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Abstract

Let G be alocally compact group and H be a compact subgroup of G. Using a general criterion established
by Neufang [‘A unified approach to the topological centre problem for certain Banach algebras arising
in abstract harmonic analysis’, Arch. Math. 82(2) (2004), 164—171], we show that the Banach algebra
LY(G/H) is strongly Arens irregular for a large class of locally compact groups.
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1. Introduction

In the last twenty years research on the topological centre problem has mostly centred
around the Banach algebra L!(G), and has been dealt with by Lau et al. in the
papers [5, 6, 8, 9]. They showed using different approaches that L!(G) is strongly
Arens irregular, where G is a locally compact group. We recall that A is said to be
Arens irregular if the topological centre of A™ is reduced to A itself. In [8] Neufang
established a general criterion for a Banach algebra to be Arens irregular, which
specifically led to the proof of strong Arens irregularity of the measure algebra M(G)
for a large class of locally compact groups.

Let A be a Banach algebra and « be a cardinal number. We say that A* has the
property (F,) if for any family of functionals (h,).e; € Ball(A*) there exist a family
(Vo )aer € Ball(A*) and a single functional 4 € A* such that the factorisation formula

ho=h-Yq (L.1)

holds, where ‘-’ is the second Arens product on A** and the cardinality of / is at most .
Let A be a Banach algebra and k > Ny be a cardinal number. A functional f € A*
is called w*-k-continuous if, for all nets (x,)qc; € Ball(A*) of cardinality Ng < |I| <«
with x,—""0, we have f(x,) — 0. We say that A has the Mazur property of level «
(property (M,)) if every w*-k-continuous functional f € A™ is an element of A.
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The following theorem is [8, Theorem 2.3].

TueoreM 1.1. Let A be a Banach algebra satisfying (M) and whose dual A* has the
property (Fy), for some k > Ny. Then A is strongly Arens irregular.

Let G be a locally compact group and H be a compact subgroup of G. Consider
the homogeneous space G/H with a relatively invariant measure u which arises from
a rho-function p (see [1, 4, 10]). In [4, Theorem 4.4] it is shown that L'(G/H)
is a Banach algebra. In this paper, for a large class of locally compact groups G,
using Neufang’s criterion (Theorem 1.1), we show that the Banach algebra L'(G/H)
is strongly Arens irregular.

Let G be a locally compact group, H be a compact subgroup of G and u be a
relatively invariant measure which arises from a rho-function p on G/H. The mapping
T : L'(G) — L'(G/H) defined by

Tf(xH) = @ d¢ (u-almost all xH € G/H)

o p(x&)

is a surjective bounded linear operator with ||T|| <1 (see [10]). Consider T as the
mapping from M(G) to M(G/H) defined by
T(u)(E) = (g™ (E)) (12)

for each Borel subset £ C G/H and u € M(G), where g : G — G/H is the canonical
quotient map g(x) = xH. Then it is easy to see that T is onto and M(G/H) is a Banach
algebra endowed with the following convolution: for v, v € M(G/H),

v#v:i= A% (g (E)), (1.3)

where 1, 1 € M(G) and T() = v, T(1) = ¥ (see [10]).
Equip L'(G/H)** with the second Arens product denoted by ‘- as follows: for
m,n€ L"(G/H)",ne L'(G/H)", ¢,y € L'(G/H),

(m-n,n)y =(n,n-m)

(n-m,y)=(m,y-m)

Y- = exy),
where ‘*’ is the convolution of L'(G/H) (see [4]).

2. Main result

Throughout this paper we assume that G is a locally compact group and H is a
compact subgroup of G. Denote by x(G) and b(G) the compact covering number of
G and the least cardinality of an open basis at the neutral element of G, respectively
(see [8]). We show that L'(G/H)* has the factorisation property of level x(G) and
L'(G/H) satisfies the Mazur property of level x(G), for a large class of locally compact
groups G. Theorem 1.1 will then imply that in this case L'(G/H) is strongly Arens
irregular. Indeed, the main result of this paper is the following theorem.
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TueoreM 2.1. Let G be a locally compact noncompact group and H be a compact
subgroup of G. Assume that k(G) > 22©. Then L'(G/H)* has the property (Fq)) and
LY (G/H) satisfies (My))- In particular, LY (G/H) is strongly Arens irregular.

To prove Theorem 2.1, we first discuss the factorisation property. To begin, we
establish the following lemmata. Denote by L, the left translation operator, defined by
Lyy(xH) =y(y"'xH), x, y € G (see [4]).

Consider
1 xH =yH,

Oyit(eH) = {0 xH # yH.

Denote by SyH the image of 6,y under the canonical mapping " : M(G/H) —
M(G/H)*™.

Lemma 2.2. Let G be a locally compact group and H be a compact subgroup of G.
Consider G/H as the homogeneous space with relatively invariant measure u which
arises from a rho-function p. Then for y € L'\(G/H)*,

’)—(Y)Ly,ly, 2.1)
p(e)

where e is the identity element of G, y € G.

