ON SPECTRAL SYNTHESIS FOR ONE POINT

B. Natzitz

In [2, page 3831], Varopoulos proves that for any & > 0 there
o0 . 0
exists a function f{ = z anemx, = |an] < e and f(x) =1 - e
= -00 = -0

on a neighbourhood of 0. Indeed, if 0 < & < w/2, then f(x) defined to

ix

ix .
be equalto 1 - e when -¢ < x < ¢, linear on [e, 2m - €] and of
period 2m, is an example of such a function.

The above result can be used to give a direct proof of the following
result without reference to the L2 theory [1, Theorem 2.6.4].

THEOREM. Let {G,+} be a compact abelian group with dual

{r,.} andlet A(G) = {feCG):f = = a DA
xel

= Iaxl < o}. Let fe A(G), £(0) = 0 and let ¢ > 0. 71hen there exists

A(G)

g ¢ A(G) such that g = f on a neighbourhood U of 0 in G and
”g”A(G) < €.

Proof. I. Let f = z a Xn be a trigonometric polynomial.
m<n
If n =2, we get essentially the case discussed above. Indeed, it suffices
to observe it for f = (1 - X).

Choose a neighbourhood U of zero in G so that
. 0 . .
4] for @cU. K £ ae ™ =1-e for
m=-
0

,X(a) - 1] < le

< x<¢and Z]a | < ¢ then g = Z a X =(1-xX) in U and
n n= -
€.

el y e <

To proceed from n to n + 1, one simply considers

= > 1 = 1 = 1
f1 amxm and fz a_n+1 (Xn+1 Xn) where a' | al
m<n
= .., n- 1= =f, +f .
for m 1,...,n-1, al_ an+an+1 and f f1 fz
II. The general case f = T a__ x , =]a_|<w, Ta_ =0 isproved by
m “m m m
first choosing n so large so that ' = am!<s/2 and z |am| < ¢/2, and
m<n m<n
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then applying I to zZ a X - Z a =1 ; we get the required
m<n m m<n

result since f = f1 + zZ a + Z a X
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