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Abstract  Using the H°°-functional calculus for quaternionic operators, we show how to generate the
fractional powers of some densely defined differential quaternionic operators of order m > 1, acting on
the right linear quaternionic Hilbert space L?(£2, C ® H). The operators that we consider are of the type

T=4m"1 (al(m)elag +az(x)e20zy + ag(m)eg(?;',;) , == (x1, x2, 3) € Q,

where Q is the closure of either a bounded domain Q with C! boundary, or an unbounded domain
Q in R3 with a sufficiently regular boundary, which satisfy the so-called property (R) (see Definition

1.3), e1, ea, e3 € H which are pairwise anticommuting imaginary units, a1, a2, ag : @ C R® — R are the
coefficients of T'. In particular, it will be given sufficient conditions on the coefficients of 7" in order to
generate the fractional powers of T, denoted by P (T) for a € (0,1), when the components of T, i.e. the
operators T; := al(');'l’, do not commute among themselves. This kind of result is to be understood in the
more general setting of the fractional diffusion problems. The method used to construct the fractional
power of a quaternionic linear operator is a generalization of the method developed by Balakrishnan.

Keywords: fractional powers; higher-order vector operators; S-spectrum; S-spectrum approach

2020 Mathematics subject classification: Primary 47A10; 47A60; 35G15

1. Introduction

Using the S-functional calculus, in the series of papers [15, 21-24], we defined the frac-
tional powers of a class of vector operators with non-constant coefficients. In this paper,
we consider the quaternionic differential operators of the form

T=i"" (a1(x)e10) + az(x)e20l + az(x)esdy), x = (x1,22,23) € Q,
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Fractional powers of higher-order vector operators 913

and we prove that under suitable conditions on the coefficients, it admits well-defined
fractional powers. In order to state our results, we give some details on the quaternion
techniques based on the spectral theory on the S-spectrum. For a complete introduction
of the S-functional calculus see the books [16], [20], here we briefly introduce the main
aspects of this theory.

1.1. The S-functional calculus

An element in the quaternions H is of the form s = sg + s1e1 + s2e2 + s3e3, where sq, s¢
are real numbers (¢ = 1,2, 3), Re(s) := s denotes the real part of s and ey, for £ = 1,2, 3,
are the imaginary units which satisfy the relations: e? = e = €3 = ejege3 = —1. The
modulus of s is defined as |s| = (s + 57 + 53 + s2)'/? and the conjugate is given by
5 =89 — S1e1 — Saea — sze3. In the sequel, we will denote by S the unit sphere of purely
imaginary quaternions, an element j in S is such that j2 = —1. We consider a two-sided
quaternionic Banach space V' and we denote the set of closed densely defined quaternionic
right linear operators on V' by K(V). The Banach space of all bounded right linear
operators on V is indicated by the symbol B(V') and is endowed with the natural operator
norm. For T' € IC(V'), we define the operator associated with the S-spectrum as:

Q(T) :=T? — 2Re(s)T + |s|*Z, for s € H (1.1)

where Q,(T) : D(T?) — V, where D(T?) is the domain of T2. We define the S-resolvent
set of T as

ps(T) :={s € H: Q,(T) is invertible and Q,(T)~* € B(V)}
and the S-spectrum of T" as
os(T) = H\ ps(T).

The operator Q4(T)~! is called the pseudo S-resolvent operator. For s € pg(T), the left
S-resolvent operator is defined as

S (s, T) = Qy(T) '5 —TQu(T) ! (1.2)
and the right S-resolvent operator is given by
Sp'(s,T) == —(T — I5)Q,(T) . (1.3)

The fractional powers of an operator T such that jR C pg(T) for any j € S, are denoted
by P,(T) and are defined as follows. For any j € S, for a € (0,1) and v € D(T'), we set

1
P,(T)v := ) S (s, T)ds; s* 1T, (1.4)
—j
or
1
P,(T)v := el s*Vds; S (s, T)Tw, (1.5)
—j

where ds; = ds/j. These formulas are a consequence of the quaternionic version of the
H*°-functional calculus based on the S-spectrum, again see [16] for details. For the gen-
eration of the fractional powers P, (7T), a crucial assumption on the S-resolvent operators
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is that, for s € H\ {0} with Re(s) = 0, the estimates
©

s’

_ © _
HSLI(S’T)HB(V) <7 and HSR1(87T)HB(V) < (1.6)

s
hold with a constant © > 0 that does not depend on s. It is important to observe that
the conditions (1.6) assure that the integrals (1.4) and (1.5) are convergent and so the
fractional powers are well defined.

For the definition of the fractional powers of the operator 1", we can use equivalently
the integral representation in (1.4) or the one in (1.5). Moreover, they correspond to a
modified version of Balakrishnan’s formula that takes only spectral points with positive
real part into account.

Remark 1.1. It is clear from the definition of the S-resolvent operators that to use the
S-functional calculus for the definition of the fractional powers of an operator T' we have
to determine if Q4(T) is invertible for any s € H such that s # 0 and Re(s) = 0, and,
moreover, if estimates of the type (1.6) hold, see Problem 1.4.

