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Abstract

We study open-closed orbifold Gromov-Witten invariants of 3-dimensional Calabi-Yau smooth toric Deligne-
Mumford stacks (with possibly nontrivial generic stabilisers K and semi-projective coarse moduli spaces) relative
to Lagrangian branes of Aganagic-Vafa type. An Aganagic-Vafa brane in this paper is a possibly ineffective C*
orbifold that admits a presentation [ (S!xR2)/G ¢ ], where G ¢ is a finite abelian group containing K and G+ /K = Hm
is cyclic of some order m € Z.

1. We present foundational materials of enumerative geometry of stable holomorphic maps from bordered orbifold
Riemann surfaces to a 3-dimensional Calabi-Yau smooth toric DM stack X" with boundaries mapped into an
Aganagic-Vafa brane £. All genus open-closed Gromov-Witten invariants of X’ relative to £ are defined by torus
localisation and depend on the choice of a framing f € Z of L.

2. We provide another definition of all genus open-closed Gromov-Witten invariants in (1) based on algebraic
relative orbifold Gromov-Witten theory, which agrees with the definition in (1) up to a sign depending on the
choice of orientation on moduli of maps in (1). This generalises the definition in [57] for smooth toric Calabi-
Yau 3-folds and specifies an orientation on moduli of maps in (1) compatible with the canonical orientation on
moduli of relative stable maps determined by the complex structure.

3. When X is a toric Calabi-Yau 3-orbifold (i.e., when the generic stabiliser K is trivial), so that G - = .y, we define

generating functions FgX}’l(L’f )

boundary circles; it takes values in HéR(Bym; C)®" where HéR(Bym; C) = C™ is the Chen-Ruan orbifold
cohomology of the classifying space B, of fy,.

of open-closed Gromov-Witten invariants of arbitrary genus g and number £ of

4. We prove an open mirror theorem that relates the generating function FOX ]’(ﬁ’f ) of orbifold disk invariants to

Abel-Jacobi maps of the mirror curve of X'. This generalises a conjecture by Aganagic-Vafa [6] and Aganagic-
Klemm-Vafa [5] (proved in full generality by the first and the second authors in [33]) on the disk potential of a
smooth semi-projective toric Calabi-Yau 3-fold.
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1. Introduction

Open Gromov-Witten (GW) invariants of toric Calabi-Yau 3-folds have been studied extensively by both
mathematicians and physicists. They correspond to ‘A-model topological open string amplitudes’ in the
physics literature and can be interpreted as intersection numbers of certain moduli spaces of holomorphic
maps from bordered Riemann surfaces to the 3-fold with boundaries in a Lagrangian submanifold. The
physics prediction of these open GW invariants comes from string dualities: mirror symmetry relates
the A-model topological string theory of a Calabi-Yau 3-fold X to the B-model topological string theory
of the mirror Calabi-Yau 3-fold X; the large- N duality relates the A-model topological string theory on
Calabi-Yau 3-folds (of complex dimension three) to the Chern-Simons theory on 3-manifolds (of real
dimension three).

1.1. Open GW invariants of smooth toric Calabi-Yau 3-folds

Aganagic-Vafa [6] introduce a class of Lagrangian submanifolds in smooth semi-projective toric Calabi-
Yau 3-folds, which are diffeomorphic to §' x R%. By mirror symmetry, Aganagic-Vafa and Aganagic-
Klemm-Vafa [6, 5] relate genus-zero open GW invariants (disk invariants) of a smooth toric Calabi-Yau
3-fold X relative to such a Lagrangian submanifold L to the classical Abel-Jacobi map of the mirror
Calabi-Yau 3-fold X, which can be further related to the Abel-Jacobi map to the mirror curve of X. This
conjecture is proved in full generality in [33].

By the large-N duality, Aganagic-Klemm-Marifio-Vafa propose the topological vertex [4], an
algorithm of computing all genera generating functions Fg ... ., of open GW invariants of (X, L)
obtained by fixing a topological type of the map (determined by the degree 8’ € H>(X, L;Z) and wind-
ing numbers yi, ..., u, € Hi(L;Z) = Z) and summing over the genus of the domain. The algorithm of
the topological vertex is proved in full generality in [60].

Bouchard-Klemm-Marifio-Pasquetti propose the Remodeling Conjecture [8], an algorithm for con-
structing the B-model topological open string amplitudes in all genera of X following [58], using
Eynard-Orantin’s topological recursion from the theory of matrix models [30]. Combined with the mir-
ror symmetry prediction, this gives an algorithm for computing generating functions Fy j, of open GW
invariants of (X, L) obtained by fixing a topological type of the domain (determined by the genus g
and number & of boundary circles) and summing over the topological types of the map. Eynard-Orantin
studied the Remodeling Conjecture for any smooth symplectic toric Calabi-Yau threefolds [31].

