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PBW Bases and Marginally Large Tableaux
in Types B and C

Jackson A. Criswell, Ben Salisbury, and Peter Tingley

Abstract. We explicitly describe the isomorphism between two combinatorial realizations of Kashi-
wara’s infinity crystal in types B and C. The first realization is in terms of marginally large tableaux
and the other is in terms of Kostant partitions coming from PBW bases. We also discuss a stack
notation for Kostant partitions which simplifies that realization.

1 Introduction

The infinity crystal B(oo) is a combinatorial object associated with a symmetrizable
Kac-Moody algebra g. It contains information about the integrable highest weight
representations of g and the associated quantum group U, (g). Kashiwara’s original
description of B(o0) used a complicated algebraic construction, but there are often
simple combinatorial realizations. Here we consider two such realizations in types B,
and C,,. The first is the marginally large tableaux construction of [4,5]. The second
uses the Kostant partitions from [11], which are related to Lusztigs PBW bases [10]
(see also [13]). In [3,12], isomorphisms between these two realizations are studied in
types A, and D, respectively. Our main result is a simple description of the unique
isomorphism between these two realizations of B(co) for types B, and C,. This is
related to recent work of Kwon [8], although that work uses a different reduced ex-
pression, so should be compared to the more general results from [11]. We also give
a stack notation for Kostant partitions of these types motivated by the connection to
multisegments in type A, described in [3].

2 Background

Let g be a Lie algebra of type B, or C,. The Cartan matrix and Dynkin diagram are

2-10-0 00 2-10-00 0
-12-1--0 0 0 -12-1--0 0 0
0-12-0 00 0-12-00 0

Bn : (aij) = > Cn : (aij) =
000-2-10 000-2-10
000 --12 -1 00 0 - -1 -2
000 0-22 000« 0-1

Bn O ) O Cn O : 0]

a1 a2 ®p—1 ®n oy o Ap—1 [
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Bik =i+ +ag, 1<i<k<n
Pik = Qi+ Oy + 20, + 204+ + 20, 1<i<k<n

Bik = & — €k+1> 1<i<k<n-1
Bin = &> 1<i<n
Vik =& + & 1<i<k<n

Table 2.1: Positive roots of type B,,, expressed both as a linear combination of simple
roots and in the canonical realization following [2].

Bik =i+ +ag, 1<i
Pik =i+ -+ Qg+ A+ ++ag, 1<i<k<

Bik =& — €ks1s 1<i<k<n
Vik = €i T &k 1<i<k<n

Table 2.2: Positive roots of type C,, expressed both as a linear combination of simple
roots and in the canonical realization following [2].

Let{ay,...,a,} bethesimplerootsandlet {a, ..., ) } be the simple coroots, re-
lated by the inner product (oc]V, «;) = a;j. Define the fundamental weights w;, ..., w,
by (a}, w;) = §;;. Then the weight lattice is P = Zw; ®---® Zw,, and the coroot lattice
isPY =Za) @---® Za,, . Let ® denote the roots associated with g, with the set of pos-
itive roots denoted @*. The list of positive roots in type B, is given in Table 2.1, and
the list of positive roots in type C, is given in Table 2.2. The Weyl group associated
with g is the group generated by sy, ..., s, where s;(1) = A — (a}, A)a; forall A € P.
There exists a unique longest element of W, which is denoted by wy. For notational
brevity, set I = {1,2,...,n}.

Let B(o0) be the infinity crystal associated with g as defined in [7]. This is a count-
able set along with operators e; and f;, which roughly correspond to the Chevalley
generators of g. Here we use two explicit realizations of B(co) but do not need the
general definition.

2.1 Crystal of Marginally Large Tableaux

Recall the fundamental crystals given below:

Bn; 1 n—1 n @ n n-1 1

2.1)

1 n-1 n — n-—1 1 —
Co:[1] [1].
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Define alphabets, denoted J(B,) and J(C,), to be the elements of these crystals with
the natural orderings

J(By):{l<---<n-l<n<0<n<n-1<---<1},
J(Ch):{l<-<n-1<n<n<n-1<---<1}.

Definition 2.1 'The set of marginally large tableaux, T(o0), is the set of semistandard
Young tableaux T with entries in J(B,,) or J(C, ) that satisfy the following conditions.

(i) Thenumber of IZ] in the i-th row of T is exactly one more than the total number
of boxes in the (i + 1)-th row.

(ii) Entries weakly increase along rows.

(iii) All entries in the i-th row are < 7.

(iv) If T is of type By, then the [0 | does not appear more than once per row.

Definition 2.1 implies that the leftmost column of T contains |1 |,|2,... ,,
in increasing order from top to bottom. We call the [ i |in row i shaded boxes. The
number of shaded boxes in each row is one more than the total number of boxes in
the next row.

