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Abstract

In an extrapolation argument, we prove certain L? (1 < p < oo) estimates for nonisotropic Marcinkiewicz
operators associated to surfaces under the integral kernels given by the elliptic sphere functions
Q e L(log* L)*(X) and the radial function i € Nz(R*). As applications, the corresponding results for
parametric Marcinkiewicz integral operators related to area integrals and Littlewood—Paley g’-functions
are given.
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1. Introduction

As is well known, Marcinkiewicz integral operators belong to a broad class of
Littlewood—Paley g-functions and L? bounds regarding them are useful in the study
of smoothness properties of functions and behavior of integral transformations, such
as Poisson integrals, singular integrals and, more generally, singular Radon transforms.
In this paper we focus on the L” mapping properties for a class of nonisotropic
Marcinkiewicz integral operators associated to surfaces.

Before establishing our main results, let us recall and introduce some notation.
Let n > 2 and R” be the n-dimensional Euclidean space with a nonisotropic dilation.
Precisely, let P be an n X n real matrix whose eigenvalues have positive real parts and
let a = tracP. Define a dilation group {A;},~o on R" by A; = t* = exp((log t)P). There
is a nonnegative function r on R” associated with {A,},~¢. The function r is continuous
on R" and infinitely differentiable in R"”\{0}; furthermore, it satisfies:

(i) r(A;x) =tr(x) forall t > 0 and x € R”;
(i) r(x+y) < C(r(x) + r(y)) for some C > 0;
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(i) if £ ={x e R"|r(x) = 1}, then X = {# € R*|(B6, ) = 1} for a positive symmetric
matrix B, where (-, -) denotes the inner product in R*: then, the Lebesgue
measure can be written as dx = 1*~! do dt, that is,

f(x)dx = f ) f F(A " do(0) dt
0 z

for appropriate functions f, where do is a C* measure on Z;
(iv) there are positive constants cy, 2, 3, c4, @1, @2, 51 and B, such that

R»

ald® <r(x) < olx® ifr(x)>1,

ol < r(x) < calxP? if r(x) < 1.
See [5, 16, 19] for more details.

Let Q be a locally integrable function and homogeneous of degree 0 with respect to
the dilation group {A;}, that is, Q(A,x) = Q(x) for x # 0. We assume that

fQ(O) do(0) =0. (1.1)
b

For a suitable mapping @ : (0, c0) — (0, o), we define the parametric Marcinkiewicz
integral operator along the surfaces {Aq(y)y’;y € R"} by

"1 h(r(y))Q(y) 2dr\'2
M, ::(f_f BTODREY) o5 = Any’) d —), eR",
h,Q,(IJ,g(f)(X) y | oyt (y)e f(x (r(y)Y ) y p X
(1.2)
where 0 = o + it (0,7 € R with 0 > 0), y' = A,y1y, f € S(R") (the Schwartz class)
and i € Aj(R*). Here A, (R")(y > 1) denotes the collection of measurable functions A

on R* := (0, o0) satisfying

2j+1

dn\'”
Alla, ) = sup( f | |h(z)|77) < 0.
2J

JEZ
It is easy to check that L*(R") = A(R*) ¢ A, (R*) € A,,(R*) for any 1 <y, <
v1 < 0. Let N5(R*) (6 > 0) be the set of all measurable functions & on R* satisfying

Ns(h) = Y m°2"d,,(h) < co  with d,,(h) = sup 27¥|E(k, m)|,
keZ

m=1
where E(k, 1) = {r € (2,217 : |n(r)| < 2} and
E(k,m) = {r e 2F, 217 2" < |h(r)) < 2™)  form > 2.
It follows from [18] that
A,RY) € N5 (RY) € N5, (RY), V6 >6,>0and | <y < 0. (1.3)

We denote by L(log* LY(Z) (8 > 0) the space of all those functions Q on X which
satisfy

f |QB)[10g%(2 + |1Q6))) do(8) < .
z
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Also, we consider the LY(X) spaces and write [|Ql, = (ﬁz Q) do(8))'/? for
Q € L9(X). Note that

LY(Z) ¢ Ldog™ L (2) ¢ Llog" LY*(X), ¢ > 1andpB, <pBi. (1.4)