1.2. Open GV invariants for 3-dimensional Calabi-Yau smooth toric DM stacks

There have been attempts to generalise some of the above results to 3-dimensional Calabi-Yau smooth
toric Deligne-Mumford (DM) stacks. The closed GW theory of orbifolds has been studied for a long
time. The physics literature dates back to the early 1990s, such as [17, 74], which studies the quantum
cohomology ring of orbifolds. The mathematical definition is given by Chen-Ruan [22] for symplectic
orbifolds and by Abramovich-Graber-Vistoli [2, 3] for smooth DM stacks. Toric varieties are defined by
a fan, while smooth toric DM stacks are defined by a stacky fan [7]. The coarse moduli of a smooth toric
DM stack & is a toric variety Xy defined by a simplicial fan 2. A toric orbifold is a smooth toric DM
stack with a trivial generic stabiliser. Any smooth toric DM stack X is a K-gerbe over its rigidification
X "e_ where K is the generic stabiliser (which is a finite abelian group) and X "# is a toric orbifold.
The definition of Aganagic-Vafa branes can be extended to the setting of 3-dimensional Calabi-Yau
smooth toric DM stacks with semi-projective coarse moduli spaces. These branes are diffeomorphic
to [(S! x R?)/G.], where G is a finite abelian group containing the generic stabiliser K. The open
GW invariants of 3-dimensional Calabi-Yau smooth toric DM stacks are defined via localisation [66],
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generalising the methods in [49]. By localisation, open and closed GW invariants of a smooth toric
Calabi-Yau 3-fold can be obtained by glueing the GW vertex, a generating function of open GW invariants
of C3, which can be reduced to a generating function of certain cubic Hodge integrals [29]. Similarly,
open and closed orbifold GW invariants of a 3-dimensional Calabi-Yau smooth toric DM stack can be
obtained by glueing the orbifold GW vertex, a generating function of open GW invariants of [C>/G]
(where G is a finite abelian subgroup of SL(3,C)), which can be reduced to a generating function of
certain cubic abelian Hurwitz-Hodge integrals [66]. The GW vertex has been evaluated in the general
case [57, 60]. The orbifold GW vertex has been evaluated for [C2/Z,] x C, where C?/Z, is the A,_,
surface singularity [77, 68, 69, 67], but not in the general case.

As for mirror symmetry, a mirror theorem for disk invariants of [C3/Z4] is proved in [11]. The
Remodeling Conjecture is also expected to predict higher genus open GW invariants of toric Calabi-Yau
3-orbifolds via mirror symmetry [8, 9].

1.3. Summary of results

In this paper, we study open-closed orbifold GW invariants of a 3-dimensional Calabi-Yau smooth toric
DM stack X relative to an Aganagic-Vafa A-brane £ at all genera.

Open GW invariants of the pair (X', £) count holomorphic maps from orbicurves to X" with bound-
aries mapped to £. Open-closed orbifold GW invariants of the pair (X, £) depend on the following
discrete data:

(i) topological type (g, #) of the domain orbicurve (X, 0X), where g is the genus and 4 is the number
of boundary holes;

(ii) number of interior marked points 7;

(iii) topological type of the map u : (£,0X = f’le,-) — (X, L) given by the degree B’ =
u.[X] € Hy(X,L;Z) and each [u.(R;)] € H{(L;Z) = Z X G, collectively denoted by
A= ([u(RD],.... [u(Rp)]);

(iv) framing f € Z of the Aganagic-Vafa A-brane L.

Let H( a.h).n(X, L | B, i) be the moduli space parametrising holomorphic maps with discrete data (i)-
(iii). We use the evaluation maps ev;, i = 1,...,n at interior points to pull back classes in the orbifold
Chen-Ruan cohomology H(y (X)) of X' to obtain open-closed GW invariants. More precisely, £ intersects

a unique 1-dimensional orbit o, = C* X BG .. Given yy,...,y, € HéR(X ; Q), we define open-closed

X, (L,f)

orbifold GW invariant (yi,... ,yn)g e via localisation using a circle action determined by the

framing f € Z; this is a rational number depending on f and can be viewed as an equivariant invariant.
We also provide another definition based on algebraic relative Gromov-Witten theory, which agrees
with the above definition up to a sign depending on the choice of orientation on M (g ) (X, L | B/, fi).
This generalises the definition in [57] for smooth toric Calabi-Yau 3-folds and specifies an orientation
on /\_/1( a.h).n (X, L | B, [i) compatible with the canonical orientation on moduli of relative stable maps
determined by the complex structure.

When & is a symplectic toric Calabi-Yau 3-orbifolds (i.e., when the generic stabiliser K is trivial),
G, = p, is cyclic. In this case, for each topological type (g, &) of the domain bordered Riemann

surface, we define a generating function F;(;l(ﬁ’f )

HéR(BG;C)‘X’h, where Hi . (BG;C) = ®16Cl1,.

In particular, the disk potential FOX l’(ﬁ’f ) takes values in HéR(BG; C). When L is an outer brane,’
the A-model disk potential is

of open-closed GW invariants that takes value in

()l
x,(L, 0,5, (p, ) 1
F e, x) = ) > X ()
B .n=0 (u,A)eH (L;Z)=ZxG :

IWe work with both inner and outer branes. See Section 3.3 for the definition.
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where 75 is certain equivariant second Chen-Ruan cohomology class of X, &y is an mth root of —1,
and A € {0,1,...,m — 1} corresponds to A € G under a group isomorphism G, = Z/mZ. The
precise definition of T, and F (/51()5 ) will be given in Section 3.13. (Throughout the paper, 8’ denotes a
relative homology class in H,(X, £;Z), whereas 8 denotes an absolute homology class in H,(X';Z).)
In this paper, we prove a mirror theorem regarding the disk potential F(i( ; (£F) \when X is a semi-
projective toric Calabi-Yau 3-orbifold. Mirror symmetry relates the A-model topological string theory
on a Calabi-Yau 3-fold to the B-model topological string theory on the mirror Calabi-Yau 3-fold. The
mirror of a semi-projective toric Calabi-Yau 3-fold is a Calabi-Yau hypersurface in C> x (C*)? defined
by an equation uv = H(x,y,q), where (u,v) € C%, (x,y) € (C*)? and ¢ is the complex moduli
parametrising the B-model. The function H(x, y, ¢) is determined by both the combinatorial toric data
of X and the framed brane (£, f). The affine curve C;, = {H(x,y,q) = 0} in (C*)? is called the
mirror curve. We can fix a labelling of the m points with x = 0 on the mirror curve by the elements
in G; = Hom(G,C*) = Z/mZ. For each n € G7, there is a small open neighbourhood U, in the
(compactified) mirror curve of the x = 0 point labelled by 1 and a branch (log y)u of log y defined on
Uy, where y = y(x, q) is defined implicitly by the equation H(x, y, g) = 0. When L is an outer brane, the
closure of the 1-dimensional orbit intersecting £ contains a unique torus fixed (stacky) point p, = BG .,
where G is the inertia group of p,. With the above convention, we state our open mirror theorem
as follows.