Example 2.2 In type B;, each T € T(o0) has the form

s iz 23 - 3]0[3 3]z 31 1]

T=1|2(2
3[0

[SSIR N SR
W N | =
[\

The notation indicates any number of | i | (possibly zero). Also, the [0 |in each
row may or may not be present.

Definition 2.3 Fix T € T(oo)forl<j<n—landk > je]. Let j denote a box
containing k in row j of T. Define the weight of the box by:

_ﬂj,k—l lfk }é 0, — _yj,k lfk }é j;
Type By, : kl|.)= )=
ype wt (]) {—ﬁj,n itk =0, wit (]) “2B;, ifk=j,

Type C,:  wt (1) =—Bik-1> wt (]) = ~Vjk-

Define the weight wt(T') of T to be the sum of the weights of all the unshaded boxes
of T.

Note that the unique element of weight zero, denoted T, is the tableau where all
boxes are shaded. For example, in types B; and Cs,

1]1]
5l

Te =

[ [ [=

Definition 2.4 Let T € T(oc0).
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(i) The Far-Eastern reading of T, denoted readpg(T), records the entries of the
boxes in the columns of T from top to bottom and proceeding from right to
left.

(ii) 'The Middle-Eastern reading of T, denoted readpmg (T'), records the entries of the
boxes in the rows of T from right to left and proceeding from top to bottom.

Definition 2.5 Let T € T(oo) of type B, or C,, and set read(T) = readyg(T)
or readpg(T). Consider the fundamental crystals from (2.1). For each i € I =
{1,2,...,n}, the bracketing sequence br;(T) is obtained by replacing each letter in
read(T) with )? (%, where p is number of consecutive i-arrows entering and g is the
number of consecutive i-arrows leaving the corresponding box in the fundamental
crystal.

After determining br; (T), sequentially cancel all () -pairs to obtain a sequence of
the form ) ---) (--- ( called the i-signature of T. The i-signature is denoted by br; (T).

Definition 2.6 Let T € T(oo) and i € I. Define 0 as a formal object not in T(o0).

(i) If there is no )’ in br;(T), then set ¢; T = 0. Otherwise, let be the box in
T corresponding to the rightmost )’ in br; (T). Define e; T to be the tableau
obtained from T by replacing the r in | r | with the predecessor in the alphabet
of T(co). If this creates a column with exactly the entries 1,2,. .., i, then delete
that column.

(i) Let| ¢ |betheboxin T corresponding to leftmost ‘(" in br; (T). Define f; T to be
the tableau obtained from T by replacing the ¢ in | ¢ | with the successor of € in
the alphabet of T(co). If| £ |occurs in row i and € = i, then also insert a column
with the entries 1,2, ..., i directly to the left of | ¢].

Example 2.7 Let T € T(o0) for g of type B; where

1]1]1

3]0]2(2

—

1|2|0|§|§[i[i|‘

T =

W =
Wl =
[ 8]

3

By Definition 2.5, we have

readye(T)=112 3 0211111111122 0 322223 3 3

brs(T) = )) ) ( ) (( ) ) ((
br{(T) = ) ) ),

so by Definition 2.6, we obtain

1[1 1[1]1]2]0]3]2]1]1]
esT=5120202]3]0]2]2
3(0(3
i fafa]1]2]0]3]2]1]T]
BT=131a]202]2]3]0]2]2 :
3/0/3]3
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Example 2.8 Let T € T(o0) for g of type Cs where

11

313]1

—

1 1/12|3[3[3[2]1
R BBEBEB]

3

W =
Wi [—
)
w

By Definition 2.5, we have

readye(T)=1233311111111113332222333
bry(T)= ) (( ) ) ( ) ) (
br5(T)= ) ) C,

so by Definition 2.6, we obtain

a1 1]2]3]3]3]2]1]
esT =15 2]5(3]3]1
3|3
and
i aaafa[a[a]a]2]3]3]3]2]1]
AT =Gl l22]2]3]5]5]1 :
3[3(3]3

Theorem 2.9 ([5]) Using readgg(T) and the operations defined in Definition 2.6,
T (o0) is a crystal isomorphic to B(co0).

It turns out that using readyg in place of readgg is more convenient for us, and we
can do this because of the following proposition.

Proposition 2.10 Let T(oo) be the set of marginally large tableaux of type B, or C,,.
Then the crystal structures on T (oo) using either readgg or readyg are identical.

Proof Fix T € T(o0) and i € I. By the definition of e; and f;, we must show that the
leftmost ‘(" and the rightmost *)” in br; (T) correspond to the same box for the two

different readings. We need only consider the positions of the[ i |, il ,
and[ 0] (if i = nand T is of type B,,). By Definition 2.1, these all occur in the first i + 1
rOWS.

