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LYUBEZNIK NUMBERS OF LOCAL RINGS AND
LINEAR STRANDS OF GRADED IDEALS

JOSEP ALVAREZ MONTANER aND KOHJI YANAGAWA

Abstract. In this work, we introduce a new set of invariants associated to
the linear strands of a minimal free resolution of a Z-graded ideal I C R=
k[z1,...,zn]. We also prove that these invariants satisfy some properties
analogous to those of Lyubeznik numbers of local rings. In particular, they
satisfy a consecutiveness property that we prove first for the Lyubeznik table.
For the case of squarefree monomial ideals, we get more insight into the
relation between Lyubeznik numbers and the linear strands of their associated
Alexander dual ideals. Finally, we prove that Lyubeznik numbers of Stanley—
Reisner rings are not only an algebraic invariant but also a topological invariant,
meaning that they depend on the homeomorphic class of the geometric realiza-
tion of the associated simplicial complex and the characteristic of the base field.

81. Introduction

Let A be a Noetherian local ring that admits a surjection from an
n-dimensional regular local ring (R, m) containing its residue field k, and let
I C R be the kernel of the surjection. In [13], Lyubeznik introduced a new
set of invariants \j;(A) as the pth Bass number of the local cohomology
module H7~*(R). That is,

Api(A) i= P (m, H} ™' (R)) = dimy, Exctfy(k, Hf ™(R)),
and they depend only on A, i and p, but not on the choice of R or the
surjection R—A. In the seminal works of Huneke and Sharp [10] and
Lyubeznik [13], it is proven that these Bass numbers are all finite. Denoting
d = dimA, Lyubeznik numbers satisfy the following properties’.
(i) Api(A)#0 implies 0 < p<i<d.
(ii) Aga(A)#0.
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(iii) Euler characteristic:

> (—DPTA(A) =1,

0<p,i<d

Therefore, we can collect them in the so-called Lyubeznik table:

and we say that the Lyubeznik table is trivial if A\g4 =1 and the rest of
these invariants vanish.

Despite their algebraic nature, Lyubeznik numbers also provide some
geometrical and topological information, as was already pointed out in [13].
For instance, in the case of isolated singularities, Lyubeznik numbers can be
described in terms of certain singular cohomology groups in characteristic
zero (see [6]) or étale cohomology groups in positive characteristic (see [4, 5]).
The highest Lyubeznik number Agq(A) can be described using the so-
called Hochster and Huneke graph, as has been proved in [15, 31]. However,
very little is known about the possible configurations of Lyubeznik tables
except for low-dimension cases [12, 24] or the just mentioned case of isolated
singularities.

In Section 2, we give some new constraints to the possible configurations
of Lyubeznik tables. Namely, the main result, Theorem 2.1, establishes some
consecutiveness of the nonvanishing superdiagonals of the Lyubeznik tables
using spectral sequence arguments.

In Section 3, we introduce a new set of invariants associated to the
linear strands of a minimal free resolution of a Z-graded ideal I C R=
k[z1, ..., xy,). It turns out that these new invariants satisfy some analogous
properties to those of Lyubeznik numbers, including the aforementioned
consecutiveness property. Moreover, we provide a Thom—Sebastiani type
formula for these invariants, which is a refinement of the formula for Betti
numbers given by Jacques and Katzman in [11]. This section should be of
independent interest, and we hope it can be further developed in future
work.

In the rest of the paper, we treat the case where I is a monomial ideal in
a polynomial ring R=XKk[z1,...,x,], and m= (z1,...,x,) is the graded
maximal ideal. Bass numbers are invariant with respect to completion,
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so we consider \,;(R/I) = )\m(fi/Iﬁ), where R=Kk[z1,...,z,]. In this
sense, our study on the Lyubeznik tables of monomial ideals is a (very)
special case of that for local rings. However, advanced techniques in
combinatorial commutative algebra are very effective in this setting, and
we can go much further than the general case, so we hope that monomial
ideals are good test cases for the study of Lyubeznik tables.

Since local cohomology modules satisfy HE(R) = Hfﬁ(R), we often

assume that a monomial ideal I is squarefree, that is, I =+/I. In this
case, I coincides with the Stanley—Reisner ideal Ia of a simplicial complex
A C 2{Ln} More precisely,

I=1Ip:= <Ha:iFC{1,...,n},F¢A> :
el

The Stanley—Reisner ring R/Ia is one of the most fundamental tools in

combinatorial commutative algebra, and it is known that R/Ia reflects

topological properties of the geometric realization |A| of A in several ways.

In Section 4, we get a deeper insight to the relation, given by the
first author and Vahidi in [1], between Lyubeznik numbers of monomial
ideals and the linear strands of their associated Alexander dual ideals. In
particular, we give a different approach to the fact proved in [2] that if R/Ia
is sequentially Cohen—Macaulay, then its Lyubeznik table is trivial. We also
provide a Thom—Sebastiani type formula for Lyubeznik numbers.

One of the main results of this paper is left for Section 5. Namely,
Theorem 5.3 states that Lyubeznik numbers of Stanley—Reisner rings are
not only algebraic invariants but also topological invariants, meaning that
the Lyubeznik numbers of R/Ian depend on the homeomorphic class of the
geometric realization |A| of A and the characteristic of the base field.

The proof of this result is quite technical and is irrelevant to the other
parts of the paper, so we decided to put it in the final section. We also
remark that this result holds in a wider setting. More precisely, if R is a
normal simplicial semigroup ring that is Gorenstein, and [ is a monomial
ideal, then the corresponding result holds. We work in this general setting,
since the proof is the same as in the polynomial ring case.

§2. Consecutiveness of nontrivial superdiagonals of the
Lyubeznik table

It seems to be a very difficult task to give a full description of the possible
configurations of Lyubeznik tables of any local ring, and only a few results
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can be found in the literature. The aim of this section is to give some
constraints to the possible configurations of Lyubeznik tables, aside from
the Euler characteristic formula.

Let (R, m) be a regular local ring of dimension n containing its residue
field k, and let I C R be any ideal with dim R/I = d. For each j € N with
0<j<d, set

d—j

pi(R/T) =" Ny (R/T).
=0

For example, po(R/I) (resp. p1(R/I)) is the sum of the entries in the
diagonal (resp. superdiagonal) of the Lyubeznik table A(R/I). Clearly,
ZjeN(—l)jpj(R/I) = 1. We say that p;(R/I) is nontrivial if

2, ifj=0,
1, ifj>1.

pj(R/I)>{

Clearly, A(R/I) is nontrivial if and only if p;(R/I) is nontrivial for some j.

It is easy to see that A\gq(R/I)=0if d>1 and Agq(R/I)=1if d=0.
That is, pg(R/I) is always trivial.

A key fact that we use in this section is that local cohomology modules
have a natural structure over the ring of k-linear differential operators
Dpyj, (see [13, 14]). In fact, they are Dpgp-modules of finite length (see [3,
Theorem 2.7.13] and [13, Example 2.2] for the case of characteristic zero and
[14, Theorem 5.7] in positive characteristic). In particular, Lyubeznik num-
bers are nothing but the length as a Dgjy-module of the local cohomology
modules H(H7? "(R)). That is,

Api(R/T) =lengthp, (HE(H7™'(R)))

The Dpgjp-module length, which will be denoted simply as e(—), is an
additive function. That is, given a short exact sequence of holonomic Dp;-
modules 0— M;—> My— M3—0, we have

G(MQ) = G(Ml) + G(Mg).

