
ON S P E C T R A L SYNTHESIS F O R ONE P O I N T 

B . Na tz i t z 

In [2, p a g e 3831] , V a r o p o u l o s p r o v e s tha t for any e > 0 t h e r e 
oo _ oo 

e x i s t s a func t ion f = 2 a e , 2 la. f < e and f(x) = 1 - e 
n ' n1 

n= -oo n= - oo 
on a n e i g h b o u r h o o d of 0 . Indeed, if 0 < e < TT/2 , t hen f(x) def ined to 
be e q u a l to 1 - e when -e <C x £ e , l i n e a r on [e, 2TT - e] and of 
p e r i o d 2TT , i s an e x a m p l e of s u c h a func t ion . 

The above r e s u l t can be used to g ive a d i r e c t p roof of the fo l lowing 
r e s u l t wi thou t r e f e r e n c e to the L t h e o r y [1 , T h e o r e m 2 . 6 . 4 ] . 

T H E O R E M . L e t { G , + } be a c o m p a c t a b e l i a n g roup wi th d u a l 

{ r , . } and le t A(G) = {f E C(G) : f = 2 a \U\\ A(r\
 = 

x c r x A ( ° j 

2 | a | < oo} . L e t f e A(G) , f(0) = 0 and le t e > 0 . T h e n t h e r e e x i s t s 

g e A(G) s u c h tha t g - f on a n e i g h b o u r h o o d U of 0 in G and 

l | g " A ( G ) < E " 

P r o o f . I. Le t f = S a X b e a t r i g o n o m e t r i c p o l y n o m i a l . 
m n 

m £ n 
If n = 2 , we get e s s e n t i a l l y the c a s e d i s c u s s e d a b o v e . Indeed, it su f f i ces 
to o b s e r v e i t for f = (1 - x)« 

Choose a ne ighbourhood U of z e r o in G so tha t 
00 

\x(a) - l | < | e 1 £ - l l for a e U . If 2 a e l n X = 1 - e ^ for 

m = 
00 

2 

- CO 

a 

a e 
n 

n 
X -e < x < e and 2 | a | < e then g = 2 a X = ( l ~ x ) i n U and 

n= -oo 

« 8 H A ( G ) < E -

To p r o c e e d f r o m n to n + 1, one s i m p l y c o n s i d e r s 
f. = 2 a' x and f = a , (v , , - X ) w h e r e a1 = a1 

1 m m 2 n+1 ^n+1 n m m 
m_< n 

for m = l , . . . , n - l , a ' = a + a , . and f = f. + f0 . 
n n n+1 1 2 

II . The g e n e r a l c a s e f = S a x ' 2 l a \<co> S a = 0 i s p r o v e d by 6 m ^ m ' m m 

f i r s t c h o o s i n g n so l a r g e so t ha t I 2 a | < e / 2 and 2 la I < e/2 , and & & ' m1 ' m 
m < n m < n 
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then applying I to 2 a X - 2 a - f ; we get the required 
m m m l 

m < n m < n 
resu l t since f = f, + 2 a + 2 a X . 

1 m m m 
m < n m < n 

REFERENCES 

1. W. Rudin, Four i e r analysis on groups. (Interscience, 1962). 

2. N. Th. Varopoulos, Sur les ensembles parfaits et les sé r i e s 
t r igonométr iques . C.R. Acad. Se. P a r i s 260 (1965) 4668-4670, 
5165-5168, 5997-6000. 

864 

https://doi.org/10.4153/CMB-1969-113-4 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1969-113-4