The unshaded boxes are read in the same order under the two readings (since
there cannot be two in the same column, and if one box is to the left of another, it
is also weakly below it). Thus, the two bracketing sequences are identical until the
first shaded [ i | is read. We will call that part of the sequences the prefix. After that,

the sequences are as follows, where we use ¢; ; to denote the number of | j | in row i
(and if i = n, ;41,7 is taken to be 0):

Middle-Eastern: --- (5 (binim ) bisnin

Far-Eastern: --- (5i+fmmibnint () ... ()
———
Citrin

>

Since €;,; > €;41,i11, after cancellation, these parts of the sequences contain only ‘(;
and then the leftmost ‘(’ corresponds to the rightmost [ i |in row i.
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Thus, if the prefix has an uncanceled ‘(; then this remains uncanceled in both com-
plete bracketing sequences and corresponds to the same box for both. If the prefix
does not have an uncanceled ‘(; then in both readings the leftmost uncanceled ‘C
comes from the rightmost[ i | in row i. Furthermore, the sequences only have an un-
canceled )’ if this comes from the prefix, in which case it corresponds to the same
box in both. [ |

2.2 Crystal of Kostant Partitions

Here we review the crystal structure on Kostant partitions from [11]. As explained
there, this is naturally identified with the crystal of PBW monomials as given in [1,10]
(see also [13]) for the reduced expression

Wo = (5152 Sp—25n-15SnSn-2-"-51) = (Sn=28n-152Sn-2)Sn—15n.

Let R be the set of symbols {(B) : € ®*}. Let Kp(oo) be the free Z,4-span of
R. This is the set of Kostant partitions. Elements of Kp(oo) are written in the form

a =Y pyex c(B)-

Definition 2.11 Consider the following sequences of positive roots depending on
i € Ifortype B, or C,. For1<i < n-1,define

OF = O = (Bris Bricts Yii> Viisls - - » Bictis BicLiot> VieLi> Vi-Li+1> Bii)s
q)ln; (ﬁl,n) /31,n—1) Yl,m ﬁl,n, e ﬁn—l,na ﬁn—l,n—l) Yn—l,na ﬁn—l,na ﬁn,n)a
d)f = ()’1,1, /31,n—1, Y1,n5 V1,15 -+« > Vn-1,n-1> ﬁn—l,n—l, Yn-1,n>Yn-1,n-1> )’n,n)-

Let & € Kp(oo). Define the bracketing sequence S;(a) by replacing the roots in ®%
or ®¢ with left and right brackets as follows.
In type B, and C, with 1 < i < n, set
Si(@)= D) G )ee) GooC e )ees) o)) e (D))
—

—_—— —— —— —_——— —— — —— — — ——
By CBr i1 i Critt i CBi—nim1 Vieni it CBi

In type B, with i = n, set
Sp(@)= Do) G )ee) oo oo Do) e C ) ee) Gee () )
——

—_—— —— —— —_—— —— ——— ——— ——
CBin zcﬁl,n—l 2¢y,, CBin Bu_t,n ch‘n—l,n—l 2¢y, 1n Bu-in Bu,n

In type C, with i = n, set
Su(a@)= D)) G- )er) CGoo e ) G )oY G () eee)
N——

——— —— —— —— — — — ) Y —
Sy CB1n-1 Syin 11 Ya-t,n-1 Bn-tn-1 ¥Yn-1n  ¥n-1,n-1  rnn
In each case successively cancel all () -pairs in S; (&) to obtain a sequence of the form
) --+) (--- (, which we call the i-signature of & denoted by S¢(a).

Remark 2.12 Roughly, left brackets correspond to roots 3 € @; such that  + «; is
a root, and right brackets correspond to roots 3 € ®; such that  — «; is a root (or
B = a;) except when i = n, where some subtleties arise.

Definition 2.13 LetieIanda € Kp(oco) with & = 3 ()% cp(B) € Kp(o0).
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* Define wt(a) = = Y gco+ cpp-
* Define ¢;(a) = number of uncanceled )’ in S; (a).
* Define ¢;(a) = ¢;(a) + (a) , wt(a)).
The following two rules hold except in the case where g is of type C,, and i = n.
* Let 3 be the root corresponding to the rightmost )’ in S¢(&). Define
eix=a— (ﬁ) + (ﬂ— 0(1').
Note thatif § = «;, we interpret (0) as the additive identity in Kp( oo ). Furthermore,
if no such )’ exists, then e;a& = 0, where 0 is a formal object not contained in

Kp(o0).
* Let y denote the root corresponding to the leftmost C in S¢(&). Define
fiw=a—(y)+(y+ai).
If no such ( exists, set fi0 = a + («;).
If g is of type C,,, then e, and f, are defined as follows.