When ®(7) = 7, we denote A0, by )0, When A, =tE with E being the
identity matrix and r(x) = |x| (the Euclidean norm), X recovers the unit sphere in
R" denoted by S"~!, and the operator M0, reduces to the classical parametric
Marcinkiewicz integral operator, which has been studied by many authors. For
example, see [4, 20] for the case h(f) = 0 = 1 and Q € L(log"™ L)!/?(S™1), [8, 9] for
the case 0 = 1, h(t) € A(R*) and Q € H'(S"™1), [1] for the case h(r) € A, (R") and Q €
L(log* L)!2(S"') and [1, 13] for the case h € Ni;p(R*) and Q € L(log* L)!/2(S"1).
When A, x = (1" x1, t*2x,, ..., 1" x,) with a1, ..., @, being integers greater than one
and r(x) = p(x) with p(x) being the solution to the equation 37_, x?p(x)‘zaf =1, the
operator .#),, recovers the parabolic parametric Marcinkiewicz integral operators
denoted by up0,, and then X recovers §"=1. The L” mapping properties of Hh0o
have been discussed extensively by many authors. Xue et al. [21] proved that u, 0,
is bounded on LP(R") for 1 < p < oo, provided that i(f) =0 =1 and Q € LI(S" ")
for some ¢ > 1. Chen and Ding [6] (respectively, [7]) extended the above result to
the case Q € L(log™ L)!/?(S"~") (respectively, Q € H'(S""!)). The investigation of the
parabolic parametric Marcinkiewicz integral operators ;o , with additional roughness
in the radial direction has also received a large amount of attention by many authors
(see [14, 15] for example).

On the other hand, to study further the singular integral operator with rough kernel
both on the unit sphere and in the radial direction, Sato [17] first introduced the radial
condition Ng(R*) and proved the following result.

Tueorem A. Let Q € Llog"™ L(X) satisfy (1.1) and h € N1(RY), then the nonisotropic
singular integral operator T, defined by

h Q
Tho(f)(x) =p.v. fﬂ %

is bounded on LP(R") for all 1 < p < co.

fx=y)dy, xeR",

Based on the above, a natural question is the following.

QuestioN. Is )0, bounded on LP(R") for 1 < p < oo under the condition that
Qe L(log" L)*(Z) and h € Ng(R*)?

In this paper, we will give an affirmative answer to this question by considering a
class of operators broader than .#), o ,. More precisely, we denote by & the set of all
functions ¢ satisfying the following conditions (a) or (b):

(@) ¢:R* — R" is a increasing C' function such that t¢’ () > Coo(t) and ¢(21) <
cop(t) for all ¢ > 0, where C, and c, are independent of ¢. Moreover, ¢’ is
monotonic.
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(b) ¢:R* — R* is a decreasing C' function such that #¢’(f) < —Coe(t) and (1) <
cop(2t) for all t > 0, where C, and ¢, are independent of . Moreover, ¢’ is
monotonic.

Remark 1.1. There are some model examples on the class § satisfying (a), such as
# (8 > 0),A(n(1 + 1))’ (B, > 0), tInIn(e + 1), real-valued polynomials P on R with
positive coefficients and P(0) = 0 and so on. The model example of functions ¢ € ¥
which satisfy (b) are #° (6 < 0), " In(1 + 1/). It should be pointed out that there are
two important facts, as follows.

(i) If ¢(r) € C'(R*) is nonnegative and increasing (respectively, decreasing) on
R* and ¢(t)/(t¢’(¢)) is bounded on R*, then lim, ¢(f) = 0 (respectively,
lim;—, ¢() = +00) and lim,_, ;. @(t) = +oo (respectively, lim;_, . ¢(¢) = 0) (see
[11]).

(i) If ¢ € & and satisfies (a), there exists a constant B, > 1 such that ¢(2f) > By¢(f)
(see [2, 3] for example). Similarly, one can easily check that if ¢ € ¥ and satisfies
(b), then there exists a constant B, > 1 such that ¢(f) > By¢(21).

Our main results can be stated as follows.

Tueorem 1.2. Let My o0, be as in (1.2) and ® € §. Suppose that Q € LI(X) for some
q € (1,2] satisfying (1.1) and h € A, (R") for some y € (1,2]. Then:

(i) for2<p<oo,
- 2.0.0(Nllren < Coy = D™2(q = D7hlla, @0 1Rl Ll Ao
(i) forl<p<?2,
|- 0.0.0(Fllr@y < Cply — 17N g - 1)_1”h”Ay(R*)”Q”L‘I(Z)”f”LF(R")'

The constants C,, > 0 are independent of h,Q, q and 7y, but depend on ®.
TueoreMm 1.3. Let My o0, be asin (1.2) and ® € §. Suppose that Q satisfies (1.1).
()  IfQe Ldog* L)'*(Z) and h € N1p(RY), then, for2 < p < o,

A h0.0.0(llr@y < CL+ 19 Lo 2w+ Nip()flle ey
(i) IfQe Llog" L(Z) and h € N{(R"), then, for 1 < p <2,
A h0.0.0()llr@ny < CL+11Q1L10g* 1)1+ N1l @en)-
The constants C,, > 0 depend on @.