1.2. Operators of order one vs operators of order m > 1

In some of our previous papers, we have defined fractional powers of operators of first
order such as

ay (x)aﬂh
T:= | az(x)0s,
a3 ()04

acting on functions u : Q C R?* — R belonging to H} (Q,R) C L?(Q, R) where Q is a (pos-
sibly) unbounded domain with C! boundary. To use the S-functional calculus, first we
identify the gradient operator with the quaternionic gradient operator

a‘l(x)aaﬂl
a2(x)0y, | = e1a1(2)0y, + e2a2(x)0y, + e3a3(x)0y,
a3 ()0,

and we consider the operator Q4(T') defined in a weak sense over H}(Q, H) C L?(Q,H). It
is important to observe that the above identification has some consequence on the bilinear
form bs(u,v) = (Qs(T)(u), v)m, where (a,b)g := ab for all a, b € H. Indeed, performing
an integration by parts, we have (see in the following):

3
bs(u,u) = Z l|ar ()0, ul|® + |s]*||ul|* + other terms
=1

where the “other terms” are the scalar products of the first derivatives of u with u
multiplied by the derivative of the coefficients. In the formula, we indicate that bs(u,u)
contains two positive terms: the L?-norm of « and the L?-norm of the first derivative of
u multiplied by the coefficients a;’s. This fact allows us to determine some conditions on
the coefficients a;’s in order to guarantee the continuity and the coercivity of bs(-,-) and,
moreover, the uniform estimates for the S-resolvent operator.
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In this paper, we consider vector operators of order m > 1 and m € N of the type

ai(z)oy
T := | ax(x)0y;
az(x)0;

If we consider the previous identification

T := ejay(x)0; + ezaz(x)0y, + e3a3(x)a;"3,
and we consider the operator Q,(T) defined in a weak sense over Hy*(Q, H) C L*(Q, H),
we have to distinguish the cases of m odd or even. If m is odd using m-times an argument
of integration by parts we obtain

3
bs(u,u) = Z ||al(x)5';’;u||2 + [s|?||ul|* + other terms
I=1

and the bilinear form still contains two positive terms: the L?-norm of v and the L?-norm
of the derivatives of order m. If we try to compute the bilinear form in the same way
when m is even, we obtain

3
bs(u,u) = — Z llai ()07 ul|* + |s[*||ul|* + other terms
=1

losing the positivity of the first term. One way to overcome this problem is to identify T'
with

e1a1(x)0]" + esas(x)0y, + esaz(x)0y,

if m is odd and with
i(erar ()0 + ezaz(x)0) + esas(x)O))

if m is even where ¢ is the imaginary unit of C. In other words, we have complexified
the coefficients of the quaternionic gradient operator and the operator T is identified
with the quaternionic gradient operator with real coefficients if m is odd or with the
quaternionic gradient operator with purely imaginary coefficients if m is even. For the
precise definitions of bs(+, ) and of the quaternionic Hilbert space C ® H, see § 2. In light
of these considerations, we give the following definition.

Definition 1.2. Let Q2 be a C'-domain in R?, bounded or unbounded, and let a; : Q—-R
for I =1, 2, 3 be C™(Q) functions. We define in a classical way over C™ (2, C ® H) the
operator

T :=i""" (a1(2)e10)" + az(z)e201 + az(x)esdy), x = (w1, x2, x3) € Q.
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1.3. @ bounded vs 2 unbounded

We will treat separately the cases of €2 bounded and of 2 unbounded. The unbounded
case is more complicated as explained at the end of this section and needs some more
constraints on the shape of {2 that we now introduce. For the following definition, we
shall utilize n-dimensional spherical coordinates (r,w) where r > 0 is the distance from
the origin, w € S,,_1, and S,,_; denotes the sphere in R™ (see [26]; in our case, however,
n=3).

Definition 1.3. An open set 2 C R? is said to have the property (R) if there exists
P € R?\ Q such that every ray through P has the intersection with Q which is either
empty or an infinite interval. More precisely, for each w € S5 set

flw)y=mf{r>0: P+rweQ} if{P+rw:r>0N2#0
flw) :== 00 if{P+rw:r>0tNQ=0.

We are assuming that if f(w) # oo, then P + rw € Q for all r € (f(w), 00).

Examples of unbounded domains, which satisfy the property (R) are: Q := {z € R3:
|z — P| > M} and Q := {z € R®: (P — x,v) > 0} where v € R? is a vector, P € R? is a
point and M > 0 is a positive constant (here (,-) is the standard scalar product of R?).
We are ready to formulate in the precise way the problems that we have to solve.

Problem 1.4. Let Q C R3 be with C'' boundary, which is either bounded or unbounded
and satisfying the property (R). Let F': Q — C ® H be a given L2-function and denote
by u: 2 — C ® H the unknown function satisfying the boundary value problem:

OPu(z) =0 Vb € N} such that [b| < m — landz € 99, ’

where b = (b1, by, b3) and 9° = 9% 0%29% . Determine the conditions on the coefficients
a1, as,az : 2 — R such that the boundary value problem has a unique solution in a suit-
able function space and, moreover, the L2-estimates (1.6) for the S-resolvent operators

hold.

Remark 1.5. If Q is bounded and its boundary is of class C™, the previous boundary
value problem is equivalent to

Hu(z) =0 for 0 <j<m-—1andx € 09, )

where, v is the normal vector field pointing outside 9 (see Theorem 7.41 in [33]).

We are going to solve the previous problem by the use of the Lax—Milgram Lemma. In
particular, to solve the boundary value problem (1.7), we want to find some conditions on
the coefficients a;’s in a such way that the continuity and the coercivity of the quadratic
form bs(u,v) associated with Q4(7T) hold (see Definition 2.3). The need of proving also
the estimates (1.6) makes the assumptions on the coefficients a;’s stronger than the
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usual one that we have to require for the coercivity of bs(-,-), since we can not rely on
the term |s|?||lu|?® of bs(-,-). For this reason, the other positive term in bs(u,u), that
is 2?21 |a;0ul|, has to control the L®-norm of u and the L?*-norms of all the partial
derivatives of u up to order m — 1. In § 3, when Q is a bounded domain of R?, through
an iterated use of Poincaré’s inequality, we will show that the conditions:

e |a;| > max(C, Cq);
e |a;| > |0%a;| for any |B|] < m,

are sufficient to solve the Problem 1.4. Here and in what follows, C denotes the Poincaré
constant of . When €2 is an unbounded domain of R? and m = 1, the role of the Poincaré
inequalities is replaced by the Gagliardo—Nirenberg estimates and a condition of integra-
bility on the first derivatives of the coefficients is sufficient to get the coercivity of by (-, )
(see [24]).