The main result of this section is the following.

THEOREM 2.1. Let (R,m) be a regular local ring of dimension n
containing its residue field k, and let I C R be any ideal with dim R/I =d.
Then, we have the following.
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e If pj(R/I) is nontrivial for some j with 0 < j < d, then either p;_1(R/I)
or pj+1(R/1I) is nontrivial.
o If po(R/I) is nontrivial, then so is p1(R/I).

Proof. Consider Grothendieck’s spectral sequence
BT = HE(Hy ™' (R)) = HET"'(R).

This is a spectral sequence of Dpjp-modules where A, ;(R/I) = e(EP™H.
Notice also that the local cohomology modules Hf,(R) vanish for all r # n,
and in this case e(H (R)) = 1.

We prove the assertion by contradiction. Therefore, assume that p;(R/1)
is nontrivial for some 0 < j <d, but both p;_i1(R/I) and p;i(R/I) are
trivial. (The case j =0 can be proved by a similar argument.) We have
some p, i with i = p + j such that A, ;(R/I) #0 (equivalently, EY™ ™" = 0).
Consider the maps on Es-terms

!
p—2n—i+l do ppn—i 92 pt2n—i—1
E; — Ey — E; :

We show that dy = df, =

Consider first the case j > 1. We have Ep*2 il Ep+2’nfif1 =0 just
because e(EL "y = X, 5, 1(R/I) and e(Ep+2" ’—1) = M\pi2.ir1(R/T)
concern p;y1(R/I) and p;—1(R/I), respectively. Therefore, do =dy =0 is
satisfied trivially. When j =1, that is, the case when (p+2,n—1—1)=
(d,n — d), we have

d
Ed 4n—d+2 dz Ed 2,n—d+1 d,n— d

—>E

The triviality of pa(R/I) and po(R/I) means that Ed_4 =42 _ 0 and Ndd =

e(ES"%) =1, so dy = 0. Now, we assume that the map d} : B4 >"~ dHl_,
Eg" % is nonzero. Then, Im dhy = E;l" 4 due to the fact that Eg’"fd is a
simple D p|;-module. It follows that Eg’n_d = Eg’n_d/lm dh =0, so

0= Egi,n—d _ Eff’n_d - .= Ei,jnfd.
On the other hand, since po(R/I) is trivial, we have

_ rtn—i _ pt,n—t __ _ i,n—1t
0=Ey""'=Ey" '=...=E" 7,
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for all ¢ < d. Therefore, we get a contradiction since, by the general theory
of spectral sequences, there exists a filtration

(2.1) 0CFyC---CF C Hy(R),

where EX'™" = FP/FI,.
Anyway, we have shown that dy = 5 =0 in all cases, and this implies
that EY™ " = EP" ™" #£ 0. Now, we consider the maps on Fj-terms,

!
p—3n—i+2 ds pn—i 95 p+3n—i—2
Ex — k5 — k5 .

Since B2 and EET3" 2 concern pjy1(R/I) and pj_1(R/I), respec-
tively, we have d3=d5=0 by the same argument as above. Hence,
we have Eff’nii = Eg’nfi #0. Repeating this argument, we have 0z
EY" = ER" = .. = BR", s0 we get a contradiction with the fact that
HET"'(R) = 0. (Recall that j =i — p#0.) 0

The behavior of the consecutive superdiagonals is reflected in the follow-
ing example.

EXAMPLE 2.2. Let I C R=Kk][zy,...,xs] be the Alexander dual ideal
of the edge ideal of an 8-cycle; that is, IV = (z1x2, 23, . . . , T7Ts, T8T1).
Using the results of [1], we get the Lyubeznik table

00
0

o O O
o O o o

A(R/I) =

oo O o
OO~ =k OO
= —_ 0 OO OO

Notice that po(R/I) being trivial does not imply that p;(R/I) =0.

REMARK 2.3. Using similar spectral sequence arguments to those
considered in Theorem 2.1, Kawasaki [12] and Walther [24] described the
possible Lyubeznik tables for rings up to dimension two. Namely, their result
is as follows.

o If d=2, then \ao(R/I)— 1= Ao 1(R/I), and the other Lyubeznik num-
bers are 0.
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If we take a careful look at the spectral sequence we can also obtain the
following.

o If d > 3, then )\27d(R/I) = )\07d_1(R/I), and

AMa—1(R/T) < A3 a(R/I) < Ma—1(R/I) + Aoa—2(R/1)

<A
< A3.4(R/T) + Ao g—1(R/T).

For d = 3, we can refine the last inequality; that is,
Ar2(R/T) + Mo (R/T) = A3 3(R/I) + Xa2(R/I) — 1.

Indeed, using the filtration (2.1), we have

d _—
S (BT = (T (R) = {1’ =0

0, otherwise.

i=0
Then, the result follows considering the differentials ds: E 0" a1,
Egn d’ d2 ln d+1 Egn d’ dzEgn d+2 E22n d+1 and d31
Eg’”_d+2—>E§"_d. Finally, we point out that E§7”‘d+1:E2<’,”‘d“,
1,n—d+1 1,n—d+1 2,n—d 2,n—d 0,n—d+2 0,n—d+2 3,n—d
E; =FE3 , B =Ex ", E, =FE and E =
3,n—d
B0

83. Linear strands of minimal free resolutions of Z-graded ideals

Throughout this section, we consider Z-graded ideals I in the polynomial
ring R =Kk[x1, ..., z,]. In particular, I is not necessarily a monomial ideal.
For simplicity, we assume that I # 0. The minimal Z-graded free resolution
of I is an exact sequence of free Z-graded modules:

dn, dy
(3.1) Lo(I): 0 Ly - L Lo I 0,

where the ith term is of the form

Li =& R(—j)?V

JEZL

and the matrices of the morphisms d; : L; — L;_1 do not contain invertible
elements. The Betti numbers of I are the invariants j; (). Notice that
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L; = R%( as underlying R-modules, where, for each i, we set 3;(I):=
ZjEZ Bi;(I). Hence, (3.1) implies that

Z (=1)'B;(I) = rankp(I) = 1.

0<i<n

Given r € N, we also consider the r-linear strand of Le(I):

L (1): 00— L™

where
Li™ = R(—i — r)Pii+r(D,
and the differential d="> : L™ — LT'7 is the corresponding component
of dZ
REMARK 3.1. Sometimes, we also consider the minimal Z-graded free
resolution Le(R/I) of the quotient ring R/I:
(3.2)

dn d
Lo(R/): 0 Ln L1 —>Ly=R —> R/T — > 0.

Its truncation at the first term L>;(R/I) gives a minimal free resolution
Lo(I) of I. For r>2, LS (1) is isomorphic to the (r — 1)-linear strand

LS (R/I) up to translation. However, this is not true for r =1, since

L% (R/I) starts from the Oth term R, which is irrelevant to L& (1).