Remark 1.4. When A, = tE with E being the identity matrix and r(x) = |x| (the
Euclidean norm), Theorem 1.3 was shown by Liu and Wu in more general
form (see [13, Theorem 1.6]) (also see [1] for the case ®(¢) =¢). When A;x =
(" x1,t%x, ..., 1%x,) with a1, . . ., @, being integers greater than one and r(x) = p(x)
with p(x) being the solution to the equation Z’}:l x?p(x)*z"f =1, Theorem 1.3 was
proved by Liu and Zhang in more general form (see [15, Theorem 1]). It should be
pointed out that our main results are also new, even in the special case ®(¢) = ¢ and

o=1.
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The rest of this paper is organized as follows. In Section 2 we present some
preliminary lemmas. The proofs of main results will be given in Section 3. Finally,
we consider the L” bounds of the corresponding parametric Marcinkiewicz integral
operators related to area integrals and Littlewood-Paley g’-functions in Section 4.
We remark that the proof of Theorem 1.2 is based on the method of [1], but we add
some new techniques. The main ingredients of our proofs in Theorem 1.2 are to give
two sharp estimates for two maximal operators (see Lemma 2.3). As a consequence
of Theorem 1.2, we can prove Theorem 1.3 via an extrapolation method which was
originally by Yano (see [22]) and developed by Sato (see [17]).

Throughout the paper, we let p’ denote the conjugate index of p which satisfies
1/p+1/p’ =1. For x e R, we set [x] = max{k € Z : k < x}. The letter C will stand
for positive constants that are not necessarily the same at each occurrence but that are
independent of the essential variables.

2. Preliminary lemmas

Following the notation in [17], let P* denote the adjoint of the matrix P. Then
A7 = exp((log H)P*). We can define a nonnegative function s from {Af} in exactly the
same way as we define » from {A,}.

We will use the following estimates (see [19]):

dilE1" < s(6) < daé” if s(6) > 1, (2.1

d3lél < s(€) < dylél” if0<s(6) <1, (2.2)

where d; (j=1,2,3,4),ar, by (k =1,2) are positive constants. It follows from
(2.1)—(2.2) that

€< Ci(s@) + 5@, (23)

€17 < Cals@ 712 + 571, (24)

First we give the following estimate, which follows from [17, Corollary 4.2] via an
integration by parts argument.

Lemma 2.1. Let L be the degree of the minimal polynomial of P and ¥ € C'([a, b]) with
0 < a < b. Then, for &,n € R"\{0},

b
f exp(in - A,£)Y(¢) dt

< Ciy- P sup ()] + f o)

tela,b]
for some positive constant C independent of £, and Y. Applying Lemma 2.1, we shall
establish the following result.

Lemmva 2.2. Let L be as in Lemma 2.1 and © € §. Then, for é,n1 € R"\{0} and t > 0,
there exists a constant C > 0 such that

! . du _
f eXP(lU'A@(u)§)7 < Clyp - PAgél -
12

The constant C is independent of €, n, but depends on ©.
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Proor. We only consider the case ®@ € § satisfying the condition (a), since the other
case can be proved similarly. By a change of variables,

' du f‘l’“) du
exp(in - Apné)— = exp(in - A,
ft;Z p(in - Ao )f) . p(in E)(I)—l(u)d)’((l)—l(u))

= q)(t)f exp(lA(D(,)n A& p(w)g(u) dt,
where ¢ = O(t/2)/D(), p(u) = 1/ (D(t)u) and g(u) = (' (O~ (D(r)u)))~". Let
I(n) = fu exp(iAZ‘D([)n APV dv, ¢<u<l.
S

By Lemma 2.1 and the fact that PA, = A, P for any u > 0, there exists C > 0 which is
independent of &, i such that for¢ <u <1,

G0l < Clgn- P sup 1g(s)l + f ory

s€lg,u]
C _
< <1 PAowé] VE,

Thus, by integration by parts and the properties of @,

1
f gu) dI(u)
S

1
s@(r)(|1(1>g(1)|+ f 1) |g'<u)|du)
S

< COM)n - PApnél ™10 (1)~ + (10(1/2))7")

=d(1)

! ) du
f exp(in - Aoué)—
t/2 u

C(1 + 2¢o) -
= C—@(D"l'PAcb(z)fl Ve
< C(®)In - PAgél ™"
This proves Lemma 2.2. O

For g,y € (1, 00) and ¢ > 0, we define the family of measures {07, ,};~0 and the related
maximal operators o, and M}, on R" by

Ti(é) = f exp(=27i& - Aagyy)
1€ Jipp<ry)<t

ah(Hx) = sup [omnl = f(I,

h(r(y)Q(y")

e

0d'Y' (k+1)

d
Mh,q,y(f)(x) = Supr‘ | |0-h,t| * f(X)|7t,

keZ q'y'k
where |o,,| is defined in the same way as o7, but with Q replaced by || and & replaced
by |A|.
In what follows, we will establish some lemmas, which will play key roles in the
proofs of our main results.
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Lemma 2.3. Let Q € LI(X) for some 1 < g < oo and satisfy (1.1). Suppose that h €
Ay (R™) for some y > 1 and ® € §. Then, for any t > 0 and & € R", there exists C > 0
such that

max{[7 (), | 1T} < Cllhlla, @ 1QLsx) max{1, Ay, &~/ H 7Dy, (2.5)
max{[Tr(El [1Tml@) = TrON) < Cllhla, @ QLA €7D, (2.6)
The constant C is independent of h, Q, q, 7y, but depends on ©.