When € is an unbounded domain of R? and the order of the operator T is greater than
1, the Gagliardo—Nirenberg estimates can not be used in an iterated way as for Poincaré’s
inequality. In § 2, we propose one way to overcome this problem by the use of a weighted
Poincaré’s inequality on some unbounded domains under an exponential decay condition
at infinity of the coefficients a;’s (see Theorem 4.3).

In this paper, the definition of the fractional quaternionic operators is based on the
S-spectrum approach to fractional diffusion problems see [2, 13, 14]. This method is a
generalization of the Balakrishnan’s method to construct the fractional power of a real
operator, see [5]. There are also several nonlinear models that involve the fractional power
of scalar elliptic operators, see for example [11, 34].

2. The weak formulation of Problem 1.4

The boundary 9 of Q is assumed to be of class C! even though for some lemmas in
the sequel the conditions on the open set {2 can be weakened. We consider the right
quaternionic Hilbert space C ® H endowed with the scalar product

(u,v) == qwi + Gws YVu,ve CH

where ¢ is the imaginary unit of C, u = ¢1 + iq2, v = w1 +iws and ¢1, g2, w1, wo € H.
As usual, we define the modulus of u € C ® H as

[u] ==~/ (u, u).

We observe that a function u: Q2 — C ® H is determined by eight real functions wu;; :
Q — R where j =0,1,2, 3 and [ =1, 2. We call these functions the components of wu.
We will use the following notation

u(z) = (uo1(z) + ur1(x)er + uz1(x)es +usq(x)es) + i(up2(z) + ur 2(x)e
+ uzo(x)es + ug2(x)es)
= uy(z) + tua(x).

where uq(z) = uo1(z) + ur1(x)er + ugi(x)es + uzi(x)es and us(x) := ug2(z) +
ur2(x)er + ug o(x)es + us 2(x)es. We can consider the space of LP-integrable functions
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from a domain Q C R? to C ® H

LP .= LP(Q,Co®H) := {u:Q—>(C®]HI:/Q|u(w)|pdx < —i—oo}.
The space L? with the scalar product:

(u,v) 2 = (u,v) L2(0,com) = /Q<u(x),v(x)> dr Yu,v € L*(Q,C @ H),
is a right linear quaternionic Hilbert space. We furthermore introduce the quaternionic
Sobolev space of order m
H™ .= H™(Q,C® H)
= {u €LX(Q,COH): ujy € H"(UR) j=0,1,2,3 and [ = 1,2}7

where the space H™(2,R) is the Sobolev space of order m defined as in [25] Chapter 5.
We have that H™ (2, C ® H) endowed with the quaternionic scalar product

3

<uv U>Hm = <ua U>H’"(Q,]HI) = <U,U>L2 + Z <8bu7abv>L2 )
1<[b|<m

where b € N3, becomes a right linear quaternionic Hilbert space. As usual the space
Hi*(Q,C®H) is the closure of the space C§°(92,C @ H) in H™ (2, C ® H) with respect
to the norm | - ||gm. This space can be characterized as the set of all functions u €
H™ such that Tr(0Pu) = 0 for any multiindex b € N® with |b| < m — 1 (here the trace
operator Tr(+) is defined as in [25] Chapter 5). Now we give to the problem (1.4) the weak
formulation in order to apply the Lax-Milgram lemma in the space HJ"(€2, C ® H).

Remark 2.1. When  is bounded, we can endow H[" (€2, C ® H) with the scalar product

3
(u,v) = (O u, 07 v) 1,
1=1
The H™-norm is equivalent to the norm
3
[l B = (w,w)pm = 05l Zs-
1=1

This is a consequence of the following estimates
lulpm < ullam < K(m)Ko Y [10Pu] g2 < K(m)K Kallu| pm,
|bl=m

where the second inequality is obtained by Poincaré’s inequality applied repeatedly to
the term ||0Pu||z2 for |b| < m and

Kq := sup(CQ, OSD;)

The constant K (m) represents the maximum number of times that [0Pul| for some
|[b| =m appear on the left-hand side of the second inequality after the use of the
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Poincaré’s inequality. The last estimate follows using the Fourier transform on the terms
OPu when |b| = m and since there exists a positive constant K > 0 such that

3
Yot K jalr
1

|bl=m =

(we can use the Fourier transform since any u € H"(Q,C ® H) can be extended by
0 outside Q preserving the H™-regularity in R3). We define the constant K(m, Q) :=
KK(m)Kq (we will use several times this constant in the sequel and according to our
necessity it could be rescaled by other constants which depends on m). When  is
unbounded | - ||[pm is not a norm, still we will use several times the estimate

> 0Pl < K|l pm.
|B]=m

Remark 2.2. We will use several times a classical argument of integration by parts
that we describe now. Let f1, fo € HE(Q,R) and 9P f3, 9 f, € L?(Q) N L>(Q) for any
b € N3 with |b| < k then, integrating by parts k-times and recalling that the traces at
the boundary of 9P f, for all |b| < k are zero, we have that for any i = 1, 2, 3

[ ok psstide = (1) [ nok (fafisiyda
Q Q

o \k k vt (—1)F k t ts L5 .
S RCSTI TR D DI () L ATAL ATAIAY

[t|=k Aty <k—1

~10 X (5) [ no ozt a

[t|=k

tyltalts!”

