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NEW INTERPOLATION THEOREMS RELATED TO THE
SPACE BMO,4 ON SPACES OF HOMOGENEOUS TYPE

QI-HUI ZHANG AND DA-PING NI

Let (X,d,u) be a space of homogeneous type in the sense of Coifman and Weiss,
and BMO 4(X) be the space of BMO type associated with an “approximation to the
identity” {A:}:>0 and introduced by Duong and Yan. In this paper, we establish new
interpolation theorems of operators related to the space BMO 4(X).

1. INTRODUCTION

We shall work on the space of homogenéous type. Let X be a set and d be a quasi-
metric, that is, d is a function defined from X x X to [0, c0) satisfying the following
conditions:

(i) d(z,y)=0forallz, y € X, and d(z,y) =0 if and only if z = y;
(ii) d(z,y) =d(y,z) for all z,y € X
(iii) there exists a constant x > 1 such that for any z,y,z € &,

(1) d(z,y) < k[d(z, 2) + d(y, 2)].

Let u be a positive Borel regular measure on X. We say that (X, d, u) is a space of
homogeneous type in the sense of Coifman and Weiss [2], if u satisfies the doubling
condition that forallz € X and r > 0,

(2) p(B(z,2r)) < Cu{B(z,1)) < oo,

where B(z,7) = {y € X : d(z,y) < r}. Besides, the balls B(z,r) are not necessarily
open, but by a theorem of Macias and Segovia [7], there is a continuous quasi-metric
d', which is equivalent to d in the sense that there exists a constant C > 0 such that
for all z,y € X, C'd(z,y) < d'(z,y) < Cd(z,y), and that the balls with respect to
d’ are open. Thus, throughout this paper, we always assume that the quasi-metric d is
continuous and all balls in X are open. On the other hand, the above doubling property
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implies the strong homogeneity property: there exist positive constants C and n such
that forallA>1, r>0andz € X,

3) u(B(z, Ar)) < CA™u(B(z,1)).
There also exist C and N, 0 < N < n, such that for all z,y € A and r > 0,

() w(Bw.) < ¢ (1 +420) (e, ).

In [4], to obtain weak (1,1) estimates for certain Riesz transforms, and L*-
boundedness (p € (1,00)) of holomorphic functional calculi of linear elliptic operators
on irregular domains, Duong and Mclntosh introduced singular integral operators with
non-smooth kernel on irregular domains via the following generalised approximations to
the identity.

DEFINITION 1: A family of operators {A;}:>0 is said to be an “approximation to
the identity”, if for every ¢t > 0, A, can be represented by the kernel a,(z, y) which is
a measurable function defined on X x X, in the following sense: for every function
f € L?P(X) with p > 1 and almost everywhere z € X,

Af(z) = /X adz, ¥)f(v) du(y),

and the kernel a,(z,y) satisfies that for allz, y € X and £ > 0,

1
a(z, )| < hl(z, y) = ———s(d(z, y)™t 1),
I t( y)l ~ ht( y) [I:(B(.’L', tl/m)) ( ( y) )
where m is a positive constant and s is a positive, bounded, decreasing function satisfying

lim r"Hs(r™) =
r—o0

for some & > N appearing in (4).

During the last several years, considerable attention has been paid to the operators
and function spaces associated with the “approximation to the identity”. To established
the weighted LP(X’) estimate with A, weights (the weight function class of Muckenhoupt)
for singular integral operators with non-smooth kernel, Martell [8] introduced the follow-
ing sharp maximal operator Mf.

DEFINITION 2: Let f € LP(X) for some p € [1,00). The sharp maximal function
Mf f associated with the “approximation to the identity” {A;}:>q is defined as

MEf(2) = sup— / 1F () ~ Aep £(9)] duw),

where the supremum is taken over all balls containing z and tg = r§, rp is the radius
of the ball B.
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Duong and Yan [5] introduced the following new function space of BMO type,
BMO 4(X), via the sharp maximal operator M¥.

