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On the stability of ring relative equilibria
in the N-body problem on S? with Hodge
potential

Jaime Andrade®, Stefanella Boatto®, F. Crespo®, and D.E. Espejo

Abstract. In this paper, we study the stability of the ring solution of the N-body problem in the entire
sphere S? by using the logarithmic potential proposed in Boatto et al. (2016, Proceedings of the Royal
Society of London. Series A. Mathematical, Physical and Engineering Sciences 472, 20160020) and
Dritschel (2019, Philosophical Transactions of the Royal Society of London. Series A. Mathematical,
Physical and Engineering Sciences 377, 20180349), derived through a definition of central force and
Hodge decomposition theorem for 1-forms in manifolds. First, we characterize the ring solution and
study its spectral stability, obtaining regions (spherical caps) where the ring solution is spectrally
stable for 2 < N < 6, while, for N > 7, the ring is spectrally unstable. The nonlinear stability is
studied by reducing the system to the homographic regular polygonal solutions, obtaining a 2-d.o.f.
Hamiltonian system, and therefore some classic results on stability for 2-d.o.f. Hamiltonian systems
are applied to prove that the ring solution is unstable at any parallel where it is placed. Additionally,
this system can be reduced to 1-d.o.f. by using the angular momentum integral, which enables us to
describe the phase portraits and use them to find periodic ring solutions to the full system. Some of
those solutions are numerically approximated.

1 Introduction

The study of N-body problems over curved spaces has its origins in the works of
Bolyai [4] and Lobachevsky, on the theory of parallels, published in German in 1849
(see part of this work translated into English and published over a century later
in [9]). In [11], the gravitational potential is extended to the sphere S?, where the
potential obtained is of cotangent type. Using the cotangent potential leads to some
nonintuitive behavior at a physical level, since it corresponds to a potential defined
for a sphere without a point, namely, the punctured sphere S%, which gives rise to
antipodal singularities (see, e.g., [2]).

This paper considers the potential derived by considering the unit sphere from
an intrinsic geometry point of view and using the Hodge decomposition theorem to
derive the central force extension to the various surfaces of interest. In the case of
the sphere, the resulting potential is a logarithmic one and it is defined over the entire

Received by the editors May 31, 2022; revised January 13, 2023; accepted February 21, 2023.

Published online on Cambridge Core March 3, 2023.

Jaime Andrade had the partial support of CONICYT (Chile) through the FONDECYT project
11180776.

AMS subject classification: 11T55, 11G25.

Keywords: Surfaces of constant curvature, Hamiltonian formulation, ring solution, reduced Hamil-
tonian, spectral stability, nonlinear stability, periodic orbits.

Check f
https://doi.org/10.4153/50008414X23000123 Published online by Cambridge University Press Updates.


http://dx.doi.org/10.4153/S0008414X23000123
https://orcid.org/0000-0001-9629-4792
https://orcid.org/0000-0001-5708-0281
https://orcid.org/0000-0002-5930-8523
https://orcid.org/0000-0002-7730-3662
http://crossmark.crossref.org/dialog?doi=https://doi.org/10.4153/S0008414X23000123&domain=pdf
https://doi.org/10.4153/S0008414X23000123

496 J. Andrade, S. Boatto, E. Crespo, and D. E. Espejo

sphere S%. For more details, see [1, 2]. Additionally, the corresponding Hodge potential
for closed hyper-surfaces is derived by Dritschel in [5].

Thus, for the unit sphere S, a system of N masses m;, m,, ..., my with positions
r1,72,..., TN, Tespectively, where r; = (¢;,0;) (with ¢; the longitude and 0; the
co-latitude), the potential energy of the system is a function U(r), with

N N
(LD U(r)=y>. Y mymeIn(1-d),

j=lk>j
where r = (r1,72,...,7n), djk = cos 0 cos 0 + sin 0 sin 0y cos(¢; — ¢ ) and y is the

gravitational constant.

We will focus on the analysis of stability of a ring of bodies lying on a fixed parallel
and rotating uniformly with respect to the z-axis. For this purpose, we consider N
bodies with identical masses m; = - - - = my = 1in the Hamiltonian system associated
with the potential (1.1). We will show that the regular N-gon configuration is a solution

with position ¢; = vt + ¢, ¢; = 2"(1{,_1), 0j=00¢€(0,m),forj=1,...,Nand v # 0, if

and only if, the angular velocity is taken as

N _
sinf

—

In addition to the aforementioned articles, we can find more recent works in which
similar problems defined in curved surfaces are studied for both the N-vortex problem
and the N-body problem. The linear stability of a ring-poles configuration with total
vorticity equal to zero is studied in [3], whereas the linear stability of a ring solution
in an infinite cylinder is studied in [1]. Furthermore, the problem of determining the
stability of a ring of bodies in the sphere S* with a cotangent potential has been recently
studied in [8], obtaining results about spectral instability for a ring close to the poles
and close to the equator. For logarithmic potential, this problem has not been studied
previously and it will be totally characterized in this paper.