Where t= (tlth;tS) S N3 and (lz) = k!
From Definition 1.2, we have

Q.(T) =T?% — 25T + |s|*T

m

3 3
" [Z i+ 33 (1) ol oz
=1

=1 k=1

+Y e (fj () (2t tas o4z - a0k, (m(x))az:ka;';))

1<j k=1

—2s50T + |5]°Z,
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where (ZZ) = Wik)" and the scalar part of Q,(T) is

Scal(Q4(T)

<Z af ()2 +> Y <TIZ) a(z)ok (al(x))a§¢k> +|s*T,

=1 k=1

while the vectorial part is

ect(Qs( ee; a)(x i‘laj:v ;’;_k;"
Veet(Q4( Zl<kl()(l<>a<<>>a o

I<j

—a;(x)k, (al(x))a;';—kag;) ) — 25T
We consider the bilinear form
(Qu(T)u v) 2 = /Q (Qu(T)u(z), v(z)) dz

for functions u, v € C3™(Q,C @ H). Note that
(Qs(T)u,v) 2 = (Scal(Qs(T))u,v) 2 + (Vect(Qq(T))u, v) 2.
Using Remark 2.2, we have that

(Scal(Qs(T))u, v) 2

Q
3 m
m a;(x 2m—Fk () 0 dx
+§k_l(k>/ﬂ<l<>a<<>>a (u), >d>
3
2 [ w = a2(2)0™ (u), 0™ (v)) dx s|? u, V) dr
s /qudx—z/ﬂm)amu,am(»d +||/Q<,>d

+
1]
g

(T) /Q<ail (a} ()95 (), 05 (v) de

=1 [t/'|=m A th<m-—1

m

S0 X (3 (1) [etanotHatenen .ot d

=1 k=1 |[t|=m—Fk
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where t’ = (t/,t,) € N? and also

(Vect(Qs(T))u, v) 12

=3t 3 (1) () ([ ot e o, o de

I<j k=1 [t|=m—k

_ /Q<elej8;1j (aj (x))angk(al(x))@;’;(u),(921}) dx — 2so(T'(u), U>L2> .

Relying on the above considerations we can give the following two definitions.

Definition 2.3. Let Q be a bounded domain (or an unbounded domain) in R? with the
boundary 9 of class C!, let aj, as, az € C™(Q,R) (or in the case of the unbounded
domains a1, as, az € C™(Q,R) N L>() such that 9Pa; € L>(Q) for any j = 1, 2, 3 and
for any b € N? such that |b| < m). We define the bilinear form:

bs(u,v) : = (af(z)00" (u), 00 (v)) dz + |s[* [ (u,v)dx
>k /

+i 3 (Z‘) / (08 (af ()07 (u), 042 (v)) da

I=1 |t/|=m A ta<m—1

e E (1))

1 k=1 [t|=m—k

x [ 108 (a0 ar()az ). 085 () d
Q

e v (57

1<j k=1 [t|=m—k
x ( / (16,0 (ar(@))92+ (ay ()07 (), D'5v) da
Q

— [ fenejot (a2 ™ ()05, 923 0) i = 250(T ) >) |

for all functions u,v € HJ"(Q2,C @ H).

Definition 2.4. Let Q be a bounded domain in R® with C! boundary (or an unbounded
domain which satisfy property (R)). We say that u € HJ" is the weak solution of the
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existence problem in 1.4 for some s € H and a given F € L?(Q, C ® H), if we have
bs(u,v) = (F,v) 2, for all v € H",

where b, is the bilinear form defined in Definition 2.3.

3. Weak solution of Problem 1.4 when 2 is bounded

To prove the existence and uniqueness of the weak solutions of the Problem 1.4 in the
case ) is bounded, it will be sufficient to show that the bilinear forms bs(, -), in Definition
2.3, are continuous and coercive in HJ"(2,C ® H).

First, we prove the continuity in § 3.1. The coercivity will be proved in § 3.2 when
s=7js for j €S and s; € R with s; # 0. As a direct consequence of the coercivity, we
will prove an L? estimate for the weak solution u that belongs to Hy*(£2, C ® H) and also
we will prove an L? estimate for the term T'(u).

3.1. The continuity of the bilinear form bg(-,-)

The bilinear form
bs(+,+) : H'(Q,C® H) x H*"(Q,C @ H) — H,
for some s € H, is continuous if there exists a positive constant C(s) such that

s (u, v)| < C(s)[[ul

pm||v]|pm, for all u,v € H™(Q,C ® H).

We note that the constant C(s) depends on s € H but does not depend on u and v €
H™(Q,CoH).

Proposition 3.1 (Continuity of bs). Let Q2 be a bounded domain in R3 with boundary
9Q of class C'. Assume that a1, as, azg € C™(Q,R) then we have

3

> [ tab o ), 05(0)) da| < Como allull ool (3.1)
=1
3 m ’ !’
131 m to
YT (t) [ (@@ 02 (w), (1)) de| < Co o o]
I=1 |t/|=m A to<m—1 Q
(3.2)
P& m m—k
Syt X (F)(M0F) [t aon . o) d
I=1 k=1 t|=m—k @
< C3,m, a5, 2wl om]lv]lDm (3.3)
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DHNEIESS (5) ("5 *) ([ st atonotsasenag w.o40) do

1<j k=1 [t|=m—Fk

—/Q<€l€j5§;§ (aj(2)) 052 * (au(2)) 05 (u), 052 v) dfc) = 250(T(u),v) >

< Ca,m,ay,,sllullpm vl pm- (3.4)
The previous constants can be estimated as follows

Cl,m,a;,0 < max Sup(al?(:r)), Cam,a;,0 < CK(m, Q) max sup(\ail(a?(x)ﬂ)

1=1,2,3 2 tl=:1,2,3’ zEQ
2
Cs,m,a;,0 < CK(m, Q) | max sup(|9%, (ar(z))])
1=1,23, 20
t=0,...,m
2

Ca,m,ap0.s < CK(m, Q) | | max sup(|9;, (a;())]) | + |so| max sup(lay(2)])]
l:01,2,37 €N 1=1,2,3
t=0,...,m

where the constant C' is the sum of the maximum of the integrals in the inequalities (3.2),
(3.3) and (3.4).