Proor. We only consider the case ® € § satisfying the condition (a), since the other
case can be proved similarly. By a change of variable and Holder’s inequality,

. 1 . h(u)
[0 (O] = |— exp(—27i& - Aaqu)0)E(0) do(6) —— du
1€ Jip Js u'-e
< Cllhlla,@H 1 Las).- 2.7)
Similarly,
oA < CllAlla, @19 Lacs).- (2.8)

On the other hand, by a change of variable and Holder’s inequality,

_ 1 (7 h
@l = [ [ expi2rie - Aaio00) @y
€ Ji2 Js u-e
< f f CXP(—Zﬂif'Am(u)9)9(9)d0'(9)‘|h(u)|d—u
i2lJs u
< C||h||A,(R+)(f
12

0,1-2/y
< Cllhlla, o IR, >

(.

By Lemma 2.1 and Hélder’s inequality, for any 0 < € < min{1/(2¢"), 1/L},

!
\fI/Z

Y du)l/y/
u

f exp(=27i€ - Aau#)6) dor(6)
z

2 du )l/max{2,y’]

f exp(=27i¢ - Aau#)A6) dor(6)
z

(2.9)

u

2

f exp(=27i& - Ao 0)<A0) do(6)

> u

= f’ f f exp(=27iAg ¢ - (0 — w)QOQ(w) do(6) dO'(w)d—u
/2 JJIEXT »

“J.

<C f L i € - (Ao P(O — )" |QUOQW)| do () do(w)

t d -
f/ | eXP(=27 - Ao (0 - w));”‘m(e)ﬂ(wn dor(6) dor(w)

t

, 1/q
< C”Q”iq@)(‘ff |P*A(*i)([)§ (O =w)|" do(9) dO‘(W))
IXZ
< ClIQI ) [ Ap & (2.10)
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where the last inequality follows from [12, page 533] (also see [17, proof of
Lemma 1]). If follows from (2.9) and (2.10) that

T ()] < Cllhlla, @ IQ|ac) A €1~/ 24 2710, (2.11)
where we take € = 1/(2¢’L). Similarly,
[1TRAl@)] < Cllhlla, ) 1 o) | A £ CL ™V,

This, together with (2.7), (2.8) and (2.11), implies (2.5). On the other hand, by a
change of variables, (1.1) and Holder’s inequality,

@) = f f (XP2E A ~ DO dor(O) 2 d ‘
<c f/ 2 f QO € A0l dr (O]
Y dun\'"
< Clla - f QO I€ - Av01dor0) <)

(D(t)
< Cllhlln f f Q) A a|dcr<9>\
D(1/2)

iy (1) 1/7/
<C, yllhllayaw f fIQ(G)I |£-A QIdO'(G)‘ —
D(t/2)

<C— ks (R*)f f|9(9)| |Aq

where ¢ is as in Lemma 2.2. Note that ¢ > c&, and |A,0) < Cforueg,1]and 0 € X.

du 1y
(I)'((D‘l(u))(l)—l(u))

>

Y du )1/7'

Thus,
T3 < ClIlla, @)1 o) [ Ag €l (2.12)
It follows from (2.7) and (2.12) that
T ()] < Cllhlla, @ 19| Lac) A, €147 ™. (2.13)

Similarly, we can prove that
15al(©) = [T (0] < CllAlla, ) 1l Lox) | AG €447 P,
which, combined with (2.13), implies (2.6). This proves Lemma 2.3. O

Lemmva 2.4, Let h,Q, ® be as in Lemma 2.3. Then, for any 1 < p < oo, there exists a
constant C > 0 such that

o (Ollze@n < Cq"y lhlla,@H QL)L f @) (2.14)
Mgy (Ollr@ny < Cq"yY lhlla, @ 1 Le) 1 f o) (2.15)

The constant C is independent of h, <, q,y, but depends on ®.
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Proor. We only prove the case ® € § satisfying the condition (a); the other case can be
obtained similarly. By Remark 1.1, there exists By > 1 such that ®(2¢) > By®(t) for
any 7> 0. For convenience, we set Ny, = q'Y'[|hlla, @) 1a¢s). For k € Z, we define
the family of measures {u};cz and a maximal operator u* on R” by

h [016'4
) dur(x) = f MQ(Y)
20"V k<p(y) <24 Y (kD) ()

() = sup | [l * f(x)),
keZ

5 fAaqyy) dy,

where || is defined in the same way as w4, but with Q replaced by |QQ| and & replaced
by |A|. One can easily check that

o, () < (fD.
Therefore, to prove (2.14), it suffices to prove that
e (Oller@ny < CpNgyll fllrwry, 1< p < oo. (2.16)