To the minimal Z-graded free resolution of I we may associate a set of
invariants that measure the acyclicity of the linear strands as follows. Let
K denote the field of fractions Q(R) of R, and set

vij(I) := dimg [H;(L$7 ™ (I) @ K)].
Since the complex L5 (1) @ g K is of the form

a<7‘> <r>

0 ——= Kﬁn,n-ﬁ-r(l) " C. K51,1+r(1) *1> Kﬁo,r(l) — 0,

we have v; ;(I) < 3; (1) for all 4, j (if ¢ > j then v; ;(I) = 5; ;(I) =0), and

n n

Z Vz z+7“ = Z(_l)iﬁi,ﬂrr (I)

=0 1=0
for each r. If we mimic the construction of the Betti table, we may also
consider the v-table of I:
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Vi,i—i—r(]) 0 1 2
0 I/070(I) 1/171(1) VQQ([)

1 1/0’1(]) 1/172(1) V2’3(I)

Next, we consider some basic properties of v-numbers. It turns out
that they satisfy analogous properties to those of Lyubeznik numbers. For
instance, these invariants satisfy the following Fuler characteristic formula.

LEMMA 3.2. For a Z-graded ideal I, we have
(D) =1.
1,JEN

Proof. The assertion follows from the computation below:

S D i) = D (D (I)

i,jEN i,reN

:Z Z VZZ+T )

reN 0<i<n

:Z Z B@Hr )

reN 0<i<n

= > > (1Bt

0<i<n reN

= Y (-1)'B)

0<igsn

=1. [

We can also single out a particular nonvanishing r-number. For each
1 €N, let I.;~ denote the ideal generated by the homogeneous component
Ii={f el]|deg(f)=1}U{0}. Then, we have the following.

LEMMA 3.3. If I is a Z-graded ideal with | :=min{i | I; # 0}, then we
have vy (I) # 0.

Proof. Tt is easy to see that there is a surjection Ho(Lg™ (1)) = Iops.
Since dimp I;~ = n, we have Ho(L$™ (I) @r K) = Ho(L$™> (1) @r K # 0.
il
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This fact allows us to consider the following notion.

DEFINITION 3.4. Let I be a Z-graded ideal, and set [ := min{i | I; # 0}.
We say that I has a trivial v-table if v (1) =1 and the rest of these
invariants vanish.

3.1 Componentwise linear ideals

It might be an interesting problem to find necessary and/or sufficient
conditions for a Z-graded ideal to have a trivial v-table. In this direction,
we have the following relation to the notion of componentwise linear ideals.

DEFINITION 3.5. (Herzog and Hibi [8]) We say that a Z-graded ideal I
is componentwise linear if I~ has a linear resolution for all € N; that is,
Bij(I<r>) =0 unless j =i+ r.

Roémer [20] and the second author [25, Theorem 4.1] independently
showed that I is componentwise linear if and only if H;(IL$" (1)) = 0 for all
rand all 7 > 1.

PROPOSITION 3.6. A componentwise linear ideal I has a trivial v-table.

Proof. Since I is componentwise linear, we have H;(L$"™ (1)) =0 for
all 7 and all 4> 1, and hence v;;(I) =0 for all j and all ¢ > 1. Now, the
assertion follows from Lemmas 3.2 and 3.3. N

The converse of the above proposition is not true. For example, in
Corollary 3.13 below, we show that if I; # 0, then it has a trivial v-table.
However, there is no relation between being componentwise linear and

I £0.

3.2 Consecutiveness of nontrivial columns of the v-tables
For a Z-graded ideal I C R and 7 € N, set

vi(D) =Y viz(I).

JEN
If we denote Lo(I) := @D, oy L'~ (I), then
VZ(I) = dimK HZ(L.(I) R K)

By Lemma 3.2, we have Y .- (—1)'v;(I) = 1. We say that v;(I) is nontrivial

if
2, ifi=0,
v;(I) >
itd) {L ifi>1.
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Clearly, the v-table of I is nontrivial if and only if 1;(I) is nontrivial
for some 4. If n > 1, we have proj.dimp/ <n — 1, and hence v,(I) =0. In
particular, v, ([) is always trivial.

The main result of this subsection is the following.

THEOREM 3.7. Let I be a Z-graded ideal of R. Then, we have the
following.

o If v;(I) is nontrivial for 1 <j<n—1, then either vj_1(I) or vjii(I) is
nontrivial.
o If vy(I) is nontrivial, then so is v1(I).

In order to prove the theorem, we reconstruct Le(I) using a spectral
sequence. Let Lq(I) be the minimal free resolution of I as before. Consider
the m-adic filtration Le(I) = FyLe D F1Le D - -+ of Le(I), where F;L, is a
subcomplex whose component of homological degree j is miLj. For any given
R-module M, we regard gr (M) := @,.y m'M/m"** M as an R-module via
the isomorphism gr R = @,y m*/m*! = R =K[z1, ..., z,]. Since each L,
is a free R-module,

P E=|Pwrr/mtL; | =gr Ly
pHq=—j p=0

is isomorphic to L; (if we identify gr R with R), while we have to forget
the original Z-grading of L;. Since Lq(I) is a minimal free resolution, df? :
ENT— Eg’qH is the zero map for all p, ¢, and hence Ef'? = E{*. Tt follows

that
EV= P M= P Ep

p+g=—j ptq=—J

is isomorphic to L; under the identification R = gr R. Collecting the maps
[l o 1 +1,q/_ 1 2
Ay BYY (=P Ly fm L) — BT (= mP Ly /mP L)

for p, g with p+ ¢ = —j, we have the R-morphism dg.l) :Eg.l) SEWY | and

-1
these morphisms make IEEl) a chain complex of R-modules. Under the

isomorphism Eg-l) =Ly, EY is isomorphic to Le(I) = P, .yLs" (). Hence,
we have

reN

EY = @ Ep=H;L.(D)
ptg=—J
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and v;(I) = dimK(Ef) @ g K). Collecting the maps db?: EF? — E§+2’q71,
we have the R-morphism

d?  EP (= Hy(La(1)) — E| (2 Hj_y (Lo(1))).

Moreover, we have the chain complex

a7 @) 47 (2
J J
i — B —ES —

. . . 3) . D,q
of R-modules whose jth homology is isomorphic to E]. = @p P jE3 .

For all r > 4, Egr) = @erq:ijf’q satisfies the same property.

By the construction of spectral sequences, if

r>max{k | Bjx(I) # 0} — min{k | B;_1,(I) # 0},

then the map d2?: EP? — EPT " ig yero for all p, ¢ with p+ ¢ = —j,
and hence d'"”) :Ey) — Egr_)l is zero. This implies that E§T) is isomorphic to

J
(00) . _ ,
B = P B
prg=—j

for r > 0.

Proof of Theorem 3.7. We prove the assertion by contradiction using the
spectral sequence introduced above. First, assume that v;(I) is nontrivial
for some 2 < j <n — 1, but both v;_1(I) and vj41(I) are trivial. (The cases
j=0,1 can be proved using similar arguments, and we make a few remarks
later.) Then, we have IE;Q) ®r K#0 and Eg?l Rpr K= Egz_)l RrK=0. It
follows that IE§-3) ®pr K #£ 0, since it is the homology of

EY 9K —EY 9r K — EP) 9rK.

Similarly, we have Egs_)l QrK= Egi)l ®r K=0. Repeating this argument,

we have Egr) @rK#0 for all 7 >4. Hence, E%!# 0 for some p, q with
p + q = —j. However, this contradicts the facts that
Pt = H_ o La(D)

and H;(Le(I)) =0. (Recall that j > 0 now.)
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Next, we assume that v (1) is nontrivial, but v(I) and (1) are trivial.
That is,

EY 9r K#0, EP@prK=K and EP@zK=0.

