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Abstract

A posteriori error estimates for a class of elliptic unilateral boundary value problems are obtained for
functions satisfying only part of the boundary conditions. Next, we give an alternative approach to the
a posteriori error estimates for self-adjoint boundary value problems developed by Aubin and
Burchard. Further, we are able to construct an alternative estimate with mild additional assumptions.
An example of a linear differential operator of order 2k is given.

1980 Mathematics subject classification (Amer. Math. Soc.): primary 35 J 30, 35 J 35, 35 J 40,
secondary 65 N 15.

1. Introduction

In considering a mixed boundary value problem, Aubin (1972) has obtained a
posteriori error estimates for functions satisfying only the natural boundary
conditions and the forced boundary conditions respectively through the introduc-
tion of conjugate problems. In this note, we consider a similar problem for
unilaterial boundary value problems. A posteriori error estimates are obtained for
functions satisfying partially the given boundary conditions. Error bounds are
also obtained in terms of another type of function, following a result obtained by
Aubin (1972), page 287. Our method, however, does not need the introduction of
any conjugate problems.
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2. Preliminaries and assumptions

Let £ be a smooth bounded domain in R” with boundary I'. We introduce the
Sobolev space of order k, denoted by H*(Q), consisting of real-valued functions
in € such that

D/ue L*(Q), O0<li<k

and y,=9//9n/, j> 0, will be the trace operators mapping H*(Q) onto
H*=/=Y(T"). The differential operator defined by

Au= Y (-1)"D%a,,(x)D?u)
Ipllgl<k

is the formal operator associated with the bilinear form

a(u,v)= Y fapq(x)D"uD"vdx
ipl 1ql<k

There exist operators 8,,_,_; mapping H*(Q, A) into H-*/"V2(T), 0 <j < k
— 1, where
H*(Q, A) = {u€ H*(Q): Au € L*(Q)},

such that Green’s formula

a(u, U) = (AU, U)LZ(Q) + Z <82k—j—1u’ YjU>Hk—/—1/z(p)
0<jsk—-1

holds for all u € H*(Q, A), v € H*(Q). Here (-, -) denotes inner product and
{ -, -) denotes duality pairing. We also make the following assumptions:

a(u,v) < Mlju|r<@llv||r @) forallu,v € H*(Q);

a(u,v) > C”u”H"(Q) forallu € H*(Q).

Formulation of the problem.
Look for u satisfying

u e H(Q),

(2) Au=f,
Yu=0, 8, ; u>0,{8y ; uyu)=0, 0<j<k—1,

(1)

where f € L*(9) is given. It is easy to verify that (2) is equivalent to
ue HY(Q),

3) (vu=200</j<k—-1,
a(u,v—u)>(f,v—u)forallvsuchthatyv > 0,0 <j< k-1
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We see that (3) is a variational inequality and it is known that under the
assumption (1), it has a unique solution (see Lions and Stampacchia (1967)).

3. A posteriori error estimates

THEOREM 1. Let u be a solution of (2), v € H*(Q) satisfy yv > 0,0 <j < k — 1
and w € HY(Q, A) satisfy 8 ;-w>0,0<j<k—1 Then the following a
posteriori error estimates hold:

1
@) o = ulm@ < 55 { Mllo = wlhir@ +1Aw = fllze + 472},

1
{Mlo = wllr@ +llAw = fll2@

@16 = wlnrw < 7

+[A+ dc(Aw—f,v - w)]l/z},

where A = [(M|jv — Wil gy T |Aw — f||L2(sz))2 + 4020<]<k—1 <82k—j—1w’ Yjv>]-

PROOF.

c”v—u“i/*(mga(v—u,v——u)Sa(v,U—u)—(f,v—u)
=a(v—-w,o—u)+a(w,v—u)—(f,v—u)

< Mlv — wllak@llo — ullr@ + |Aw — flle@lle — ullixe

+ Z <82kﬁ._1w, ij>.