Theorem 1.1. Under the closed mirror map T> = T2(q) and the open mirror map X = xe*4) (the
explicit formula of T,(q) and A(q) will be given in Section 4),

d 0% x.c
X > (ogy)us (g, )y | = @F(fl’( 1) (19, X),
ey

where {¢,;}yeG is the canonical basis of H g (BG ¢; C).

Remark 1.2. The definition of the disk function F(i( f(ﬁ’f ) and the formulation of the above Theorem
1.1 are slightly different from those in the first version of this paper in 2012 [34], but the above Theorem
1.1 implies [34, Theorem 1.1], which is used to prove an open version of Ruan’s Crepant Resolution
Conjecture for disk invariants of toric Calabi-Yau 3-orbifold relative to an effective outer Aganagic-Vafa

brane [50].

1.4. Similar results for compact Lagrangian tori

There are other open GW invariants relative to different types of Lagrangian submanifolds. C.-H. Cho
[15]and J. Solomon [70] define disk invariants of a compact symplectic manifold in real dimensions four
and six relative to a Lagrangian submanifold that is the fixed locus of an anti-symplectic involution. The
mirror theorem for disk invariants for the quintic 3-fold relative to the real quintic is conjectured in [72]
and proved in [63]. It has been generalised to compact Calabi-Yau 3-folds that are projective complete
intersections [64], where a mirror theorem for genus one open GW invariants (annulus invariants) is
also proved.

Open orbifold GW invariants of compact toric orbifolds with respect to Lagrangian torus fibres of
the moment map are defined in [24], which generalises the work of [38] on compact toric manifolds.
The third author and collaborators prove mirror theorems on disk invariants in this context [20, 18].
The third author and collaborators also prove mirror theorems on disk invariants of toric Calabi-Yau
manifolds/orbifolds (which must be noncompact) with respect to Lagrangian torus fibres of the Gross
fibration [21, 19].
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1.5. Applications

The main theorem (Theorem 1.1) of this paper has several applications. Here we mention two important
applications:

o As mentioned in Remark 1.2 above, Theorem |.1 has been applied to prove an open version of
Ruan’s Crepant Resolution Conjecture for disk invariants of a toric Calabi-Yau 3-orbifold relative to
an effective outer Aganagic-Vafa brane [50]. Using Theorem 1.1, S. Yu [73] proves an open version
of Crepant Transformation Conjecture (and in particular the Crepant Resolution Conjecture) for disk
invariants of a semi-projective toric Calabi-Yau 3-orbifold relative to a general (effective or
ineffective, inner or outer) Aganagic-Vafa brane defined in Section 3.3 of this paper. This generalises
the Open Crepant Resolution Conjecture (OCRC) for disk invariants of [C?/Z,,] x C relative to
possibly ineffective Aganagic-Vafa branes proved in [12].

o Recently, the first two authors and Zong prove the BKMP Remodeling Conjecture for all semi-
projective toric Calabi-Yau 3-orbifolds [36]. Theorem 1.1 is one of the key ingredients of this proof.

1.6. Overview of the paper

The rest of the paper is organised as follows. In Section 2, we review the necessary materials concerning
smooth toric DM stacks. In Section 3, we apply localisation to relate open-closed GW invariants and
descendant GW invariants of 3-dimensional smooth Calabi-Yau toric DM stacks. In Section 4, we prove
a mirror theorem for orbifold disk invariants.

2. Smooth toric DM stacks

In this section, we follow the definitions in [47, Section 3.1], with slightly different notation. We work
over C.

2.1. Definition

Let N be a finitely generated abelian group, and let Nr = N ®z R. We have a short exact sequence of
(additive) abelian groups:

O_>Nt0r_>N_>N:N/Ntor_)0,

where Ny is the subgroup of torsion elements in N. Then Ny, is a @nite abelian group and N =727,
where n = dimg Ng. The natural projection N — N is denoted b +— b. A smooth toric DM stack is an
extension of toric varieties [39, 7]. A smooth toric DM stack is given by the following data:

o bi,...,b € N that generate a subgroup of N of finite index, and
o asimplicial fan ¥ in Ny such that the set of 1-cones is

{p15"'7pr’}5
where p; = Rsobi,i=1,...,r".

The datum X = (Z, (by, ..., b,+)) is a stacky fan in the sense of [7]. The vectors by, . . ., b,» may or may
not generate N; if they do not, we choose additional vectors b,+41, ..., b, such that by, ..., b, generate
N. There is a surjective group homomorphism

¢:N:=a_ Zbh; — N,
Ei [ad bi-
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Define L := Ker(¢) = Z¥, where k := r — n. Then we have the following short exact sequence of finitely
generated abelian groups:

0-L-5 NS NSo. )

Applying — ®z C* to equation (1), we obtain an exact sequence of abelian groups

l15K>G—>T—>T-1, )
where
T:=N®zC"'= ]\7®Z C" = (CH",
T:=N@®;C" = (C",
G =L®;C" = (C,
K :=Tor;(N,C*) = N
The action of T on itself extends to a T-action on C" = SpecC[Zy,...,Z,]. The torus G acts on C" via

the group homomorphism G — T in equation (2), so K c G acts on C” trivially. The isomorphism
K = Ny is not canonical.
With the above preparation, we are now ready to define a smooth toric DM stack X'. Let

A={lc {1,...,r}:ZRZol§i is a cone of T}
igl

be the set of anti-cones; note that {r’ + 1,...,r} c I for any anti-cone I c A. Given I C {1,...,r}, let

C! be the subvariety of C" defined by the ideal in C[Zi, ..., Z,] generated by {Z; | i ¢ I'}. Define the
smooth toric DM stack X as the quotient stack

X = [U4/G],

where

va=c\| o= (@’\@’).