1.1 Equations of motion

We consider a system of N masses my, ..., my with positions r1,72,...,7n,
respectively, where r; = (¢}, 0;) (with ¢; the longitude and 6; the co-latitude). The
potential energy of the system is the function U(r), where r = (r,72,...,ry) and
U(r) is the potential energy obtained in [2] and given in (1.1). On the other hand, if
V1, V2, ..., vy are the velocity vectors, then the kinetic energy is defined by

1N
(1.2) X = 3 Z mjvagjvj,

j=1

where g is the metric tensor

20,
w b0 0)
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Thus, the Lagrangian of the system is £ = X — U and the Legendre transformation
allows to write the velocities in terms of the momentum p; = (py,, ps;)- In fact,

oK

pj:TW:mjvfngVj —(g] )b},

and the kinetic energy in terms of the momentum takes the form
R R ITI 2
(1.4) XK= Z p](g] —JZ;ij(P,pj csc” 6+ py,).

The Hamiltonian function is given by

(15) H(Q,P) =X(Q,P) +U(Q),

with Q = (r1,12,...,rny)and P = (p1, p2, ..., pn ). Thus, the corresponding Hamilto-
nian equations take the form

oH 1
Sbj = —— = —csc? 6jp¢_,
8p¢j m;j j
_OH 1
J - apej - m] 9}»3
. :_ajz_ Z mjmy sin 0 sin 0y sin(@; — @i )
(1.6) p‘Pj a(p] Yy e - djk
. o0H 1 L,
p@i = _876]- = ;]Cotej CSC gjp(/?j
N mjmy (cos@ksin(?j—costsinchos(q)j—(pk))
7 Z 1-d; .
k=1,k+j ik

1.2 Symmetries

The Hamiltonian (1.5) is invariant under the action of SO(3), in particular, by
rotations of SO(2) about the z-axis, which implies the conservation of the total ¢
component of the angular momentum P, = ¥ p,,.. Additionally, it is easy to see that
the Hamiltonian function (1.5) also has the translation time-dependent symmetry

gl)] [=d (p] + Vi,
1.3 Ring solution

Let us consider a system of N bodies with identical masses m; = - -+ = my = m. By this
assumption, the Hamiltonian function becomes simpler. Moreover, we may assume
without lost of generality that m =y = 1. Indeed, it is achieved by introducing the
(1) —symplectic change of coordinates (Q, P) ~ (Q, cP) and the scaling x ~ “x in
time and energy, with ¢ = y"/2m>/2. Thus, we arrive to the Hamiltonian function

1.7) H = Z (pq, csc 9 +p9)+ZZIn(1— djk).

j=1k>j
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Now, we consider a polygonal configuration formed by N identical masses placed
at the vertices of a regular polygon, rotating with respect to its normal vector with
constant angular velocity. Due to the SO(3)-symmetry, we can consider without loss
of generality that the polygon is rotating in a fixed latitude around the z-axis. Such a
particular configuration must be of the form
(1.8) gj=vt+¢;, 0;=00¢€(0,m), py, =vsin®by, pg, =0,
where ¢; = &I{]_I) and v is the constant angular velocity. It is verified that if 6y # 7,
then the configuration (1.8) will be a relative equilibrium of the system associated with
(1.7), if and only if the angular velocity satisfies

, N-1

1.9 = .
(19) Y sin? 6,

For 0, = %, the formula (1.9) is no longer valid and we get the nonisolated solution

T

(110) (Pj:p(pt+¢j) gjza) p(Pj:p<P’ poj:O'

The structure of this work is as follows. In Section 1, we describe the equations of
motion for the N-body problem over the entire sphere S* and for identical masses
my = --- = my, we can find a particular solution called ring solution. In Section 2, the
spectral stability of the ring solution of the complete problem is studied, obtaining
spectral stability for 2 < N < 6 and spectral instability for N > 7. In Section 3, on
the space of homothetic solutions, we reduce the system to two and one degrees of
freedom, respectively. Additionally, we calculate the equilibrium solutions of both
reduced systems and study the phase portraits near the equilibria of the reduced
system with one degree of freedom. To examine the stability of the ring solution,
we normalize the Hamiltonian to terms of degree three via the Lie algorithm, and
we determine that the ring solution is unstable in the Lyapunov sense. Finally, in
Section 4, we give conditions for the existence of periodic orbits in the complete system
along with some examples.

2 Spectral stability of the ring solution

From now on, we move to a co-rotating frame associated with the solution (1.8)
(6 # 7/2). Hence, it becomes a fixed equilibrium of the new Hamiltonian system.
To analyze the spectral stability of the ring solution, we compute the Hessian matrix
evaluated at the solution (1.8)

S On Oxn Oy
ON R (XIN ON
ON OCIN ﬁIN ON ’
Oy Oy On In

(2.1) D2H(z) =

where z=(@1,..., N> 015 ..., ONs Pors - vs Poxs Py -5 Poy)» & =—2vcotby, =
csc? 0, Oy, and Iy are the zero and identity matrix of order N x N, respectively, and

S:SIN+PN, R:?’IN—ﬁPN,
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with
~ LS, r= v (2ecos200)+ E(N-s) (N 1), Py = (p1)
s=-¢ , r=v cos200) + s Pn=(Pij)yun
—— ey, it
- 1
0, i=j.

