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HOW COMPLETE ARE CATEGORIES OF ALGEBRAS?

JIRT ADAMEK

Completeness properties of (i)} the category Alg({T) of T-algebras

over a functor T : X > X and (ii) the subcategory XT in the case

where T = (T,u,n) is a monad, are investigated. It is known that

if X is compact, then each XT is compact; we present a functor
T : Set + Set such that Alg(7T) is non-compact, although it is

hypercomplete. If T either preserves epis or has a rank, we

prove that Alg(T) and XT are topologically algebraic over X
provided X satisfies mild additional hypotheses. Nevertheless, a
natural monad over the category of A~complete posets is exhibited
such that its category of algebras is solid, but not topologically

algebraic, over Set.

Introduction

Two examples of categories of algebras form the background of the
present paper. One is a hypercomplete category which is not compact, thus
answering the problem as to whether these two properties are equivalent,
put by BSrger, Tholen, Wischnewsky and Wolff [é]. The other is a solid
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category of unary ordered algebras which is not topologically-algebraic

over Set , the first "natural” example of this sort.

By categories of algebras are meant the categories Alg(T) given

by a functor T : X - X : objects are T-algebras, that is maps

¥ -Z£5 X (no axions) , morphisms from ¥ 25% to 7¥-Esy are maps
f:X-+Y in X with f.xr = y.T7f . The four properties mentioned above

are studied for categories Alg(T) and, in the case where T is the
functor-part of a monad T , for their full subcategories XT. For the
latter, compactness as well as hypercompleteness are lifted from X to

XT , see [15]. The same is, consequently, true for Alg(7) if T 1is a

varietor, that is,if each X-object generates a free T-algebra : then

alg(T) =.XT* for the free monad T* generated by T , see [4]. The
quotient P* of the covariant power-set functor obtained by merging
finite sets has the property that Alg(P*) is hypercomplete but non-
compact. It is an open problem whether compactness of Aalg(T) implies

that T is a wvarietor.

The concepts of solid (= semi-topological) and topologically-algebraic
categories have both been created in order to express the common features
of topological and algebraic concrete categories. But whereas each
topological category is clearly topologically-algebraic (which is slightly
stronger than solid, see [5] and [7]), the situation with algebraic
categories is not that clear. For "reasonable" base categories we prove

that Alg(T) and XT are topologically-algebraic whenever T either

preserves epis, or has a rank. However, the non-cocomplete mconadic
category over graphs, presented in [1], is not solid (since solid

functors lift colimits). We present a monad T over the category X of

A-complete posets such that XT , as a concrete category over Set , is
solid, but not topologically-algebraic. However, it is not known whether

T

a monadic category X' is topologically-algebraic (over X ) whenever it

is solid.
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1. Compactness and Hypercompleteness

1.1 Recall from [6] that a category K is said to be hypercomplete
if it has limits of all (possibly large] diagrams D with the property
that for each X ¢ K the collection of all compatible sources of D with
the domain X is small. (Since these sources are in a bijective corres-
pondence with hom(X, lim D) , this is the strongest completeness possible

in a locally small category.)

1.2 A class M of monos in a cocomplete category X is said to be

chain-cocomplete if for each M-chain the colimit maps are in M , and the

factorization map of any compatible source of M-monos is also a M-mono.

1.3 PROPOSITION. Let X be a cocomplete hypercomplete, wellpowered
category, and let M be a chain-cocomplete class of monos containing
all coproduct injections. Then Alg(T) is hypercomplete for each functor
T : X+ X preserving M-monos (T M ¢ M) and such that there is an object
X <isomorphic to TX + Y for some separator Y .

Proof. It is proved in [18] that the separator Y generates a free
T-algebra, that is, there is a T-algebra X and a universal arrow Y - UK
(where U : Alg(T) +» X denotes the forgetful functor). Let D be a
diagram of f-algebras satisfying the condition of 1.1 in Alg(T) . Then

the underlying diagram U.D satisfies the corresponding condition in Set:

(a) the compatible sources of U.D with the domain Y form a small
collection because they are in a bijective correspondence with the

compatible sources of D with domain K , and

(b} the compatible sources of U.D with any other fixed domain Y’
form a small collection because Y' is a quotient of a co-power of Y .
This proves that 1lim U.D exists in X , and since U creates limits

(141, 1lim D exists also.