* Let 3 be the root corresponding to the rightmost )" in S5, («). Define e, & as follows,
for k € {1,...,n —1}. If no such B exists, then e, a = 0.

(@) B =yknandcy,, =cp,, , +1Lthene,a=a—(B)+ (Bin-1)-
(b) IfB=yknandc,,, >cp,, , +1 thene,a =a-2(B) + (yix)-
(c) If B =vyrk thenea =a — () +2(Pi,n-1)-

(d) If B = yn,u then ey = & — (f).

* Let y denote the root corresponding to the leftmost ‘C in S;,(a). Define f,« as
follows, for k € {1,...,n}. If no such y exists, then f,a& = & + (y5,n)-

(@) Ify=PBrn-1andcy,, =cp,,, —Lthen fua@=a—(y) + (y,n)-
(b) Ify = Bxp1and ¢y, <cp,,, — 1 then fra =a—2(y) + (yrx)-
(c) Ify = yg i then fra =a —(y) +2(yk,n)-

Example 2.14 Let Kp(oo) be of type C; and let & € Kp(co), where

@ =4(B12) +2(y1,3) +2(y11) + (y22) + (y2.3) + (¥3,3)-
We consider the action of f3, so we must first compute the bracketing sequence:

Cyi Bz Cyis Cyin Cyan CBan Cyas Cyap Cyss
Ss(a)=)) (CCC )N« ) ) ( )
S5(a)=)) ((

Hence, fia =2(B1,2) +2(y1,3) +3(y11) + (y2,2) + (¥2,3) + (¥3,3)-

Example 2.15 LetKp(oo) be of type C; and let @ € Kp(oo0), where

@ =2(B12) +2(y13) +3(y1) + (y2.2) + (y23) + (y3,3)-
To compute f;&, we first need the relevant bracketing sequence, which is

C}'l,l Cﬁl,z C}’I,S C)’l,l C}'z,z Cﬁz,z C)'z,a C}'z,z C)/s,s
S3(a¢)= D)) (C ) «C ) ) ( )
S(a) = ))) (

Hence, fia =2(B1,2) +4(y1,3) +2(y11) + (2,2) + (2,3) + (¥3,3)-
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Proposition 2.16 ([11]) Using the operators defined in Definition 2.13, the set Kp(oo)
is a crystal isomorphic to B(o0). [ |

3 The Isomorphism

Our isomorphism ¥ is given as a reversible algorithm to construct an element of
Kp(oo) from an element of T(co). We prove that ¥ preserves the crystal structure
by using the fact that under the Middle-Eastern reading the bracketing sequence for
marginally large tableaux factors by row. Throughout we restrict to types B, and C,.

Theorem 3.1 Define ¥:T(o00) — Kp(oo) by the following process. Fix T € T(o0)
and let Ry, ..., R, denote the rows of T starting at the top. Set ¥(T) = ¥7_; '¥(R;),
where ¥ (R;) is defined as follows.

If T is of type By:

(i)  each pair ([n],[7]) maps to 2(Bj.);

(i) each[0]maps to (Bjn)s

(ili) if j = n, then each |n |maps to 2(Bn,n).

If T is of type Cy:

(iv) each pair ([n],[7]) maps to (y;;);
(v) ifj=mn, then each| j |maps to (yn,n).

For all remaining boxes:

(vi) [J]mapsto (Bj;) + (vjm);

(vil) each pair (,), where j < k < n, maps to (Bj k) + (yjk1);
(viii) each unpaired k| maps to (Bjx-1), forke {j+1,...,n}

(ix) each unpaired [k | maps to (y;x), fork e {m,...,j+1}.

Then Y is a crystal isomorphism.

The proof of Theorem 3.1 will occupy the rest of this section.

Example 3.2 Let T be the marginally large tableau of type B; from Example 2.7. By

Theorem 3.1,
Y(T) =2(Bra) +(Br2) +(Br3) +2(y1,3) +2(y1,2) +3(B22) +(B2,3) +2(y2,3) +4(Br3)-
Then

Cﬁl,s zcﬁl,z ZCYI,3 Cﬁ1,3 Cﬁz,s 26/32,2 26)’2,3 Cﬁs,s
SS(¥(T))= ) (C ) CCCCcc ) NN
SS(¥(T)) = ) )) ,

so f3¥(T) =¥ (T) + (fB5,3), which agrees with
Y(f3T) =2(B11)+(Br,2)+(Br3) +2(y1,3) +2(y1,2) +3(B2,2) +(B2,3) +2(2,3) +5(Br3)-
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Example 3.3 Consider type C; and

o [aa]a]2]2]3]3]3]3]3]3][2]3]
T=223]3]3 :
3]13
Then
readye(7T)=2233333322111111133322233
br;(T) = ) ) CCC( ) ) ( ) (
br3(T) = ) ) (( ¢,
)
o [aa1]2]2]3]3]3]3]3]3][2]3]
LT=01002]5]5]3 :
3]3

We now apply the isomorphism from Theorem 3.1to T and f3T to get

W(T) =4(B12) +2(y1,1) +2(y1,3) + (y2,2) + (¥2,3) + (¥3,3),
Y(fsT) =2(B12) +3(y11) +2(y1,3) + (y2,2) + (y2,3) + (y3,3)-

Note that these are the same Kostant partitions as in Example 2.14. Hence,
SY(T) =¥(T) - 2(Brz) + (y11) = Y(f:T).