The spectral stability of the solution (1.8) is determined through the eigenvalues
of the matrix JD*H, where J is the standard symplectic matrix. The characteristic
polynomial is

p(X) = det[D*H + A]] = BN det [-BPy + 6Py + g(A)In],

where § = —a?/B +r— Bs,g(A) =1/BA* + (r/B +s) A* + rs — a*s/PB and Py isa circu-
lant matrix

p1r P2 P ... PN-2 PN-1 PN
PN P11 P2 ... PN-3 PN-2 PN-1

Py=| pya1 PN P1 ... PN-a PN-3 PNn-2 |:=Circ[pi,par-..,PN]>
b Pps P4 ... P3 2 P

with p; = 0 and py = pr1, k =2, ..., N. Furthermore, taking into account the follow-
ing relation:

(2.2) Pj = PN-j+2> j=2,...,N,

we have that Py is a symmetric circulant matrix. Therefore, the matrix Ay := —fP§, +
0Py + g(A)Iy is also symmetric circulant, i.e.,

Ay = Circ[x1, %2, ..., xn], With xj = xn_j2, j=2,...,N.

Thus, ignoring the constant factor BV, we get the characteristic polynomial

N

(2.3) p(A) =detAy = I_{ (xl +Xwj + x3w§ + o+ wa}\H) ,
j=

where w; is the jth root of unity. The eigenvalues of the matrix Py are given by

2 N-1 .
Tj=p1+pawj+ p3w; + -+ +pyw; ,j=1L...,N,
and denoting P§, = Circ[qi1,qa, ..., qn], it is verified that the eigenvalues of P} are
given by
2 N-1_ 2
g]-:q1+q2wj+q3wj+-"+quj :Tj’

See [6] for more details about circulant matrices results. Now, from the definition
of Ay it follows that

(2.4) x1=-Bq1 +g(A), and xx = —fqx + Opx, k=2,...,N.
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By replacing the quantities (2.4) into (2.3), we arrive at

(2.5) p() =TT (e) + 67— p13).
j=1

Note that from condition (2.2), using the fact that 'Y ~k+1 = %%1 and in virtue of the

formula given in [7, p. 271], we obtain an explicit expression for the eigenvalues of Py,
namely

2nmj
Nl 2rmj\ NA oS\ TN 1 , .
Tj:me+1COS( NJ): ( 27”2 :g(Nz—l)—](N—])
m=1 )

N
Thus, we obtain that the 4N eigenvalues read as follows:

1 / 1 7/
(26) /11]': % a+\/y, /\2]': % a—\/F, A3j:—A1j, /14]‘:—A2j,

with j=1,...,N, and

me11— cos(

a= -r-sp,

2.7) b; = 40625+(r—[35)2+4‘fj (0(2 +/32‘rj—ﬁr+ﬁ2s).

By replacing the expressions r, s, &, 3, 7; in terms of 6, N, and j, we obtain

Aij = V-G -1)(j-N+1) - (N 1) cos 26 csc 6, Azj = i\/j(N = j) csc By,
where we observe the following properties:
(i) AyjeiR,forallj=1,...,N -1
(i) Ay = 0.

(iti) Apj=Apn-jforall j=1,...,[22], p=1,2.

Note that property (iii) implies that for N even, £ P +MA1n are the only eigenvalues
with multiplicity one, while the remaining 4N — 6 eigenvalues have multiplicity two.
For N odd, £,y are the only eigenvalues with multiplicity one, while the remaining
4N - 2 eigenvalues have multiplicity two.

Finally, the spectral stability depends on the eigenvalues A;y. It is easy to verify that

Amax = \ lm]?lXA%j = Al,[%] =

and it follows that A2, <0, if and only if, 6, € (0, ®x] U [ — Oy, ) with

max —

(N-2)? . .
Oy - 1 { arccos g AN ) , if Niseven,

\/(1— g)z—(N—l) cos28gcscly, if Niseven,

V(N =1)(N -3 -4cos20p) cscp, if Nisodd,

2 | arccos %) , if Nis odd,

which is a real number only for 2 < N < 6.
Therefore, we may conclude the following result.
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SN
SSSaty

=N

W

Figure 1. Shaded regions correspond to zones of S* where the ring solution is spectrally stable.
These regions exist only for 2 < N < 6.

Theorem 2.1. For 2 < N < 6, there exists @y € (0, 7) such that the ring solution is
spectrally stable for any 0y € (0,®y) U (7 — Oy, 1) (see Figure 1) if N = 2,3 and any
0o € (0,0n]U[m—On,m)if N =4,5,6. For N > 7, the ring solution is unstable at any
parallel where the ring is located.

The stability of the ring placed at the equator must be studied separately. Since the
set 0) = --- = Oy = m/2 is an invariant set, we can restrict the system to the equator.
The equations of motion restricted to the equator and written in a co-rotating frame
are given by the N-d.o.f. Hamiltonian system:

¢j= Pe; = Vs
0;=0,
(2.8) . N sin(¢; - ¢x)
D Y N WY
k=1,k+j TPk
pgj =0.

