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ON H-SETS AND OPEN FILTER ADHERENCES?)

BY
ROBERT L. KRYSTOCK

ABSTRACT. The relationship between H-sets and open filter
adherences is considered. The open filter adherences of an H-closed
space are shown to be H-sets; and, a necessary and sufficient
condition is given for an H-set S, of a Hausdorff space X, to be an
open filter adherence. A necessary condition is determined for the
existence of a minimal adherent set which contains S; and, in the
case that X is H-closed, sufficient conditions are determined. As a
related result, an H-closed space X is shown to be seminormal if
every H-set of X possesses a neighborhood base consisting of regular
open sets.

1. Introduction. H-sets were introduced by N. Veli¢ko in [5], and indepen-
dently by J. Porter and J. Thomas in [4]. Since their introduction, H-sets have
played a major role in the development of H-closed spaces. Because of their
importance, attempts have been made to obtain characterizations of H-sets
using various techniques; and, as a result, new insight has been gained regarding
their nature. (Of special note is the recent work of J. Vermeer, which focuses
attention upon the Iliadis and Hausdorff absolutes (see [6])). However, it
appears that such characterizations are difficult to obtain. Although H-sets
cannot be characterized as open filter adherences, the two concepts are closely
related (see below). Since the open filter adherences are fundamental to the
theory of H-closed spaces, consideration should (and will herein) be given to
their relationship with H-sets.

A nonempty subset S of a space X is an H-set (of X) if every cover of S by
open subsets of X contains a finite subfamily whose closures in X cover S; and,
X is H-closed if X is an H-set of X. (All spaces considered herein are assumed
to be Hausdorff.) It is easily seen that the H-sets of a space X are closed subsets
of X.

Regarding notation, cl S (resp. int S) will be used to denote the closure (resp.
interior) of a set S in a space X, and 7ng will be used to denote the open
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neighborhood filter of S. (For the case S = {x}, n, will be used.) Also, for two
subsets S, and S, of X, S)\S, will denote the complement of S, in §,.

In [5], Velicko showed that the #-closed subsets of an H-closed space are
H-sets. (A subset S € X is -closedif S = cly S = {x € [cI N N S # 0 for all
N € n,}.) J. Joseph (in [3]) improved upon Velicko’s result by showing that
cly § = ad ng (where ad ng = Ny, cl N denotes the adherent set of ng). Thus,
if X is H-closed and S C X, then cly S is both, an H-set, and an open filter
adherence. (A subset S of a space X will be called an open filter adherence if
S = ad # for some open filter % on X).

Two questions naturally arise:

(1) Is every open filter adherence of an H-closed space necessarily an H-set?
(2) Is every H-set of an H-closed space X, the adherent set of an open filter
on X?

The first question is answered affirmatively by Proposition (2.2). On the other
hand, the second question cannot be answered in its present form. An answer to
the question is dependent upon the H-closed space under consideration.
Although every H-set of the well-known Urysohn space is an open filter
adherence (see Remark (2.6) ), the H-closed space constructed in Example (2.8)
contains an H-set which is not an open filter adherence (see Remark (2.9) ).

The construction of Example (2.8) quite naturally leads to consideration of
open filter adherences which are minimal with respect to containing a given
H-set. And, for the case that S is an H-set of an H-closed space, a sufficient
condition for an open filter to have a minimal adherence with respect to S,
is developed herein. (For a subset S of a space X and an open filter base
% on X such that S C ad %, it will be said that # has a minimal adherence with
respect to S if there does not exist an open filter base ¥ on X such that
S Cad¥9 ¢ ad ).

The remainder of this section is given over to terminology which will be used
in what follows below.

If # is an open filter base on X and S € X, then % meets Sif F N S # @ for
every F € % and % has a cluster point in S if there existsan x € ad % N S. If

# and 9 are open filter bases on X, then % meets ¢ if % meets each G € &.

A subset S C X is regular closed (resp. regular open) if S = cl(int S)
(resp. § = int(cl S) ). The regular closed subsets of an H-closed space X are
H-closed (see [4] ) and are therefore, H-sets of X. Moreover, every open filter
base on X has a cluster point in X, and this property characterizes the family of
H-closed spaces.

2. Main Results.

LEMMA (2.1). [2, (1.1)(e) ]. A subset S of a space X is an H-set if and only if
every open filter base on X, which meets S, has a cluster point in S.

ProrosITION (2.2). If F is an open filter base on an H-closed space X, then
ad % is an H-set of X.
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ProoOF. Let ¢ be an open filter base on X which meets ad % Then for G, € ¢
and F} € % G, contains an element x € ad # C cl F|, so that G, N F; # 0.
Since % and ¥ are filter bases, so alsoisw = {G N FIGE ¢, F € ¥}; and
since X is H-closed, # # ad w € ad % N ad ¢ By (2.1), ad % is an H-set.

