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Abstract

We introduce a differential operator on quasimodular polynomials that corresponds to the derivative
operator on quasimodular forms. We then prove that such a differential operator is compatible with a
heat operator on Jacobi-like forms in certain cases. These results show in those cases that the derivative
operator on quasimodular forms corresponds to a heat operator on Jacobi-like forms.
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1. Introduction

Jacobi-like forms are formal Laurent series which generalize Jacobi forms in some
sense, and they correspond to certain sequences of modular forms (see [2, 6]).
Quasimodular forms, on the other hand, generalize modular forms (see [4]), and the
coefficients of a Jacobi-like form are quasimodular forms. Consequently, there are
natural projection maps sending a Jacobi-like form to its coefficients. Derivatives of
modular forms are not modular forms in general, and similarly derivatives of Jacobi-
like forms are not Jacobi-like forms. On the other hand, derivatives of quasimodular
forms are quasimodular forms, and this paper is concerned with an operator on Jacobi-
like forms corresponding to the derivative operator on quasimodular forms.

Quasimodular forms for a discrete subgroup I' of SL(2, R) can be identified
with some polynomials, called quasimodular polynomials, that are invariant under
certain actions of I' (see [1]). There is a surjective map from Jacobi-like forms
to quasimodular polynomials such that the coefficients of a quasimodular form of
degree n are constant multiples of the first n 4+ 1 coefficients of the corresponding
Jacobi-like form.

In this paper we introduce a differential operator on quasimodular polynomials of
a given degree that corresponds to the derivative operator on quasimodular forms.
We then prove that such a differential operator is compatible with a heat operator
on Jacobi-like forms studied in [5] under the above-mentioned projection map in
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certain cases. These results show in those cases that the derivative operator on
quasimodular forms corresponds to a heat operator on Jacobi-like forms.

2. Formal Laurent series and polynomials

Let ‘H be the Poincaré upper half-plane, and let R be the ring of holomorphic
functions on H. We denote by R[[X]] the complex algebra of formal power series
in X with coefficients in R. If § is an integer, we set

RI[X1]s = X°RI[X]], (2.1)

so that an element ®(z, X) € R[[X]]s can be written in the form
o0
D@z, X) =) ()X (2.2)
k=0

with ¢ € R for each k > 0. Thus, if we allow § to be negative, elements of R[[X]]s
may be regarded as formal Laurent series in X. We fix a nonnegative integer m and
denote by R,,[X] the complex algebra of polynomials in X over R of degree at most m.

The group SL(2, R) acts on the Poincaré upper half-plane H as usual by linear
fractional transformations. Thus we may write

_az—i—b
yz_cz—l—d

forallze Hand y = (¢ Z) € SL(2, R). For the same z and y, we set
- - _ c
Iy, =cz+d, Ay, 2=ciy, ) '=—. (2.3)
cz+d
The map J:SL(2, R) x H — C determined by the first formula is a well-known
automorphy factor satisfying the cocycle condition

Iy, =3 v2IW', 2 (2.4)

for y, y' € SL(2, R) and z € H. The other map, on the other hand, can be shown to
satisfy

Ryy, =30, 20728y, v'2) + &Y/, 2). (2.5)

Given a function f € R, a formal Laurent series ®(z, X) € R[[X]]s with § € Z,
a polynomial F(z, X) € R,;[X] and an integer A, we set

L@ =302 fy2) (2.6)
@] )z X) =3y, 2) eI X0 (yz, 3y, 272 X), 2.7)
(Flly )@ X) =3, D" Flyz, 3(r, 22 (X — &y, 2))) (2.8)
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forall y € SL(2, R) and z € H. From (2.4) we see easily that

Fhyh=Uhy)hy
for all y, y’ € SL(2, R). Using (2.4) and (2.5), it can also be shown that

ol yh=@IInly, FlLivlhy =Fliyy).