Solution (1.10) corresponds to the fixed equilibrium ¢; = 27(j ~1)/N, pg, = v. The
matrix of the linearization at this equilibrium is given by

_ R N 0 N
with Ry = sIy — Py, where s and Py are defined in the previous case.
Similarly to the case 6y # 77/2, we get the eigenvalues

A= i\/;(Nz—l)—j(N—j) R, j=1,...,N.
Thus, we conclude the following result.

Theorem 2.2.  For 0 = /2 and N > 2, the ring solution (1.10) is unstable.
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Remark 2.3 The study stability of the ring relative equilibria for cotangent potential
has been recently treated in [8], where the authors prove spectral instability for a ring
close to the poles for any N > 2, which differs with the results obtained in Theorem 2.1
for2< N <6.

3 Nonlinear stability of the ring solution in the space
of homothetic ring solutions

3.1 Reduction

In order to study the nonlinear stability, we consider identical masses such that at any
time they form a regular polygon contained in a plane parallel to the x y plane. Thus,
we consider solutions with positions given by

2(j-1)m .
(3.1 Tj:(¢j,9j)=((p+(]N),Q),]:L...,N.
By replacing (3.1) into (1.6) with the Hamiltonian given in (1.7), we obtain that ¢ is a

cyclic variable and the system may be reduced by one degree of freedom:

¢ = pyesc’ 0,
0 = pe,
(32) N
Py = 0,

pe = cot 6 csc? prp - (N -1)cot6.

Thus, the reduction is carried out by fixing the integral of motion p, = ¢, and the
reduced Hamiltonian function read as follows:

1
(3.3) H, = E(pé +c*csc?0) + (N —1)In(sin 0),
with associated Hamiltonian system:

ézpe,

3.4
G4 pe = c*cotcsc> @ — (N 1) cot 6.

3.2 Equilibria and periodic solutions

The equilibrium points of (3.4) give rise to periodic solutions of the two degrees of
freedom system (3.2) of the form

Z(t) = (Vt + ¢0a 90) VSinz 00) O)a

where v is either a constant depending on (6, N) (for a nonequatorial ring) or an
arbitrary value (for an equatorial ring). Furthermore, if 6y # 7, then this periodic
solution coincides with the ring solution defined in Section 1.3. Such a particular
periodic solution can also be obtained as a fixed equilibrium of the system (3.2)
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provided a co-rotating frame, i.e., by introducing the change of coordinates ¢ = vt + ¢
to obtain the new Hamiltonian

(3.5) H= %(csc2 Gpi +pg) —vpg + (N —1)In(sin ),
with Hamiltonian equations:
¢ =pycsc® -,
0 = pe,
(36) A
Py =0,

Do = cot (pé s’ 6 - (N -1)).
To characterize the equilibria of (3.6), we distinguish the following three cases:

(1) General equilibrium: v > 0 and 6 # /2 given by

(37) Xo: ¢=0, 60=00¢(0,m)\{n/2}, py = V(N =1)sin 6, and pg = 0.
(2) Equatorial equilibrium 1: v+ 0 and 0 = /2 :

(3.8) Xo: ¢=0, 0=00=m/2, pg=v,and pg=0.
(3) Equatorial equilibrium 2: v = 0:

(3.9) Xo: ¢=0, 0=00=m/2, py=0, and pg=0.

3.3 Dynamics in the reduced 1-d.o.f. system

Notice that the equilibrium points of the 1-d.o.f. reduced system (3.4) are of the form
(6,0), where 6 € (0, ) is a zero of the function f.(6) = cot6(c*csc* 6 - (N - 1)),
with ¢ = py. Therefore, it follows that the equilibria are given by:

« The equatorial equilibrium:
(3.10) po=0, O=m/2, VceR.

o The nonequatorial equilibria:

(3.11) pPo =0, H:iarcsin(\/%)e(o,ﬂ),V0<|c|<\/N—1.

When we consider ¢ =0, the only type of equilibria is the equatorial one (see

Figure 2). In the case of nonequatorial equilibria, we have that the eigenvalues are
given by

n, =YD e,

Cc

while in the equatorial equilibrium, the eigenvalues read as follows:

A;=+VN-1-c2
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\/

) -2 -1 0 1 2 3
c

Figure 2: Equilibria bifurcation diagram of system (3.4).

@ c=0 (b) 0<|c] < VN -1 © le] = VN -1

Figure 3: Phase portrait associated with the reduced Hamiltonian system (3.4).

Thus, if ¢ =0, the only equilibrium is the equatorial one, which is a saddle. If
0 <|c| < v/N -1, then the equatorial equilibrium is a saddle and the nonequatorial
equilibria are centers. If |c| > /N -1, then the only equilibrium is the equatorial
one and it is a center. Note that the values ¢ = +\/N —1 correspond to Hamiltonian
pitchfork bifurcation values (see Figure 3).

Remark 3.1 Note that the nonequatorial relative equilibria are centers in the 1-d.o.f.
reduced system, which implies that they are orbitally stable within homothetic ring
solutions. On the other hand, in [8], the authors prove for the cotangent potential that
the orbital stability in the reduced manifold is guaranteed only for 8 in a neighborhood
of m/2, 0 + /2, and N odd.