ProrosITION (2.3). An H-set S of a space X is an open filter adherence if and
only If, for x € (cly S\S), there exists N, € n, such that, for all finite subsets
{x1, x5, ..., x,} S (clg S\S), [int(U{_; cI N, )] N S = 0.

PrROOF OF THE SUFFICIENCY. Suppose that the condition is satisfied
for an H-set S € X. If (clg S\S) = @, then § = cly S = ad ng; so assume
that (clg S\S) # 0, and let N, be determined for each x € (cly S\S). Let
F = {N\cl NN € ng, x € (clyg S\S)}, and let F = N]_;(N\cl N,)
be an arbitrary finite intersection of elements of % For s € S, s e
[(N7_; NN\int(U}_; ¢l N, )] € cl F. It follows that # is an open filter
base and that S C ad % Moreover, for x € (clg S\S), N, € 7, which
fails to meet each (N\cl N,) € & so that (ad #) N (cly S\S) = 0. Hence
§ € ad F = (ad F)\(clyg S\S) € ad ng\(cly S\S) = cly S\(clg S\S) = S.
This proves sufficiency.

ProoF oF THE NECEssITY. Now suppose that S = ad % for some open filter
base # on X. If (cly S\S) = @ there is nothing to prove. So assume that
(clp S\S) # 8. For x € (cly S\S), x & ad % so that there exists N, € n,
which fails to meet some F, € £ If {x|, x5,...,x,} € (clp S\S) and
s €[S Niny(U_, cl N, )] then [int(U7_, cl N, )1 € n, which fails to meet

N;_, F., so that s & ad % a contradiction. This proves necessity.

ExAaMPLE (2.4). [1, Example 3.14]. Let

11
A= {CIU = (“j, —)Il,] (S N},
1J
1 —1 |
B {b,, =5 =iy e N},
L
1.
C = [cl- = (_., O)Il S N},
l
where N denotes the set of positive integers. Let a = (0, 1) and b = (0, —1).

The topology for W = 4 U B U Cis the topology inherited from the plane, and
a basic open set containing a (resp. b) is of the form

and

U,(a) = {a} U {qyli = n,j € N}
(resp. V,(b) = {b} U {bli = n,j € N}).
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The space hW = W U {a, b} with this topology constitutes a well-known
H-closed space due to Urysohn.

LEMMA (2.5). [2, (1.2)(a) ). If S is an H-set of X and E is a 8-closed subset of
X\S, then there exists N € my such that int(cl Ny) N S = 0.

REMARK (2.6). The space hW of (2.4) has the property that every H-set of
hW is an open filter adherence. To see this, let S be an H-set of "W and
let x € (cly S\S). Note that for y € hW\{a, b} the basic neighborhoods
of y are both open and closed, so that y € cly S impliesy € cl S = S. Hence
(clg S\S) € {a, b} so that cly S\ S is f-closed. By (2.5) and (2.3), S is an open
filter adherence.

REMARK (2.7). The subset C U {a} of hW is an H-set; forif N € 7, cIl N
contains all but finitely many points of C. However, if (C U {a}) = clp S
for some S € hW, then C C S; for if y € C, there exists Ny €, such that
{y} =[ECN)N(CU{a})] =[N, NclyS] 2[cIN, N S]+ 0. Hence
beclyCCclyS = (CU {a}). This contradiction establishes that C U {a}
is not of the form cly S for any S € hW. However, by (2.6), C U {a} is an open
filter adherence. Thus (2.2) extends (4.15) of [3].

ExaMPLE (2.8). Fix n € N. Let X, denote a copy of /W and let 4, (resp. B,,
C,) denote the copy of 4 (resp. B, C) in X,,. The point a € hW (resp. b € hW)
will be denoted a" (resp. b"). Let D, and E, be distinct copies of

{0} U {ilm e N}

with the topology inherited from the real line, and let Y, denote the quotient
space obtained from the disjoint union X, W D, W E, by identifying 0 € D,
withad"and 0 € E, with b". Let Z = [ (U, Y,) U {a, B, §, 6} ] where a basic
neighborhood of a (resp. B) is of the form

N(a) = {a} U (nngk An) (resp. N.(B) = {B} U (U Bn)),

n=k

and a basic neighborhood of § (resp. o) is of the form

N.(8) = {8} U (U D,,\{a"}) (resp. Ni(0) = {o} U (nLng En\{b"})).

n=k
The space Z is H-closed.