DEFINITION 3: Let {A:}:50 be an “approximation to the identity” as in Definition
1. A function f € LP(X) with p € [1,00) is said to belong to the space BMO4(&), if
M# f is bounded. Moreover, the norm of f in the space BMO4(X) is defined by

I flleMoncxy = (|MZ £ llzooga).-

REMARK 1. Let M be the standard Hardy-Littlewood maximal operator, and LP>®(X)
be the weak LP(X) space with p € (0, oo) (recall that f € L»>®(X) if

1/p
o (y) = A X A
I £l e o) sup #({ze |f(z)| > }) < 00,

and || - ||ze.eo(x) is not a norm). It is well known that M is bounded from L'(X) to
L"*(X), and is bounded from L»*°(X) to L”*=(X) for any p € (1,00) by a result of [9].
Note that ]At f x)| CM f(z) (constant C is independent of t) and then if f € LP®(X)
for some p € (1,00), A¢f is meaningful. Thus in Definition 1, Definition 2 and Definition
3, we may replace the condition f € LP(X) by f € LP>®(X) with p € (1, c0).

As it was pointed out by (8, 5], in some sense, BMO4(X) is larger than BMO(X).
Duong and Yan [5] have established an interpolation theorem related to BMO4(X). They
showed that if a sublinear operator T is bounded on L¢(X) (g € [1,00)) and is bounded
from L®(X) to BMO4(X), then T is bounded on LP(X) for all p € (g,00). The main
purpose of this paper is to improve the Duong-Yan’s interpolation theorem related to the
space BMO 4(X). To formulate our results, we first recall some definitions and notation.

DEFINITION 4: Let 1 € g < oo. A function h is called to be a (1, q)-atom if
(a) suph C B(z,r) for some z € X and r > 0;

(b)  [lAllzex) < [M(B(z,,.))]‘/‘l-l_

© [ Mo due) =0.
The atomic Hardy space H(X,d, ) is deﬁned to be the set of functions f € L!(X)
satisfying that there exist {};}%2, c C, Zl)\ | < oo and a sequence of (1, g)-atoms

{hj}3, such that
f = Z /\jhj
=1

converges in L'(X). Moreover, the norm of f in H(X,d, u) is defined by

Il zrecx,d) = inf { Z |)\j|},

j=1

where the infimum is taken over all the possible decompositions of f in (1, g)-atoms.
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It was proved by Coifman and Weiss in [3] that H(X,d, p) = HY®(X,d, u) for
1 < ¢ € o0. Therefore, in what follows, we denote H9(X,d, u) simply by H'(X,d, ).
The main results of this paper can be stated as follows.
THEOREM 1. Letl <py<oo,T and T be two operators. Suppose that
(a) |Tf1(:r,) - ng(:z)l £ |T(f1 - fz)(l')’, for functions f, f» defined on X;
(as) T is bounded from H(X,d,u) to L'(X), and T is bounded from L*(X)
to LPo°(X);
(ag) There is a positive constant Cy such that for any function f € L®(X)
N Lre(X),
ME(T)() < T£(2) + Collfll ogy-
Then T is bounded on L*(X) for any 1 < p < pp.

THEOREM 2. Letl <p; <p; <oo, T and T be two operators. Suppose that
(by) |Tf1(:z:) - ng(x)l < IT(fl - fz)(.’l})l, for functions f,, f; defined on X;
(b)) T is bounded from LP'(X) to LP»*°(X), and T is bounded from L**(X) to
Lre(X);
(bs) There is a positive constant C, such that for any function f € L®(X)
NI (X),
ME(T f)(z) < Tf(z) + Cill fll Loy
Then T is bounded on LP(X) for any p; < p < p2.

REMARK 2. If we choose T = 0, Theorem 1 states that an operator satisfying the
condition (a,) and bounded from H!(X,d, ) to L'(X) and from L®(X) to BMO4(X),
is bounded on L?(X’) for any 1 < p < oo. Similarly, Theorem 2 implies that an operator
satisfying the condition (b;) and bounded from L?'(X) to LP**°(X) and from L*®(X) to
BMO4(X), is bounded on L?(X) for any p; < p < 00.

REMARK 3. One of the main difficulties in the proof of our theorems is that the com-
posite operator MfT may not be a sublinear operator or a quasilinear operator, and the
Marcinkiewicz interpolation theorem can not apply directly.

As an application of Theorem 2, we shall consider the LP{X) boundedness for the
following singular integral operator with non-smooth kernel introduced by Duong and
Mclntosh [4].

. Let T be a linear operator with kernel K such that for any bounded function f with
bounded support and almost all z ¢ sup f,

Tf(z) = /X K(z,v)f ) du(y),

where K is a measurable function on X x X\{(z,y) : = = y}. Assume that there exists
an “approximation to the identity” {A:}:>0 such that the composite operator A;T with
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t > 0 has an associated kernel K*(z,y), and there are positive constants C; and C such
that for all y € X and t > 0,

Y -/d( )2CatV/ |K(z,y) - K*(z,9)| du(x) < C.
z,y)2C2 m

THEOREM 3. LetT be the operator defined as above with kernel K satisfying (5).
Suppose that for some fixed ¢ with 1 < g < 0o, T is bounded from LX) to L?*°(X).
Then T is bounded on LP(X) provided that ¢ < p < co.