As we have seen above, we must have IEET) =0 for r > 0. Since Eg) RrK=0
for all r now, if dY) RrK: EY) QrK — Eér) ®pr K are the zero maps for
all r, then IEY) Rp K= Egz) ®gr K #0 for all 7, and this is a contradiction.
Therefore, there is some r > 2 such that dgr) ®r K is not zero. If s is
the minimum among these r, dgs) QrK: Egs) QrK — (IE((]S) ®@r K) =K is
surjective. Hence, E(()T) QrK =0 for all r > s, and IE((]OO) ®pr K= 0. However,
since IE((]OO) > or Ho(Le(I)) = gr (I) and dimp I = n, we have dimpg(gr (1)) =
n and hence IE(()OO) ®pr K #0. This is a contradiction. The case when (1)
is nontrivial can be proved in a similar way. 0

3.3 Thom-Sebastiani type formulas

Let I,J be Z-graded ideals in two disjoint sets of wvariables, say
ICR=Kklx1,...,xy) and JCS=Kk[y1,...,yn]. The aim of this sub-
section is to describe the v-numbers of IT + JT', where T=R QS =
k[z1, ..., Tm, y1, ..., Yn], in terms of those of I and J, respectively. When
we just consider Betti numbers, we have the following results due to Jacques
and Katzman [11].

ProPOSITION 3.8. (Cf. [11, Lemma 2.1]) Let Lo(R/I) and L¢(S/J) be
minimal graded free resolutions of R/I and S/J, respectively. Then,
(Le(R/T) @R T) @1 (La(S/J) ®5T)
is a minimal graded free resolution of T/IT + JT.
Hence, Betti numbers satisfy the following relation.
COROLLARY 3.9. (Cf. [11, Corollary 2.2]) The Betti numbers of T/IT +
JT have the following form:

Bis(T/IT +JT) = " Bua(T/IT)Brr o (T/JT).

k+k'=i
I+l'=j

Hence, we have
Bii(IT + JT) = Bi;(IT) + Biy(JT) + > Bra(IT)Bw .y (JT).

k+k'=i—1
I+l'=5
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Our aim is to extend the result in [11] to the case of v-numbers. To such
purpose, it is more convenient to consider separately the case of ideals with
degree one elements. Thus, let I C R be any Z-graded ideal and assume for
simplicity that J is principally generated by an element of degree 1; for
example, J = (y) C S.

LEMMA 3.10. Let I CR=Kk[z1,...,2m] and J=(y) CS=Kkl[y] be

Z-graded ideals, and set T=R®ygS=k[x1,...,Zm,y]. For r>2, the
r-linear strand 3" (IT + JT) is the mapping cone of the chain map

xy: (Lg™(IT))(=1) = L™= (IT).

Proof. 1t is easy to see that a minimal T-free resolution L¢(7T'/IT +
JT) of T/IT + JT is given by the mapping cone of the chain map xy:
Lo(T/IT)(—1) = Le(T/IT), where Lo(T/IT) is a minimal T-free resolution
of T/IT. Since the operation of taking the r-linear strand commutes with
the operation of taking the mapping cone, we are done. 0

The general case is more involved. Assume now that I C R=
k[zi,...,zy]and J C S =K[y1, . .., yn| are Z-graded ideals such that I =0
and J; =0. Let Le(I) be a minimal graded R-free resolution of I, and
let Lo(J) be a minimal graded S-free resolution of J, and consider their
extensions Le(IT) and Le(JT) to T=R®k S =Kk[z1, ..., Tm, Y1, - - -, Yn)-

LEmMA 3.11.  Under the previous assumptions, the r-linear strand
L™= (IT + JT) is

LE™>(IT + JT) = LE™>(IT) @ LS (JT)
& ( P L un) er Lfb><JT)>[—1]) .
a+b=r+1

Here, for a chain complex C,, Co[—1] denotes the translated complex whose
component of homological degree j is Cj_1.

Proof. Consider the minimal Z-graded free resolutions of R/I and S/J,

respectively,
dm dy

Lo(R/I): 0 L, Ly Ly R/I —— 0,
dp dj

L,(s/Jy: 0——1/, L' Ly S/J —— 0,
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where Lo=R and L'g=S. According to Proposition 3.8, the minimal
Z-graded free resolution Le(T/IT + JT) has the form?

L2®L6
® o Li®Ly, o )
s L ®L, —s= @ — s Ly®Lhy — T/IT+JT —> 0,
@ Lo® L}
Lo ® L

where, for any given x; ® yp—; € L; ® L;_i, we have

Op(mi @ Yp—i) = di(3:) @ yp—i + (=)' @ dj,_;(yp—i) € (Lica © L}, ;)
S (Li® Ly_i_1)
To describe the r-linear strand L$">(IT + JT) of the ideal IT + JT,
we must consider the truncation at the first term of the above resolution
and take a close look at the free modules and the components of the cor-

responding differentials. Recall that LE™~1>(R/I) corresponds to L™ (I)
for all » > 2. It is easy to see that both

IL.<T>(IT):O—>L;T—1>®L6_>__._)L2<r—1>®L6
— LY @ Ly —0
and
L™ (JT):0 — Ly ® L/;T_1> e Ly ® L/2<r—1>
— LO ® L/1<r71> N

are subcomplexes of L3 (IT + JT'). Moreover, L5 (IT) and L3> (JT)
are direct summands of L3> (IT + JT). In fact, since I; = J; = 0, the linear
parts of the maps L; ® L} — L; ® Ly and Ly ® L, — Lo ® L’; vanish.

In order to obtain the remaining components of Lg" (IT + JT'), we must
consider the r-linear strand of

L3 ® L}
/
@ o L2®ILn ) )
c—— Ly®L, — D — L1 ®L] —= 0 ——= 0.
& Ly ® L
L1®Lg

By an abuse of notation, we denote (L; ®r T') @7 (L ®s T) simply as L; ® L.
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This complex starts at the second term (i.e., the term of homological
degree 1), and the first term of the r-linear strand is @, ., 1 L5*” (IT) @7
L% (JT). If we take a close look at the free summands of these components
and their differentials, we obtain the following description:

D w=ur) or L3 (JT))[-1].
a+b=r+1

Therefore, we are done. [
The main result of this subsection is the following.

PROPOSITION 3.12. Thev-numbers of IT + JT have the following form.

(i) IfI #0 or J1 #0, then IT + JT has a trivial v-table.
(ii) If I =0 and J, =0, then we have

Z/Z'J'(IT + JT) = Z/Z'J‘(IT) + V@j(JT) + Z kal(IT)I/k/J/(JT).
ket k! =i—1
I+l'=j

Proof. (i) If J; # 0, we may assume that y,, € J without loss of generality.
Now, we have J = (f1, ..., fr, yn), where fi ..., f, are homogeneous poly-
nomials in K[y, ... .yn—1]. Set R :=Kk[z1, ..., T, Y1, - - -, Yn—1], S =K[yn],
and let I'=IR'+ (f1,..., fr) be an ideal in R (note that fi...,f,
are elements in R'), and let J' = (y,) be an ideal in S’. Then, we have
T=R®yS=R &S, and IT +JT =I'"T + J'T. This means that we
may assume that J = (y) CS=Kk[y] from the beginning. For r > 2, the
r-linear strand L3 (IT + JT) is given by the mapping cone of the chain
map xy: (Lg"™(IT))(—1) = L$"™ (IT) by Lemma 3.10. Hence, L5 (IT +
JT) @7 K is given by the mapping cone of the chain map

xy : LE™>(IT) @r K — LE™>(IT) ®r K,

where K is the field of fractions of T'. Clearly, this is the identity map, and
its mapping cone is exact. This means that H;(LS™ (IT 4+ JT) @7 K) =0
for all » > 2 and all 3.