Moreover, for any s € H there exists a positive constant C(s) such that for any (u,v) €
H(Q,C®H) x H*(2,C® H), the bilinear form bs(-,-) satisfies the estimate

|bs (u, v)| < C(s)l[ullpm [[v]| D, (3.5)
that is, bs(+,-) is a continuous bilinear form.

Proof. The inequality (3.1) is a direct consequence of the boundedness of the coeffi-
cients a;’s and the Hélder inequality. The estimates (3.2), (3.3) and (3.4) can be proved
in a similar way and so we briefly explain how to prove the inequality (3.2). First, to each
integral that is on the left-hand side of the equation, we repeatedly apply Hoélder’s and
Poincaré’s inequalities. In this way, each integral can be estimated by a constant depend-
ing on the sup norm of 93 a;’s times |[u[|p= |[v]|p=. Second, we sum up term by term.
Finally, the continuity of bs(-,-) is a direct consequence of the previous estimates. O

3.2. Weak solution of the Problem 1.4

Theorem 3.2. Let Q be a bounded domain in R? with boundary 9 of class C'. LetT
be the operator defined in (1.2) with coefficients ai, az, az € C™ (£, R) and set
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Suppose

Cr
. o 2 Cr
Cr = min, ;Ielg(al (x)) >0 5 M > 0. (3.6)

then:

(I) The boundary value Problem (1.4) has a unique weak solution v € H*(Q2,H), for
s € H\ {0} with Re(s) =0, and

lull% < #Re(bs(u,u)). (3.7)

(II) The following estimate holds

IT(w)|[Z2 < Cr "Re(bs(u, u)), (3.8)
for every u € HE(Q,H), and s € H\ {0} with Re(s) = 0, where
_ Cr—2M
Cy = 6

Observe that we assume that the minimum of each a}(z) for z € Q is strictly positive
and in fact greater than 2M/. This fact can always be achieved by modifying 7" by adding
a suitable constant to each coefficients a; of T', [ = 1,2, 3.

Proof. In order to use the Lax-Milgram Lemma to prove the existence and the unique-
ness of the solution for the weak formulation of the problem, it is sufficient to prove the
coercivity of the bilinear form bs(-,-) in Definition 2.1 since the continuity is proved in
Proposition 3.1. First, we write explicitly Rebjs, (u,u), where we have set s = js;, for
s1 €Rand jeE€S:

3
Rebjs, (u,u) = sillule + Y llacdyiul7.
=1

prey Y (1) [, o)

I=1 |t/|=m A ta<m—1
S k m\ (m—k
=22 0 > () s
1=1 k=1 [t|=m—k

X

S

(03 (ar ()02 (ar (2)) 0% (w), 055 (u)) da

+§_§1<—nk Py (D (")

x ( | eres0% ()0t 0500 00, 25300 o

- / (eres002 (ay(2))012 (ay(2)) 0 (), 012 ) dx)) .
Q
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We see that the first two terms are positive. What remain to estimate are the three
summations of the integrals in (3.9). Since they can be treated in the same way, we
explain in detail the estimate for the second. By Hélder’s inequality and the repeatedly
use of Poincaré’s inequality, we have for t; =0

1
< elladzull* + 105" (ar) 053 (u) |

/Q (@)D (ay ()0 (), 852 (0))

2
1
< cladgulP + 1 (sup(@ (@) ot
€

T

1 ety
< cladgal} + 7 (swp(@ (@) € ") X 10w
’ |l=m

1 e\
< clardul® + + (sup(@% @) KK (m) (€)™ ) [l
re
In the case t; # 0, since k > 0, we have

1 1 ,
< 195 (@) ul® + 51105 (an) 95 (u) |

Zy

[ (0% ot (an(w)02 (), 0%y (0) do
Q

<1 O a) lomull? + £ sup |92 al|? (KK (m) (Co)™ ) ul?
< 5 5 (|0 al”) N0zl + 5 sup [0l o] (KK (m) (Co)™ ") lullpm.

Summing up all the previous estimates of the terms in the second summation and rescaling
the constants K (m, ) multiplying it by a constant which depends only on m, we obtain

DS Z(’t”) (’2) | Ok a0t )02 ). 0 () di

=1 |t'|[=m Ata<m—1k=0

3
K(m,)?
<e E ||alafgu||2 + K(m, )7 max  sup (
— € §,1=123 zeQ

=
=1,....m

2
oL, ) [

Analogous estimates also hold for the other summation of integrals. Eventually, summing
up all the estimates, choosing € in such a way that Z?Zl |10 ul|* — Ce Z?Zl |10 ul[* >
3 Z?:l a0 ul|* (where C' depends only on m) and uniformazing the constants K (m, Q),

we obtain
3

1 m
Rebjs, (u,u) > sillullZ: + 5 > ladgull = Mlul|p.
=1 (3.10)

1
> sl + (5Cr = M)
and, moreover,

1
§CT—M>O.
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Thus, the quadratic form bj, (-, -) is coercive for every s; € R. In particular, we have
Rebjs, (u,u) > si|lull7. and Rebjs, (u,u) > ( Cr— ) l|]| 2y - (3.11)

By the Lax-Milgram Lemma, we have that for any w € L?(2,C ® H) there exists u,, €
Hi(Q,H), for s; € R\ {0} and j € S, such that

bjs, (Uw,v) = (w,v)p2, forall v e Hy"(Q,H).