REMARK 4. Employing some ideas used in the proof of {8, Proposition 5.4], we can

show that M¥(Tf)(z) < ClfllLe(x) for f € L®(X). Thus Theorem 3 follows from
Theorem 2 directly.

Throughout this paper, C' denotes the constants that are independent of the main
parameters involved but whose values may differ from line to line. Constants with sub-
script such as Ci, do not change in different occurrences. For a measurable set E, x,
denotes the characteristic function of E.

2. PROOFS OF THEOREMS

We begin with some preliminary lemmas. We first recall the following Calderén-
Zygmund decomposition theorem in [2] and a basic covering lemma on spaces of homo-
geneous type in [1].

LEMMA 1. Let f € LY(X) and A > || f|lL1x) [p(X)]_l. Then there exist a family
of balls {Bj};ea with almost disjoint interiors (that is, with a bounded overlap) and
constants C > 0, such that

1
©) o5y, Wl <ox;
(¢c2) _GEAII(BJ') < CA MY fllzray s
j
(c3) f=g+bwithb=3 b;;
j€A
(cq) Ig(:c)l < CA for almost all z € X ;
(

Cs) supbj - BJ', L bj(.’E) du(I) =0, and ”bj“Ll(X) < C/\M(BJ)

LEMMA 2. Let (X,d,u) be a space of homogeneous type, B = {B, : « € A} be

a family of balls in X such that E = |J B, is measurable and u(E) < co. Then there
a€A

exists a disjoint sequence {B(z;,7;)},.y C B, such that E C |J B(g;, Csr;) with Cs
JeN

a positive constant depending only on K (the constant appearing in the inequality (1)).
Moreover, for any a € A, B, is contained in some B(z;, Csr;).

For the proof of this lemma, see [1, Lemma 2.1).
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LEMMA 3. Take >0, f € L'(X) U LP*®(X) with p € (1,00) and a ball By such
that there exists zo € By with M f(zo) < A. Then, for every 0 < 1 < 1, we can find
v > 0 (independent of A, By, f, zo) in such a way that

u({z € Bo: Mf(z) > BX, M} f(z) <7A}) < nu(Bo),

where 8 > 1 is a fixed constant which only depends on the space and the “approximation
to the identity” {A:}i>0-

PRrROOF: If f € LP(X) for some p € [1,00), this lemma was proved by Martell in
[8]. Repeating the proof of [8, Proposition 4.1], we see that the conclusion of Lemma 3
is also true for f € LP=°(X) with p € (1, 00). 0

As the composite operator M* i T maybe not a quasilinear operator, this gives much
trouble to our work. The next lemma is devoted to showing connections between the
operators T and MfT (if we replace f by Tf) and is the key point for the proof of our
theorems.

LEMMA 4. Letp € (1,00) and {A:}+s0 be an “approximation to the identity” as
in Definition 1. There is a positive constant C depending only on p, {A:}:>0 and the
space X such that for any function f,

(1) if p(X) = oo and sup /\”p({z eX: Mf(x) > A}) < oo for any R > 0,
0<A<R
then
”Mf”z,p wo(x) S C”M#f"u.ao(x);
(ii) ifp(X) < oo and f € L'(X), then
UM £ eniy < CUFIE iy ()] + CUME I oy
(iii) if p(X) < oo and f € LY>®(X) for some q € (1,00), then

1M £18 .00y < Cl oy [10)] ™™ + ClIME 1oy

PROOF: For the proof of the cases (i) and (ii), see (6, Theorem 2.2]. We only consider
the case (iii). Recall that M is bounded from L%*(X) to L#>(X) for any g € (1, 00),
that is to say, there is a positive constant C; such that

1M fllzace(xy € CaflfllLoo(xy-
Let Ao = Cill fll oy [1(X)] 777 For A > o, Set

Ex={z € X: Mf(z) > A}
and

Fa={z € X: Mf(z)>BA M]f(z) <},
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where § and v appearing in Lemma 3. It is easy to see that
B(Ex) € CIN fll amqaey < B(X),
which in turn implies that
u(E,) < oo, and X\Ey # 0.
For each z € E,, denote by r; the distance of = and the set X'\E,, namely,

Tz = El}.’l\fEx d(z,y).