COROLLARY. A4lg(T) for a set functor T tis hypercomplete whenever
there is a set X # f# with card TX s card X - 1.
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In fact, the hypotheses of the proposition are satisfied for M

= monos. Each set functor T preserves non-empty monos, and we can
redefine T on the empty set, putting T'X =TX for all X # # and

T7'4d = 4 (and analogously on maps) to obtain a set functor T' preserving
all monos. The hypercompleteness of Alg(T) is clearly equivalent to that
of Alg(T') .

Open problem. If alg(T) is hypercomplete for a set functor T ,
does it follow that there is a set X # 4 with card TX < card X - 1 ?

1.4 EXAMPLE. For the power-set functor P[PX = exp X and
Pf : M+ f(M)] , the category BAlg(P} is not hypercomplete.

In fact, for each cardinal 7 > 0 we can choose a map xn : Pn+n
satisfying

xn(M) ¢ M for any set Mgn.

Then the large discrete diagram of all of these algebras (n, :cn) does

not have a compatible source in Alg(P} . In fact, consider an arbitrary
P-algebra (¥, y) . Given a homomorphism f : (¥, y) + (n, xn) for some

cardinal n , then
:cn(.PfP(.Y)) = fiy(¥) e Pf(Y)
which implies Pf(Y) = »n , that is, f is onto. Thus, card Y < n.

On the other hand, in a hypercomplete category each diagram obviously

has a compatible source.

1.5 Recall from [17] that a category K is said to be compact
if each functor with domain K preserving all (possibly large) colimits

existing in K is a left adjoint.

1.6 PROPOSITION. Alg(P*) is hypercomplete but non-compact for the
quotient P* of the power-set functor modulo finite sets, that is, the
following functor

P*X = {M|M c X and M is infinite, or M = g}
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and
P*f(M) = Pf(M) if Pf(M) is infinite, else, P*f(M) =/ .

Proof. alg(P*) is hypercomplete by 1.3, since for a two-point

set X we have card P*X =1 =card X - 1 .

Let P denote the quotient of the power-set functor modulo
singletons, that is, PX = {M|M c X and card M # 1} and Pf(M) = Pf(M)
if card Pf(M] # 1, else Pf(M] =f . We shall prove that the natural
full embedding

E : alg(P*) - Alg(P]
assigning to each. P*-algebra P*X Z,X the corresponding 13-algebra

BX —{->P*X Z,.X (for the obvious epitransformation ¢ : P + P*)
preserves colimits, but is not a left adjoint. The latter is obvious : for
X=1{0, 1, 2} define x : PX+X by x(M) =0 for all M#X and
x(X) =1 . Then the 13-algebra (X, x) does not have a co-universal arrow
from E because both {0, 1} and {0, 2} are subalgebras lying in
E(Alg(P*)) but the algebra (X, x) itself does not lie there,

To prove that E preserves colimits, we can restrict ourselves to
non-empty diagrams D : D - Alg(P*) , since E clearly preserves initial
(= singleton] algebras. We prove the following statement :

(#) If D has a colimi cDd= (X, x) > (¥, y), d e 0P
s a colimit ey : —,Xd,xd+.Y,y, €
then there exists do such that eq is onto.
o
Once (*) is established, we shall see that the diagram E.D has the
colimit eg * (Xd, :cd.eXd) > (¥, y.gY) as follows. Let
fd : (X, @y eXd) + (Z, 2) be a compatible family in Alg(P) , then defining

Z: P* +2 by z(M) = z(M) for all M ¢ P*Z , we have clearly a
compatible family f,: (X; ) > (2, 2z) in Alg(P*) . There is a unique

P*-homomorphism f : (Y, y) » (2, z) with fg="Ff-e;, and it is

sufficient to show that f : (Y, y. eY} + (2, 2) is a P~homomorphism. For
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each M ¢ PY we are to show that z.Pf(M) = f.y.eY(M)_ . This is clear

if f(M) is infinite, since then f’f(M} = P*f(M} . For f(M) finite
there exists M' c X; finite with fiM) = fz (M') , see (#) , and hence,
o o
2.Bf(M) = 2.Bf, (M') = f, .0, ., M) =F,.x, ()
do do do Xdo do do

because f d is a ﬁ—homomorphism. Since e, is a P-homomorphism, we
[4 o
have ey %y (4) = y(g) and thus,
o o