Denote by e and f;” the Kashiwara operators on T(co) from Definition 2.6, and
efp and fl.Kp as the operators on Kp(oo) from Definition 2.13.

Lemma 3.4 Fixi e I~ {n} and arow index j. Let T € T(oo) be such that the
only unshaded boxes occur in row j. If the leftmost ‘(" in br; (T) comes from R;, then
f{Pe(T) =¥ (ST,

Proof First consider i € {1,...,n — 1} and row R; for j < i. We are only interested
in boxes that give rise to brackets in br;(R;) or S;('¥(R;)) . Following Definition 2.6,

these boxes are the pairs (, ) and the[i],[i+1}[i+1)and[7].
A pair ([i-1],[7=1]) corresponds to no brackets in br;(R;), and to (B;i-1),

(yj,i) in ¥(R;), corresponding to a canceling pair of brackets in S; (‘¥(R;)). So the
statement is true if and only if it is true with these removed. Thus we can assume R;
has no such pairs.

Now, assume row j of T has p, g, 7, and s boxes of 1+Li+1,i,and7 respectively:

Rj: i - i i+l v i+1 - T+l - T+ 1 i S ?

" " " v~
r q 14 s

Define W(R;) = ¥ (gyex ¢5(B)- The general bracketing sequences for both are

bri(Rj) — )5 (P )’1 (r and Sl(\I/(R])) — )C.Bj,x‘ (Cﬁj,i—l)cJ’j,i (er,in_
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Casel: p> g, r >sand1< j < i< n. By the definition of ¥,
Y (R;) = q(Bjint + yji2) + (P = @) (yjie1) + (r =) (Bji-1) + s(Bji + yjie1)
= (r=s)(Bji-1) +s(Bj.i) +q(Bjiv1) + (s + p = @) (yjis1) + q(yj,iv2)-

Calculating the action of f;’ on R; gives

R R B S v |
fiRj_ i i i+1 i+1

+
—_
+
—
-
-~

Then
Y(f7R;) = q(Bjisr + Viie2) + (P = 4= 1)(¥ji1)
+(r=s=1)(Bj,i-1) + (s + 1) (Bji +yj,ix1)
= (r=s=1)(Bj,i-1) + (s + 1)(Bji) + q(Bj,i+1)
+(s+p=q)(yjin1) +q(yjis2)-

We now apply the operator fiKp to W(R;) to show equivalence. In S{(\¥(R;)) the
leftmost ‘(" corresponds to 3; ;_1, so

[iP¥(R)) = (r=s=1)(Bji-1) + (s +1)(Bj,i)
+q(Bjin1) +q(yj,iv2) + (s + p = @) (yjin)
=W (fTR)).
Case2: p> q,r<s,and1< j < i < n. By the definition of ',
Y(R)) = q(Bjiv1 +yjiv2) + (P = @) (yjin) + (s = 1) (yji) + r(Bji + yjin1)
=r(Bji) + a(Bjin1) +4(yjis2) + (r+p=q)(yjin) + (s =) (pj,i)-
By the definition of f;”, we have

i(IRj: i i P41 ] e i+1

+
—_
+
—_
-
-

Then
Y(f7R;) = q(Bjin + Vjisz) + (P = 4 = 1)(pj.i1)
+(s=r+1)(yj,i) +r(Bji + yji+1)
=1(Bji) +q(Bjiv1) + q(yjiv2)+
(r+p=q-1(yjin) + (s=r+1)(yji)-
On the other hand, in §§ (¥ (R;)) the leftmost ‘C corresponds to y;,i.1, S0
fEPW(R)) = r(Bjii) + q(Bjivt) + q(yjiinz)
+(r+p=-q-1)(yjis) + (s =r+1)(yj,1)
= Y(f7R)).
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Furthermore,
bri(R;) =)° ("1 (" and  S;(W(R;)) =)")T (P,
so both br{(R;) and S{(¥(R;)) haves )’ andr+p-q°C
Case3: p< q,r>s,and 1< j < i < n. By the definition of ¥,