I1¢A I1¢A
Note that fori ="+ 1,...,r, Rsob; isnot a cone in X, so {i}’ := {1,...,r}\{i} ¢ A. Therefore,
Uac ) (cr\c{i}/) = ¢ X (C) "
i=r'+1
The stack X contains the DM torus 7 := [ﬁ /G| as adense open subset, and the T-action on U 4 descends
to a 7 -action on X. The smooth toric DM stack X is a toric orbifold if the G-action on T is free.

Let G"¢ = G/K. Then G" acts freely on T and T/G"¢ = T. The rigidification of the smooth toric
DM stack X is the toric orbifold

X" = [Ua/G"™].
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The coarse moduli space of the stack X is the simplical toric variety X5 defined by the simplicial fan X
in Ng = R". By [37, Theorem I], the morphism X — Xs factors canonically via toric morphisms

X — XM, ye o 3)

where

o X — X" s a K-gerbe over X "g;
o X8 — X" js a fibred product of roots of toric divisors;
o X" — Xy is the minimal orbifold having X5 as coarse moduli space.

Restricting equation (3) to the open substack 7 ¢ X, one obtains 7 = TXxBK — T — T — T,
where T x BK — T is the projection to the first factor and T — T is the identity map.

Remark 2.1. The purpose of introducing additional vectors b,+.1, . . ., b, is to ensure that G is connected.
The stacky fan X together with the extra vectors b, .1, ..., b, is an extended stacky fan in the sense of
Jiang [48]. It follows from the definition that {r’ + 1,...,r} c [ forany I € A.

Let M, M ,and LV be the character lattices of the tori T, T and G, respectively:
M = Hom(N, Z) = Hom(T, C"),

M =Hom(N, Z) = Hom(T, C*),
LY = Hom(L, Z) = Hom(G, C*).

Applying Hom(—,Z) to equation (1), we obtain the following exact sequence of (additive) abelian
groups:

O—>M¢;>A7[w—>LV—>Ext](N,Z)—>O. 4

Therefore, the group homomorphism ¢V : M —1LVis surjective if and only if Ny = 0.
We now consider a class of examples of 3-dimensional Calabi-Yau smooth toric DM stacks of the

V=T
form [C3/Z3]. Let w = ¢ be the generator of Z3. Given i, j, k € {0,1,2} such thati + j + k € 3Z,
we define &; ; x to be the quotient stack of the following Z3-action on C3:

w - (21,22, 2Z3) = (W' Z1, 0 Zo, 0" Z3).
In the following example, we consider
Xini, X0 =[CP/Z3] X C, Koo = C x BZs.
Example 2.2.
1. X = &,1,1 (see Figure 1). The toric data are given as follows:

N=27% N=0;
by =(1,0,1),b, =(0,1,1),b3 = (-1,-1,1), b4 = (0,0, 1);
r=4,r'=3k=1,
¥ = {the 3-cone spanned by {b1, by, b3}, and its faces, and faces of faces, etc.};
A={Ic{1,2,3,4}:4€l};
Lz LY==z
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0,1,1)
(1,0,1)

0.2 (-3) L-11)  Xii4

Figure 1. X\ and its crepant resolution Op2 (-3).

0,3,1)

Figure 2. X\ >0 and its (partial) crepant resolutions.

2. X = X 2,0, transversal As-singularity (see Figure 2). The toric data are given as follows:

N=7% No=0;
by =(1,0,1),b,=1(0,3,1),b3 = (0,0,1),b4 = (0,1,1), b5 = (0,2, 1);
r=5r=3k=2;
Y = {the 3-cone spanned by {b1, by, b3}, and its faces, and faces of faces, etc.};
A={Ic{1,2,3,4,5}: {4,5} c I},
L=7? LY=Z%

3. X = Xp0,0- The toric data is given as follows:

N=Z’®Z3 N =1Zs;
b1 =(1,0,0,0),b, =(0,1,0,0), b3 = (0,0,1,0), b4 = (1,0,0, 1);
r=4,r'=3k=1,
¥ = {the 3-cone spanned by {b1, by, b3}, and its faces, and faces of faces, etc.};
A={Ic{l1,2,3,4}:4€el}
L=z L'V=2Z.

2.2. Equivariant line bundles and torus-invariant Cartier divisors

A character y € M gives a T-action on C” X C by
(f], e ,fr) . (Zl, ey Zr, M) = (f]Z], e ,f,Zr,X(fl, e ,f,-)u),
where

(fi,....;,)) e T=(CY", (Z,....,Z,)€C", ueC.
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Therefore C" x C can be viewed as the total space of a if—equivariant line bundle L x over C". If
X =]
i=1
where ¢y, ...,c, € Z, then
Ly =0c () D),
i=1
where 51‘ is the T-divisor in C" defined by Z; = 0. We have
7~ P ~ H2(CT-
M = Picz(C") = Hf(Cr,Z),

where the first isomorphism is given by y +— ZX and the second isomorphism is given by the T-
equivariant first Chern class (c1)z. Define

D] := (c1)x(0cr (D)) € HA(C'32) = H3-(IC"/G]; 2).