Below we estimate |;(£)|. By a change of variable, (2.3) and the same argument as in
getting (2.12),

24"y (k+1)

d
f2 » fz (exp(=27i¢ - Avy6) — DIUO) dor@)lh(a)|

[q’y’] 2q’y’k+i+l du
< Zf f|Q(9)| |§’A(D(u)9|do'(0)|h(u)|7
24 z

|l (€) = 1l(0)] =

=0 gy k+i
lg"y']

< ) Wl @ QA i
i=0

< ([q'y'1+ DliAlla, @) 1Qllac) (DRI FHIY I 5(£)) e
+ (@(2q’7"k+[q’y’]+1 )s(é_-))l/bl)
< CNq’y(CEIEII')"]H)/aI ((I)(Zq’y’k)s(f))l/u]
+ DI @21 R 5(8)) 0. (2.17)

One can easily check that
|G| < CN,,, VEER" (2.18)
Interpolating between (2.17) and (2.18) leads to

(€)= |[Rl(0)] < CN,,, (@1 %) s/ @aY mb) 4 (@277 %) s(¢))! /@711 (2.19)
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On the other hand, by a change of variable, Holder’s inequality and (2.10), for any
0 <e<min{l/(2q"),1/L},

_ 24"y (k+1) d
IGE ‘ f2 fz exp(—sz-Acp(u)e)m(enda<9)|h(u>|7“]

24"y (k+1)

< f |h<u>|yd“)”
24'7'k

24"y (k+1)

"dun\\
x( f k f exp(-27it - Aq;(uﬂ)m(enda(e)‘
24'Y >
< C(q'y)" |l @

[q'y'] 24’7’k+i+1
<(2 ),
=0 24"y k+i
| {0,1-2
< C(g"y)'"1hlla <R+>||Q||zﬁ‘;;) a8
[¢'Y'] 211 ¥ k+i+]
<(2()
=0 24"y k+i
1 {0,1-2
< C(q'Y) ”thAy(anmQ“;}; o8
lg'y'] 1/y'

§ Iy
— 4 2’ 7
( (”Q”Lq(z) |A(I)(2q 7’k+z+1)§| e)y /max{2,y })

lg'y'] 1/y
’ —ey’ 2,y
< @y Wil Il ) Wi ™27)
i=0

du)”V

2du )7’/maXl2,y’])1/y’

’

This, together with (2.4) and (2.18), leads to
HERIE)] < N, (D17 F)s(£)) WY el 1 (@217 ) s(£))~ 4V 0Ly - (2.20)

We can choose a nonnegative Cj’(R") function ¢ such that %(0) = 1 and supp(¥) C
{x e R" : r(x) < 1}. Define the family of measures {v;}rcz on R" by

Vi(€) = |uel(€) — ()l (0), (2.21)

where ¢ (x) = (1)(2‘1'7%)_“1//(14(1,(2”%)71 x). Let ¥ = |x|(0)y«. One can easily check that
1 (F) < G() + (I, (2.22)

V) St () +PEASD, (2.23)

where v*(f) = supyez | Vil * f1. ¥ (f) = supyez | [¥il * fand G(f) = (Zez i * fI)'2.
By the L? boundedness of the Hardy—Littlewood maximal function on R” with respect
to the function r(-),

sup I » f|H < Clflan, 1 <p<o, 2.24)
keZ LP(R™)
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where positive C is independent of y and ¢. Thus, by (2.18),

" (Ollzrery < CNgyll fllrwny, 1< p < oo, (2.25)
where C is independent of y and ¢. By (2.22) and (2.25), to prove (2.16), it suffices to
prove that

IG(HNr@ny < CNgyllfllr@n, 1< p <o, (2.26)

where C is independent of y and g. By a well-known property of Rademacher’s
function, (2.26) follows from

ITe(Pllr@ny < CNgyllfllr@ny, 1< p <oo,

where T.(f) = Diez €Vi * f with € = {€}, & = 1 or —1 (the inequality is uniform in €)
and C is independent of y and g. It follows from (2.3)—(2.4) and (2.18)—(2.20) that

Vx(&)] < CN,,, min{1, (D277 %)s(£))" /417 @D 4 (217 F)5(£))1 WY 22D)y (2.27)
VR(&)] < CN,,, (@1 ¥ s/ HaY al) (@247 k)5 /HaYbil)y (2.28)
Let {I't}rez be a sequence of nonnegative functions in C;'((0, o)) such that
supp(T) € [@Q277* D)™ @/ &) N T =1,

keZ
Id/dtyTi(t) < Cj/t) for j=1,2,...,

where C; (j=1,2,...) are independent of g and y. Define the Fourier multiplier
operators S by

SkNE) = Tu(s@Nf (). (2.29)