2. B (M) =feeq.xy (] = f.yf) = fuy.ey (M) .
% "o

In order to prove (*) , we assume the contrary, and derive a
contradiction. Let #n be a cardinal larger than card Y and assume, for
simplicity, that Y nn = ﬂ , that is, Y does not contain ordinals
i <n . Define a P*-algebra (Y un, 7) by

y(M) for all M e P*X, M# Y

yM) =14 1 for M=Yui,1<n
0 otherwise .
Denote by ec'Z : Xd + Y Uupn the range-extension of ed , then

eé s (Xd’ xd) > (Y un, y) is a compatible family of the given diagram :
for each M ¢ P*Xd we have P*ec’z(M) #Y (else, ed would be onto,

contrary to our assumption) and hence, _;J,P*e('i(M) = y,Ped(M) , which proves
that ec'i is a p*-homomorphism. Let h : (Y, y) > (Y un, y) be the

unique P*-homomorphism with #h. eg = ec'z , that is, with
= U .
h(x) =z for all =z ¢ ed(Xd)

We shall prove by induction on % <n that Y uv< ch(Y) ; this clearly

contradicts caxd A(Y) < card Y < »n .

First step: Y < h(Y) . The set Yo =Y n h(Y) is a subalgebra of

(Y, y) . 1In fact, for each M ¢ P*ya there is N ¢ P*Y with
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M = P*f(N) , and we can suppose that y(M) = y(M) (for otherwise M =Y
which implies Y € h(Y) anyhow). Thus,

y(M) = §.P*f(N) = h.y(N) € h(Y) ,
and this implies y(M) ¢ Y, . The subalgebra T, contains U %1(Xa) and
hence, we can form range-restrictions of the P*-homomorphisms e to

Yo - This clearly implies that Y =Y , that is, that Y ¢ h(Y)

At a successor ordinal we show that Y u 2 < h(Y) implies < e h(Y)
[and thus, Y u (Z + 1) c h(Y)] . Let M e P*Y be a set with
Ph(M) = Y y i then

i =7.P*h(M) = h.y(M) € h(Y) .

The limit steps are clear.

2. Topological-algebraicity and solidness

2.1 A concrete category K over a base-category X 1is said to be

topologically-~algebraic if it has free objects and (epi, initial)-

factorization of sources. This concept, introduced by Y.H. Hong [10] and
S.S. Hong [9] , aims to express the common features of topological and
algebraic categories. The same is the aim of the following, somewhat

weaker, property : K is said to be solid if each structured sink

.
|k;| —=>x(¢ € I) , kK, ¢ K, has a semifinal 1lift, that is an object

K € K and a morphism n : X + |K| such that

(a) all n.fé : Ki + K are K-morphisms and

(b) if h : X+ |L} is a map such that all h.fk : Ki - L are

K-morphisms, then there is unique h# :K>L in K with h = h#.n .

The concept of a solid category was introduced by [§]1, [16]and [17], and
has often been called a semi-topological category. The following has been

proved in [5] and [7] for each cocomplete, cowellpowered base-category X :

(i) Topologically-algebraic = solid = cocomplete and has free objects;

and
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(ii) The reverse implications hold whenever the concrete category K is

cowellpowered.

Moreover, each reflective full subcategory of a solid category is solid,
and solid forgetful functors are closed under composition (and they form

the composition hull of topologically-algebraic forgetful functors).

2.2 LEMMA. In each monadic concrete category, monogsources are
initial.
, T
Proof. 1et m. : x, =} » (Yt, yil, 1 € I, be a monosource in X .
Then m,: X+Y, (i+I) is a monosource in X . If p, q:Z2-+X fulfil

m..p = m;.q , then for the homomorphisms .Tp, z.7q : (TZ,u,) + (X, x)

we have

m..x.Tp = yi.T(_mi.p) = yi.T(mi.q) =m,.x.0q ,
and hence x.Tp = x.Iq . Consequently

P =&.ny.p = m.’.’p.nz = x.Tq.nZ =q.

let (2, 28) be a T-algebra, and let h : Z - X be a map such that

each mi'h' is a homomorphism, that is,

mi-h.z = yi.mi.Th = mi.x.Th (for all 17 ) .

