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Abstract

In a manuscript discovered in 1976 by George E. Andrews, Ramanujan states a formula for a
certain continued fraction, without proof. In this paper we establish formulae for the convergents
to the continued fraction, from which Ramanujan's result is easily deduced.

1980 Mathematics subject classification (Amer. Math. Soc): 10 A 32, 10 A 35, 30 B 70, 40 A 15.

In 1976, George E. Andrews discovered a manuscript of Ramanujan (1920?)
containing more than six hundred identities. (For the interesting details of this
discovery, see Andrews (1979).) One of these identities concerns the curious
continued fraction

n n F(n h 1 n\ 1 , aq+Xq bg+Xg2 ag2+Xg3 bq2+Xq*

Ramanujan states without proof that

THEOREM 1.

G(a,b,X)
(1-2) F(a,b,X,q)=- . . . .

G{aq,b,Xg)

where

(1.3) Gia,b,X) «

Andrews (1979) proves this result directly, though with some difficulty. In this
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note we establish formulae for the convergents to F(a,b,X,q), from which
Theorem 1 follows easily.

Before proving Theorem 1, we note that applying Watson's theorem ('Watson's
^-analogue of Whipple's theorem') Watson (1929) to the numerator and
denominator of (1.2) yields

THEOREM 2.

0-V2 (-W, (ziA4 M, ,

C.4,

Theorem 2 contains as corollaries several elegant continued fractions, all given
by Ramanujan in Ramanujan (1920?), some of which have appeared previously
in the literature. Thus,

1+ 1+
Rogers (1894), p. 328, Ramanujan (1919),

Eisenstein (1844),

Gordon (1965), p. 742,

1+_£_ aW iL q2+44 JL = n
1+ 1+ 1+ 1+ 1+"" n¥o(l-q*"+l)(l-qAn + 3y

Ramanujan (1920 ?),

_ n

1+ 1+ 1+ 1+"" nVo(l-qs"+1)(l-q8n+1)'

Ramanujan (1920 ?),
and

1 — 1 — 1—

Ramanujan (1920 ?).
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2

Our main result, proved in Section 3, is

THEOREM 3.

(2\\ 14- a ^ + A g _ P2N-i(a,b,X)
1 + bq+Xg2 P2N_2(b,aq,Xq)'

and
P2N(a,b,X)

_
l + bq+lq2 P2N-i(b,aq,lq)'

l + bgN+Xq2N

1
where

(2.2)

L « 1 s 1 « J"
;/;e sum being taken over all s,t,u^0 such that s+t+u^ [(^V+l)/2], for our

present purposes \~^' an^ ^ ( M ) = K"2+n)-

Letting N->ao in (2.1) and (2.2), we obtain

(2-3) F(a,b,X,q)=*a'b'®
P(b,aq,kq)

where

(2.4) P(a,b,X)= ^ a'b'V'

It is obvious from (2.4) that

(2.5) P{a,b,X)=P(b,a,X).

Also

(2.6) P(a,b,X) == [ ] (1+bq").G{a,b,X), .
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where G{a,b,X) is given by (1.3). For,

_ A(s) + A(«) + » + SU + «H + IIJ

P(a,b,X) =

_A(s) + su + u2 nA

asxu- y
()

= y asxu- y

= n

From (2.3), (2.5) and (2.6) it follows that

P{a,b,l) G{a,b,X)
F{a,b,X,q) =

P{aq,b,kq) G{aq,b,Xq)
which is (1.2).

We establish Theorem 3 by showing that if PN{a, b, X) is denned by (2.2), then

(3.1) P0 = L Pi=l+aq+Xq

and

(3.2) PN{a,b,X) =PN_l{b,aq,Xq)+{aq+Xq)PN.2{aq,bq,Xq2)-

We can write (3.2)

,X) = 1 + (aq+Xq)
( 3 - 3 )

( P^^x{b,aq,Xq) V
\PN-2(aq,bq,Xq2))

Theorem 3 follows by iteration of (3.3), together with (3.1).
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PROOF OF (3

(3.4)

where

(3.5)

and

(3.6) cN(s,t,t

Then

(3.7)

and

(3.8) cN-2(s,

For,

M. D. Hirschhorn

.2). Write

PN(a,b,X)=Yda
sb'k"qf{s''•u) cN(s,t,u),

f(s, t, u) =A(s+t)+su+tu+u2

( ) = [ N + 1 " r " M ] [C(Ar+1)/
s
2]"~u] [W2];s

f(t,s,u)=f(s,t,u),

s+t+u+f(s-1, t, u) =f(s, t, u),

s+t+2u - 1 +f(s, t,u-l) = / ( J , i, u)

t,u-l)+q"(cN -2(s-l,t,u)+qscN^1(t, s,«)) = cN(s, t, u).

[5]

s-f-«"| r[(N-l)/2]-r-ul F[iV/2]-s-«

rN-t-s-u] r[N/2]-s-ui r

s_ f_M- | r[jv/2]-s-Ml

= riV-5-t-ul pW/2]-s-ul T[(iV+l)/2]-t-«1

and so

cN_2(s,t,u-l)+qXcN_2(s-l,t,u)+-qscN_1(t,s,u))

jN-s-t-ul F[(iV+l)/2]-f-u] T[iV/2]-s-u]
L « - l J|_ s J L * J

_XAr-s-f-Ml f"[iV/2]-s-Ul r
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t-«"| r[JV/2]-s-«"l

= f"iV+l-s-r-u1

It follows from (3.4), (3.7) and (3.8) that

PN_l(b,aq,Xq)+(aq+Xq)PN_2(aq,bq,Xq2)

which is (3.2), as required.
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