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Abstract. The evolution of the five largest satellites of Uranus during the crossing of the 5/3
mean motion resonance between Ariel and Umbriel is strongly affected by chaotic motion. Studies
with numerical integrations of the equations of motion and analysis of Poincaré surface sections
provided helpful insights to the role of chaos on the system. However, they lack of a quantification
of this chaos in the phase-space. Here, we construct stability maps using the frequency analysis
method. We determine that for low energies (small eccentricity and/or inclinations), the phase-
space is mainly stable. As the energy increases, the chaotic regions replace the stable motion,
until only small, localized libration regions remain stable.
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1. Introduction

The dynamical evolution that led to the current configuration of the regular satel-
lites of Uranus remains an enigma (e.g. Pollack et al. 1991; Szulágyi et al. 2018;
Ishizawa et al. 2019; Ida et al. 2020; Rufu and Canup 2022). The current large eccen-
tricities (∼ 10−3) cannot be explained by mutual interactions between the satellites
(Squyres et al. 1985; Smith et al. 1986; Peale 1988). Additionally, the surfaces of Miranda,
Ariel, and Titania display evidences of large scale surface melting (Dermott et al. 1988;
Peale 1988; Tittemore 1990). Tidal interactions raised on the planet induce a differential
outward motion of the satellites (eg. Peale 1988; Tittemore and Wisdom 1988, 1989;

Tittemoreand and Wisdom 1990; Pollack et al. 1991; Ćuk et al. 2020). This migration
likely resulted in multiple encounters with mean motion resonances (MMRs) over their
evolution. Although currently we do not observe any MMR in the system, tidal models
suggests that the 5/3 MMR between Ariel and Umbriel was the latest to be crossed (eg.

Peale 1988; Tittemore and Wisdom 1988; Ćuk et al. 2020; Gomes and Correia 2023),
possibly exciting the eccentricities and inclination of the moons.
Tittemore and Wisdom (1988) carried a detailed study on the passage through the

5/3 Ariel-Umbriel MMR in the planar approximation and for small eccentricities. Their
results shown that chaotic motion has a significant impact on the dynamical evolution
during the resonance crossing. In fact, this chaos can drive the eccentricities of Ariel and
Umbriel to much higher values than the initial ones and provides a mechanism to break
the resonance.
Using aN -body integrator, Ćuk et al. (2020) studied the passage through the 5/3 Ariel-

Umbriel MMR. The authors account for the five regular Uranian moons and assessed the
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role of the eccentricity, the inclination, and the spin for the outcome of the resonance
crossing. Their results show that, during resonant passage, the eccentricities and the
inclinations of the five Uranian satellites are excited by chaotic motion, even if they are
not in resonance.
Gomes and Correia (2023) also revisited the intricate 5/3 MMR, in order to understand

the role of inclination in the outcome of the passage. They performed a similar analysis
as the one by Tittemore and Wisdom (1988, 1989), with a two-body secular model in the
circular approximation with low inclinations, and a more robust tidal model. Resorting
to the Poincaré surface section method, their analysis confirms the results obtained by
Tittemore and Wisdom (1988) and Ćuk et al. (2020), as well as the theoretical predictions
from Dermott et al. (1988), that chaotic motion rules the dynamics of the MMR between
Ariel and Umbriel. In this work, we re-evaluate the stability of the 5/3 MMR, but now
applying the frequency analysis method (Laskar 1990, 1993) to access the stability of the
system.

2. Model

To easily analyse the stability of the 5/3 MMR, we need to resort to a simplified model,
with a reduced number of degrees of freedom. For that, we adopt the secular resonant
two-satellite circular model with low inclinations developed in Gomes and Correia (2023).

The model considers an oblate central body of mass m0 (Uranus) surrounded by two
point-mass bodies m1, m2 �m0 (satellites), where the subscript 1 refers to the inner
orbit (Ariel) and the subscript 2 refers to the outer orbit (Umbriel) and departs from
a Hamiltonian truncated to the first order in the mass ratios, mk/m0, zeroth order in
the eccentricities, and second order in the inclinations, Ik (with respect to the equatorial
plane of the central body). After the high frequency angles are averaged, the Hamiltonian
reads as

H̄ = (Ka + Sa) (y1y1 + y2y2) +Kb(y1y1 + y2y2)
2

+ (Oa + Sb) y1y1 + (Ob + Sc) y2y2 +
Sd

2
(y1y2 + y1y2)

+
Ra

2
(y21 + y21) +

Rb

2
(y22 + y22) +

Rc

2
(y1y2 + y1y2) ,

(1)

where K stands for the Keplerian coefficients, O for the oblateness coefficients, S
for secular the coefficients, and R for the resonant coefficients (see appendix A in
Gomes and Correia 2023). The Hamiltonian is written as a function of a set of canonical
complex rectangular coordinates (y1, i y1, y2, i y2), given by

yk =
√

βk
√
μkak (1− cos Ik) e

iϕk ≈ Ik

√
Γk

2
eiϕk , (2)

where yk is the complex conjugate of yk, ak is the semi-major axis, βk =m0mk/(m0 +
mk), μk =G(m0 +mk), G is the gravitational constant, and ϕk =

5
2λ2 − 3

2λ1 −Ωk are the
resonant angles, where λk is the mean longitude and Ωk is the longitude of the ascending
node.

