitable generators, we may identify

K(C;n): 711 N Z/n oz

n+l
K(D;n): {(x7 (ym)) € Gy | ym — nx} —— {(u,v, (Wm)) €G|wy = v} ﬁ—> Z/n
PD D
where

1
n+1

oo 1 oo
Go=17] }@Hz[m] G=7/ne7/ne[2/n
1 1

and

pc(x) =% Pew) =0 pp(x,(ym) = (%0,Fm) Bo(u,v, (wn)) = v.
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As in [7, 3.6] we may choose unital x-homomorphisms 7, n’: C — A with

c) — 1 o) — -
K(n;n) = <1, M ,1> K(n'sn) = (1, M ; 1> :
If we define 1, %¢’: C — D by letting

v=menen,...) ¥ =men,en',.. ).

then

S O O
S O O

K(y;n) = )1 K(y'sn) =

)

Now let E, E’ be the C*-algebras defined by
E=3[), ¢, ¢,9,...] E/:g[¢71/)/)¢>’(/}/a'--]-
Lemma 3.1 Every homeomorphism of Prim(E) lifts to an automorphism of E.

Proof Denote the homeomorphism by f. We have that Prim(E) = a(alN x N), and since
the points lying in different parts of the partition of this space into

NxN {oon} x N {ooanxn}

are topologically distinguishable, f must restrict to a permutation o of N x N and have the
property that

f(OON7 m) = (OON7 T(m))

for some permutation 7 of N. Note that continuity of f at (oo, m,) implies that

(5) Vmy € NAN e NVn > N : 7'('2(0'(71, mo)) = 7(my),

where 7, denotes projection onto the second coordinate of N x N, and that this in turn
implies

(6) YM e NIM' € NVm > M'Vn € N:m,(0(n,m)) > M.

By the definitions, E consists of all tuples

(c, (@m), bum) eCaJJa® [ B
N

NxN
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which satisfy

Hbmm_@(am)u — 0 n— 00
lam —n()]] — 0 m— o0

sup|bum — @) — 0 m— .
neN

It is clear that if we can define an automorphism of E by

E(C, ((lm), (bn,m)) = (C7 (a‘r(m))a (ba(n,m)))a

it will act as f on Prim(E). We must check

(7) botnm)y — (@r@m)|| — 0 n — o0
(8) larom —n(0)]] — 0 m — oo
(9) su1\3||bg(n7m) —e(n@)| —0 m— oo,
nel
and here (8) is clear, while (7) and (9) follow from (5) and (6), respectively. [ |

Proposition 3.2 E is not isomorphic to E'. Moreover E® O, is not isomorphic to E' ® O .

Proof Arguing as in the proof of Proposition 2.2 we may use Lemma 3.1 to reduce to the
case that there is an isomorphism = which acts trivially on the spectrum. Again

2(e, (@) = (600, (€nldn))
for automorphisms £: C — C and §,,: D — D, and combining

[(e) = dul| — 0 m — o0
with

|W(§(C)) — &mii(dymir)|| — 0 s o
Hl/’l(f(c)) - £2m(d2m)H — 0

we get as in the proof of Proposition 2.2 that
mli_rggo(éém-%—l)* © (EZm);l © 1/)!«(3(:) = ¢*(X)»

for x € K(C; n). By Proposition 2.5, (&)« = id on K; (D). But since ¥, # 1. on K;(C) as
1 # —1in Z/n, we get the desired contradiction.
The proof for the infinite case follows similarly. ]
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Theorem 3.3  There exist real rank zero non-isomorphic AD algebras which are distin-
guished by K(—) but not by Kis (—).

Proof By Lemma 1.1, both E and E’ are covered by the classification results in [3] and [10],

so we get that K(E) % K(E') because K(E;n) 2 K(E';n). On the other hand, since the
family of quadruples of the form

KDk Ko(D) —— Ko(Ds7/k) K(D) —"— Ky(D52/k)

H I -

Kop(D:k)  Ko(D) —— KoDiZ/k) Ki(D) —— Ki(DiZik)
Py Px

consists of automorphisms of Ke(D;Z & Z/k) which conjugate 1), to 1., are order pre-
serving and respect the p and x maps, they induce an isomorphism Ks (E) = Kis (E') by
continuity exactly as in the proof of Theorem 2.3. ]

Remark 3.4 The C*-algebras E ® O and E’ ® O are distinguished by K(—) and its
filtration induced by ideals but not by K 4,(—) and its filtration induced by ideals. More
precisely, there is no pair (6, ©) consisting of a homeomorphism 6: Prim(E ® Oy ) —
Prim(E’ ® O ) and an isomorphism ©: K(E ® O.,) — K(E’ ® O ) such that

(10)  O([lpgo.]) = [lprgo.] and O(K(E® O || 1) C K(E'® 0u || 6(D))

forall I € Prim(E ® O). Here we denote by K(E ® Oy | I) the image of K(I) into
K(E ® O ). However there exists a pair (6, ©) with O: Kis (E® Ox) — Ks (E' ® Oso)
satisfying (10). The proofs of the above remarks are left to the reader as they are similar to
the proofs of Proposition 3.2 and Theorem 3.3.

Remark 3.5 It is relatively easy to see that if K] is either torsion or non-torsion, the map
3% carries no information. We hence need a group with nontrivial free and torsion part
such as K (E) to produce an example of this kind.
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