We consider the surjective map

I : R[[X])s — Rn[X] (2.9)
with 6 € Z defined by
|
) _ r
(IT,,®)(z, X) = ;:0 r_!¢mfr ()X (2.10)

for an element ®(z, X) € R[[X]]s of the form

d(z, X) = Z () X .

k=0
This map is SL(2, R)-equivariant with respect to the operations in (2.7) and (2.8).
More precisely, given ®(z, X) € R[[X]]s and A € Z,
T, (@[] ) = T15,(P) llis2m+25 ¥ (2.11)

forall y € SL(2, R) (see [1])
Given v € Z, we now consider the formal differential operators

Dy : RIX]I = RIXI, Dy: RulX]—> Rup1[X]

defined by
9 B] 92
= — —V— — X ——, (2.12)
dz 09X 9X2
D, = + X x9 (2.13)
= — VvV — — . .
"9z 0X

It was noted in [5] that operators of the form D, correspond to heat operators on
Jacobi forms considered by Eichler and Zagier in [3]. Thus D,, may be regarded as a
heat operator on formal Laurent series, and it is SL(2, R)-equivariant in the sense of
the following proposition.

PROPOSITION 2.1. Given A, § € Z and a formal Laurent series ®(z, X) € R[[X]]s,
(Du(®) 1 15 V)@ X) =Dy(@ 1] ¥)(2 X) + (h = MRy, (@Y. X) (2.14)

forall y € SL(2, R) and 7z € 'H, where |){ and |){+2 are as in (2.7). In particular, we

obtain

(Di(®) 1 15 )@ X) =Dp(@|] ¥)(z. X). (2.15)
PROOF. This was proved in [5] for § > 0, and the proof of this proposition can be
carried out in a similar manner. O
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3. Quasimodular and modular forms

Let R, R[[X]], R[[X]1]s, Rn[X] with § € Z and m > 0 be as in Section 2, and let I"
be a discrete subgroup of SL(2, R).

DEFINITION 3.1. Let |¢, |EJ and || with § € Z be the operations in (2.6), (2.7)

and (2.8).
(i) An element f € R is a quasimodular form for I' of weight & and depth at most
m if there are functions fy, ..., f;; € R such that
m
(fle ()= Z fr(@R(y, 2)" (3.1
r=0

forall z € Hand y €I, where R(y, z) is as in (2.3).
(i1) A formal Laurent series ®(z, X) € R[[X]]s with § € Z is a Jacobi-like form of
weight & for T if it satisfies

(@1 )z, X) = D(z, X)
forallze Hand y €T.
(iii) A polynomial F(z, X) € R,,[X] is a quasimodular polynomial for I of weight
& and degree at most m if it satisfies
(F llg ¥)(z, X)=F(z, X)
forallze Hand y €T

If £ € Z, we denote by Jg (I')s the space of all Jacobi-like forms for I' of weight &
belonging to R[[X]]s. We also denote by QM é” (I") the space of quasimodular forms
for I' of weight £ and depth at most m. The space of all quasimodular polynomials for
I of weight £ and degree at most m will be denoted by QPg”(F).

If f € R is a quasimodular form belonging to QMé” (") satisfying (3.1), then we
define the corresponding polynomial (Qg1 )z, X) € Ry[X] by

QI X)=) [@X (3.2)

r=0

for z € H. We note that ng f is well defined because f determines the functions f
uniquely. Thus we obtain the complex linear map

Q' : QM () — RylX]
for each & € Z. In fact, this map determines an isomorphism
Q’g’ : QM;"(F) — QPE’"(F) (3.3)
whose inverse is given by
(@™ (F(z. X)) = F(z, 0) 3.4
for all F(z, X) € QPg"(F) (see [1]).
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PROPOSITION 3.2. Let Dy with & € Z be as in (2.13), and let 3 = d/dz : R — R be
the derivative operator on R. Then

Qrtl 09 =Ds o QL (3.5)

where Q' and Qémj'zl are as in (3.2).

PROOF. Let f be a quasimodular form belonging to QMé"(F), so that there are
holomorphic functions fo, fi1, ..., fim € R satisfying

fle @ =3r 2 fra) =) @AY, )"
k=0
for all z € H and y € I". By taking the derivative of this relation we obtain
~ _E_] d ~ ~ _g / d
—&J(y, 2) d—d(% D)y +3W. 27 vl -2
Z dz
7 d
= Z[fk%z)ﬁ(y, DF +kfi(R(y, F ! (d—zﬁw, z))].

k=0

Using this and the relations
d . ~
2.9 =Ry, 93, 2),
z

d d N _
— AWy, 20)=—8y, 2% —@2) =3, 7%
dz dz

we see that
— 3, DRy, DY) + 3, DA (v2)
=Y H@RY, 9" — kiR, .
k=0
Thus

(BF) ler2 V)(@) = ER(Y, D(f | ¥)()
+ Y @AY, 2 — ki@ Ry, 9!