By Littlewood-Paley theory, forany 1 < p < o0, {g¢} € LP(R", £?) and f € LP(R"), there
exists C), > 0 which is independent of g and vy such that

12
Ysue]|  <6|(Ylef) , (2.30)
keZ Lr@R") kezZ LP(®R")
2
(X150 < Collfllree- (2.31)
LP(R")

keZ
By the definition of S, we can write
()= D @it S S () = D" &S juaviex S () 1= D 7i(f). (2.32)
keZ JEZ keZ JeZ
Then, by Plancherel’s theorem, (2.27)—(2.28) and (2.30)—(2.31),

5Oy < C FOPTREP de

ez I¢(2q’y’(k+j+l))—l<s(§)<q>(2q’7’<k+j—l>)—l}

S C(Nq,’yDj)ZHinZ(Rn)’
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where Dj — (B;)(j—l)/(SmL) + B(;(j_l)/(SbIL))X[jzll(j) + (Bg+1)/(4azL) + Bg+1)/(4sz))
X{j<1}(j)- Then
T (Alizzeny < CNy By Nl fllz2 e (2.33)

where C and c are independent of y and g. This, together with (2.32), implies that

ITe(Oll2mry £ CNgH Il fll2@ny.-
‘We also obtain that

IG(NNzz@ny £ CNgH Il fll 2@y
which, by combining (2.22) and (2.23) with (2.25), yields

IV (Ollz@ny < CNg I fll2gn)-
This, together with the trivial estimate sup;.; [vill < CN,, and the proof of
[12, Lemma, page 544], implies that

J\172
(D lesP)
keZ

S\

(Z Vi * gl )
keZ

holds for arbitrary functions {g;} € L?(R", £*) with p = 4 or p = 4/3. This, combining

(2.30) with (2.31), implies that

It (Ollreny < CNyy Il fllLr ey (2.34)
for p =4 or p = 4/3. By (2.32) and the interpolation between (2.33) and (2.34),
lTe(Ollr@ny £ CNellIfllrwn, 4/3<p<4.

<CNy,
Lr(R™)

Lr(R™)

Consequently,

NG(Nllr@ry < CNgyllfllr@n,  4/3 <p <4
Reasoning as above, (2.22)—(2.23), (2.25), (2.30)-(2.33), the trivial estimate
SUPez Vill £ CNy,y, the proof of [12, Lemma, page 544] and an interpolation argument
yield

NG(Dllr@ny < CNgyll fllreny,  8/7 < p <8.
By using this argument repeatedly, we can obtain ultimately (2.26). Equation (2.14) is
proved.

It remains to prove (2.15). Let y; be as in (2.21). Define the family of measures

{wilrez on R" by

24"y (k+1)

207D dt dt
wi(&) = f |16 — = f |07,1(0) — k(). (2.35)
24'Y'k t 247k t
By Lemma 2.3, one can easily check that

|1T741(&) — [Tral O ()]
< CllAlla, @ 1@l oy ming 1, |Ag &0 + 1AL, 840D, (2.36)

D24
1571(E) = 1T (O)a(£)]

< C||h||Ay(R+)||Q||Lq(2)(|A:§>(,)§|_l/(Mﬂ) + |A:D(2q’y’k)§:|_1/(4[1,7,14))' (2.37)
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It follows from (2.3)—(2.4) and (2.36)—(2.37) that

[@r(&€)] < CN,,,, min{1, (@277 *)s(£)! /@17 D) 1 (@217 *)5(£))! /@YD) (2.38)
[r(E)] < CN,, (@217 F)s(g)) /@Y el 1 (217 k) 5(&)) /MY 2Dy (2.39)

We get from (2.35) that

M q,(f) < 8(f) + O°(IfD, (2.40)
W (f) £ Mpqy(f) + O (1D, (2.41)
where w'(f) = SUPkez el * f1, &(F) = (Zez lw * f17)!/? and ©°(f) = supye 11O * f1

"k

with ®; = fzqw Iah,,I(O)(dt/ . It follows from (2.5) and (2.24) that

10" (Nllr@ny £ CNgyllfllr@n, 1< p < oo, (2.42)

where C is independent of g and y. By (2.38)—(2.42), the trivial estimate sup;; [lwll <
CN,, and the same arguments as in getting (2.14), we obtain (2.15). This completes
the proof of Lemma 2.4. m]

Applying Lemma 2.4, we obtain the following result.

Lemma 2.5. Let Q, ® be as in Lemma 2.3 and h € A, (R") for some y € (1,2]. Then
there exists C > 0 such that

24¢"Y (k+1) dt 12
(Zf one+ 1P )
ez Y207 4 Lr(R")
1/2 2 12
< C@Y ) Pl e 1o | Y ) , 2<p<w, (243)
keZ Lr@®")
0d"y' (k+1) dt 12
(Zf loh, * gkl —)
= Jorvr t LP(R™)
< €'y lhlla, @ 1) (Z ™ ) L l<p<2 (44
LR

The constant C is independent of h, Q, q,y, but depends on .