O<j<k—1

It follows easily that (i) holds.
Also,

c||u—w||2H*(9)<a(u—w,u—w)=a(u—w,v—w)+a(u—w,u—v)

<alu—w,o—w)+(Aw—fo—u)+ Y, <82k—j—1W’Yjv>
O0<jg<k-1

< (Mllo — wlar@ + [Aw = fll 2 lle = wli
+(Aw—f,v— W)+ Z <82k_jA1W"YjU>'

O<j<k—1

Hence (i1) follows.
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4. Self-adjoint problems

Consider the following simple example. Let £ be a smooth bounded subset of
R" and T its boundary. We are interested in the solution of the boundary value
problem:

i) -Au+Aru=f inQ,
(5) (ii) u= gl on Fl,

du
(lll) 5; = g2 on FZ’

where I' = I} U I,, I}, T}, are disjoint. Aubin and Burchard (1971) have obtained
a posteriori error estimates for approximate solutions of (5) by constructing a
boundary value problem conjugate to (5), associating with the splitting —-A =

—div(grad). Alternatively, problem (5) can be viewed as the optimization problem:
find u such that

2 2
Lf, leradull” + Nluldx = [ /- udx = [ g, - uda(x)

is minimized, subjecttou = g, on ;.

Each function u, satisfying du/dn = g, on I, will give a lower bound for this
minimization problem. Making use of this bound, we can give an a posteriori
estimate for (5) which turns out to be the same as that given by Aubin and
Burchard. When two functions u,, u,, satisfying du/dn = g, are given, we are
able to derive an alternative estimate, making use of Schwarz’s inequality.

We shall follow the notations of Aubin (1972), page 289. V, H and T are real
Hilbert spaces and y € L(V, T) satisfies

(i) ymaps VontoT,

(6) (i) ¥V C H, the injection is continuous,
(i) Kery = V,isdensein H.

Let E be another real Hilbert space and P € L(V, E), Q € L(E, E’) and
G = QP. The formal operator associated with the bilinear form (Pu, Gv) is
A = G*P where G* = (GIVO)’ € L(E, Vy). Then, there exists § € L(V, T’) such
that Green’s formula
(7) (Pu,Gv) = (Au,v) + (Su,yv)

holds for all. ue V(A)={ue V: Aue H}. We are also given a continuous
projector o, of T and defineo, =1 —0; T, = 0,T; v, = 0;7; §, = 0/6;j = 1,2.
Thus, (7) can be written as

(8) (Pu, Gv) = (Au,v) + (8 u, y,v) + (8,u, y,0).
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Consider the problem: find u satisfying
1) Au+ru=f, A>0,
9) (i) Y4 = 1,
(i) Su=1t,,
where f € H, t, € T\, t, € T, are given. Such a solution exists and is unique if,
for instance, Q is E-elliptic and A > 0. Our problem is given any v,d € V
satisfying y,v = ¢,, 8,0 = t,, find upper bounds for
(P(u—v),G(u—0))+Mu—v,u—0)
and
(P(u=0),G(u~0)) + X G*P(u - 0)|’
without solving (9).

5. Alternative derivation of a posteriori error estimates

In this section we derive the a posteriori error estimates given by Aubin and
Burchard under the additional assumption that Q is self-adjoint.

LEMMA 1. Let Q be self-adjoint. Then
(v, Quy) _(Uz,sz) = (Ul — vy, Q(v; — Uz)) + 2("2’ Q(v, — Uz))-

LEMMA 2. Let Q be self-adjoint and positive definite. If u satisfies (9), then v = u
will minimize
J(v) = 3(Pv, QPv) + 3A(v,v) = (f,v) = (13, v0)
subject to y,v = t,.
Furthermore

J(v) = J(u) = 5{(P(v —u),QP(v — u)) + AN(v — u,v — u)}.

PROOF. Let u satisfy (9) and y,0 = ¢,; then u € V(A). In view of Lemma 1 and
Green’s formula

J(v) =J(u) =5{(P(v—u),QP(v —u)) + AN(v—u,v — u)}
+(Pua QP(U - u)) +>‘(u’v - u) _(f,l) - u) - <t2’Y2(U - u)>
=3(P(v—u),QP(v—u))+iXv—u,v—u)>0.