Then h.2 = x.Th , that is, h is a homomorphism.

2.3 PROPOSITION. Let X be a complete category with intersections.
Then each monadic category over X which is cowellpowered with respect to
extremal epis is topologically-algebraic.

Proof. By the preceding Lemma, it is sufficient to show that each
category XT , cowellpowered with respect to extremal epis, has (epi,

monosource) -factorizations of sources.

Since monadic functors create (large] limits, see [/4], the category

T

X is complete and has intersections. Consequently, it has (extremal epi,

https://doi.org/10.1017/50004972700003683 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700003683

397
Categories of algebras

mono) -factorizations Bf morphisms; it follows immediately that each small
source fé P A>AL (f € I) has an (extremal epi, monosource)-factoriz-
ation: factor the corresponding morphism A4+ I Ai . Finally, for

iel
large sources, we factor a small subsource representing all of the

extremal co-images of the members of the source.

EXAMPLE. There is a monad T over Pos, the category of posets,
such that PosT is not topologically-algebraic. In fact, a monad T

such that PosT is not cocomplete is exhibited in [3], and topologically-

algebraic functors lift colimits.

2.4 PROPOSITION. rLet X be a cocomplete, E-cowellpowered
category with a morphism factorization system (E,M) . For each functor
T : X+ X preserving E-epis (that is, TE ¢ E), equivalent are:

() T <8 a varietor;

(11} Alg(T) <s topologtiecally-algebraic.

Remark. Furthermore, for each monad T preserving E-epis, XT

is topologically-algebraic -~ the proof is analogous.

Proof. ii * i is clear since a topologically-algebraic category
always has free objects. To prove i * ii, it is sufficient to show that
if T is a varietor then Alg(T) has (E , monosource)-factorization of
source - since E € Epi and each monosource is initial, this will prove

that Alg(T) is topologically-algebraic.

It is proved in [3] that Alg(T} is cocomplete. It has (E, M)-
factorizations of morphisms because for each homomorphism
fe: (x, x) > (Y, y) with (E,M)-factorization f =m.e in X,
the diagonal fill-in yields an operation map such that m and e become

homomorphisms :
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Te
T — TZ
’
’
X ,I Tm
’
v ,z
X / Y
’
Vs
e V4 Yy
’
’
\Vb:

_—
z o Y

For each source fg : A Bi(i € I) let ¢ : A+ A" be the cointersection

of all E-quotients of A in Alg(7T) through which each fi factors,
then e ¢ E and we have factorizations fé = f;.e (Z € I) . The source
fz DAl > B{(i e I} is a monosource : if p, ¢ ? C + A' are merged by
each f% , then each fé factors through the coequalizer ¢ of p and
in Alg(T) , and hence, each f% factors through e¢.e ¢ E - consequently,
e 1is an isomorphism.

2.5 DEFINITION. ret X be a category with a morphism factorization

system (E, M) and with colimits of M-chains.

A functor T : X > X is said to have rank k , where k is a
regular cardinal, if for each chain V : k - X of M-monos the canonical

morphism colim (7,.V) +T (colim V) is an E-epi.

2.6 Remark.. It is often the case that the class M of all monos
is chain-cocomplete (see 1.2), and that rank %k implies that colimits of
k-chains of M-monos are actually preserved (for example, this holds for
mono-preserving functors on X = Set, Top, Pos, varieties of finitary

algebras.)

For functors T with rank, the category Alg(T) was proved to be
solid by Koubek and Reiterman []3] (assuming X cocomplete and
E~-cowellpowered). Using the technique developed by Barr [4], we are able

to prove more:
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2.7 THEOREM. Let X be a cocomplete, E-cowellpowered category
with a factorization system (E,M| such that M is chain-cocomplete. Then
Alg(T] is topologically-algebraic for each functor T : X+~ X with rank.

Remark. Frurthermore, for each monad T with rank, XT is

topologically-algebraic. The proof is analogous.

Proof. It has been proved by Koubek and Reiterman in [73] that T

is a varietor and Alg(T) is cocomplete.

