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The Turning-Values of a Cubic Function and the nature
of the roots of a Cubic Equation.

By P. PixkerTON, M. A.

The first part of this paper depends on the theorem that if a, b, ¢
are three positive quantities such that
a+b+c= a constant,
then abc is a maximum when a=6=c; with the corollary that if
a, b, ¢ are three negative quantities such that
a+b+c= a constant,

then abc is a minimum when a=b6=c.

1. Consider the graph of
y =ux(x — a)’,
where a is positive.
The graph meets OX at the points (0, 0) (a, 0). The graph has
a minimum point at (a, 0), for on shifting the origin to (a, 0) the
equation becomes y=(£+a)é,
and a first approximation at the new origin is

y=af,
so that the graph close to that point is of the form of a festoon.
There is also a maximum point in the interval between 22=0 and
z=a. To determine the point we observe that a(x-—a)’ is a
maximum when 2z(a - z)(a ~ z) is & maximum. Now each of these
factors is positive in the interval considered and their sum is
constant (=2a); .". a maximum value occurs when

. a
2¢=a ~a t.e, when r=-g.

. . afa : 4a®
The maximum value is therefore ?(? - a) =57
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2. Again considering the graph of
y=x(z+a),
where a is positive, we observe that if the origin is shifted to the
point ( - a, 0) a first approximation at the new origin is
y=-af
which represents an inverted festoon. There is therefore a
maximum point at (- a, 0) and a minimum point in the interval
2=0tox= —a. To find this point we observe that z(x + a)? has its
minimum value when 2x( -~ a — 2)( -~ @ ~).is a minimum. Each of
these factors is negative in the interval considered and their sum is
constant (= — 2a) ;
%22 = —a —z for the minimum point ;
e .
=-35

. . . 4a®
and the minimum value is - 57
2

3. In general let
y=2"+pai+qr+r=(x+a)(z+b)}+c.

Equating coefficients, we have

p=a+2, (1)
q=2ab+ 57, (2)
r=ab’+e. 3)

Eliminating & from (1) and (2),
352~ 2bp+q=0;

. real values of a, b, ¢ can be found if

P’ = 3.
If p* =3¢, it is clear that we can write
3 3
y=m’+pa?+qx+r=(m+%) +( —-%) )

3
and by changing the origin to (—%, r—%) the equation takes

the form 7= £ which has a point of inflexion at the new origin and
no turning-points.
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If p°>3¢, y=(x+ a)(x+b)*+ ¢ where a, b, ¢ are real.
Shift the origin to ( - @, ¢) and the equation becomes
n=E&(¢~a-b).
Hence, if a - b is positive, there is a& minimum turning-point at
£=a-b =0 ie,atx=-b y=c.
Also there is a maximum turning-point at
£=3a-b), n=f(a-by
ie,at x= -a+3a-0b), y=c+H(a-b)"
If (a - ) is negative, there is a maximum turning-point at
¢=a-b,7=0 de,at x=-b, y=c¢
and a minimum turning-point at
g=}a-b) n=syla—by
te,at 2= -a+3a-b), y=c+A(a-b)
The graph whose equation is
y=Ax+pe®+qe+r
can clearly be reduced to the above case.

4. The nature of the roots of a cubic equation can be deduced
from our knowledge of the above graphs.
Suppose the equation first brought to the form

Pgr+r=0.
Let y=at+gr+r=(x+a)(x+d)’+c
Here a+26=0, (1)

2b+H =g,  (2)
ab’+c =1 (3)
If two roots are equal then clearly ¢=0;

by (I') and (2)) — 3B =g,
and by (1’) and (3') -2W=r;
4¢*+ 272 =0.

If the three roots are unequal ¢+ 0.
In this case it is clear that if a,, b,, ¢, and a,, b,, ¢, are the two
sets of solutions of (1'), (2'), (3'), then
ata, =0, b, +5b,==0;
(a,- b)) = — (3~ by)-

https://doi.org/10.1017/50013091500002029 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091500002029

89

Suppose a, — b, to be positive and write
y=(x+a)(x+b) +c.

It follows from the above that the minimum turning value is
given by y=c¢,.

Next, writing Yy = (2 +a,)(x+ b)* + ¢y,
we observe that the maximum turning value is given by

Yy==¢;5
OX will cut the graph of
y=2+qr+r
in three different real points if —z—l- is negative,
2

and in one real point and two imaginary points if — is positive.
C;

There are therefore three different real solutions of the equation, or
one real and two imaginary,

according as Z—: is negative or positive,
¢’
” i3] E 3 i i3 11
” » €€ ” ’ ) 9
" » (r = ab*)(r - ad?) ,, » ’ ”
’ N ” ’ ’ w (o a+a,=0)
’ ” 7% — a*b’ ” ” ' "
” ” rt - 4p° » ’ ’ » by (1)
” ’ 7+ g’ ’ » ’ » by (1') and (2)

- according as  4¢*+ 27r* is negative or positive.

Note on the Problem: To draw through a given point
a transversal to (¢) a given triangle (V) a given
quadrilateral so that the intercepted segments
may have (a) a given ratio () a given cross ratio.

By P. PivgerTON, M.A,
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