Proor. The idea of the proof is similar to the one appearing in the proof of
[1, Lemma 3.7]. First we prove (2.43). For fixed 2 < p < oo, by duality, there exists a
nonnegative function f € L?/?(R") with || {1l gr) < 1 such that

24"y (k+1) d[ 12112
(Z o gk| -
kez Y217 ,

24"y (k+1)

dt
f (s gl — f(x) dx. (2.45)
LP(R™) nie J2 t

q'y'k
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By a change of variable and Holder’s inequality, we obtain

|0 * g

o)) o
: (*jf-/2<r(y)§t ngk(x = Aoyl d)’)

t d 2
<( f f 40 = Ay VRO dor 0l <2 )
t/2 JX
< CIE oo 120 f f 40x— Aoy P10 o IhGOP 2). 2.46)

Thus, by (2.45), (2.46) and Holder’s inequality, one can check that

24"y (k+1) dl 1212
(Zf” one+ 1P )
kez V27t

< CIE oo 120 f 3 8GOy (FN=0)

keZ
(> |gk|2)
keZ

where f (x) = f(—x) and M|h|zfy,q,7( f) denotes My,p— ., with o = 1. It is easy to check
that [(-)*™" € Ayja—)(R"); thus, by (2.15),

LP®?)

2
My g PNy @mys  (2.47)
LP(RY)

< C”h”A (R+)||Q||L‘1(Z)

~ x Y 2-
¥+, (Dl Cq(2 )|||h| Mo o I Ll e

< CCII)’/”h“A (R+)||Q||Lq(2),

which, combined with (2.47), implies (2.43).
Next, we prove (2.44). Assume that 1 < p < 2; by duality, there exist functions
fk(x t) deﬁned on R"” x R* with ” f}(( ) ||Lp (R, C2(LA([24'Y k247 6D Gt 1)) < 1 such that

24"y (k+1) d[ 1/2
Z » lohs * &kl —)
A

24"y (k+1)

dt
f f s # g ) 2L dix
n ez 24 'y k l

LP(RY)

<Clg'y)'"? (Z|gk|2)l/2 I1E,) (2.48)
- keZ peny  LPEY ‘
where
24"y (k+1) _ dt _
H@=2, | o el and fien = f-xn.
keZ
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Since p’ > 2, there exists a nonnegative function u € L%"/?'(R") such that

2‘17 ! (k+1)

~ dt
sy =Y [ [ loms i St d
keZ " J2o

By (2.14), Holder’s inequality and the fact that |a(-)]*™ € Ayjo—p(R),

24"y (k+1)

o dt
12y < CIRIT, g 11 fR -0 f i 0P dx

keZ
< ClAIlY oy I s 16 oy @l ey

<cq(3= )IIhII ol s,

< CQ'V ”h”A (R+)”Q”Lq(z)» (2.49)
where @i(x) = u(—x) and &"le ,(it) denotes 0'| e ,(it) with o = 1. Equation (2.44) follows
from (2.48) and (2.49). This proves Lemma 2.5. O

3. Proof of main results

This section is devoted to the proofs of the main results.

Proor oF THEOREM 1.1. Let i, Q, ® be as in Theorem 1.2. By Minkowski’s inequality,
we can write

Q()h 2 4\ 12
%h,Q,CI),Q(f)(x) t@ 2kl p(y)<2k (ry(i;)frr(z))f( - A<I>(r(y))y )dy t)
Q)h 2 gp\112
B Z (L L Lr<r(y)<2tt (:)()y)g’:(g))f( = Aogyy) dy )
dr\1/2
== 2_”)_l(f s *f(x)'zf) : 3.1)
0
Let

0 dnl1/2
Sh,Q,Q(f)(x) = (L |0-h,t * f(x)|27t) .

By Lemma 2.3 and (2.3)—(2.4), one can verify that
24y (k1) 12
([, wwers)
<Cly = 1)™"(g = 72Ihlla, ) 19l ocs)
x min{1, (@Q771)s(E) YA 1 (@21 )s(6) T,
(@QIY*)s(£)) WY RD 1 (@17 F)s(&) UYLy (3.2)
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Let Sy be as in (2.29). Then, by Minkowski’s inequality and the definition of S,

Snao()x) < Z T;(f)(x), (3.3)
JEZ
where .
24"y k+1 d 1/2
0 =(Y [ oSS sep )
keZ 207

Using (2.30)—(2.31) and invoking Lemma 2.5,
ITj(Ollr@n < Cly = D72(g = D2 Ihlla @l fllr@n,  2<p<oo, (3.4)
IT/(Dllren < Cy = D7 g = D7 Al @) Qe ey, 1<p<2 (3.5)