3.4 Nonlinear stability of the ring solution for v > 0 and 0, < (0, 7/2)

It is clear that the nonlinear stability in the 1-d.o.f. system does not guarantee the
nonlinear stability in the full system (1.6), but the instability in the reduced one is,
in fact, a sufficient condition to assure instability in the full system.
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In this section, we make a study of the nonlinear stability of the ring solution
described in case (3.7).

The linearization matrix associated with the Hamiltonian system (3.6) along the
equilibrium solution defined in (3.7) is given by

0 0 1 0
A = JHess(H(Xo)) = -2v/N —1cotfycscfy 0 0 csc? 6
. " —2(N -1) cot? 6 0 0 2vN-1lcotBycscby
0 0 0 0

whose eigenvalues are obtained as

(312) AI,Z =0, A3’4 = +i\/ 2(N - 1) cot 9(),

with N > 2and 0, € (0, /2) is the colatitude angle of the ring. Although this solution
is stable for the reduced system (3.4), we can not ensure that the full system will inherit
this property (3.6).

Let us denote by a, and a4 the eigenvector and associated generalized eigenvector,
respectively, associated with the null eigenvalue. Similarly, we denote by a; = r; + is;
the eigenvector associated with the eigenvalue iw;. A simple computation shows that
as, da, 11, and s; are given by

0 _sin fg tan 6, 0 __tanfy
1 é\FI sec 0o V 2(()N_l)
= = = N-1 =
az 0 > a4 0 > N 1 > 81 0
0 —sin” 6, 0 0

By using the algorithm provided in [10], we construct the symplectic matrix

N:[alfﬁﬁ 026202 K181 /‘iza4],

where &8, =sgn({r,s1}) =1 0, =sgn({az,as})=-1, kK= —, and
1=sgn({r,s1}) 2 =sgn({az, as}) 1 Krost]
Ko = L__, where {-,-} denotes the Poisson bracket between vectors, that

az,a4}|
is, {u, v} = uT Jv. By introducing the symplectic linear change of coordinates induced
by the above matrix into the Hamiltonian (3.5), we obtain that the quadratic part
assumes its normal form

2
(3.13) K, = %(x2 +p2) - %, wy =/2(N = 1) cot(6y),
with its corresponding transpose quadratic term

2
(3.14) KI = % - %(x2 + p2).
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Remark 3.1 For the case where v > 0 and 6 € (7/2, i), the same steps of the previous
case are followed and we obtain that

2 2
w1, 5 2 Py T_) w1, 5 2
Ky=-——(x"+ -—2and K, = — + —(x° +p%).
2 2 (x px) 2 an 2 2 2 ( px)

We are now assuming that the Hamiltonian (3.5) is written in the coordinates that
normalize the quadratic terms of the Taylor expansion. We proceed to normalize the
cubic terms by introducing a near identity symplectic coordinates obtained through
a suitable generating function (see Appendix B) and taking into account the Lie
equation {Gs, KI } = 0, we get that the normalized third-order terms are given by

(3.15) Gs = y(x* + p2)g2100 + ¥ 80300>

with coeflicients

~ V/8(N —1)(4 + cos(26y)) csc* B sec B,
80300 = 3/tan 0, >
_sec® 0 +\/2(N —1)°(4 + cos(26,)) csc® (6o
£2100 V/8(N —1) tan2 6,
(see Appendix B.1 for the explicit coefficients of the generating function).

Therefore, we have that go300 # 0, for all 6y € (0, 77/2) and, according to Sokol'skii’s
Theorem (A.1), we conclude that the equilibrium is unstable in the Lyapunov sense.

Remark 3.2 1In the case where v > 0 and 6, € (7/2, ), we have that the terms of
degree three in their normal form is as in (3.15), where go300 is given by

Y/8(N —1)(4 + cos(26y)) csc* 0y sec B, 20

3\/|tan 6|

80300 =

Proposition 3.1 The ring solution is Lyapunov unstable for any v and 8, €

(0, m)\{m/2}.
4 Periodic orbits

In this section, we will study some periodic solutions of the N-body problem on
the sphere S* emerging from the ring solution. More precisely, we look for periodic
solutions that preserve the regular polygon configuration of the bodies, but not
necessarily rotating uniformly in a fixed parallel. For this purpose, we first note that in
the reduced 1-d.o.f. system, the nonequatorial equilibrium point (6, 0) given in (3.11)
is surrounded by periodic orbits whenever ¢ € (0,v/N —1). Let 7(¢) = (6(t), pa(t))
one of these periodic solutions with #(0) = (6, 0) and period 7(8), then we need to
find a suitable initial value 6(0) = 0 € (77/2, 0) such that the variable ¢ in (3.2) verifies
the equation

(4.1) ¢(nt(0)) = (0)mod (27),
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LZ/ NG

L L L L L L
0.0 0.5 1.0 1.5 2.0 25 3.0

Figure 4: Graph of the function f(6) = A(c,8) for N = 2and ¢ = (2 +/3)/5.