On the other hand, (IT + JT)<1~ is a complete intersection ideal gen-
erated by degree-1 elements, and hence we have dimyg H;(L3'> (1) @7 K) =
dp,i- Summing up, we see that IT + JT has a trivial v-table.

(ii) Follows immediately from Lemma 3.11. [

The following is just a rephrasing of part (i) of the previous result.
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COROLLARY 3.13. Let I C R be a Z-graded ideal with 11 # 0, then I has
a trivial v-table.

The following is another corollary of Proposition 3.12.

COROLLARY 3.14. With the same notation as in Proposition 3.12, if
I1 =J; =0, then IT 4+ JT always has a nontrivial v-table.

Proof. Set l:=min{i | I; # 0} and I’ :=min{i | J; # 0}. Then, we have
i (IT + JT) = vy (IT)vy(JT) > 0 by Proposition 3.12(ii). [

84. Lyubeznik numbers versus v-numbers for monomial ideals

In [26], the second author showed that, via Alexander duality, the study
of local cohomology modules with supports in monomial ideals can be
translated into the study of the minimal free resolutions of squarefree
monomial ideals. This fact was later refined by Vahidi and the first author
in [1] in order to study Lyubeznik numbers of squarefree monomial ideals in
terms of the linear strands of their Alexander dual ideals. The aim of this
section is to go further in this direction.

In the following, we only consider monomial ideals in the polynomial ring
R=XK[z1,...,zy),and m = (z1, . . ., x,) denotes the graded maximal ideal.
Recall that Lyubeznik numbers are well defined in this nonlocal setting since
they are invariant with respect to completion, so we consider A, ;(R/I) =
)\p,i(}AE/I}A%), where R =K[zy, ..., z,]. For a vector a= (ai,...,a,) € N",
set supp(a) :={i|a; #0} C{1,...,n}. For each 1 <i<n, let e; € Z" be
the ith standard vector. The following notion was introduced by the second
author, and serves as a powerful tool for combinatorial commutative algebra.

DEFINITION 4.1. We say that a finitely generated N*-graded R-module
M =@, cynMa is squarefree if the multiplication map M, >y +— x;y €
Maye, is bijective for all a € N and all ¢ € supp(a).

The theory of squarefree modules is found in [25, 26, 28, 29]. Here, we
list some basic properties.

e For a monomial ideal I, it is a squarefree R-module if and only if [ =
VT (equivalently, the Stanley-Reisner ideal I for some A). The free
module R itself and the Z"-graded canonical module wr = R(—1) are
squarefree. Here, 1 =(1,1,...,1) € N*. The Stanley—Reisner ring R/Ia
is also squarefree.
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e Let M be a squarefree R-module, and let Lo be its Z"-graded minimal
free resolution. Then, the free module L; and the syzygy module Syz, (M)
are squarefree for each i. Moreover, Ext’}'%(M , wr) is squarefree for all i.

e Let *mod R be the category of Z"-graded finitely generated R-modules,
and let Sq R be its full subcategory consisting of squarefree modules.
Then, Sq R is an abelian subcategory of *mod R. We have an exact
contravariant functor A from Sq R to itself. The construction of A is
found in (for example) [29]. Here, we just remark that A(R/Ia) = Iav,
where AV:={FC{l,...,n}|({1,...,n}\ F) €A} is the Alexander
dual simplicial complex of A.

In this framework, we have the following description of Lyubeznik
numbers.

THEOREM 4.2. [26, Corollary 3.10] Let R=Xk[z1,...,zy,] be a polyno-
mial ring, and let In be a squarefree monomial ideal. Then, we have

Mpi(R/IA) = dimg[Extly P(Extly “(R/Ia, wr), wr)]o < 0o.

For a squarefree R-module M, the second author defined the
cochain complex D (M) of squarefree R-modules satisfying H ‘(D (M)) =
Ext’s" (M, wg) for all i (see [29, Section 3]). By [25, Theorem 4.1] or [28,

Theorem 3.8], we have the isomorphism
(4.1) A oD (Ext} (R/Ia, wg)) = (L5 (Iav))[—1]

of cochain complexes of Z"-graded R-modules®. Here, for a cochain complex
C®, C*[—i] means the —ith translation of C®. More precisely, it is the
cochain complex whose component of cohomological degree j is C7/~%, and
we regard a chain complex C, as the cochain complex whose component of
cohomological degree j is C_;.

The following is a variant of a result given by the first author and Vahidi.

THEOREM 4.3. (Cf. [1, Corollary 4.2]) Let In C R=XKk[z1,...,zy] be a
squarefree monomial ideal. Then, we have

Api(R/IA) = Viepn—p(Iav).

30ur situation is closer to that of [25, Theorem 4.1] ([29] works in a wider context).
However, [25] does not recognize D and A as individual operations, but treats the
composition A oD . In fact, A oD corresponds to the operation Fe(—) of [25] up to
translation.
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Proof. By (4.1) and the construction of A, we have an isomorphism

(ID (Bxt(R/Ln, wi)lo) = (LS (Iav))a [~

of cochain complexes of k-vector spaces. Here, (—)* means the k-dual. We
also remark that, for a squarefree module M, we have

dimy M7 =rankpM = dimg M ®g K.
Thus, we have the following computation:
Api(R/IA) = dimy [Ext}y P(Ext} " (R/1,wr), wr)],
— dimy[H (D (Ext}y “(R/I, wr)))o
= dimg[H;— (L35 (Iav)a
= dimg H,;_p(L5" " (Iav)) @g K

= Vi—p,n—p(IAV)- D

As mentioned in the introduction, for a local ring A containing a field,
we have
> (D) Na(A) =1,
0<p,i<n
In the monomial ideal case, this equation is an immediate consequence of
Lemma 3.2 and Theorem 4.3.

As a special case of Theorem 2.1, the Lyubeznik tables of monomial
ideals in R =Kk[z1, . .., x,] satisfy the consecutiveness property of nontrivial
superdiagonals. However, this also follows from the consecutiveness property
of nontrivial columns of the v-tables (Theorem 3.7) via Theorem 4.3. In this
sense, both “consecutiveness theorems” are related.

4.1 Sequentially Cohen—Macaulay rings

Let M be a finitely generated graded module over the polynomial
ring R=Kk[z1,...,x,]. We say that M is sequentially Cohen—Macaulay if
Ext *(M, R) is either a Cohen-Macaulay module of dimension i or the
0 module for all ¢. The original definition is given by the existence of a
certain filtration (see [22, III, Definition 2.9]). However, it is equivalent
to the above one by [22, III, Theorem 2.11]. The sequentially Cohen—
Macaulay property of a finitely generated module over a regular local ring
is defined/characterized in the same way.