¥ (Rj) = p(Bjiv1 +yjis2) + (q = p)(Bji) + (r=s)(Bji-1) +s(Bj,i + yjis1)
= (r=s)(Bji-1) + (s +q = p)(Bji) + p(Bji+1) + p(yj,i+2) +5(yjis1)-
By the definition of f;”, we have

T _ : : . .
fiRj— i i i+1 i+1

+
—
+
—_
-
-

Then
Y(fTR;) = p(Bjiv1 + yjisz) + (@ = p+1D)(Bi)
+(r=s=1)(Bji-1) +s(Bj,i + yj,i+1)
=(r=s=-1)(Bji-1) + (s+q-p+1)(Bj:)
+ p(Bjiv1) + p(yj,i+2) +$(jin1)-
On the other hand, in §; (¥ (R;)) the leftmost ‘C corresponds to f3;,;_1, so
fIP¥(R)) = (r=s=1)(Bji-1) + (s + g - p+1)(Bj.s)
+p(Bjiv1) + p(yjiv2) +5(yjin1)
=¥(fR;).
Case4: p< q,r<s,and1< j < i< n. By the definition of ¥,
W(R;) = p(Bjis1 + Vjis2) + (g = p)(Bji) + (s =) (yj,i) + r(Bji + ¥jis1)
= (r+q-p)(Bji) + p(Bjix1) + p(yjiv2) +1(yjiv1) + (s = 1)(yj,i)-

If r = 0, then f; will act on the rightmost [ i |in R; of T (see Case 6 for details on this
situation). When r > 0, by the definition of f;, we have

fl"J'RJ: i i i1 | o ier] o i

+
—_
-
-

Then
Y(f7 (Rj) = p(Bjis1 + yjiv2) + (q— p+1)(Bj.i)
+(s=r+1)(yj i)+ (r=1)(Bji + yjin)
= (r+q-p)(Bji) + p(Bjix1) + p(yji+2)
+(r=1)(yjis1) + (s =r+1)(yj,i)-
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On the other hand, in S{(¥(R;)) the leftmost *( corresponds to y;,i.1, S0

FPW(R)) = (r+q-p)(Bii) + p(Bjict) + P(yj.iv2)
+(r=D(yjin) + (s =r+1)(pji)
=Y(fR)).

We now establish the result for i € {1,...,n — 1} and row j = i. The general
bracketing sequences for both are given here:

br;(R;) =) (?)1 (" and Si(\I’(Ri)) = )P,

Following Definition 2.13, since there is no ‘C in S; (W (R;)), the action of fiKp will
always be to add (;,;).

Case5: p>gq,and1< j=1i<n. If p> g, then the leftmost ‘C comes from an
so f R; sends an toa[i]. Since p > g, this does not change the number of
(Lo [T5]) pairs, so WA Re) = W(Re) + (Bia) = ST W (R).

Case 6: p<q,and1< j=i<mn. If p < g, then the leftmost ‘(" comes from a [ i |,
so f7R; sends an[i]toan[i+1] Since p < q this does not change the number of

(L= [51]) pairs, so ¥(f7R)) = ¥(R) + (Bi) = VW (R,). .

Lemma 3.5 Fixarowindex je€I. Let T € T(oo) be such that the only unshaded boxes
occur in row j. If the leftmost ‘(in br, (T) comes from R;, then f2(T) =Y (f7T).

Proof Consider f, and T to be of type B,. We need only consider the[#],[ 0], and

boxes, since a pair (,) corresponds to no brackets in br,(R;), and

to (Bj,n-1)> (yj,n) in ¥(R;), which gives a canceling pair of brackets in S, (‘¥ (R;)).
Assume row j of T has p |7 |boxes, z[ 0 |boxes, and q [ # | boxes:

R]: n . e n 0 ﬁ e ﬁ
~— — ~—
q z p

The bracketing sequences are:
br,(R;) = Y20 )7 (2 (2 apd S,,(\I"(T)) = ) Bim (2B ) 2 (Bjm
Casel: p > g,z =0,and 1< j < n. By the definition of ¥,
Y(R;) =2q(Bjn) + (P =) (Yjn)-

If g = 0, then f, will act on the | #|in R, of T (see Case 5 for more details in this
situation). If g > 0, then, by the definition of f;),

T _ — | ... | =
nRj_ n n 0 n n
— ~~
q-1 1 I4
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Since p > g, there is one less ( , @), one more | 0 |, and one more unpaired [7 |, so
Y(fi R;) =2(q=1D)(Bjn) + (Bjn) + (P~ 4 +1)()n)
= (29 =D (Bjn) + (P =g+ D) (yjin)-
On the other hand, in S5 ("W (R;)) the leftmost ‘(’ corresponds to f3; ,, so
WY (R) = 24 =D (Bi) + (P =+ D(yjn) = (£ R)).
Case 2: p < ¢,z =0,and1< j < n. By the definition of \¥,
Y(R)) = (- p)(Bjin-1) +20(Bjin)-
By the definition of £, we have