Then,
7. >0 and E; = U Bz, C;'ry),
z€E)
where C3 > 1 is the same as in Lemma 2. We can apply Lemma 2 to obtain a disjoint
sequence {B(z;,C;'rj)}.y such that

Ex = B(zj, 1), B(z;, Cs5) N (X\E») # 0,
jEN
where Cs > 1 is a constant depending only on the space. Lemma 3 together with the
inequality (3) states that

u(Fa) < Zu({z € B(zj, Csrj) : Mf(z) > BA, M} f(z) < 'w\})

jeN

<nY_ u(B(zj, Csr;)) < Cnu(E,).

jeN
It follows that for any A > A,

({:z:EX Mf(z >ﬂ)\}) u(Fy) +u({z€X M f(z) >7,\})

Cnu(E)) + y.({:c EX: Mff(:c) > 7A}).
Then,

Nu({z € X : MJ(z) > BA}) < On(BAPu(Es)
. + (ﬂ/\)”y({z eX:M¥f(z)> 'y/\}).

Thus, a straightforward computation shows that
sup Au(Es) < sup APu(Ex) + sup  MPu(E,)
0<A<AR 0<AgBro BAe<A<BR
< (BAo)Pu(X) + CnBP sup M u(E,)
Ao<A<R
+(By~1)P sup /\"u({z €XxX: M¥f(z) > ,\})
A>0
< Cll P aoogay [6(X)] T/ + Cnp? sup MPu(E,)
0<A<BAR

+HBy ' Psup ¥u({z € X : MEf(@) > A}).
A>0
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Choose n such that 7 < (CBP)~!, we obtain that

sup APu(E,) < C||f||”qw(x)[u(z\:')] 'p/q+Csup/\”u({z€X M¥ f(z) >/\})

0<A

and then completes the proof of the case (iii). 0

PROOF OF THEOREM 1: We first claim that for any 1 < p < po, M¥T is of weak
type (p,p), that is, there is a positive constant C such that for any f € LP(X),

(6) il;}g )\”u({x EX: Mfo(l') > ’\}) < C”f”’;)(x)'

In fact, let Ay = 0 if 4(X) = 00 and Ay = || f[[5,x) [(X)] ™" if u(X) < co. Note that if
AP < Ay, the inequality (6) holds obviously. For each fixed f € LP(X) and A? > ), by
Lemma 1, we can perform the Calderén-Zygmund decomposition to |f|? at level A? and
there exist a family of balls {B;};ea and positive constants C, Cs such that

(d1) 'eEA#(B S CA” p”f”Lp(X),
j
(d2) f=g+bwithdb= 3 b;;
JEA
(ds3) l x)l C for almost all z € X;
(d4) forany j € A,supb; C B;, / b;(z) dp(z) = 0 and ||b; ”LF(X) CeAPu(Bj).
B;

It is obvious that g € L?(X) and

”g"LP(X) C”f”[,v(x) + CZ IIb ”Lp(x) C"f"u(x)-

JEA

For 1 < p < pg < 00, it is easy to see that
llgl ’;,opo(x) < C’\po_p”g”[,p(x) '\po_p”f”u(x)-
It follows from (ds) that (Cs/?Au(B;)) ~"b;(z) is a (1, p)-atom. We know from (d,) that

Z Cé/p)\l‘(B.‘i) < CAl-p”f”ZP(X) < 0o,

JEA
which in turn implies that
b(z) =Y bi(z) = Y Cs/PMu(B;)(C/* Au(B;)) 'bs(z) € HY(X, d, )
JjEA FEA

and
Ibllis e < D CoPAu(B) < OX P oy

JEA
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On the other hand, a trivial computation along with the condition (a,) leads to that

MET (@) = sup—zs | [T(0+5)a) — 44y (T(a +9) )] du)
<sup s ( [ [0 +8)0) - Totw)| dutw) + [ |T0(6) = AepT0)w)] duts)
+/’m4ﬂww»m—Awawmhmw)

< MTh(z) + M¥Tg(z) + sup (B /

Ay T(g+b)) (y) — A (Tg) y)ldu

Since Tb € L'(X), an argument similar to that used in the proof of [8, Lemma 3.5] tells
us that

sup—z= [ 4 (7 g+b))(y) Ata (Tg) )| dusty)

<sup—zs [ [ hup (0, 2)|T002) dita) du)

z€B M
< CMTH(z).