N° m n 0* Tk

1 2 1 0.5759770806073893° 10.401954398957935¢
2 2 1 0.624322279750267° 13.34487228193203¢
3 3 2 0.4812090229194145° 6.362189077257438°
4 3 2 0.6289478386427696° 9.080108087002557¢
5 3 2 1.7091952021830619° 9.080063873702084"
6 3 2 2.5217269786955137° 9.195817485260322
7 2 2 2.517270315553412°  6.672579176853166°
8 2 2 2565615608913528° 5.200975192175653

Table 1: Initial conditions 8* and periods Tr that give rise to periodic orbits in the
complete system for N = 2and ¢ = (2 + /3)/5.

for some # € N. By using the integral form of ¢(t)

(4.2) o(t)=¢po+c fotcsc2 0(s)ds,

and taking into account that 0(s) is a 7(0)-periodic function, we get that equation
(4.1) assumes the form

7(0)
(4.3) < [ csc? 0(s, 0)ds = Uy
2 Jo n
Now, we define
c 7(0) 5
(4.4) A(c,0) = — f csc” 0(s, 0)ds,
2 Jo

and note that if we fix ¢ in (4.4), we can take A(c, 0) as a function depending only
on 6, namely, f(6). Next, we define the function g(x,0) = f(0) —x. If 6 =6y is a
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(a) Fig. 1 (b) Fig. 2

P
s B

(c) Fig. 3

(e) Fig.5 (f) Fig.6

(g) Fig.7 (h) Fig. 8

Figure 5: Periodic orbits on the sphere S? for N = 2, ¢ = (2 + v/3) /5 with initial condition given
in Table 1.
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L L L L k|
0.0 05 1.0 15 20 25 3.0

Figure 6: Graph of the function f(6) = A(c,0) for N = 3and ¢ = 1-/3/5.

N° m n 0* Tr
1 1 2 1.3770293531731441° 2.159805256919048°
1 2 2.8582707622368555° 2.159822954834652°

—
—_

2

3 0.28332190140248037°  4.319619500151175°
4 1 1 1.7645618100195024° 4.319582499689864
5 3 2 0.2553629252331931° 4.757886479607715

Table 2: Initial conditions 8* and periods T that give rise to periodic orbits in the
complete system for N = 3 and ¢ = 1-/3/5.

nonequatorial equilibrium and denoting by 7o = 7(60y), with 7y a value that will be
suitable chosen later, then it follows that

(4.5) g(x,00) = ;io —x and ¢(t) = ¢o +vt,
T

with v = ccsc? 0. Since ¢ is 2T’T—periodic, we can choose 7y = 27” and obtain that

g(x,00) =1- x. Now, we can easily see that

9g(x,0)

1,60) =0
8(1,00) ox

(1’90) = —1 * 0

Then, by the Implicit Function Theorem, we have that there are open intervals
I, =(00—¢0p+¢)and J = (1- 8,1+ J) such that g(x,0) =0, forall (x,0) € J x L.
Furthermore, there exists a C¥ class function, x : I, — J, such that g(x(6),6) =0
and x(6y) = 1. Then, by density of Q en R, we have that ] N1 Q # @. Therefore, the
set Y =x"1(JnQ) # @, is such that given m/n e JnQ, there exists 6* € Y such
that g(m/n, 68*) = 0. Therefore, we conclude that there are initial conditions 6* that
generate periodic orbits in the complete system.
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(c) Fig.3 (d) Fig. 4

(e) Fig. 5

Figure 7: Periodic orbits on the sphere S for N = 3, ¢ = 1 - \/3/5 with initial condition given
in Table 2.
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TS T

00E, L L L L L L
0.0 0.5 1.0 15 2.0 25 3.0

Figure 8: Graph of the function f(8) = A(c, 8) for N = 4 and ¢ = 2\/5 + /2/5.

N° m n 0* Tr

1 1 2 1.1963809469081823° 1.4724533519714116°
2 1 2 2.7190241813008105°  1.4724503122514878°
3 1 1 0.42256876046583774° 2.944897452098061°
4 1 1 1.9452119521433546° 2.9448981256444933
5 2 2 2.74727275996211° 3.2124622727718513¢
6 3 2 1.6085027918855728° 6.200496191217298°

Table 3: Initial conditions 8* and periods T that give rise to periodic orbits in the
complete system for N = 4 and ¢ = 2\/5 + \/2/5.

4.1 Some examples of periodic orbits on the sphere S*

In this section, we present some examples of periodic orbits on the sphere S* obtained
through the method described above. Note that the initial conditions that generate
polygonal periodic orbits are the zeros of the equation (4.3). Thus, for a fixed value
of ¢, we can consider the graph of the function f(0) = A(c, 8) and approximate their
intersections with horizontal lines of the form y = m/n.

For the case N = 2, the value of ¢ must be chosen such that |¢| < 1. In particular, for
¢ = (2 ++/3)/5 the graph of A(c, 0) is shown in Figure 4.

The following table gives initial conditions for some values of (m,n) and their
corresponding period.