Then {D7,...,D]} is a Z-basis of H%(C’; Z) = M dual to the Z-basis {b, ...,b,} of N. We have a
commutative diagram

Pic=(C") —'— Picz(Uq) —— Picy(X)
(Cl)fl (”l)Tl ﬁ‘l)Tl
H(C';Z) N HA(UaiZ) —— HA(X:2),
where (7 is a surjective group homomorphism induced by the inclusion ¢ : U4 < C', and
Ker(cf) = @ ZDIT.
i=r'+1
Therefore,

Picr (X)) = H%-(X;Z) =M/e_. ZD].

i=r'+1

Let DT := L*TDiT- Then

DI =0, i=r'+1,....r,
and
-
H3(X;2) = (HzD] =7
i=1
Fori=1,...,r, 5,- NUy4isa T-divisor in U 4, and it descends to a T-divisor D; in X'. We have
D] = (c)r(Ox(Dy), i=1.....r",
Fori=r"+1,...,r, 5,- N U 4 is empty, so it is the zero T-divisor.
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2.3. Line bundles and Cartier divisors

‘We have group isomorphisms
LY = Picg(C") = H%(C";2),

where the first isomorphism is given by y € LY = Hom(G,C*) Zx and the second isomorphism is
given by the G-equivariant first Chern class (c)g. We have a commutative diagram

PicG(C") —“— Picg(U) ——  Pic(X)

(CI)GJ/ (“I)Gl Cll

HA(CT3Z) — s HA(UasZ) —— HA(X:7),

where ¢ is a surjective group homomorphism induced by the inclusion ¢ : U4 < C". The surjective
map Hé (C";Z) — H?*(X;Z) is the restriction of the Kirwan map

k:H;(C';Z) — H* (X Z).

Define
D; = (c1)6(Ocr (Dy)) € HA(C™;Z) = H*([C"/G); Z).
Then
,
Ker(/*) = @ ZD;.
i=r'+1
Therefore,

Pic(X) = H*(X;2) =LY /el_,,,,ZD;.
Recall thaty" : M — LV is surjective if and only if Ny = 0. Let
D;=ci(Ox(D;)) € H(X:;Z), i=1,...,r.
The map
¢V : Pier (X) = H3(X;Z) — Pic(X) = H*(X;2),

given by

is surjective if and only if Ny, = 0. In general, Coker(y¥) = Coker(i/") is a finite abelian group.
Pick a Z-basis {e1,...,ex} of L = Z¥, and let {e},....e/} be the dual Z-basis of L". For each
a €{1,...,k}, we define a charge vector

19 =ty ezr
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by

ylea) = D 1B,

i=1

where ¢ : L —> N is the inclusion map. Then

k
D; =yY(D]) = Z 1“el, i=1,...,r,
a=1

and

r

Zli(“)bi=¢o¢(ea)=0, a=1,...,k.

i=1

Example 2.3. We use the notation in Example 2.2.

1. X = Xl,l,l-
D1=D2=D3=l, D4=—3;
1M =(1,1,1,-3);
Picr(X) = Z°, Pic(X) = Z/3Z;
2. X =Xiap.
Dl = (050)’ DZ = (O’ 1), D3 = (1,0)7 D4 = (_2’ 1)’ D5 = (17_2)9
1M =(0,0,1,-2,1), I® = (0,1,0,1,-2);
Picr(X) =2Z% Pic(X)=2%/(2(-2,1) ® Z(1,-2)) = Z/3Z.
3. X =Xy 00-

D=3, D=0, D3 =0, Dy = -3;
1D =(3,0,0,-3);
Pic(X) =7°, Pic(X) =Z/3Z.

2.4. Torus invariant subvarieties and their generic stabilisers
Let X(d) be the set of d-dimensional cones. For each o € X(d), we define
Io={ie{l,....r}|pi¢core A I :={,....r}\I,.

Then |I/,| = d and |I,| = r — d. Let V(o) C U4 be the closed subvariety defined by the ideal of
ClZ,,...,Z,] generated by

{Ziz()lpiCO'}:{Zi:OliEI;.}.
Then V(o) := [V(07)/G] is an (n — d)-dimensional T -invariant closed substack of X' = [U4/G].
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The group homomorphism G = (C*)¥ — T = (C*)" is given by

g (x1(8)-. -, xr(8),

where y; € Hom(G,C*) = LY is given by

k 1@
xi(ur, ... ug) = nué .

Let

Gy ={g€G|g-z=zforallze V(r)}= ﬂ Ker(y;).

i€l,

Then G is the generic stabiliser of V(o). It is a finite subgroup of G. If T € o, then I, C I, so
G: C G . There are two special cases:

o Let {0} be the unique 0-dimensional cone. Then G (o, = K is the generic stabiliser of V({0}) = &
o If o € ¥(n), where n = dim¢ &, then p, := V(o) is a T-fixed point in X, and p, = BG .

Example 2.4. We use the notation in Example 2.2. Let 0 C Ngr = R3 denote the 3-dimensional
cone spanned by by, by, b3. For j = 1,2,3, let 7; denote the 2-dimensional cone in Ng spanned by
{bi:ie{1,2,3} - {j}}.

L X=X111:G5=23, G =Gr,=Gy={l1}.
2. XZXLQ’OZGO— =Z3=GT3, GTI :GTZZ{I}'
3. X =X0,00:Go =Z3 =G =Gr, = Gy

Define the set of flags in Z to be
FE)={(r,0)eX2(n-1)xZ(n) : 7 Co}.