In [2], the first author showed that the sequentially Cohen-Macaulay
property implies the triviality of Lyubeznik tables in positive characteristic
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as well as in the case of squarefree monomial ideals. Using Proposition 3.6,
we can give a new proof/interpretation of this result for the case of monomial
ideals.

PROPOSITION 4.4. (Cf. [2, Theorem 3.2]) Let I be a monomial ideal of
the polynomial ring R =K[x1, ..., x,] such that R/I is sequentially Cohen—
Macaulay. Then, the Lyubeznik table of R/I is trivial.

Proof. By [9, Theorem 2.6], R/\I is sequentially Cohen-Macaulay
again. Hence, we may assume that I is the Stanley—Reisner ideal Ia of a
simplicial complex A. Herzog and Hibi [8] showed that R/Ia is sequentially
Cohen—Macaulay if and only if Iav is componentwise linear. Now, the
assertion immediately follows from Proposition 3.6 and Theorem 4.3. [

The converse of Proposition 4.4 is not true. That is, even if R/I has a
trivial Lyubeznik table, it need not be sequentially Cohen—Macaulay. For
example, if I is the monomial ideal

(z1, 22) N (23, 24) N (21, 25) N (T2, 5) N (T3, T5) N (T4, T5)

in R=Xk[z,...,xz5], then R/I has a trivial Lyubeznik table, but this ring
is not sequentially Cohen—Macaulay. Since all associated primes of I have
the same height, it is the same to say that R/I is not Cohen—Macaulay.
However, R/I does not even satisfy Serre’s condition (Ss).

In Proposition 4.5 below, we see that if a monomial ideal I has height 1
(i.e., admits a height one associated prime), then the Lyubeznik table of
R/I is trivial. Of course, R/I need not be sequentially Cohen-Macaulay in
this situation.

4.2 Thom—Sebastiani type formulas

Let I C R=Kk|[z1,...,zp]and J C S =Kk|yi, ..., ys] be squarefree mono-
mial ideals in two disjoint sets of variables. Let A1 and As be the simplicial
complexes associated to I and J by the Stanley—Reisner correspondence;
that is, I = Ia, and J = Ia,. Then, the sum IT + JT = Ia,«a, corresponds
to the simplicial join of the two complexes. Let Ay (resp. AY) be the

Alexander dual of A (resp. Ay) as a simplicial complex on {1,2,...,m}
(vesp. {1,2,...,n}). Set IV :=Iny C Rand J" := Iy C S. Then, it is easy
to see that

A(T/IT)=I'T, A(T/JT)=J'T  and
AT/ITNIT)=I1VT + JVT,
where A denotes the Alexander duality functor of Sq T
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PROPOSITION 4.5.  The Lyubeznik numbers of T/IT NJT have the
following form.

(i) If either the height of I or the height of J is 1, then T/IT N JT has a
trivial Lyubeznik table.
(ii) If both the height of I and the height of J are > 2, then we have

Mpi(T/IT OV JT) = Ay i(T/IT) + Api(T/JT)

+ ) A (TN (T/JIT)
q+r=p+dim T
j+k=i+dim T—1

= Mpniien(R/I) + Ap—m.i—m(S/J)
+ Z Ag,j(R/D)A i (S/T).

q+r=p
jk=i—1

Proof. The assertion easily follows from Proposition 3.12 and Theo-
rem 4.3, but for completeness we will make a few remarks.

(i) Recall that, for a simplicial complex A, the height of I is 1 if and
only if [Iav]1 # 0.

(ii) The last equality follows from the fact that

Mpi(T/IT) = Apnin(R/T)  and  Api(T/JT) = Apmi-m(S/J),

which can be seen from Theorem 4.3 and the construction of linear strands.

i

EXAMPLE 4.6. It is well known that local cohomology modules as well as
free resolutions depend on the characteristic of the base field, so Lyubeznik
numbers depend on the characteristic as well. The most recurrent example
is the Stanley-Reisner ideal associated to a minimal triangulation of PZ;
that is, the ideal in R =k[z1, ..., xg]:

I = (212213, 212224, 212325, T2L4Ts, TIL4T5, T2L3T6,
T1T4T6, T3TAT6, T1T5T6, T2T5T6)-

Its Lyubeznik table has been computed in [1, Example 4.8]. Namely, in
characteristic zero and two respectively, we have

00 0O 0 010
0 00 0 00
1 1
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One can slightly modify this example and use Proposition 4.5 to obtain
some interesting behavior of Lyubeznik numbers.

e Theideal J =IN (z7)in R =XKk[z1, ..., 27| has a trivial Lyubeznik table
in any characteristic, so we obtain an example where the local cohomology
modules depend on the characteristic but Lyubeznik numbers do not.

e The ideal J =1N (a7, z8) N (9, x10) in R=Kk[z1, ..., x| satisfies

7./27
L=\ (R)T) # MBI T) =2,
and both Lyubeznik numbers are different from zero.

85. Lyubeznik table is a topological invariant

While the other sections treat the case where R is a regular local ring or
a polynomial ring, in this section we work in a slightly different situation.
Here, the ring R means a normal semigroup ring. When R is simplicial
and Gorenstein, the second author proved in [27] that the local cohomology
modules Hj(R) have finite Bass numbers for radical monomial ideals I C R.
In fact, without these conditions, Bass numbers are out of control and can
be infinite (see [7] for details).

Before going to the main result of this section (Theorem 5.3), we introduce
the setup that we work with. For more details, we refer to [27].

Let C C Z™ be an affine semigroup (i.e., C' is a finitely generated additive
submonoid of Z"), and let R:=k[x° |c € C] Cklz{',... 2] be the
semigroup ring of C' over k. Here, x® denotes the monomial [[" , z{* for
c =(c1,...,cp) €C. Regarding C as a subset of R" =R ®z Z", let P :=
R>9C C R” be the polyhedral cone spanned by C'. We always assume that
ZC =7",7Z"NP=C and CN(—C)={0}. Thus, R is a normal Cohen—
Macaulay integral domain of dimension n with the graded maximal ideal
m:= (x° |0#c € C). We say that R is simplicial if the cone P is spanned
by n vectors in R™. The polynomial ring k[x1, ..., x,] is a typical example
of a simplicial semigroup ring k[C] for C'=N". Clearly, R = @, ok x°
is a Z™-graded ring. We say that a Z"-graded ideal of R is a monomial
ideal, and we denote by *mod R the category of finitely generated Z"-graded
R-modules and degree preserving R-homomorphisms.

Let L be the set of nonempty faces of the polyhedral cone P. Note that
{0} and P itself belong to L. Regarding L as a partially ordered set by
inclusion, R is simplicial if and only if L is isomorphic to the power set
2t} For F € L, pp:= (x® |c € C'\ F) is a prime ideal of R. Conversely,
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any monomial prime ideal is of the form pg for some F € L. Note that
R/pr=k[x® |c e CNF] for FeL. For a point ¢ € C, we always have
a unique face F' € L whose relative interior contains c¢. Here, we denote
s(c)=F.

The following is a generalization of the notion of squarefree modules (see
Definition 4.1) to this setting.