What remains to prove is the inequality (3.8). Applying the first of the inequalities in
(3.10) and observing that

3
1
Z 107 ull7= < Cr > llacdgulz.
(=1

we have:

N —

3
Rebjs, (u,u) > *leaz mull = Ml Hm

1< M <
Z 5 Z lacdyiull7. — Cr Z laedyull7
=1 =1
Cr—2M
T m
> WZ lacdul72 > C1[|Tul?-,

where the second inequality is due to the fact that C,'a?(x) > 1 for any x € €, the fourth
inequality is due to the fact that [|[Tul|2. <335, [|acdul|2. and we have set

Cr —2M
6Cr

1-—

This concludes the proof. O

4. Weak solution of the Problem 1.4 for unbounded 2

To prove the existence and uniqueness of the weak solutions of the Problem 1.4 in the
case of €2 unbounded, we proceed as in the previous section.

First, we prove the continuity in § 4.1. The coercivity will be proved in § 4.2 when
s=7js for j €S and s; € R with s; # 0. As a direct consequence of the coercivity, we
will prove an L? estimate for the weak solution u that belongs to HJ*(£2, C ® H) and also
we will prove an L? estimate for the term 7T'(u).
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4.1. The continuity of the bilinear form bs(-, -)
The bilinear form
bs(-,-) : HM(Q,Co@H) x Hy'(Q,Ce® H) — H,
for some s € H, is continuous if there exists a positive constant C(s) such that
|bs (u,v)| < C(s)||u|gm||v]|gm, for all u,v € H™(Q,C @ H).

We note that the constant C(s) depends on s € H but does not depend on u and v €
H™(Q,C®H).

Proposition 4.1 (Continuity of bs). Let Q be an unbounded domain in R3 with boundary
O of class C'. Assume that a1, az, a3 € C™(Q,R) N L>®(Q) and that 8%a; € L>(Q) for
any j =1, 2, 3 and for any B € N3, |3| < m. Then we have

), 03y (v) dz| < C1ym,op, 0llull e |[0] e (4.1)

< Co,m, az, ol ull zm o] e

DS (?) ot non .o o) ar

I=1 |t/|=m A ty<m—1

(4.2)
3 m
Syt X (3)("F) [t aon.one)a
I=1k=1 [t|=m—Fk
< Co, oy allalln ol
(4.3)
2.2 0 3 (0) (705 [ttt oot as ez w). o) o
1<j [t|=m—k
- / Ceres 01 (a5 (2)) 012 ()0 (1), 02 0) iz — 250 (T'u) v}
< Chmayoanellalam ol
(4.4)

where the previous constants can be estimated as follows

Clym,a;,0 < max_sup(a;(z)), Co m,aq;,0 < CK(m) max SUP(W;,(G%(@)D

1=1,2,3 zcQ tl:11,2,3 e
=1,....m

2

Camay. < CE(m) | max, sup(|0f, (@(@))
t= 7...,’mwe
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2

Ca,m,a;,90,s < CK(m) | | max sup(\a (aj(@)]) | + |so| max sup(la;(z)])
=123 2cQ 1=1,2.3 1
t=0,...,m

where the constant C' is the sum of the mazximum of the integrals in the inequalities (3.2),
(3.3) and (3.4).

Moreover, for any s € H there exists a positive constant C(s) such that for any (u,v) €
Hp(Q,CoH) x H*(2,C® H), the bilinear form bs(-,-) satisfies the estimate

[bs (u, v)| < C(s)l[ul[m ||v][ m, (4.5)
ie., bs(+,-) is a continuous bilinear form.

Proof. The inequality (4.1) is a direct consequence of the boundedness of the coeffi-
cients a;’s and the Holder inequality. The estimates (4.2), (4.3) and (4.4) can be proved
in a similar way and so we briefly explain how to prove the inequality (4.2). First we
apply the Holder inequality to each integral that belongs to the left-hand side. Thus,
each integral can be estimated by a constant (that depends on the sup norm of 9; a;’s)
times [|07ul[||0%v|| for [8] < m and I =1, 2, 3. Since [|07ul[||0v|| < ||lullgm[lv]|gm for
any |8 <m and j=1, 2,3, we sum up term by term to get the desired estimate.
Eventually, the continuity of bs(+,-) is a direct consequence of the previous estimates. [J

2. Weak solution of the Problem 1.4

For the coercivity, we need the following results (see [26]), which are the corresponding
of Poincaré’s inequality in the case of the unbounded domains.

Theorem 4.2. Let Q be a domain in R? which satisfies the property (R). Let ¢ € C*(Q)
be a bounded positive function for which there exists a positive constant A such that

d

E[TQ(ZS(TW)] < =\ (rw) (4.6)

for all w € S%. Then for each u € C§° (S, R) and any (1 < p < 00), we have

/|u|p¢d9c< /|Vu|”qbdx

We call ¢ a weight function for Q with a rate of exponentially decaying A. As explained
n [26], we can observe that the graph of ¢ has the shape of an exponentially decaying
hill. An example of a weight function for all the domains which satisfy the property
(R) is

e—/\|a:—P\

() = - PE when P ¢ Q

If the domain is contained in a half-space, after an affine changing of variables, we can sup-
pose that it is contained in {z € R3 : x; > 0}. The previous theorem holds also requiring
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the weight function ¢ satisfies the assumption

0z, 6(z) < —Ad(2).

instead of the assumption (4.6). In this case, the graph of ¢ has the shape of an
exponentially decaying ridge and an example of this kind of function is