Thus, it is sufficient to prove that Alg(7) is cowellpowered with respect
to extremal epis. Then Alg(T) has (extremal epi, monosource)-

factorization of sources : for each source f% s A +-Bi (7 € I) let

e + A > A' denote the cointersection of all extremal quotients of 4 in
Alg(T) through which each f% factors (7 € I} . Then each f%

factors as f; = fé.e , and the source f% A~ Bi (i ¢ I) is clearly

a monosource. Since T is a varietor, monosources are initial in Alg(T)
by 2.2, and this will establish Alg(T) as a topologically-algebraic

category.

Let k denote the rank of T . For each object X of X define

a small set X*= U Mi of objects inductively as follows:

i<k
M, = {x}
[ closure of Mi under T-images and

colimits of diagrams with less than

Mi+1 =4 Kk objects (Z even);
a choice set of all E—quotients of
all M.-objects (Z odd),

Mi = U M. for limit ordinals < .

Jg<i

The proof will be concluded if we verify that for each extremal epi
f:(x, 2) » (Y, y) in Alg(T) , Y is isomorphic to an object in X*
since X* is a small set, it follows that Alg(T) is cowellpowered with

respect to extremal epis.
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Define a chain ¥ ; k + 1 *» X and a natural M ~transformation

m; : Vi + Y (i S k] by the following induction:

(i} factor f as eo X >V

) in E followed by my : Vy *¥ in M ;

(ii) given m, : Vi + Y , factor the morphism (mi’ y""”'«;) : Vi+TVi +Y

)

as an E-epi (having compoents V'l: s V. > V.
X

. d .2 IV, V.
it Vg Vg 4G i >

1

followed by mi.+1 : Vi+1

+>Y in M ;

(iii) for each limit ordinal < , V'i = colim V. and m, = colim m.
i< J<t
(which is in M since M is chain~-cocomplete) .

Observe that Vi € X* for each 7 sk . Since T has rank k , the

canonical morphism

e : cglim TVi -> TVk
i<k
is an E-epi. Let d : colim .’Z'Vi > Vk be the colimit map of the
morphisms di : TVi > Vi+1 (7 < k) , then the square below commutes.

In fact, the camponents of y.Tm.c are y.Im.TV. =y.Im, = d. ,

M+l

and mi+l'd‘i are the components of mk.d . By the diagonal fill-in, there
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colim TV, __c_% TV,
i k
d y.‘I‘nH(

Vk —_— Y

is bk : TVk - Vk such that
m : (Vk, vk) > (Y, y)

becomes a homomorphism. Since f factors through this monomorphism in
X , it factors also in Alg(T) (because monos are initial) and hence,

mk is an isomorphism. Thus, Y is isomorphic to an object of X* .

In order to study the solidness of the categories of I-algebras, we

shall work with the concept of a partial T-algebra as a partial morphism

from T7X to X . Thus, a partial 7T-algebra is represented by a span

TX <7 Xo —x—->X with m a mono. The category P Alg(T) of partial

L !
T-algebras has as morphisms from 7X < XO L5 X into TX'<T_ Xéii' X'
those X-maps f : X »~ X' for which there exists a (unique) f‘o P Xy > Xo’

such that the following diagram commutes. This category contains Alg(T)

TX{"—m——XO,'—i—) X

Tf f £

e N t
X' X4 — X

as a full subcategory in the obvious sense.
2.9 PROPOSITION. Let X be a finitely complete category with

intersections. Then for each T : X + X the category P Alg(T) 1is
monotopological, that is, has initial lifts of structured monosources.
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Proof. Let us work with a larger category R Alg(T) of relational

algebras, that is, relations from TX to X (represented by a span

TX LXO Z5% such that m and x are collectively mono) with
morphisms defined as above. We prove that R Alg(T) is topological
and then we conclude that P Alg{T) is monotopological as follows

given a structured monosource in P Alg(T) :

£ m.
Loy, <&
1

, Y ,
x —2>¥) (ieD

we can find its initial lift TX <Z—x'~Z>¥ in R Alg(T) and then m
is a mono, hence, this is an initial lift in P alg(T) . 1In fact, let

m.a, = ma

1 2"

a, llaz

TX X' ——YX
Tf, £! lf.
1 1 1

TY. < Y! Sy,

b B m; 1 Yi LA R

For each 1 ¢ I we have f_z,.az = fé.az (since m. is a mono, and

1

! = s o o = f.. . i
m..fl.a; =m; ft a2) and hence, fz (z al) ) (x a2) , and since
(fi) is a monosource, we get %.a, = &.ay . Since x and m are
collectively mono, this proves a; =ay .