The constant C > 0 is independent of ¢ and vy, but depends on ®@. On the other hand,
by Plancherel’s theorem and (3.2),

1Ty < D f f
®") ' et} et '
ez (O Y k+j+D)-1 < (&)< D24 kri-Dy-1} J24'Y'k
—21j16 -1 -1 2 2 2
< CB(D ! (7 - 1) ((] - 1) ||h||A,/(R+)HQ”L‘i(E)”f”U(R")’

where Bp > 1 is as in Lemma 2.4. The constants C and ¢ are independent of ¢ and 7.
That is,

T (Hllzen < CBR (v = )7 2(q = D2l e Qs Ll 2y (3.6)

Interpolating between (3.4)—(3.5) and (3.6),

24"y (k+1)

_ar,
|crh,,<§>|27t|f<§>|2d§

IT/ (Pl < CB (v = 1)72(q = 1) Plhlla, @ I | g, 2 < p < oo,
3.7

IT/ (Nl < CBZ (v = 17 = D7 lAlls, @ Qe fll@n, 1< p<2.
(3.8)

The constants C, ¢, and €, are independent of g and y. Theorem 1.2 follows from (3.1),
(3.3) and (3.7)—(3.8). m]

Proor oF THEOREM 1.2. Theorem 1.3 follows directly from Theorem 1.2 and an
extrapolation argument as in the proof of [17, Theorem 1.2]) (also see [I8,
Theorem 1.2]). We omit the details. O

4. Additional results

As applications of our main results, we consider the corresponding parametric
Marcinkiewicz integral operators .7, P Lo and 0.0, related to the Littlewood—

Paley g)-function and the area integral S, respectively, which are interesting in
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themselves. More precisely, let @ be as in (1.2); we define the operators .#*

h,Q.0,4,0
and A 0.0.50 DY
;qu,lg(f)(x)
1 h(r(2)Q(z) 2dydr\\
v 2"
j]l;"*‘ I+ r(x )’)) 1 LZ)<t r(z)*¢ e 10 we@)e ) 42 o+l
where 4 > 0 and R**! = R" X (0, o0);
h(r(z))Q(z o Pdyde\t?
Mh0.0,50(f)(x) = ff f (r ),1_9( )f()’—AcD(r(z))Z )dz %) ,
ol Jrp< @) t

where T'(x) = {(y,7) € R : r(x — y) < t}.

Tueorem 4.1. Let Q € L(log™ L)V/*(2) satisfying (1.1) and h € Ny ,»(R"). Suppose that
O eFand A > 1. Then, for 2 < p < oo,

12 0.0.10(DNr@ny < CA, @, 0, @)1 + 19l L0g* 1121 + Nipp(W) fllr@ny,  (4.1)

2 0.0.5.0(Hlr@y < Cla, 0, P)A + (1Qlqog* )21 + Nijp)I fllr@n.  (4.2)

Remark 4.2. Because of (1.3) and (1.4), Theorem 4.1 essentially improves and
generalizes [10, Theorem 2], even in the special case r(x) = |x| and ®(¢) = ¢.

The proof of Theorem 4.1 is based on the following lemma.

Lemma 4.3. Let A > 1. Then there exists a constant C(A, ) such that for any
nonnegative locally integrable function g on R",

L@ﬁmwmm%WMSQM)$%Mmﬂmw@mm

where M is the Hardy—Littlewood maximal operator on R" with respect to the function

r(-).
Proor. By the definition of .Z}’, ,, , o
Lpﬁmwmm%mm
ad
f,, fme t+ r(x y))
h(r(2))€4(z) 2dydt
% © jr‘(z)q %f@ A(D(r(z))Z )z t‘)’)Jr1 g(x) dx
“|1 h(r(2))€2(z) :
= fnfo e f(z)<z r(z)*¢ SO -2
1 t @4 dt
(Stl:g 1@ fRn(t + r(x — y)) §W) dx)? dy
SCLa) | (Mhao NN M(E)0)dy
for A > 1. This proves Lemma 4.1. O
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Proor oF THEOREM 4.1. First we prove (4.1). For 2 < p < oo, by duality,

;s Py = SUD fR (M 01, POV 20 d,

llgllzagm <1

where g = (p/2)" and the supremum is taken over all g satisfying ||g||zs®+ < 1. By the
L? bounds of M, Holder’s inequality, Lemma 4.3 and Theorem 1.3, t

14 0 s Py < CA@) sup | (Mg o0( PR M(g)(x) dx

llgllzg@m<1 JRA

<C(4, 0/)||///h,§z,c1>,g(f)||%p(Rn)
< C( @, 0, O)(1 + [Qlzgog* 1y12cx)’
X (14 Nipp) Iy 2< p < co.
Thus, (4.1) holds. On the other hand, it is easy to check that

Mr0.0500N@) <2V 601 (D),
which, combined with (4.1), implies (4.2). Theorem 4.1 is proved. O
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