DEFINITION 5.1. [27] We say that a module M € *mod R is squarefree
if it is C-graded (i.e., My =0 for all a ¢ C), and the multiplication map
My >y +— xPy € M,y, is bijective for all a, b € C' with s(a+ b) = s(a).

For a monomial ideal I, R/I is a squarefree R-module if and only if
I is a radical ideal (i.e., VI =1I). We say that A C L is an order ideal
if ASFDF €L implies F/ € A. If A is an order ideal, then I := (x° |
c €C, s(c)€A)CR is a radical monomial ideal. Conversely, any radical
monomial ideal is of the form Ia for some A. Clearly,

|k, ifc eCands(c)eA,
[R/Iale = {O, otherwise.

If R is simplicial, an order ideal A is essentially a simplicial complex on
the vertices 1, 2, . .., n. If R is the polynomial ring k[x1, . . ., 2,], then R/Ia
is nothing but the Stanley—Reisner ring of the simplicial complex A.

For each F' € L, take some ¢ (F') € C Nrel-int(F) (i.e., s(c (F)) =F). For
a squarefree R-module M and F, G € L with G D F, [27, Theorem 3.3] gives
a k-linear map

ot M (py = M ().

These maps satisfy @%F =1Id and @%G o @AG/{F = gp%F forall HOGDF.
We have M, = M,/ for ¢,c’ € C with s(c)=s(c’). Under these isomor-
phisms, the maps cpéf{ 7 do not depend on the particular choice of ¢ (F).

Let Sq R be the full subcategory of *mod R consisting of squarefree
modules. As shown in [27], Sq R is an abelian category with enough
injectives. For an indecomposable squarefree module M, it is injective in
Sq R if and only if M = R/pp for some F € L.

Let wgr be the Z"-graded canonical module of R. It is well known that
wr is isomorphic to the radical monomial ideal (x¢ |c € C,s(c)=P). As
shown in [27, Proposition 3.7], we have Ext’ (M, wr) € Sq R for M € Sq R.
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5.1 Lyubeznik numbers

Let R =Kk[C] be a normal simplicial semigroup ring that is Gorenstein,
and let I be a monomial ideal of R. As in the polynomial ring case, we set
the Lyubeznik numbers as

Npi(R/T) = P (m, H} 7 (R)).

Work of the second author in [27] states that this set of invariants are
well defined in this framework. Namely, Theorem 4.2 holds verbatim in this
situation.

THEOREM 5.2. [27, Corollary 5.12] Let R =k[C] be a normal simplicial
semigroup ring that is Gorenstein, and let In be a radical monomial ideal.
Then, we have

Api(R/IA) = dimk[ExtE_p(Extﬁ_i(R/IA, wRr), wr)|o < 0.

Notice that in this setting we have that whenever we have a multi-
graded isomorphism k[C]/Ian =2 k[C']/Ias between quotients of Gorenstein
normal simplicial semigroup rings by radical monomial ideals, then the
corresponding Lyubeznik numbers coincide. This multigraded framework
slightly differs from the original situation for regular local rings stated
in [13]. However, as stated in [27, Remark 5.14], if A= A’ as simplicial
complexes, then R/Ix and R'/Ias have the same Lyubeznik numbers. In this
sense, to study the Lyubeznik numbers of a quotient R/Ia of a Gorenstein
normal simplicial semigroup ring R by a radical monomial ideal Ia, we may
assume that R is a polynomial ring and R/Ix is a Stanley—Reisner ring. In
Theorem 5.3, we prove a stronger result.

It is also worth pointing out that several features of Lyubeznik numbers
are still true in this setting. In what follows, we assume that [ is a monomial
ideal of R.

(1) As in the polynomial ring case, we have the Euler characteristic
equation

> (—D)PN(R/T) =1

0<p,i<d

Moreover, the statements corresponding to Theorem 2.1 (the consecutive-
ness of nontrivial lines) still hold. In fact, we may assume that I is a radical
ideal, and hence I = I for some simplicial complex A, and then reduce to
the case when R is a polynomial ring as in [27, Remark 5.14 (b)].
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If we assume that I =+/I, Proposition 4.4 also holds in the present
situation. However, we cannot drop this assumption, since we have no idea
whether the condition of being sequentially Cohen—Macaulay is preserved
after taking radicals. What is known is that if R/I is Cohen—-Macaulay, then
so is R/V/T (see [30, Theorem 6.1]). Hence, if R/I is Cohen-Macaulay, then
the Lyubeznik table of R/I is trivial.

(2) For a radical monomial ideal In with dim R/Ia =d, the highest
Lyubeznik number

Aaa(R/1a) = dimy [Exts Y(Ext? 4 (R/Ia, wr), wr)o

has a simple topological (or combinatorial) meaning. In fact, to study this
number, we may assume that R is a polynomial ring, and we can use a
combinatorial description of

Exty ! (Exty " (R/Ia, wr), wr)

given in [22, p. 96]. Roughly speaking, Agq4(R/Ia) is the number of
“connected in codimension-one components” of |A|. (This result holds in
a much wider context; see [31].) In particular, if R/Ia satisfies Serre’s
condition (S2), then \g4(R/In) =1, while the converse is not true.

5.2 Lyubeznik table is a topological invariant

Recall that if R=XKk[C] is simplicial, then an order ideal A of L is
essentially a simplicial complex, and hence it has the geometric realization
|A|. It is natural to ask how Lyubeznik numbers of R/In depend on |A|.
The next theorem shows that Lyubeznik numbers are not only algebraic
invariants but also topological invariants.

THEOREM 5.3. Let R=Kk[C] be a simplicial normal semigroup ring that
is Gorenstein, and let In C R be a radical monomial ideal. Then, A, ;(R/IA)
depends only on the homeomorphism class of |A| and char(k).

Bearing in mind Theorem 5.2, it suffices to show that
dimy [Ext’y, P(Ext}y " (R/Ia, wr), wr)]o

depends only on the topology of |A| and char(k). For this statement, the
assumption that R is simplicial and Gorenstein is irrelevant. (If R is not
simplicial, then A is essentially a CW complex.) In [19, Theorem 2.10],
Okazaki and the second author showed that the invariant that is (essentially)
equal to

depth(Ext™ *(R/Ia, wg)) = min{j | Ext’ 7/ (Ext’s*(R/Ia, wr), wr) # 0}
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depends only on |A| and char(k) for each i. Our proof here uses similar
arguments to the aforementioned result. To do so, we have to recall some
previous work of the second author in [28].

Recall that P =R>(C is a polyhedral cone associated with the semigroup
ring R =k[C]. We have a hyperplane H C R™ such that B:= HN P is an
(n — 1)-polytope (an (n — 1)-simplex, if R is simplicial). For F' € L, set |F|
to be the relative interior of the face F'N H of B. We can regard an order
ideal A C L as a CW complex (a simplicial complex, if R is simplicial) whose
geometric realization is |A]:= Jpca [F| € B.

For Fe L,
Uri=|J IF|
F'eL, F'DF

is an open set of B. Note that {Ur | {0} # F' € L} is an open covering of B.
In [28], from M € Sq R, we constructed a sheaf M™ on B. More precisely,

the assignment
L(Up, M) = Mg ()

for each F' # {0} and the map
ora:T(Uq, M) =M, (G — Mcpy=T(Up, M)

for F, G # {0} with F' D G (equivalently, Ug D Up) define a sheaf. Note that
My is irrelevant to M ™.