¢ — e*)\xl

Theorem 4.3. Let Q be an unbounded domain in R® such that it satisfies the property
(R) and with its boundary 98 of class C. Let ¢ be a bounded weight function for  with
the rate of exponential decay \. Let T be the operator defined in (1.2) with coefficients
a1, ag, az € C™(Q,R) N L>®(Q) such that 0L a;(x)]* < C¢ for some positive constant C
and for allt =1, ..., mand 5,1 =1, 2, 3. We set

M := K(m) max sup (yﬁilalf) + K(m, ¢, \),

where K(m) and K(m, ¢, \) are positive constants that depend on the order m of the
operator, on ¢ and on A. We suppose that

1
. N i 2
Cr = lnllgl,s leelf (al (J:)) >0, QCT — M > 0. (4.7

Then:

(I) The boundary value Problem (1.4) has a unique weak solution u € HJ* (2, H® C),
for s € H\ {0} with Re(s) =0, and

Jull2s < %Re(bsw,u)). (48)

s]?
(IT) Moreover, we have the following estimate

IT(w)[[ 72 < Cr Re(bs(u, u)), (4.9)
for every u € H*(2,H), and s € H\ {0} with Re(s) = 0, where

O = CT_72M

6Cr

Proof. In order to use the Lax—Milgram Lemma to prove the existence and the unique-
ness of the solution for the weak formulation of the problem, it is sufficient to prove the
coercivity of the bilinear form by(-,-) in Definition 2.1 since the continuity is proved in
Proposition 4.1. First, we write explicitly Rebjs, (u,w), where we have set s = js;, for
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s €RandjeS:
Re bjs, (u, )

3
= sillullZe + ) llaedfulzs
(=1

k

D ICHEDY "
1=1 k=1 [t|=m—Fk
D ICHEDY

1<j k=1 [t|=m—k (

ere(X Y () (1) [k @ttt o
" ) [ @ tanteots ™ ae)aza. ofs w) d
&

=1 |t'|=m Ato<m—1k=0
("
m—k
t

(%)
< ([ eres0ts onte)ots ™ oy (002 ) 050

/Q (ere 0 (a ()01 (ay(2)) 01 (), 022 ) dw) ) . (4.10)

We see that the first two terms in (4.10) are positive. The other terms, that we have
collected in four summations, can be estimated all in the same way and for this reason we
explain how to estimate only the integrals in the first summation. By Hoélder’s inequality
and the repeated application of Theorem 4.2, we have for k =0 or k = t;

/Q ()0 (a ()07 (1), B2 (u)) dx

1
< elladGull® + =195 (@) 05 (w) I

< elladyyul® + C - ||¢28t3 ()|

- 1/2\""
< cladgul} + 0’2 (3) S 1o
1Bl=

) 1/2\" "
gG”Gl&ZLUH +C”E (A) Hu”Dm

where the constants C, ¢’ and C” depend on ¢, the derivatives of a;’s and m. In the
case 0 < k < t1, we have

1K / 05, (an ()01 ™)) 1), %2 (1) d

1o
< ||<9k () O ull* + 51105~ (ar) 0 (w) I

1 2\ o 12\
3o (|8l ) 1oz + ey (3) Tl

IN

https://doi.org/10.1017/50013091522000396 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091522000396

Fractional powers of higher-order vector operators 931

Summing up all the previous inequalities and choosing the constants k(m) and k(m, ¢, A)
in a suitable way, we obtain

DS Z(T) (’;) /Q (08 (a(@))0l2 ~* (@) (w), 022 (w)) da

=1 |t'|l=m Ata<m—1k=0

2 K(m,¢,A
ot ) 4 KB g,

€

3
SEE lai0yull + | K(m) max sup(
J:1=1,2,3 20
=1 t=1,...,m

We note that K(m,¢,\) depends on A through the multiplicative constant

max(($)?™, ($)?). Analogous estimates also holds for the other summation of integrals

(here the role of k is played by ¢; and thus, we have to distinguish the cases of t; =0
and t; # 0) with possibly different constants K(m) and K(m,¢). Summing up all the
estimates and choosing in the right way e, we obtain

3
1
Re by, (u,u) > stllullzz + 5 D lladiul = Mlullp

1

=1 (4.11)
1
> sl + (500 - M)

By hypothesis (4.7), we know that
1
—Cr—M >0
2
thus, the quadratic form by, (-, -) is coercive for every s; € R. In particular, we have

Re bys, (u, u) > S%HU”%z and Rebjs, (u,u) > (Cr — M)||u\|%m (4.12)

By the Lax—Milgram Lemma, we have that for any w € L?(, C @ H), there exists u,, €
Hp(Q,Co®H), for s € R\ {0} and j € S, such that

bis, (Uw,v) = (w,v) 2, forall ve HJ'(Q,C® H).

What remains to prove is the inequality (4.9). Applying the first of the inequalities in
(4.11) and observing that

3

3
1
lullom =" 105ullZ < o > lacdullz:
{=1

(=1
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we have:

Rebjs, (u, )

Y

1 3
5 lasdgal — Mijullh
=1

v

1S M
5 > lladgul7. — o > lladul 7.
T
/=1 /=1
3
Cr —2M
> 5 > llaedul7z > Cy|[Tul3s,
=1

where the second inequality is due to the fact that C'. 1a§ (z) > 1 for any z € 2, the fourth
inequality is due to the fact that [|[Tul|2. <33, [|acdul|2. and we have set
Cr —2M
6Cr
This concludes the proof. O

Cl =

Remark 4.4. We provide here two examples of domains and coefficients a;’s that satisfy
the hypothesis of Theorem 4.3.

oMz =P

o Let Q:={zeR?: |z —P|> M} and ¢(x):= S—pE» We define a(z) = K +
e Me=Plg (2) where s, € S(R?) and K, is a positive constant large enough for
I =1,2,3 (S(R3) is the space of the Schwartz functions). By the properties of the
Schwartz functions we have that

s (|5

e Let Q:={2cR3: (x— Pw) >0} and ¢(x) := e =P we define a;(x) := K +
e~ Me=Pv) where K is a positive constant large enough.