k=0

ER(y, ) ) iRy,
k=0

+ Y @AY, 2 — ki@ Ry, ']

k=0
m+1 m
=Y E—k+Dfici@RY, 0"+ ) @Ry, 9"
k=1 k=0
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Hence we see that df € QM;I; (I") and, using (3.2), we obtain

m+1

(@ o N =D m@X, (3.6)
k=0

where
ho=foo hmpr=E—m)fm, h=E—k+1fic1+ f; (3.7)

for 1 <k < m. On the other hand, since

(QF )z, X) =Y fit)x* € RullX]],

k=0
by using (2.13)

m

D: 0 QN Ff X) =Y H@QX +£) " fil@X* =) kfi()x*
k=0 k=0

k=0

m+1

=Y K@OX* 4+ E—k+Dfici@X"
k=0 k=1

Comparing this with (3.6), we obtain (3.5). d

The relation (3.5) provides us with the complex linear map

De = Q5 090 (O™ 1 QPIM(I) — QP (D).

On the other hand, using (2.11) and (2.15), we see that

Di(J (D)) C Tra (D), TI,(Fo(T)5) C QP sy ins (D)

hence we obtain the two additional complex maps
M4 B)s = QP 505Dy Di: J(Ds = Jrsa(Ms—1 (3.8)

for each A € 7, where TI2;* is the restriction of 2 to Jo.(1)s.
THEOREM 3.3. Given X\, § € Z, the diagram

8

Fu(D)s — e QPP o)

Dy, lﬁk+2m+28 (3.9)
m, 1
T2 ()51 === QPMEL s (D)

commutes if and only if § = —m — 1 or § = —m — A
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7]
PROOF. Let ®(z, X) € R[[X]]s be given by
d(z, X) = Z () X+,
k=0
Then from (2.12) we obtain
D0z, X) = ) H@X T =Y (k4 O)pp () X!
k=0 k=0
_ _ k+8—-2
X /;o(k +8)(k +8 — Dgp(2)X (3.10)
= > W1 (@) — k+ 8k +8 — 1+ Mg (2)) X+
k=0
€ R[[X]]s-1

with d)Ll = 0. Using this and (2.10),

(M2} o D)D)z, X)
m+1

= @k = 1=kt ) — k8 + Dk ()X
k=0 "

(3.11)
On the other hand, from
LN |
(M )@ X) =3 —bmk (@) X"
k=0
and (2.13) we see that
(Drsamy2s o M) D) (2, X)
21 A+2m 428
= Z W;n_k(z)Xk + Z O @X
! = !
— k+1
Z (k ¢m ()X (3.12)
m+1

A+2m + 26 —k+1
o P X!

z s
m+1

=3 L@@ KO+ 2m 25—k D @)X
k=0
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Comparing (31 1) and (312),
6-1 D, =D I |(S
[1 10 Y= Phyom+2s © 1L,

if and only if
m+8+1DHm+5+1)=0;

hence the theorem follows. |

If 1'[;3,;A is the map in (3.8), we consider the corresponding linear map
5% T(D)s = QMY 5,05 (D)

defined by
Mt = (Qomis) ' 0 T, (3.13)

where QT+2m+28 is as in (3.3). Then from (2.10) and (3.4) we see that

(M5 @) (2) = ¢ (2)

for @(z) = Y72 ¢k (2) X 0 € To(D)s.

COROLLARY 3.4. Givenm, A, § € Zwithm >0, if6 =—m — 1 or 6 = —m — A, the
diagram
=5

To(D)s — e QM os(T)

Ds. ia
=5—1+2

Tri2(D)s—1 —= QM EL s 5 (D)

is commutative.

PROOF. From the relation (3.5) and the commutativity of the diagram (3.9) we see
that the diagram

8,

Iy (le-i—2m+25)_l
T QP 25T ————= OM" 5, L o5(D)

D, \LDA+2m+26 3i
oL

m+1 +1 +1
Th2(D)s—1 ——= QP s o (D) oMy i2s42(T)

m—+1 —1
(QA+2m+28+2)
—_—

commutes, assuming that § = —m — 1 or § = —m — A. Thus the corollary follows
from this and the relations

S5 42 _  mtl 1 ys—la2
I, = (Q omrass2) O Ty

and (3.13). O
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