Tn _ — -

fnRj_ n n 0 n n
~~ v
q-1 1 p

The number of ( , ) pairs is unchanged, there is one less unpaired | # |, and one

more [ 0], so
¥(fa Rj) = (9= p =D (Bjun-1) + (Bjn) +2(p) (Bjn)
=(q-p=1)(Bjn-1) + 2p +1)(Bjn)-
On the other hand, in S;,(W(R;)) the leftmost ‘C corresponds to f; ,—1, s0
SPE(R)) = (9= p =D (Bjn1) + 2p +1)(B1j) = Y (£ R)).
Case3: p>¢q,z=1and1< j < n. By the definition of ¥,
Y(Rj) = (29 + 1) (Bjn) + (2= @) (¥jn)-
By the definition of f., we have

T e —
fnRj_ n n 0 n n
~~ — ~"
q 0 p+1

There is one less [ 0 | and one more unpaired [7 |, so
¥(fR}) = 24(Bjn) + (P~ 4+ D (yim)-
On the other hand, in S5 ("W (R;)) the leftmost ‘(’ corresponds to f3; ,, so
FLU(R)) = 2q(By) + (p - 0+ D(pin) = PIR).
Case 4: p < q,z=1and 1< j < n. By the definition of ¥,
Y(R)) = (q = p)(Bjin-1) + (2p + 1)(Bjin)-

By the definition of £, we have

T — ... =
fnRj_ n n 0 n n
~~ — ~"
q 0 p+1
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There is one less [ 0|, one less unpaired [ 7 |, and one more ( , ) pair, so
¥(fR) = (q-p=1)(Bjn-1) + (2P +2)(Bjn)
On the other hand, in S;, (W (R;)) the leftmost ‘" corresponds to §; ,_1, so
SaP¥(R)) = (q=p =) (Bjna) + (2p +2)(Bjn) = ¥ (£ R))-
Case 5: j = n. The bracketing sequences are
br,(R,) = )*)" ¢ (* and S,(¥(R.)) = )Fnn.

Since there is no “C in S, (¥(R,,)), fo? will add (B,,.,) to ¥(R,).
If z = 1, then the leftmost ‘(" in br,(R,) comes from the[0]so £ (R;) sends the
[0]to[7]. According to ¥, we then have that

\IJ( r{;IRn) = \P(Rn) + (ﬁn,n) = anP\P(Rn)-
If z = 0, then the leftmost ‘ comes from an |7 ]so f R, sendsan[n|toan[0]. Again,
¥(f Ru) = ¥(Ra) + (Bun) = fuP¥ (Ra).

Now, consider T to be of type C,,. Assume row j of T has p |7 | boxes and ¢q
boxes,

Rj: n e n E cee ﬁ

The bracketing sequences are:
bl‘n(Rj) — )P ¢ and Sn(\P(Rj)) = ) (cﬁj,nfl)cyj,n (v,
Case 6: p > q,and 1 < j < n. By the definition of ¥,
Y(R;) =q(yji) + (P = @) (¥jn)-

If g = 0, then f, will act on the |7 |in R, of T (see Case 9 for more details in this
situation). When g > 0 by the definition of f;, we have

3|

Tp _ —
nRj_ n n n

~" ~"
q-1 p+1

There are two more unpaired | 7 | and one less ( , ), o)

Y(fR) = (a-D() + (P~ a+2)(jun)-
On the other hand, in S5 (‘W (R;)) the leftmost ‘C corresponds to y; ;, so

FPY(R) = (q-1) (i) + (P~ q+2)(pjn) = Y (£ R))-
Case7: ¢ > p+1,and 1< j < n. By the definition of \¥,
Y(Rj) = (4= p)(Bjn1) + p(jj):
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By the definition of f., we have

T _
SRj=| n n

3|
3|

~" ~"
q-1 p+1

There is one more ( , ) pair and two less unpaired | |, so
Y(fiR;) = (a-p=2)(Bjn-1) + (P + 1) (1j))-
On the other hand, in S;, (W (R;)) the leftmost ‘" corresponds to f; ,_1, s0
S R;) = (q=p=2)(Bjn-1) + (P +1)(14) = ¥ (£ R))-
Case 8: g = p +1,and j < n. By the definition of ¥,
Y(Rj) = (4= p)(Bjn-1) + p(jj):

By the definition of £, we have

3|
3|

f,;IRj: n| | n

~ "
q-1 p+1

Since g - p = 1, the number of (IZ] , ) pairs is unchanged. There is one less | # |and

one more » SO

Y(fiR;) = (q=p =D (Bjon1) + (Vjon) + p(11.))-
On the other hand, in S5 (¥ (R;)) the leftmost ‘C’ corresponds to 3 ,—1, s0

FRPW(R)) = (q=p=1D)(Bjnr) + (7jn) + (15j) = V(£ R)).