For example, (R/Ia)" = juka|, where k5| is the constant sheaf on |A|
with coefficients in k, and j is the embedding map |A| < B. Similarly, we
have that (wg)t = hkpg., where kgo is the constant sheaf on the relative
interior B° of B, and h is the embedding map B° < B. Note that (wg)" is
the orientation sheaf of B with coefficients in k.

Let A C L be an order ideal, and set X := |A| C B. For M € Sq R, M is
an R/Ix-module (i.e., ann(M) D Ia) if and only if Supp(M ™) :={z € B|
(M), #0} C X. In this case, we have

HY(B; M)~ H(X; MT|x)

for all 4. Here, M*|x is the restriction of the sheaf M™ to the closed set
X C B. Combining this fact with [28, Theorem 3.3], we have the following.

THEOREM 5.4. (Cf. [28, Theorem 3.3])  With the above situation, we
have ' '
HY(X; MT|x) = [HYM))o  foralli>1,
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and an exact sequence
(5.1) 0 — [HO(M)])o — My — H(X; M |x) — [HL(M)]o — 0.

In particular, [HEY(R/IA)]o = HY(X:k) for all i>0, where H'(X;Kk)
denotes the ith reduced cohomology of X with coefficients in k.

Recall that X admits Verdier’s dualizing complex D% with coefficients
in k. For example, D% is quasi-isomorphic to (wg)*[n — 1]. The first half of
(1) of the next theorem is a restatement of [28, Theorem 4.2], and the rest
is that of [30, Lemma 5.11].

THEOREM 5.5. [28, Theorem 4.2] and [30, Lemma 5.11] With the above
notation, we have the following.

(1) Supp(Ext “(M,wr)*) C X and
Ext™ (M, wg)"|x = Ext' (M T |x, D).
Moreover, for i > 2, we have
[Extly (M, wr) o = Ext! ™ (M| x, D%).
(2) Via the isomorphisms in (1), for i > 2, the natural map
Ext! (M ™" |x, D%) — T(X; Ext* (M T|x, D%))
coincides with the middle map
[Ext} (M, wr)]o — T(X; Extly (M, wr) | x)
of the sequence (5.1) for Ext’}{i(M, wr) € Sq R.
The Proof of Theorem 5.3. We show that the dimension of
[Exty, P(Extly “(R/Ia, wr), wr)]o (2 [HE(Extl (R/Ia, wr)) o)
depends only on X and char(k). If p > 2, then we have
[HE (Extly " (R/Ia, wr)))o = HP7H(X; Eat' ' (kx, DY)

by Theorems 5.4 and 5.5 (1). The right-hand side of the equation clearly
depends only on X and char(k) for each p, i. Next, we consider the case p =
0, 1. By Theorem 5.4, HY(Ext}, *(R/Ia, wg)) and HY(Ext} *(R/Ia, wr))
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are the kernel and the cokernel of the map
[Exts “(R/Ia, wr)]o — T(X; Extly “(R/Ia, wr)"|x),
respectively. If ¢ > 2, the above map is equivalent to the natural map
Ext! ™ (ky, D%) — T'(X; Ext' " (ky, D%))

by Theorem 5.5 (2), and the dimensions of its kernel and cokernel are
invariants of X.

It remains to show the case (p=0,1 and) i=0,1. Clearly,
Exth(R/Ia, wr) # 0 if and only if Ext'y(R/Ia, wr) =k, if and only if In =
m, if and only if X = (). Hence, Ao o(R/Ia) # 0 if and only if Ao o(R/Ia) =1,
if and only if X = (). On the other hand, it is easy to check that A; 1(R/Ia)
is always trivial; that is,

1, if dim(R/IA) = 1(i.e.,dim |A]| =0),

0, otherwise.

Ma(R/IA) = {

(The same is true for the local ring case using the spectral sequence
argument as in the proof of Theorem 2.1 or adapting the techniques used
in [24].) Hence, the remaining case is only Ao 1(R/Ia), but the following fact
holds.

Claim. If R=XKk[C] is a simplicial normal semigroup ring that is Goren-
stein, then we have

c—1, if dim(R/Ip) > 2 (i.e.,dim |A] > 1),
0, otherwise,

Mo (R/IA) = {

where ¢ is the number of connected components of |A'|:=]|A|\
{isolated points}.

Let us prove the claim. We may assume that dim(R/Ia)>0. If
dim(R/Ia) =1, then R/Ia is Cohen-Macaulay, and the assertion is clear.
Therefore, we may assume that dim(R/Ia) > 2. First, we consider the case
when Ia does not have one-dimensional associated primes; equivalently, |A|
does not admit isolated points (i.e., |A| = |A']). Then, we have

dimp(Ext% ' (R/Ia, wr)) < 1.
Since Extz_l(R/ Ia,wR) is a squarefree module, we have

Ext}, ' (R/Ia, wr) = [Exth (R/Ia, wr)]o.
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We also have
[Exth ' (R/Ia, wr)]o = [Ha(R/Ia)]o = HO(X; k) 2k,

where the second isomorphism follows from the last statement of Theo-
rem 5.4. Hence,

Xo,1(R/Ia) = dimy [Ext(Ext}y (R/Ia, wr), wr)]o

= dimy [Exth (k™! wr)jo=c — 1,

and we are done.

Therefore, we now consider the case where In admits one-dimensional
associated primes. Set [ := Ias. Then, there is a monomial ideal J of R with
In=InJanddim R/J = 1. Note that I + J = m. The short exact sequence
0—R/In > R/I®R/J— R/m (=k)— 0 yields the exact sequence

0 — Extly Y(R/I, wg) @ Extly Y(R/J, wr) — Extls Y(R/Ia, wr)
(5.2) — k—0.

Since Lyubeznik numbers of type A1 1(—) are always trivial, we have
[Extly (Extly H(R/Ia, wr), wr)]o = [Extl ' (Exth ' (R/I,wr),wr)]o =0
and [Extly '(Exts *(R/J, wr), wr)|o = k. It is also clear that
Ext(Extly H(R/J, wg), wr) = 0.
Thus, applying Ext%(—, wr) to (5.2), we obtain

0 — [Exty ' (Exty ' (R/J, wr), wr)lo (2 k) — [Extf(k, wr)lo (2 k)
— [Ext}(Exth  (R/Ia, wr), wr)o
— [Ext(Exts N (R/I, wg), wr)]o — 0.
Since [Ext}(Extly '(R/I,wg),wr)]o =k, as we have shown above, it

follows that
[EXt?%(EXtij%il(R/IAa wR)a WR)]O = kc_l?

and we are done. [
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EXAMPLE 5.6. This example concerns the final step of the proof of
Theorem 5.3. Let R =k|x1, ..., z7] be a polynomial ring, and consider the
monomial ideal

In = (w2, w3, T4, T5, T6, T7) N (71, T4, T5, T6, T7)
N (w1, 22, 23, T6, 7) N (21, T2, T3, T4, T5).
Then, |A| consists of one isolated point and three segments; see Figure 1.

Therefore, |A’|, which is |A]\ {v1}, consists of three segments. We have
Mo1(R/Ia) =3 —1=2,

el
2 4 6
3 5 7
Figure 1.

A in Example 5.6.
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