Proor. Lety € L'(G/H)*,ne€ L'(G/H). Then

’Y'SyH:

(Ly-ry,m) = f Ly-ry(xH)n(xH) du(xH)
G/H

= f y(yxH)n(xH) du(xH)
G/H

-1
p0O) du(xH)
p(e)

ple)
- H)L,n(xH)—= du(xH),
fG /wa MLyn(CeH) S du(eH)

where the last equality follows from the identity (see [4])

_ p0)p(y)
plxy) = .
p(e)

= f Y(xH)L,n(xH)
G/H

Therefore,

p—(y)<Ly—1% m= f Y(xH)Lyn(xH) du(xH). (2.2)
ple) GIH
On the other hand, . .
<7’ ' 6)’1‘17 T]> = <5yH7 7]’)/>
= (my, Oym)
= (y. 61 1) 2:3)
=y(Oyu * 1),
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where ‘x’ in the last equality is the convolution in M(G/H) defined as in (1.3). To
continue the calculations in (2.3), note that since L'(G/H) is an ideal of M(G/H),
Sym * € L'(G/H). It is easy to see that

6yH = T(dy)s
where T is as in (1.2). Now choose g € L!(G) such that = T'g. Then
Sy x 1 = T(6,) * T(g)
= T((sy *8)

=T(6,*g)

Oy * g(x&)
= —_— d
fH p(x€) d
8z x€) déy(2)
= 2=
L fc p(x§) ¢
gy xd)
= | & =4
fH p(x§) d
=T(Lyg)(xH)
= L,Tg(xH)
= LyU(XH),

where in the above equalities we have used the fact that the restriction 7 | Li(G) to LY(G)
equals 7 and T is a homomorphism. Thus (2.3) becomes

by = fG . Y(xH)Lyn(xH) dp(xH). (2.4)

Comparing (2.2) and (2.4), we conclude (2.1). O

The following lemma is a generalisation of [6, Lemma 3] to the setting of G/H (see
also [3, Lemma 2.1]).

LemmA 2.3. Let G be a locally compact noncompact group and H be a compact
subgroup of G. Then there exist a family of compact subsets (K,)qe; of G/H, indexed
by I, and a family (yo)aer € G such that K, #0, Uye; Ko = G/H, (Ko)qer is closed
under finite unions and (yo Ky )aes are pairwise disjoint.

Proor. Let (Ky)qer be a family of compact subsets with K7 # 0 such that | J,¢; K =
G/H, and assume that / has minimal cardinality among all such families. By taking
finite unions of such sets we may assume that (K, )4 is closed under finite unions.
Consider compact subsets E, in G so that K, = g(E,), where ¢ is the canonical
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quotient map (see [1, Lemma 2.46]). Also assume that [ is well ordered in such a
way that each nontrivial order segment {i € I, i < j}, j € I, of I has smaller cardinality
than /. We proceed by transfinite induction. Assume that for y < a, 7, is chosen. Then
for any y < a, nyq(Ey)q(E;I) is compact, but by minimality of /, the union of these
sets does not cover G/H. So we can choose 7, € G/H — U,¢; nyq(Ey)q(E;I). Thus for
eachy < a, we have n, ¢ nyq(Ey)q(E(;l). That is, n,g(Eq) N 1,q(E,) = 0. Now choose
representatives y, of the cosets 7, such that (y,K,)q.cs are pairwise disjoint. O

In the following proposition (with a proof similar to that for L'(G) [7]) we show
that L'(G/H)* has the property (F,), where « is the least cardinality of a covering of
G/H by compact subsets, which is, due to compactness of H, equal to the compact
covering number x(G) of G.

ProposiTioN 2.4. Let G be a locally compact noncompact group, H be a compact
subgroup of G and k (= k(G)) be the least cardinality of a covering of G/H by compact
subsets. Then L'(G/H)* has the property (F).

Proor. Let « be the least cardinality of a covering of G/H by compact subsets and
write (K, )qes for the corresponding family of compact sets. Set

I=IxLa=(a,i)el, Kz =Kpqj =K.

Then (Kz)s¢j 1s a covering of G/H with the same properties as the original one. Let
(y4K3) be as in Lemma 2.3, that is,

(aKa) N (pKp) =0, a#pel. (2.5)
Define a partial ordering on I by setting, for (e, i), (8, j) € I,
(@, ) 2B, j) = K, €K, j),

and on / by

<<= K,C K/g.
Define

Y= w' = lién 6)’(5,]');1

and let ¢; be an arbitrary Hahn—Banach extension of " jto L¥(G/H)". Let ()ier C
Ball(L'(G/H)*). Put

p(e)
n-= Ly(a,i) (XK(.I_,-) 771) — -
(a,i%;x[ p(y((l,i))

Using Lemma 2.2, for (a, i), (B, j), (y,k) € I X I, where (y, k) < (B, j),

i pe) X
n-y;=w"—lim Ly, (XK 1) * Oy,
p ((l,i)zelxl P()’(D,J)) @0 (@) BH

ple) p0s.p)
1 PO@i)  ple)

(2.6)
=w" —lim

(a,i)elx

Ly’w' » Ly(a,i) (XK((I,I) ni ) .
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Using (2.5),
P
2O )X Kovioy Ly(ﬂ{ D Ly XK 0)
p(y(ﬂ j))
POy KoK Lyt Ly XK T0)
’ Q2.7)
_ PO L L
- m K(%k[ Ve, )( y(ﬁ/)XK(ﬁ,))( >(m>(XK(m>77!))]
p(y(ﬂ 1))
= 500 )5<a DB Kol
(l’ l
Now (2.6) and (2.7) imply that, for j el and (y, k) € I X I,
w1 p(Y(ﬁ /))
XK (1) = W" =~ lim Van) Oai)BX Kol
(a,i)elx] PV
= XKow'lj>
which completes the proof. |

Finally, we discuss the Mazur property of L'(G/H). Let G be a locally compact
noncompact group, for which k(G) > 2%, Let H be a compact subgroup of G. Then
M(G) has the Mazur property of level k(G) (see [8]). Since L'(G/H) is an ideal of
M(G/H), and M(G/H) is a linear subspace of M(G) [10], L'(G/H) is a linear subspace
of M(G). Thus by [2, Remark 1.5] we conclude that M(G/H) has the Mazur property
of level k(G).

Now Theorem 2.1 is a consequence of the above argument on the Mazur property
of L'(G/H) together with Proposition 2.4 and Theorem 1.1.
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