REMARK (2.9). It is easy to verify that S = {8,8} U [U,en({d"} U C,)]is
an H-setof Zandcly S = S U {a} U {b"In € N}. For N, € n,, N, contains
some A4, and for N € .k, int(cl N, U cl Ny) N S # 0. Therefore, by (2.3), S
is not an open filter adherence.
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PROPOSITION (2.10). Let S be an H-set of X and let & be an open filter base
such that S S ad & There exists an open filter base G such that S < ad 9 and
F Lad g CclyS.

Proor. Let x € (ad %)\S. By (2.5) there exists N, € 7, such that
int(cl N,) NS =0.Let ¥ = {N\cl N,IN € ng} and let G = NJ_;(N\cl N,)
be an arbitrary finite intersection of elements of ¢ For s € S, s €
[(N}_; N)\int(cl N,)] S cl G. It follows that ¢ is an open filter base and
that § © ad ¢ C cly S. Since N, fails to meet each (N\cIN,) € 4, x & ad ¢
so that ad % ¢ ad 9.

CoroLLARY (2.11). Let S be an H-set of X which is not an open filter
adherence. There does not exist an open filter base & such that S € ad F C ad ¢
Jor all open filter bases ¥ such that S < ad %.

For an H-set S of a space X, % will denote the family of all x € (cly S\S) for
which there exists N, € n, such that [clg(cl N, )] N [(clg SI\N(S U {x})] =0

PROPOSITION (2.12). Let S be an H-set of X, and let F be an open filter base on
Xsuchthat S G ad F If B N (ad F) # O, then there exists an open filter base 9
such that S € ad ¢ € ad #

ProoOF. Let x € (% N ad &%), and let N, € 7, such that [clg(cl N )] N
[clg S\(S U {x})] = 8. By (2.5), we may assume that int(cl N,) N S = 0.
If (clg S)\(S U {x}) = @ then the proposition follows from (2.10). So as-
sume that (clg S\(S U {x}) # 0. Fory € [(clg S)\(S U {x})N\ad £ let
N, € n, such thatcl N, N cl N, = @, and cI N, N E, = @ for some F, € Z Let
g = {N\[cI N, U cIN]IN € ng,y € [(clg S)\(S U {x})\ad F}, and let
G = NJ_j[N\(l N, U cl Ny') ] be an arbitrary finite intersection of elements
of 4 Fors € S, s € cl(N}_, F,), so that s & int(U}_; cl N, ). Moreover,
since (U}_; cl N,) N (el N,) =0 and s & int(cl N,), s & int[(c] N,) U
(Ui_y el N)] = int{ui_j(cl N, U cl N))]. Hence s € (Nj_; N)\
intfU?_;(cl N, U cl Ny,)] C cl G. It follows that ¢ is an open filter base
and that § C ad ¢ Since for y € [(cly S)\(S U {x})N\ad &% N, and N,
fail to meet each [N\ (cl N, U cl N)le gy &€adPandx & ad 9. Thus
ad ¥ C ad nq\[([cly S\(S U {x})Nad %) U {x}] = (cly S\
[(clg S\ad F) U {x}] € ad #\{x}Sad & This completes the proof.

CoOROLLARY (2.13). If S is an H-set of X, and F has a minimal adherence with
respect to S, then B; N ad F = 0.

REMARK (2.14). Let Z and S be as defined in (2.8) and (2.9). It is easy to
verify that #; = {b"In € N}.

Let S be an H-set of a space X. & will denote the family of all x € (clg S)\S
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such that for N, € =, there exists a finite subset £ C (%\{x}) which

satisfies:
(i) for Ny € ng, int(cl N, U cl Ng) NS # 0.

REMARK (2.15). #; N & = B. To see this, let x € Hg and let N, € n,
such that [clcl N)] N [(clyg SNS U {x})] = #. By (2.5) we may
assume that int(cl N;) N S = 0. If E is a finite subset of (Z\{x} ), then

C [(clg SINS U {x})] Hence there exists, for y € E, a neighborhood
M € 1, such that cl M, N cI N, = = . Moreover, by (2.5), there exists M
ng such that int(cl M) ﬂ S = ﬂ Consider Ny = [Mp N (U,ep M,)] € np.
Since (cI N, N cl Ng) € [el N, N (U,epcl M) ] = @, and [int(cl NE) N Sj]c
[int(cl M) N S] = @, int(cl N, U cl Ng) ﬂ S = . It follows that x & &
and, therefore & N & = 0.

REMARK (2.16). For Z and S as defined in (2.8) and (2.9), &5 = {a}. So,
[(clg SINS] = &5 U %K.
The next lemma is easily proven.