In Table 1, for different rationals m/n, we find initial conditions 6* giving rise
to periodic orbits in the complete system. Some of them are located close to the
equilibrium 6y = 2.298941328617731° and others are close to the homoclinic orbit
shown in Figure 3b, which also correspond to periodic orbits that cross the equator.
Similarly, near the symmetric equilibrium 6y = 0.8426513249720621°, we can also find
initial conditions that give periodic solutions in the whole system (Figure 5).
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(e) Fig.5 (f) Fig.6

Figure 9: Periodic orbits on the sphere S* for N = 4, ¢ = 21/5 + 1/2/5 with initial condition
given in Table 3.
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For the case N = 3, the value of ¢ must be chosen such that |c| < \/2. In particular,
for ¢ = 1-+/3/5 the graph of A(c, 0) is shown in Figure 6.

The following table gives initial conditions for some values of (m,n) and their
corresponding period.

In Table 2, for different rationals m/n, we can find initial conditions 68 that
give rise to periodic orbits in the complete system. Some of them are close to
the equilibrium 6, = 2.6611657363097923° (or in the symmetric equilibrium 6, =
0.48042691728000075°), and others are close to the homoclinic orbit shown in
Figure 3b. Moreover, we chose all initial conditions except row 5 inside the homoclinic
orbit (Figure 7).

For the case N = 4, the value of ¢ must be chosen such that |c| < v/3. In particular,
for ¢ = 21/5 + \/2/5 the graph of A(c, ) is shown in Figure 8.

The following table gives initial conditions for some values of (m,n) and their
corresponding period.

In Table 3, we find initial conditions 8* leading to periodic orbits in the complete
system for different rationals m/n. Some of them are close to the equilibrium 6y =
2.51685340624551° (or in the symmetric equilibrium 6, = 0.6247392473442833°), and
others are close to the homoclinic orbit shown in Figure 3b. Moreover, we chose all
initial conditions except row 5 inside the homoclinic orbit (Figure 9).

A Reduced system
A.1 Reduction to two degrees of freedom

In this section, we will see the details regarding the reduction of the system (1.6)
to a Hamiltonian system with two degrees of freedom. For this, let us consider the
Hamiltonian function defined in (1.7), then we see that from the first equation of the
system (1.6) the moment p,,, is given by

(Al) p(Pj = gDJ Sil’l2 91

Differentiating with respect to time in this last relation and using the third equation
defined in (1.6), we find the following equality:

(A2) ¢jsin®0; +2¢;sin6; cos b Qj = - i sinb; Sinfk S:in((/)j — i) )
k=1,jk —Gjk
and having into account that
N sinf;sin O sin(@; - ¢k) ~ N, sin 6 sin 0;sin(@x - ¢;)
k=§¢k 1- djk o k=lz,j:¢k 1- dkj ,
we finally get

sin 6 sin O sin(@; — ¢k ) —0

=1 k=1,j#k 1- djk

-
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Therefore, using this last relation together with (3.1) in (A.2), we have

N .
0= Z(pj sin” 0; +2¢;sin 6 cos 6; 6;

z

= ¢sin® 6 +2¢sinfcos 6 6
j=1
= N(¢sin® 6 +2¢sin 8 cos 0 0)
= ¢sin® 6 + 2¢sin O cos O O
d .
= E(go sin® 0) = py,.
On the other hand, differentiating the second equation obtained in (1.6) and using the
fourth equation of the system (1.6) together with (A.2), we obtain

cos 0 sin 0 — cos 6 sin O cos(¢; — ¢)

N
A 2 .2
6 = cotBjcsc” 0;p, - > =4
k=1,jk jk
N cosOsinf; —cosB;sinOcos(g;—
=cotfjcsc’ 0;(¢;sin” 6;)> = " il l—jd' £0s(9; = ¢)
k=1,j+k jk

. N cosOsinf; —cos8;sinO cos(p; —
:Cosejsinej(p?— > k J 1 ]d K cos(g; ‘Pk).
k=1,j*k — Ajk

Again, in this last relation, we can use the equations defined in (3.1) to get

N 1-cos(¢; — ¢k)

k1,j+k 1 —cos? 6 — sin® @ cos(¢; — ¢k)

0 = cos Osin O ¢p> — cos O sin 0

= cos Osin 0 ¢> — (N —1) cot .
cos 0

= m(sinz 0 90)2 - (N -1)cot6.

= cot § csc? Hpé — (N -1)cot6.

Therefore, we obtain that our reduced Hamiltonian is a Hamiltonian with two degrees
of freedom of the form

= %(Cscz 6PZ(,, +pg) + (N = 1) In(sin 6).

A.2 Sokol’skii stability theorem 1977

Suppose that the Hamiltonian function in its normal form admits the following form:

5 w1 [5/2]
(A.3) H‘* 7(‘12+P2)+ZZ“S 2Py (@54 p3) + HY

s=3 j=0

where a;_;,; are real constants. The normalization must be carried out up to terms of
order M such that ayy ¢ is different from zero.
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Theorem A.I (A.G. Sokolskii, 1977)  Suppose that a canonic system with two degrees
of freedom has one zero frequency and multiple elementary divisors and that its
Hamiltonian function has been reduced to form (A.3). Then:

(1) If M is odd, the equilibrium position is unstable.
(2) If M is even and 81a1,0 < 0, the equilibrium position is unstable.
(3) If M is even and 81ap,0 > 0, the equilibrium position is Lyapunov-stable.