Given (7,0) € F(X), let I := V() be the 1-dimensional 7 -invariant subvariety of X. Then p, is
contained in [,. There is a unique i € {1,...,7’} such thati € I/ \ I.. The representation of G, on
the tangent line T}, - to I, at the stacky point p. is given by x(r,o) == xilg, : Go — C*. The image
xi(G,) C C*is a cyclic subgroup of C*; we define the order of this group to be r(7, o). Then there is
a short exact sequence of finite abelian groups:

15 Gr —Go 25 prrgy = 1.

where p, = {z € C* | z% = 1} is the group of ath roots of unity.

2.5. The extended nef cone and the extended Mori cone

In this paragraph, F = Q, R or C. Given a finitely generated abelian group A with A/ A, = Z™, define
Ar = A ®7 F = F™. We have the following short exact sequences of vector spaces:

0—>LF—>1VF—>N]F—>O,

0—>MF—>1\7[]F—>LI\F(—>0,
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We also have the following isomorphisms of vector spaces over F:

H*(X;F) = H*(X;F) = LY /®_,.,,
HX(X;F) = HA(X;F) = Mg/,

FD;,
ED],

i=r'+1

where X is the coarse moduli space of A'.
From now on, we assume all the maximal cones in X are n-dimensional, where n = dim¢ X'. Given
a maximal cone o € X(n), we define

- @ZD[.

iel,

Then K, is a sublattice of L" of finite index. We define the extended o--nef cone to be

I:IE}O' = Z RZODis

icl,

which is a k-dimensional cone in Ly = R¥. The extended nef cone of the extended stacky fan
(Z,bl,...,br) is

Nety = [ Nef,.
o€X(n)

The extended o -Kéhler cone C(r is defined to be the interior of Nef o, the extended Kdihler cone of X,
C v, is defined to be the interior of the extended nef cone Nef X
Let K- be the dual lattice of K}, ; it can be viewed as an additive subgroup of Lq:

K, ={B €Ly | (D.B) €ZVD cK}),

where (—, —) is the natural pairing between Lé and Lg. Define

U ko

oeX(n)

Then K is a subset (which is not necessarily a subgroup) of Lg, and L C K.
We define the extended o-Mori cone NE, C Ly to be the dual cone of Nef, C ]Lﬂ\é:

={BeLr|(D,B) >0V¥D € Nef,}.

It is a k-dimensional cone in L. The extended Mori cone of the extended stacky fan (%, b1, ..., b,) is

NEx = | ] NE..
o€X(n)

Finally, we define

Keff,o' = Kﬁmﬁﬁ7 Kef‘f :szﬁ(X) = U Keff,o’-
oeX(n)
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0000000 o ——0  —0—
-2 -1 0 0 1 2

Figure 3. Keg of X1.1,1 and its crepant resolution Op2(-3).

Figure 4. The secondary fan of the crepant resolution of X 2.

Example 2.5.

1. X = X,1.1 (see Figure 3).

K" =37, Nefy =Rg;

— 1
Z, NExy =R« Keg= gzso-

1
K= -
3
2. X = X 2,0 (see Figures 4 and 5).

KY = Z(-2,1) ® Z(1,-2), Nefxy =Rso(=2,1) +Rso(1,-2);

eal-F Y erl-h Wocoma-3-d)enal 13
SR N )
3. X = Xooo.

KY =37, Nefy =Rcp:

— 1
K= -Z, NEx=Rg, K= 5250-

Q| —

Assumption 2.6. From now on, we make the following assumptions on X.
(a) The coarse moduli space Xs of X is semi-projective.

(b) We may choosg byrit, ..., by suchthat p := Dy +- - -+ D, is contained in the closure of the extended
Kidihler cone Cy.
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0.1

X @ o—
(-1/2,0) (0,0) (1,0)

(1,1/2)

(0,0) 0,0)
(=2/3,-1/3

0,~1/2)

3
\

— =

Figure 5. K. of X120 and its (partial) crepant resolutions.

Figure 6. Opi(-3) & Opi (1).

Remark 2.7.

1. We make the above assumptions (a) and (b) so that the equivariant mirror theorem [27, Theorem 31]
takes a particularly simple form. See Section 4.1 in this paper for the precise statement.

2. By [28, Proposition 14.4.1], X5 is semi-projective if and only if |Z| is equal to the cone spanned by
bi,...,b,. For example, the total space of Opi(—3) ® Opi(1) is a smooth toric Calabi-Yau 3-fold
that is not semi-projective (see Figure 6).

3. When X is a Calabi-Yau smooth toric DM stack, Assumption (b) holds if its coarse moduli space X5
has a toric crepant resolution of singularities; see [47, Remark 3.4]. By [28, Proposition 11.4.19], any
3-dimensional Gorenstein toric variety Xy has a resolution of singularities ¢ : Xs» — Xs such that
¢ is projective and crepant. So Assumption 2.6 (b) holds for any 3-dimensional Calabi-Yau smooth
toric DM stacks.

2.6. Smooth toric DM stacks as symplectic quotients
Let Gg = U(1)* be the maximal compact subgroup of G = (C*)*. Then the Lie algebra of Gy is Lg. Let

k
C" - Ly = (PRe;,
a=1
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be the moment map of the Hamiltonian Gg-action on C", equipped with the Kéhler form
r
V=1 Z dz; A dZ;.
i=1

Then

r

k
A2z 20) = ) ) 11 Zifer.
a=1

i=1
Ifr=3%_ rqel isin the extended Kihler cone of X, then

X = [ (r)/Gzl.

The generic stabiliser K (which is a finite subgroup of G = (C*)%) is contained in the maximal
compact subgroup Gr of G. The quotient G%g := Ggp/K = U(1)¥ is the maximal compact subgroup of
G"¢ = G/K = (C"), and

X1 = [ (r)/GEF]

as a symplectic quotient.