)gcb,sl, ¥YbeN® and |b|>0.

5. The estimates for the S-resolvent operators and the fractional
powers of T

Using the estimates in Theorem 4.3, we can now show that the S-resolvent operator of
T decays fast enough along the set of purely imaginary quaternions.

Theorem 5.1. Under the hypotheses of Theorem 3.2 or of Theorem 4.3, the operator
Qs (T) is invertible for any s = js1, for s € R\ {0} and j € S and the following estimate

_ 1
1Qs(T) 1HB(L2) < 32 (5.1)
1
holds. Moreover, the S-resolvent operators satisfy the estimates
1 © _1 ®
HSL (57 T)HB(Lz) < m and ||SR (S, T)HB(LQ) < m’ (52)

for any s = jsi, for s1 € R\ {0} and j € S, with a constant © that does not depend on s.
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Proof. We saw in Theorem 3.2 or in Theorem 4.3 that for all w € L?(Q, C ® H) there
exists u,, € HJ'(2,C® H)), for s; € R\ {0} and j € S, such that
bis, (Uw,v) = (w,v) 2, forall ve HJ'(Q,C® H).

Thus, we can define the inverse operator Qjs, (T')~*(w) := u,, for any w € L*(Q2,C ® H)
(we note that the range of Qjs, (7)™ is in H{* (2, C ® H)). The first inequality (3.11) (or
the first inequality in (4.12) in the case  unbounded), applied to u := Qjs, (T) ™! (w),
implies:
5111Qje, (T) ™ (w)l[72 < Rebys, (Qjsy (7)™ (), Qs (T) ™ (w))

< [bjs (@, (1) (w), Q3 (T) ™ (w))]

< [{w, Qys, (T) 7 (w)) L2

< [lwllz2 1Qjs, (1)~ (w)
for any w € L*(Q,C ® H). Thus, we have

|L27

1 .
||stl(T)71||B(L2) < = for s; € R\ {0} andje€S.
1
The estimates (5.2) follow from the estimate (3.8) (or the estimate (4.9) in the case of Q
unbounded). Indeed, we have
C1||Tuw||2 < Re(bjs, (U, Uuw))
< |bj81(“wv“w)|
< (w, wa) 2|
< wll g2 [t | 22
(5.1) 1
< 2 ||wHL27
for s € R\ {0} and j € S. This estimate implies

1
TO: (T) tw = ||Tu < —||w|| 2,
I7Ques (1) ] = Pl < ol

so that we obtain

. -1
1T Q50 (T) ™| 512y < ¢c*1|s1| (5.4)
In conclusion, if we set
0= Zmax{l,\/lcil},
estimates (5.4) and (5.1) yield
||S§1(57T)||3(L2) = [T - gI)QS(T)*IHB(LZ)
3 (5.5)

ST ey + FQ(T) gz <
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and

||521(S»T)’|B(L2) = HTQS(T)_l - QS(T)_1§||B(L2)

_ 1o )
< ||TQ.(T) 1HB(Lz) +]Q.(T) 15||B(L2) < Is1l’

for any s = js; € H\ {0}. O
Thanks to the above results, we are now ready to establish our main statement.

Theorem 5.2. Under the hypotheses of Theorem 3.2 or of Theorem 4.3, for any o € (0, 1)
and v € D(T), the integral

1
P (T)v:= —
2T —jR

s ds; St (s, T)Tw
converges absolutely in L.
Proof. The right S-resolvent equation implies
Sp'(s,T)Tv = sSg" (s, T)v —v, Yve D)
and so

1

1 )
o [ty 7 T < g [ SR T g 70l
—J

1 . el
—I-ﬂ/_1 [t >t H(—jt)SRl(—jt,T)v—UHL2 dt

1 +oo . L
* %/1 SR G D) || g 1oy 1Tl 2 dt

As a € (0,1), the estimate (5.2) now yields

1 o -
o RHS 1dstR1(s,T)TUHL2
1 [t 0 1
< — = ||T dt + — (= +1 > dt
= Nvm b [ et (102 1)
+<>o
+—/ & ol
<+ oo
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6. Concluding remarks

We list in the following some references associated with the spectral theory on the S-
spectrum and some research directions in order to orientate the interested reader in
this field. Moreover, we give some references for classical fractional problems for scalar
operators.

(D

(V)

In the literature, there are several nonlinear models that involve the fractional
Laplacian and even the fractional powers of more general elliptic operators, see for
example, the books [11, 34].

The S-spectrum approach to fractional diffusion problems used in this paper is
a generalization of the method developed by Balakrishnan, see [5], to define the
fractional powers of a real operator A. In the paper [13], following the book of M.
Haase, see [29], has developed the theory on fractional powers of quaternionic linear
operators, see also (2, 14].

The spectral theorem on the S-spectrum is also an other tool to define the fractional
powers of vector operators, see [1] and for perturbation results, see [12].

An historical note on the discovery of the S-resolvent operators and of the
S-spectrum can be found in the introduction of the book [20].

The most important results in quaternionic operators theory based on the
S-spectrum and the associated theory of slice hyperholomorphic functions are con-
tained in the books [3, 4, 16, 18-20, 27, 28], for the case on n-tuples of operators
see [17].

Our future research directions will consider the development of ideas from one and
several complex variables, such as in [6-9, 30-32] to the quaternionic setting.
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