Γ1 =
3

2
Γ (1−Δ) and Γ2 =−3

2
Γ

(
1− 5

3
Δ

)
(3)

are constant parameters, where Δ= (β1
√
μ1a1 cos I1 + β2

√
μ2a2 cos I2)/Γ is the nor-

malised total orbital angular momentum, with Γ= 2.6684× 10−12 M� au2 yr−1.
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Table 1. Present physical and orbital properties of the Uranian system
(Thomas 1988; Jacobson 2014).

m (M� × 10−10) R (km) 〈Trot〉 (day) J2(×10−3) C/(m0R
2
0)

Uranus 436562.8821 25559. 0.7183 3.5107 0.2296

Satellite m (M� × 10−10) R (km) 〈Torb〉 (day) 〈a〉 (R0) 〈I〉 (◦)
Ariel 6.291561 578.9 2.479971 7.468180 0.0167

Umbriel 6.412118 584.7 4.133904 10.403550 0.0796

The conservative equations of motion are simply obtained from the Hamilton equations,
yielding

ẏ1 = i

[
(Ka + Sa) y1 + 2Kb (y1y1 + y2y2) y1 + (Oa + Sb) y1 +

Sd

2
y2 +Ray1 +

Rc

2
y2

]

(4)

and

ẏ2 = i

[
(Ka + Sa) y2 + 2Kb (y1y1 + y2y2) y2 + (Ob + Sc) y2 +

Sd

2
y1 +Rby2 +

Rc

2
y1

]
.

(5)

The dynamics of the 5/3 MMR essentially depends on Δ. We introduce the quantity

δ=
Δ

Δr
− 1 with Δr = 0.7681 , (6)

which measures the proximity to the nominal resonance.

3. Stability maps

Gomes and Correia (2023) analysed the behaviour of Ariel and Umbriel at different
stages of the crossing of the 5/3 MMR resorting to Poincaré surface sections. Here, we
revisit the global dynamics of this resonance using stability maps. To this end, we adopt
the frequency analysis method (Laskar 1990, 1993) to map the diffusion of the orbits.

For coherence, we fix δ=−2× 10−6 (Eq. (6)) as in Gomes and Correia (2023), for
which the most diverse dynamics can be found, and adopt the physical properties of the
system from Table 1. Since the Hamiltonian (Eq. (1)) is a four-degree function of yk,
the intersection of the constant energy manifold by a plane may have up to four roots
(families). Each family corresponds to a different dynamical behaviour, and so we must
plot one of them at a time. However, the families are symmetric, and actually we only
need to show two of them. We chose to represent the families with the positive roots
(that we dub 1 and 2). Family 1 corresponds to intersections with the plane containing
the root with the highest absolute value, while family 2 corresponds to intersections with
the plane containing the root with the lowest absolute value.
For each energy value, we build a grid of 200× 200 equally distributed initial conditions

in the plane (y1,i, y1,r), where yk,i and yk,r correspond to the imaginary and real parts
of yk, respectively. We fix y2,r = 0 for all initial conditions and compute y2,i for each
family from the total energy (Eq. (1)). We then numerically integrate the equations of
motion (4) and (5) for a time T . Finally, we perform a frequency analysis of y1, using
the software TRIP (Gastineau and Laskar 2011) over the time intervals [0, T/2] and
[T/2, T ], and determine the main frequency in each interval, fin and fout, respectively.
The stability of the orbit is measured by the index

D≡
∣∣∣∣1− fout

fin

∣∣∣∣ , (7)
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Figure 1. Stability maps for Ariel in the plane (I1 sinϕ1, I1 cosϕ1) with cosϕ2 = 0 and
δ=−2× 10−6. The colour scale corresponds to the relative frequency diffusion index in log-
arithmic scale (Eq. (7)). Each panel was obtained with a different energy value and H0 =
1.06× 10−19 M� au2 yr−2.
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which estimates the stability of the orbital long-distance diffusion (Dumas and Laskar
1993). The larger D, the more orbital diffusion exists. For stable motion, we have D∼ 0,
while D� 1 if the motion is weakly perturbed, and D∼ 1 when the motion is irregular. It
is difficult to determine the precise value of D for which the motion is stable or unstable,
but a threshold of stability Ds can be estimated such that most of the trajectories with
D<Ds are stable (for more details see Couetdic et al. 2010).