The real numbers ry, . . ., rg are extended Kéhler parameters. The symplectic structure w(r) depends
on r. The map r — [w(r)] is given by Ly — H2(X;R). Let T, = —rq + V=16, be complexified
extended Kéhler parameters of X'

2.7. The inertia stack and the Chen-Ruan orbifold cohomology

Given o € X, define

Box(o) := {vEN:ﬁz Zc,@i, 0<¢ < 1}.
iell,

Then Nyor C Box(o-) € N.If o is a d-dimensional cone, then the set {¥;¢;, ¢ibi 1 ¢; € R,0 < ¢; < 1}is
a fundamental domain of the action of Ny = @;¢y» Zb; = Z¢ on Ny ®z R = @, Rb; = RY.1If 7 C 0,
then I, C I, so Box(7) € Box(o).

Let o € X(n) be a maximal cone in X. We have a short exact sequence of abelian groups

0— K(,—/L - LR/L - LR/K(T - 07
which can be identified with the following short exact sequence of multiplicative abelian groups
1> Gy > Gr— (G/Gor — 1,
where Gr = U(1)¥ is the maximal compact subgroup of G = (C*)X, and (G/G,)r = U(1)* is the
maximal compact subgroup of (G/G ) = (C*)k.
Given a real number x, we recall some standard notation: | x| is the greatest integer less than or equal

to x, [x] is the least integer greater or equal to x and {x} = x — | x] is the fractional part of x. Define
v:Ks — Nby

v(B) = D (Di, )1bi.
i=1
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Then

v(B) = ) A~(Di, B)}bi,

i€l

so v(B) € Box(o). Indeed, v induces a bijection K /L = Box (o).

For any 1 € X, there exists oo € X(n) such that T C o. The bijection G, — Box(o) restricts to a
bijection G, — Box (7).

Define

Box(X) := U Box(o) = U Box (o).

o> o€eX(n)

Then Ny € Box(X) C N. There is a bijection K/L — Box(Z).
Given v € Box (o), where o € X(d), define c;(v) € [0,1) N Q by

V= Z C,'(V)l;i.

iell,
Suppose that k € G corresponds to v € Box (o) under the bijection G, = Box (o). Then

1, iel,,
Xi(k) - {eZHlec;(v)’ i€ Iér'

Define

age(k) = age(v) = Z ci(v).

i¢ls

Let IU = {(z,k) e Uy XG | k-z=1z},and let Gacton IU by h - (z,k) = (h - z, k). The inertia
stack ZX of X is defined to be the quotient stack

IX = [IU/G].
Note that (z = (Zy,...,Z,), k) € IU if and only if

ke U G and Z; = 0 whenever y; (k) # 1.

oex

So

w= |} v,
veBox(X)

where
U, ={(Z,...,Zn) €Uy :Z; =0if c;(v) # 0}.
The connected components of ZX are
{X, =[U,/G] :v € Box(X)}.

The involution /U — IU, (z, k) — (z, k=) induces involutions inv : ZX — ZX and inv : Box(Z) —
Box(Z) such that inv(X),) = Xiny(v).
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In the remainder of this subsection, we consider rational cohomology and write H*(—) instead of
H*(=Q).

As a graded vector space over Q (and as the state-space of the relevant quantum theory in physics
[74]), the Chen-Ruan orbifold cohomology [23] is defined to be

Hi(X)= @ H (X)) [2age()].

v eBox(X)

Let 1, be the unit in H*(X),). Then 1, € Hé;’fe(v) (X). In particular,

HE () = ) at,.

v €Nior

Suppose that X' is a proper toric DM stack. Then the orbifold Poincar€ pairing on H¢p (X) is defined as

(a,B) := / a Uinv*(B). 5)
X
We also have an equivariant pairing on HER,T(X ):
(a, B)r := / a Uinv*(B), (6)
TXr

where
/ : Hég (X)) — He(point) = H*(BT)
IX':
is the equivariant pushforward to a point. When X is not proper, equation (5) is not defined, but we

can still define via equation (6) an equivariant pairing H¢ +(X) ® Hiy +(X) — Qr, where QO is the
fractional field of the ring H*(BT).

Example 2.8.
1. X=X,

N =23 Box(Z) = {(0,0,0),(0,0,1),(0,0,2)};

Heg (X) = Q0,000 HEg(X) = Qlo0,1), Hig(X) =Ql(0,0,)-

2. X =Xiap.

N =273 Box(Z) ={(0,0,0),(0,2,1),(0,1,1)};

HER(X) = Qlo0,0),  HEg(X) = Q1,1 ® Qlo1,1).-

3. X = Xp0.0.

N=7®7Z3, Box(Z)=Nyr =73 ={0,1,2};
H: (X) = Qly & Q1 @ QL.

3. All genus open-closed Gromov-Witten invariants

In this section, & is a 3-dimensional Calabi-Yau smooth Deligne-Mumford stack.
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3.1. Rigidification

The rigidification X' & of X is a toric Calabi-Yau 3-orbifold. The Calabi-Yau condition implies X™¢ =
X where X" is determined by the simplicial fan ¥ and then by choosing each b; to be the
primitive generator of each 1-cone (compare to equation (3) in Section 2.1). Let 7 (respectively, T”)
be the subtorus of 7 = (C*)3 x BK (respectively, T = (C*)?) preserving the Calabi-Yau 3-form on
X (respectively, X' ™€), Then T/ = (C*)> and 7’ = (C*)? x BK. There is a primitive u3 € M =
Hom(T,C*) = Z* such that Ker(u3) = T’. Define M’ := M/(u3) = Z*>. Then N’ :=u3 = {v e N :
{uz,v) = 0} is the dual lattice of M’ = Hom(T’, C*).