LEMMA 3. If yiv = 11, 8,0 = 15, & € V(A), then J(v) = J,(D), where
T(8) = (8,0, 1,5 — L(Po, Go) —(2A)'|If = G*Po|”.
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Furthermore

J(v) = 1, (8) = 3{(P(v = 8),G(v — ) + X 'Ao + G*Po — f'}.

PROOF.
3[(Po, Go) +(Po, Go) + (v, 0) + A = G*Po|’]
= 1{(P(v-9),G(v - 8)) + XA + G*Po — £}
+(Pb,Gv) +(f— G*Pb, v)
= 1{(P(v - 9),6(v — 8)) + X' |Av + G*Po — £|*)
+(f, )+ {(8;0, 1) + {15, 70).

Hence J(v) — J,(0) = {(P(v — 8),G(v — D)) + XY||]Av + G*Pd — f]|*} = 0.
Setting v = u in Lemma 3, we have

(10)  J(u) = J(v) = 3(P(u — ), G(u — ) + IA1|G*P(u — )|.

THEOREM 2. Suppose v, b € V satisfy y,v = t,, 8,0 = t,,0 € V(A). Then
(P(u—0),G(u—v))+AN(u—v,u—1v)
< (P(v-15),G6(v—0)) + XYAv + G*Po — £,
(P(u = 0),G(u — 0)) + X1[[G*P(u — 8)|
< (P(v-19),G6(v—8)) + NYAv + G*Po — £

PROOF. Since J(v) — J(u) < J(v) — J1(D) and J(u) — J(D) < J(v) — Jy(D), the
results follow from Lemma 3 and Lemma 2.

6. An alternative estimate

In this section, we shall derive another error estimate for v under the assump-
tion that we are given two functions satisfying 8,0 = ¢,, by completing the square
for J,(v) and then applying Schwarz’s inequality. Note that if we fix r € V(A)
satisfying 8,7 = 1,, it follows from Lemma 3 that

1) J(v) —4{P(v - r),G(v = r) + X'|Av + G*Pr —f||2} = constant
(independent of v).

Hence any solution to (11) will minimize J,(v) = 3{(P(v — r), G(v — r)) +
XY Av + G*Pr — f]|?}. Now we give a lower bound for J,(v).
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LEMMA 4. Suppose D satisfies 8,0 = t,, 0 € V(A). Then

L(v) >1/2K)((8,(6 = 1)ty — vyr) = XHG*P(6 — r), Ar + G*Pr — ),
where K = (P(9 —r),G(d — r)) + NYG*P(d — r)||
PROOF. Since

(P(0—r),G(v—r)) + X (-G*P(6—r),Av + G*Pr — f)
=(8,(0—r)t; —1ir) —XNYG*P(d—r), \r + G*Pr — f),
the inequality then follows from Schwarz’s inequality.
THEOREM 3. Suppose v, b, r € V satisfy y,v = t,, 8,0 = 8,r = t,, &, r € V(A).
Then
(P(u—-v),G(u—0))+A(u—v,u—1v)
< (P(v=r),G(v~r)) + X\ + G*Pr — 1|’
~+((8,(6 = 1), t, — vir) = XY (G*P(d — r), Ar + G*Pr —f))z.
PrROOF. Denote the bound in Lemma 4 by b(#). Then J(v) — J(u) = J,(v) —
J(u) < Jo(v) = b(D).

The result then follows from Lemma 2.

One can easily show that the estimate given in Theorem 3 is related to that
given in Theorem 2. Indeed, the difference of the two estimates is

2{(J(v) = Jy(8)) = (J(v) = b(8))} = 2{(Jy(r) — J1(D)) + b(D)}. But
Ji(r) =1 (8) = 1 {(P(d = r),G(d — r)) + XG*P(5 — r)|1?}
+XYG*P(6 —r),G*Pr+ Ar—f) — (8,(b — r), t, — nyr).