To prove that R Alg(T) is topological, we use that fact that X

has (extremal epi, mono)-factorizations of morphisms. Let a
structured sink be given in R Alg(T)
f.

Y.)—t>X (L eI) .
1

m.

y.
(1Y, et y! L5
1 1

- oy .
Denote by m P Yi > Y, % TYi the monc with components ¥; and m; and
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let x ) .m. t: 1 i . Y! >Y.%* followed
us factor (fé sz) m, as an extremal epi e, Yz Yt o] e
by a mono mi* : Yi* +X xTX . Since X has intersections, the lattice

of subobjects of X X TX is large-complete, and hence, there is a union

mt = U mi*, mi* = m*.di for 2.€ I .
1€l

The mono m* represents a relation TXieﬂ—-X' -£L>X', and we verify that

this is the final lift of the given sink in R Alg(T)

Tf d.e, £
1 11 1
v Y
TX  —— ¥ ~= 5 x

Th h
A 4 v

TZ (L—;—- z' ——1?-) 2

m, Y-
First, f, : (T¥ <=y —F>y) + (<—x' 55 isa

homomorphism, that is (fi x Tfi).ﬁi factors through m* : in fact,
- n 2
X = * = * . " — T e
(f% Tf%).mi m*e, =m 'dz°ez . Next, let TZ Z Z be an

object and h : X *Z a morphism such that each h.fé(i € I) is a

homomorphism. This means that for each © € I ,
(h x Th).(f, * IT%).ﬁi factors through # ,

where 7 : 2' + 2 x TZ is the mono with the components 2 and 7n. Let us

form the pullback (n,hA) of 7% and h x Th , see below.

For each % , we see that (f; x ZT%).ﬁi =m*.e;

i factors through the

mono 7 and hence, mi* factors through n . Therefore, m* factors

through 7, and this proves that (h x Th).m* factors through n . 1In
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Y'

io
LS £, x m
\\\ \(\& Tf;) .my

-~

-

~
2' —'_H Z x TZ
n

other words, h : (_TX*‘ﬂ—X’ ZEs5 %) > (TZ‘IL— 7' 2>3) is a homomorphism.

COROLLARY. Let X be complete and wellpowered. Then each x7 and
Alg(T) <is a strongly fibre-small category, that is, every X € X has a
small set of representative structured maps from X to algebras.

In fact, since X is wellpowered, P Alg(T) is fibre-emall and,
being monotopological, it is thus strongly fibresmall. Consequently, each

full subcategory is strongly fibresmall.

The equivalence of (ii) and (iii) in the following proposition has

been established, under more restrictive hypotheses, in [13].

2.10 PROPOSITION. Let T = (T, n, u) be a monad on a finitely
complete category X with intersections and coequalizers. Equivalent
are:

() x" is solid;
(it) X' hae coequalizers;

(217) partial T-algebras have free T-completions, that is, X-r i8
reflective in P Alg(T).

Proof. i » ii is clear since solidness implies lifting of colimits.

ii » iii For each partial 7T-algebra TX<L- X0 AN X we form the

coequalizexr in X‘r :
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(TXpou) ——Tj—; (TX,u) —C—> (¥, y)
He

Then the following diagram

L0 X N
X € X, >
n n n
TXl % X
Tm . TX
X € TX, —» TX
Tc o)
TY 5 S

commutes, and since y.Te = Coly implies that y.TC.nTX =y.Te . TnX , we
conclude that

eony ¢ (TX<— X, Z5%) > (Y, y)
is a homomorphism in P Alg(T) . To verify that this is the reflection of
the given partial T-algebra, let

ho: (Tx<—”’—x0 ZLsx) >y, yY

be a homomemorphism in P Alg(T) . Then the T-homomorphism
y'.Th : (TX,u) > (Y', y') merges Tx and u.Tm : since h is a

homomorphism, that is h.x = y'.Th.m , we have

y'.T(h.x)

(y'.Th).Tx
y’..’ly’.TZh.Trn

]

y'.uy,.Tzh.m

14
(y .Th).ux.lm .
Thus, y'’.Th factors through ¢ , and hence, h factors through e.ny

iii + i This follows from the preceding proposition.
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COROLLARY. For X as above, Alg(T) 4is solid if and only if
T : X> X 18 a varietor such that Alg(T) has coequalizers.