For more information, see [12].

B Normal form of high-order terms
Let us consider the Taylor expansion of H
H=H,+H;+Hy+---+Hg+ ---,
with

_ ki ko L D
Hi= ). hknnd' 4Py P2
[k[+|T]=s

and H, in its normal form. The normalized Hamiltonian G of H is obtained via the
Lie algorithm

G=Gy+G3+Gy+ - +Gg+ ---,
where G, = H; and G, are homogeneous polynomials of degree s

— ki ky L L
GS - Z gklkZleququ pllp2 N
|k|+|1|=s

Similarly, we define the generating function of the symplectic transformation that
becomes H into G, denoted by

(B.D W= i1+ qapa+ Sy + Sat o + S+,

where S, are homogeneous polynomials of degree s, so that

— ki ky L Ly
SS - Z Sklkzlllqu qz Pl PZ .
[K|+]1]=s

B.1 Normal form of the third-order terms with quadratic part as (3.13)

Since, in our case, the quadratic term is degenerated, the Lie equation takes the form
{H],G,} = 0. We start with the case s = 3; that is, we will determine the Lie normal
form of the terms Hj of degree three of the Hamiltonian H under the assumption
that the quadratic part H, is already normalized. Furthermore, the matrix associated
with the linear system is nondiagonalizable. Therefore, we must solve the system of
equations generated by the following Lie equation:

{KT> G3} = Oa

https://doi.org/10.4153/50008414X23000123 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X23000123

516 J. Andrade, S. Boatto, E. Crespo, and D. E. Espejo

where K is defined in equation (3.14). From where we get that

23000 = 0, g2010 = 0, g2001 = 0, 1200 = 0, 1110 = 0, g1101 = 0, 1020 = 0,
gio11 = 0, g1002 = 0, go210 = 0, o201 = 0, o111 = 0, Lor02 = 0, gooso = 0,
80021 = 0, o012 = 0, 0003 = 0, o120 = §2100-

Therefore, the terms of degree three of the normalized Hamiltonian are given by

(B.2) Gs = )/(Xz + Pi)gzloo + )/3g0300-

Furthermore, according to the Lie triangle and the recurrence formula, we have

(B.3) G3=H3+{Hg,33}EH2+G3 (q a2 7w7w) H2+H3 (aw oW )
> 391 9

apy > apy *P1P2

It is verified that equation (B.3) is satisfied for Gs is as it appears in (B.2), for this
purpose, we must choose the coefficients of S; in a convenient way. More precisely,

3v/2tan B sec? Oy + 27/4(N - 1)5/2(4 +cos(26y)) csc? 60
9(N ~1)3/4w, tan 6,

(2 +cos(26y)) csc® By sec Oy ((N = 1)w; cos(200) + (N - 1) w; - 2)
$2100 = — 2\/5(‘)1 >
$2010 = 0, S2001 =0, o102 =0,  So003 = 0,

~ mM +cos(26p)) csc* 6,
$1200 = \/m >
m(zl +c0s(26y)) csc® By — sec 490
e = /8N — 1w, tan? 0
S0 = 2\/§csc 0o(2(N - 1)w; +3(1- (N - 1)w;) csc? B + sec 90)
N1

24N -1)7/*(4 + cos(260)) csc? 90

$3000 =

$1020 =
3w, tan? 6,
(2 +cos(26y)) csc® By sec Oy ((N — 1) w; cos(260) + (N —1)w; —

S1011 = 2

2\/2(4)1
V2 (2wrsec? B — (N - 1)wf +23/2(N - 1)%2(4 + cos(26))) csc® B sec 6o)

$1002 = — 3 >

(N -1)34w? tan2 6,
2
50300 = Y cscBy(3cot g csc By +secby),

I V2escBp(3csc? By + sec” o)
0210 N 1ol ,

csc By

/8(N —1)/tan By

50201 = —
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(2 +cos(200)) csc® By sec Oy ((N —1)w; cos(26y) + (N - 1) w; +2)
S0120 = — >
2\/2(4)1
2/2csc 0 (wy sin’ g sec O + /2(N —1)*/2(4 + cos(26,)))
som = (N -1)*/4w?\/tan 6, ’
V2(N =1)(2 + cos(26y)) csc® g

3(01
V2(N =1)5(4 + cos(20)) + 4(N - 1)w; sec 0y — sec® O
21/2(N -1)5w?tan: 6,
~ 23/2cesc0p(2(N - 1w +3(1- (N = 1)w;) csc? Oy + sec? )
S0012 = \/ﬁwi”

This choice of the coeflicients of the generating function implies that the terms of
degree three of the normalized Hamiltonian are given by (B.2), where

V/8(N —1)(4 +cos(20y)) csc* By sec
80300 = — 3 /tan 0, >
sec® 0 +/2(N —1)5(4 + cos(26y)) csc®(0o)
foro0 =7 V/8(N -1)5tan? 6,
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