The diffusion index depends on the considered time interval. Here, we integrate the
equations of motion for T = 104 yr, because this interval is able to capture the main
characteristics of the dynamics regarding the resonant frequency, which lies within the
range ∼ 60 yr. With this time interval, we estimate that Ds ∼ 10−4. The diffusion index
D is represented by a logarithmic colour scale calibrated such that blue and green cor-
respond to stable trajectories (D�Ds), while orange and red correspond to chaotic
motion (D�Ds).

In Fig. 1, we show the stability maps for Ariel. We rescale yk by
√

Γk/2, and so we actu-
ally plot the maps in the plane (I1 sinϕ1, I1 cosϕ1) with cosϕ2 = 0 (Eq. (2)). Each panel
corresponds to a different energy value H̄/H0, where H0 = 1.06× 10−19 M� au2 yr−2 is
the energy of the transition between the circulation and libration regions, i.e., the energy
of the separatrix. The lowest energies occur in the circulation regions, H̄ <H0, while
the largest energies occur in the libration region, H̄ >H0. The inner circulation region is
delimited by 0< H̄ <H0, where H̄ = 0 corresponds to the energy of the equilibrium point
with y1 = y2 = 0. For this energy range, there are four families, while for the remaining
energies only two families exist.
For H̄ � 0 (Fig. 1 a), only family 1 exists, and we observe that the system is always sta-

ble, corresponding to trajectories in the outer circulation region. As the energy increases,
two islands appear, corresponding to trajectories that are in the libration region (in reso-
nance). Initially, the motion in these new regions is also stable, but the sepatrix and some
localized concentric regions outside the separatrix are chaotic. As the energy approaches
the threshold H̄ = 0 (Figs. 1 b,c), the chaotic regions expand for the vicinities of the sep-
aratrix. For 0< H̄ <H0 (family 1), the chaotic regions increase even further, while the
resonant islands shrink (Figs. 1 d,e), until they completely disappear for H̄ =H0 (Fig. 1 f).
Note that up to these energies, outside the chaotic regions, the circulation region remains
stable. For this specific energy range, we also need to plot family 2. Close to H̄ = 0,
we observe stable motion in the inner circulation region (Figs. 1 j,k). However, as we
approach H̄ =H0, this area is replaced by a chaotic region (Fig. 1 l). Finally, for H̄ >H0,
we observe that the stable region progressively vanishes, and chaotic motion dominates
the phase-space, where only small libration regions remain stable (Figs. 1 g,h,i). In this
energy range, we only have family 1 and trajectories in the outer circulation region also
do not exist. Moreover, there is also a forbidden region at the centre of each panel that
grows with the energy value, while the libration areas shrink. The results in Fig. 1 are
in perfect agreement with those shown in Fig. 3 from Gomes and Correia (2023) using
Poincaré surface sections.

4. Conclusion

As observed by Gomes and Correia (2023) and several previous works (Dermott et al.

1988; Tittemore and Wisdom 1988; Ćuk et al. 2020), chaos has a strong presence on the
passage through the 5/3 MMR between Ariel and Umbriel. However, the analysis of this
resonance with stability maps allows to quantify the chaos for each region.
The dynamics of the 5/3 MMR between Ariel and Umbriel is very rich and depends

on the energy of the system. In fact, the energy depends on the value of the inclina-
tions (Eq. (1)), given by the variables y1 and y2 (Eq. (2)). Therefore, the value of the
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inclinations of Ariel and Umbriel when the system encounters the resonance can trig-
ger completely different behaviours. For H̄ < 0, the phase-space is dominated by stable
orbits. As we approach the sepatrix energy, H̄ ∼H0, the chaotic motion engorges the low
inclination regions, while the outer circulation regions remain stable. Finally, for H̄ �H0,
only small libration regions remain stable, surrounded by large chaotic areas. This is a
new result, since surface sections appeared to have exclusive quasi-periodic motion for
energies near the equilibrium resonance points.
The dynamical analysis with stability maps can be extended to several combinations

of the variables. Indeed, we do not need to choose a specific projection plane, and so
the choice of the phase-space plane is much less restricted than for the Poincaré surface
sections (see also Alves-Carmo et al. 2023). Allied to the quantification of chaos, the
stability maps method thus provides a more exhaustive analysis of the dynamics of the
resonance passage.
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