Hence, the difference of the two estimates is
[(P(2 = r).G(0 = r)) + X 6*P(o - ]
x{(P(5=r),G(0 = r)) + XG*P(o - )|
+XNG*P( — 1), G*Pr+ Ar — f) —(8,(v = r), 1, — 1))
= [P(6-r),6(6 = r) + NG P(5 - )]
X {(P(6 = r),G(d—r)) + N {(G*P(d — r),G*Po + Ar — f)

—{(8(6-r)ty —mr)} 0.
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Now suppose we know two solutions of y,v =r,. We may proceed in an

A

analogous way to obtain an estimate for 0 satisfying 8,0 = £,. Fix s € V(A)
satisfying v,s = ¢,. If we set

J(0) = 3((P(s = 8),G(s — 0)) + AY[As + G*Po — fI[),
then

Ji(9) + J,(2) = J(s) = constant (independent of ).

We also have
(P(s—0),G(s—0v)) + XY As + G*Po — f, A(s — v))
=(G*Ps+As— f,5 —v) +{8&5 — 1,, v,(s — v)).

Then by Schwarz’s inequality,

J(8) 2 %((G*Ps + As — f, 5 — v) + {85 — 15, 7,(s — u)))z,
where Y = (P(s — v),G(s —v)) + A(s — v, s — v).
It follows that
(P(u—5),G(u—0)) + XU6*P(u— 0)[ = 2(J(u) - (0))
= 2(Jy(u) = Ji(8)) = 2(5(8) — J5(u))
< (P(s = 8),G(s — 8)) + XAs + G*Po —
—L((G*Ps + As — f, 5 — v) + (8,5 — 15, v,(s — v)>)2.

Further, it can be easily shown that the difference between this estimate and that
given in Theorem 2 is

[P(s—0v),G(s —v)+A(s—v,s~0)]"
X(P(s—0v),G(s —v))+A(s —v,s —v)
—((G*Ps + As — f,5 — v) — (8,5 — 15, v,(s - U)>)2 > 0.

7. Example

We now apply the results of the previous section to obtain a posteriori error
estimates for approximate solutions of self-adjoint boundary value problems of a
differential operator of order 2k.

Again we follow the notations of Aubin (1972), as described in Section 2 with
the additional assumption that a,, (x) = a,,(x).
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Suppose we are given the following data:
@) f € LAQ),
(ig, e H*/"VXT),0<j<p-1L1<p<k,
(i) h; € H"V2TY)y, k<j<2k—p—1
We consider the problem: find u that satisfies

() Au+Au=f, A>0,

(12) (11) Yu=28; O<j<p-1,
(iii) 8ju=hj, k<jxg?2

Results of the previous sections can be applied to obtain

THEOREM 5. Suppose u is a solution of (12), v € H*(Q) satisfies Y,V =8
0<j<p—1andd re HYQ, A) satisfy §o=8r=h, k<j<2k-p-1
Then

a(u—v,u—v)+Au—v,u—-0)qg

<a(v—r,v—r)+XYAv + Ar —fHZLZ(Q)

1 R
- E{ Z <82k—j—1(v -r), - Yj">Hk—/—1/z(p)

O<jsp-1
“NY(A(2~r), Ar+ Ar _f)msz)}z,
where Z = a(b — r, b — r) + XY A(D — r)||2Lz(Q)-
If s€ HY(Q, A),v € HXQ) satisfy ys =yv=g,0<j<p-1landif b €
HX(Q, A) satisfy 80 = h,, k <j <2k —p— 1, then
2
a(u b 0, u — ﬁ) + /\'IHA(u - 0)“1}(9)
<a(s—0,s—0)+XNHAs + Ad _fHZLZ(Q)

1
— —VI—/{(AS +As —f,5 —v) 12

2
+ Y <8js - hy, 'szAj—l(S - U)>Hk*1“/2(l‘)} ’
k<j<2k—p-1

where W = a(s — v,s = 0) + A(s — v, 5 — V) ;2(q)

REMARK. In Theorem 5, we have given a bound for a(u — v, u — v) only. To
obtain a bound for |Ju — v)j%« () We must assume that a(u, v) is elliptic and hence
that there exists a constant M such that M|ju — v||?> < a(u — v, u — v).
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