LEMMA (2.17). If E is a finite subset of an H-closed space X, and F is an open
filter base on X which meets mg, then F has a cluster point in E.

ProprosiTiON (2.18). Let S be an H-set of an H-closed space such that
(clg SI\S = (& U %). If F is an open filter base such that ad F = (S U &),
then % has a minimal adherence with respect to S.

Proor. Let # be an open filter base such that ad % = (S U &), and suppose
that ¢ is an open filter base such that § € ad ¥ € ad % Let x € (ad #\ad 9).
Since x & ad ¥, there exists N € 5, and G, € Fsuch thatcl N N G, = 0.
Now x € & € (cly S)\S € clg S so that cl N N S # @, and there exists
a finite subset E C (%\ {x} ) which satisfies (i). Now S € ad ¢ so that for
Np € ng, 9 meets int(cl N U cl Np) and, therefore, meets cI N U cl Ng. Since
G, N cl N = @, 4 meets cl Ny and, therefore, meets N,. Hence, ¥ meets 1,
and by (2.17), ¢ has a cluster point y € E C . But then, y & ad % so that
ad ¢ ¢ ad % a contradiction. It follows that there does not exist an open filter
base ¢ such that S € ad ¢ ¢ ad % Hence, .# has a minimal adherence with
respect to S.

REMARK (2.19). Note that by the proof of (2.18), if S is an H-set of
an H-closed space, and % is an open filter base such that § € ad ¢ and
(E\ad ¥) # @, then ¢ has a cluster point in %.

ReEMARK (2.20). Let Z and S be as defined in (2.8) and (2.9). By (2.16),
[ (clg SI\NS] = (& U ). By (2.18), if # is an open filter base on Z such that
ad #F = S U & = S U {a}, then ¥ has a minimal adherence with respect
to S.
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To prove the existence of such an %, (2.3) will be used. By (1.1)(c) of [2],
S U {a} is an H-set. Moreover, (cly S\(S U {a}) = {b"In € N} = %.
For n € N, let Ny € nyn such that Nyn € ({b"} U B, U E,). If E is any
finite subset of %, then Ny = U{Ny|b" € E} is an element of 1 such that
int(cl Ny) NS = 0. By (2.3), (S U {a} ) = ad Z for some open filter base &#
on Z; and, by the argument above, % has a minimal adherence with respect
to S.

Note also that, if ¢ is any open filter base on Z such that S € ad ¢ and
ad g # (S U {a}), then ¢ does not have a minimal adherence with respect to
S. For, eithera € ad Yora & ad 9. If a € ad % then S € ad % C ad ¢ And,
ifa & ad &, then ad 9 N K # 0 (see (2.19) ), so that by (2.12), ¢ does not have
a minimal adherence with respect to S.

3. A related result. In [8], G. Viglino defined a space X to be seminormal if
every closed subset of X possesses a neighborhood base consisting of regular
open sets. Viglino also introduced C-compact spaces [7]. A space X is C-compact
if every closed subset of X is an H-set. Every H-closed and seminormal space is
C-compact [8]; and, easily, every C-compact space is H-closed. It is well-known
that neither of these implications can be reversed.

PROPOSITION (3.1). Let C be a closed subset of an H-closed space X, and let #
be an open filter base on X which meets C, but has no cluster point in C. Then no
regular open neighborhood of ad % is contained in X\C.

ProOF. Let N € 1,44 and assume that int(cl N) N C = 0. Let V' = X\cl N.
Since C € cl V and &% meets C, it follows that % meets cl V and hence meets
V. As X is H-closed, ad & N cl V # §. But cl V = X\int(cl N) € X\WN.
So ad & N (X\N) # 0, a contradiction as ad % < N. It follows that

int(cl N) N C # @ for every N € 1,44
A space X will be called H-seminormal if every H-set of X possesses a

neighborhood base consisting of regular open sets.

ProrosiTioN (3.2). If X is H-closed and H-seminormal, then X is
C-compact.

Proor. Let X be H-closed, and suppose that X is not C-compact. By (2.1),
there exists a closed subset C € X and an open filter base .# which meets C, but
has no cluster point in C. By (2.2), ad % is an H-set; and, by (3.1), X is not
H-seminormal. This proves the assertion.

COROLLARY (3.3). An H-closed space X is seminormal if and only if X is
H-seminormal.

Proor. Necessity is trivial since H-sets are closed. On the other hand, if X
is H-seminormal, then by (3.2), X is C-compact. Hence, every closed subset
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of X is an H-set, and therefore, possesses a neighborhood base consisting of

regular open sets.
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