2.11 EXAMPLE. A concrete category over Set which is solid, but is
not topologically-algebraic.

Iet X = APos denote the category of A4-complete posets, (that is,
such that each non-empty up-directed set has a join) and A-continuous
maps (that is, those preserving directed joins). ©Let T : X » X be the
"discretization" functor, assigning to each poset X the discretely
ordered poset TX with the same underlying set. Then Alg(T) is the
category of ordered unary algebras where the order is A-complete (and
unrelated to the operation). We shall prove that Alg(T) , as a concrete
category over Set , is solid but not topologically-algebraic.

(a) Alg(T) is solid over APos

In fact, Alg(7T) is reflexive in P Alg(T) : for each partial
algebra (X, a) (where X is a A-complete poset, and a : D + X is a

map, D ¢ X ) the free completion is the following algebra
(X + (X -D) xw, a)

where (X - D) x w is discretely ordered, X + (X - D) x @ is the

(cardinal) sum, and

af(z) = alx) if z e D
alx) = (x, 0) if e X - D
alx, ©) = (x, 1 +1) if (x, 1) e (X -D) x w .

(b) APos is solid over Set .

This follows from [Z, Theorem 2E3]: for solidness over Set it is
sufficient to have concrete products, small fibres, and bounded generation.
The first two properties are obvious, for the last one we observe that
given a subset M of a A-complete poset X , then the closure M of X

under all existing joins in X is a subobject of X with

card jg 2 card ¥
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(c) Alg(T) is not topologically-algebraic over Set .

For each infinite ordinal < we denote by (7 + 1, Yi) the
T-algebra with the usual orderingon % + 1 = {0, I, ..., 1} and with

Yi(j) =4+1 for j <1, Yi{i) =1 . We have a source of inclusion maps.

f% s (X, a) » (2 + 1, Yi) (i e Oxrd, 7 2 w

where X 1is the discretely ordered set of all natural numbers, and o is

the successor function. Let g; * (Y, B) » (7 + 1, Yi) be an initial
source through which our source factors (f% = gi.e) -~ we shall derive a

contradiction by exhibiting, for each ordinal ¢ , a strictly increasing

chain y, <y; < ... < Y; < ... (J<2) in Y with gk(yj) =g for all

kz2g .
First, put y, = e(0). We have gk(ya) = fk(O) =0 .

Given such an %-chain Yp <Yq < one < Yj < eeev put

V y. if £ is a limit ordinal

Y.
L)

y; = B(yi-l) if 1 1is isolated .
In the first case, we obtain a strictly increasing (% + 1)-chain, and by

V §=171. In the
J<i

the A-continuity of g, we have g,(y,) = V gk(yj)
g<i

latter one, we have gk(yi) = gy -By;_4) = Yk'gk(yi-l) =y lt-1) =1 . It

remains to prove that y.

i1 <Yp - First observe that Yi_1 # Y; (because

if y; ;=yY; » then y. is a fixpoint of B and hence, g (y;) is a
fixpoint of Yy ! but this is not true for k > 2). Define a T-algebra

A=(x+ {0, 1, ..., i}, 8) on the coproduct of X and the chain 7 + I
as follows : § agrees with a on X , and § is the successor map on

0 ¢ X . Define

the second summand except that 6(7)

h:X+1{0, 1, ..., i} >Y by h(n) =8"(y;) for neX and hi=y;

J
for j=0,1, ..., ©. This map clearly has the property that
gk.h s A>(k+1, yk) are homomorphisms for all k 2 w . Consequently,
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h : A+ (Y, B) is a homomorphism, and thus, =h(i - 1) € h(i) = Yi -

Yi-1
Remark. A solid category over Set which is not topologically
algebraic was first exhibited by B8rger and Tholen [5].

Open problem. Does there exist a monad on a "reasonable" category
X such that the Eilenberg-Moore category is solid, but not topologically-

algebraic over X ?
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