Consequently, there exists a positive constant C7 such that
M#Tf(z) < C;MTY(z) + M¥Ty(z).
Applying the condition (a3) and (d3), we get
u({x € X: MITf(z) > 40007,\}) < p.({:c €X: MITy(z) > 20007,\})
+u({z € X : MTo(z) > 26,1})
<u({z € x: Tg(z) > CoC1A})
+u({z € X: MTb(z) > 2G02}).
The fact that T is bounded from LP°(X) to LPo*°(X) gives that
u({z € X : Tg@) > CiC1A}) < CAPlgllBagzy < CAPI Iz
Note that M is of weak type (1,1) and T is bounded from H!(X,d, 1) to L'(X). Thus,
u({z € X : MTb(z) > 2Co2}) < CA M bllmram < XIS oy

and the inequality (6) follows immediately.
We can now conclude the proof of Theorem 1. If u(X) = oo, for any bounded

function f with bounded support and / f(z)du(z) = 0, we see that f € H'(X,d, u)
x
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and f € LP(X) for 1 < p < pp. Then T'f € L!(X). It follows from the case (i) of Lemma
4 and the inequality (6) that

M swXu({z € X: |T7@)] > M) < IMTF iy < Cllf iy

If u(X) < oo, for each bounded function f with bounded support and / f(z)du(z) =0,
x

it is easy to verify that [u(X)] 1/p-1 | f1lZ5(x)f (z) is a (1, p)-atom and

I e eamy < (O] f oy

By the case (ii) of Lemma 4 and the inequality (6), we obtain that

sup ’\p/"({z €X:|Tf(z)| > ’\}) < C”f”‘;ﬂ(x,d,p) [w(X ] P+ C\METHIIE,, 0o (X)

A>0

® < Clf ey

The inequalities (7) and (8) via a standard density argument show that T is bounded
from LP(X) to LP>(X) for 1 < p < pp. On the other hand, note that an operator satis-
fying the condition (a;) is a subadditive operator. An application of the Marcinkiewicz
interpolation theorem gives us the desired result. 1]

PROOF OF THEOREM 2: Given f € LP(X) with 1 < p; < p < p; < oo. For each
A > 0, decompose f as

f(.’L‘) = f(x)x(zixdf(:)l)cak} (1‘) + f(I)X(,Ex.,”(:)\gcsx) (IL') = fl(z) + fZ(x)!

where the constant Cg will be fixed below. A straightforward computation shows that
fi(z) € L (X), fo(z) € LP*(X) and

F1llZe 2y < (CoAV* P Loy 1 f2llTracxy < (CoXP2PU ULy

As in the proof of Theorem 1, we can obtain that there is a positive constant Cy such
that
METf(z) € CoMTf(z) + MET f,().

We shall choose Cg such that Cs < Cy. Then, the conditions (b;), (b3) together with the
fact that M is bounded from LP**°(X) to LF**°(X) yield that

p({.’l: € X: M*Tf(z) > 40109,\}) < p({z € X : MTf(z) > 2C,\})
+p.({.'L‘ €X:MITh(z) > 20109,\})

,\m < irne, oo +u({foex: ng(a:) > CiCan})

,\m ”fll Ln(x) + 5 \P1 ”f2| LPZ(X) “f”LP(X)
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This states that M fT is bounded from LP(X) to LP*°(X). We then consider the following
two cases to prove that T is bounded from LP(&’) to LP*°(X) for p1 < p < ps.
For the case u(X) = oo. For any bounded function f with bounded support, it is

easy to see that sup ,\Pu({x €X: MTf(z) > A}) < oo for any R > 0. Applying the
0<A<R
case (i) of Lemma 4 we can get that for p; < p < po,

T fllzo.co(ry < IMT f|Lro(ry € CIMET f|Lro(y < ClifllLrcay-

For the case u(X) < oco. For each f € LP(X) with 1 < p; < p < p,, note that f € LP(X)
and

[F{PERRN o 17E ) et [V e
Thus, Tf € L#»*®°(X). It follows from the case (iii) of Lemma 4 that

ITf I peocxy S CUT flor.0() [w(0)]'™ + C\METS [
< Cllf 1o xy-

Consequently, T is bounded from LP(X) to LP*°(X) for p; < p < po. Recall that T is a
subadditive operator, by the Marcinkiewicz interpolation theorem again, we can obtain
that T is bounded on LP(X) for 1 < p; < p < p2 < 0. 0
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