Case 9: j = n. The only positive root that can be in ¥(R,,) is (¥, ) so thereis no “(’
in S, (¥(R,)), and, by Definition 2.13, f,* adds a (., ). The leftmost (" in br,, (T)

comes froman[ ], so fJ sendsan[n]toan[7|. Hence, ¥ (fJ R,) = ¥(R,)+(Ynn) =
¥ (Ry)- m

Proof of Theorem 3.1 It suffices to show that for all i we have fl.Kp Y(T)=Y(fT).

By the definition of the bracketing sequences and of ¥, we have
br;(T) factors as br; (R;)br;(R;) ---br;(R,), and

S:(¥(T)) factorsas S;(¥(R1)) Si(¥(Ry)) -+ Si(¥(Rn))-

Suppose that the leftmost ‘  in br; ( T') comes from row R;. There will always be an un-
canceled bracket coming from row i, so we can assume j < i. By applying Lemma 3.4
or Lemma 3.5 to each R, the leftmost ‘(’ in S;(¥(T)) comes from S;( ¥(R;)), and

also ¥(f7R;) = fiKp‘I’(Rj). The result follows. |
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4 Stack Notation

This work extends results from [3,12] in types A, and D, to types B, and C,. The
type A, result can be described using the multisegments from [6, 9, 14], which are
a diagrammatic notation that makes the crystal structure apparent. In [12], this was
extended to type D, by introducing a stack notation for Kostant partitions in which
the crystal structure can easily be read off. We now define a similar stack notation for
types B, and C,.

In type B,, we associate positive roots with “stacks” by

Il
I
3

k
ﬁj,k = ] > Ye,m

forl<j<k<mnandl<€<m<n.
In type C, we associate positive roots with “stacks” by

m
k n-1 n
A n-1n-1
Bik= "> Yem = 1, Yor=" """,
j n-l B h

fori<j<k<mnl<€<m<mandl<h<n.

Then the sequences of roots @; from Definition 2.11 are exactly those positive roots
where we can either add or remove an i from the top of the corresponding stack and
still have either a valid stack, an empty stack, or in type C,, with i = n where we have
two valid stacks side by side. Once the stacks are ordered as in Definition 2.11, the
bracketing sequence is created by placing a left bracket for each i that can be added
to the top of a stack, and a right bracket for each i that can be removed from the top.
Note that if both happen, then the root corresponding to the stack appears twice in
Definition 2.11, in which case the ‘)’ is placed over the left copy and the “(’ over the
right copy. If there is a leftmost uncanceled ‘(’ the crystal operator, f; adds an i to
the top of the corresponding stack (or, in the case of i = # in type C,, may combine
two stacks together and attach an n at the top). Otherwise, f; creates a new stack
consisting of just i.

Remark 4.1 Being able to add or remove an i from the top of a stack is different

from being able to add or remove an «; from the corresponding root. For instance,

in type Bs, if B = a1 + a + 2a3, then § — o is a root, but there is no 1 at the top of
2

the stack corresponding to 3, so f is not in ®£. Similarly, in type C;, although 3 isa
1

. . .3
stack, o + 2a, + a3 is not in ®F, because the stack for 2a; + 2a, + a3 is 22, not

=D W BN =

Example 4.2 Consider type C; and & € Kp(oo) given in stack notation by

3 3

— 222 3 2

o= 22 22 3.
111 11 11 22 3

W
0 W

https://doi.org/10.4153/CMB-2017-071-1 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-2017-071-1

PBW Bases and Marginally Large Tableaux in Types B and C 53

The corresponding 3-signature is

~ A =N
~
~

Thus, the action of f; on & adds a 3 to top of a 2. This gives

333 3 3
fr@=222222222 2 23,
1111111

Example 4.3 Consider type C; and & as in Example 2.15. In stack notation,

33 3 3 3
_22 3 3
a= 22222222 3.
L1y 17111 11 222

Recalculating the 3-signature using stack notation gives

3 3 3 3 3 3
22 22 22 1 1 2 2 22 22
11 11 11 1 1 11 11

Sy@)= ) ) ) C (YY) C C C )y o)
SS@)= ) ) ) (

3

Since the lefgrglost ‘(C comes from a 22, we should add a 3 to the top of this stack,
which gives 22. That is not the stack of a single root, but should be thought of as two
copies of 2, which is the stack of a root. The result is

303
_22 3
fha=11

3
22 22 3.
11 11 22 2

—0 W
—1o W
—o W
—0 W
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