The simplicial fan ¥ is determined by a convex polytope A C N} = N’ ®z R together with a
triangulation of A, where all the vertices are in the lattice N. The fan X is a cone over this triangulation
in NLR C Ng, where N{’R ={v e Ngr:(us,v)=1}

3.2. Toric graph

Let Tr = U(1)? (respectively, T, =U (1)?) be the maximal compact subgroup of T = (C*)3 (re-
spectively, T/ = (C*)?), and we choose an r in the extended Kihler cone. The T-action on X 'ig
restricts to a Hamiltonian Tg-action on the Kihler orbifold (X "¢, w(r)). Since My (respectively, My)
is canonically identified with the dual of the Lie algebra of T (respectively, Tf), the Kahler form
w(r) determines a moment map ur, : X™® — My up to translation by a vector in My. The image
U, (X 18) is a convex polyhedron. The moment map pry, X rig My, is the composition 7 o ur;,
where 7 : Mg = R® — M} = R® is the projection. The map ur, is surjective. Let X|"¢ c X'
be the union of O-dimensional and 1-dimensional T-orbits in X'"¢. The toric graph is defined by
[ = pup (X") ¢ My = R? Itis determined by the Kihler class [w(r)] € H*(X"&;R) = H*(Xs;R)
up to translation by a vector in My. The vertices (respectively, edges) of I" are in one-to-one cor-
respondence to 3-dimensional (respectively, 2-dimensional) cones in X. Conversely, the Kihler class
[w(r)] € H*(X"¢;R) is determined by the toric graph.

Pulling back under the map X — X' "2 defines a one-to-one correspondence between Kihler
forms/classes on X and on its rigidification X .

3.3. Aganagic-Vafa A-branes

In [6], Aganagic-Vafa introduced a class of Lagrangian submanifolds of semi-projective smooth toric

Calabi-Yau 3-folds. In this section, we generalise this construction and define Aganagic-Vafa A-branes

in a general 3-dimensional Calabi-Yau smooth toric DM stack with semi-projective coarse moduli space.
Let X = [1~!(r)/Gg] be a 3-dimensional Calabi-Yau smooth toric DM stack, where

k
r= Zraex eC(X)c Ly,
a=1

and i~ ! (r) ¢ C**3 is defined by the following equations:

k+3
i=1

Write X; = pieﬁ‘p" , where p; = | X;|. An Aganagic-Vafa brane is a Lagrangian suborbifold of X" of the
form

L =[L/Ggl,
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where
. k+3 k+3 k+3
L= {(Xl, v Xen) €N () Zl}|Xi|2 = Cl,ziﬂxﬂz = CQ,Z oi = COHSt}
i=1 i=1 i=1

for some lAl." €Z, Z,k:13 lAl." =0, a = 1,2. Note that the action of G on C¥*3 preserves the subsets 7~ (r)
and L. If we view X’ = [~ (r)/Gg] as a Lie groupoid (and in particular a category), then £ = [L/GRr]
is a full subcategory.

An Aganagic-Vafa brane £ intersects a unique 1-dimensional orbit o, = C* X BG, along S; :=
LNo; = S'xBG,. The inclusion S, ¢ L is a homotopic equivalence, so the fundamental group of £ is

(L) =2 m(S' X BGy) = ZXGo.

In particular, it is abelian, so it is isomorphic to its abelianisation H;(L;Z).
If (r,0) € F(Z), then there is an inclusion (7 : S; < X, = [C?/G ] that induces

T 1(Se) 2ZX Gy = 11 (Xy) = G

3.4. Moduli spaces of stable maps to (X, L)

In [49], Katz-Liu introduced stable maps to a symplectic manifold with Lagrangian boundary conditions
at all genera; the domain of such a map is a prestable bordered Riemann surface: that is, a smooth or
nodal bordered Riemann surface. (See also [55], [38].) In [24, Section 2], Cho-Poddar define stable
maps to a symplectic orbifold X with Lagrangian boundary conditions, under the assumption that the
Lagrangian suborbifold £ does not contain any stacky points (so that £ is indeed a smooth manifold);
the domain of such a map is a prestable bordered orbifold Riemann surface in the sense of [24, Section
2]: that is, a smooth or nodal bordered orbifold Riemann surface, where a stacky point is either an
interior marked point or an interior node.

In general, £ is a suborbifold that contains stacky points. To obtain compactness of the moduli spaces
when X and £ are compact, one needs to allow orbifold structures at boundary marked points and
boundary nodes. In the present paper, £ may contain stacky points, but we do not need to allow orbifold
structures on the boundary of the domain for the following two reasons:

(i) Our enumerative problem only requires interior insertions, so we do not need to introduce any
boundary marked points.

(i) Inour case, X and £ are noncompact, and we will define and compute open GW invariants by torus
localisation on moduli space of stable maps X with boundaries in L. If a stable map represents a
torus fixed point in the moduli space, then any node in the domain must be mapped to a torus fixed
(scheme or stacky) point in X', but £ does not contain any torus fixed point, so the domain does not
contain any boundary nodes.

Let (£, x1,...,x,) be a prestable bordered orbifold Riemann surface with n interior marked point.
Then the coarse moduli space (i, X1,...,Xp) is a prestable bordered Riemann surface with n interior
marked points, defined in [49, Section 3.6] and [55, Section 3.2]. We define the topological type (g, &)
of T to be the topological type of £ (see [55, Section 3.2]).

Let (¥, 0X) be a prestable bordered orbifold Riemann surface of type (g, &), andlet 90X = RjU- - -URy,
be union of connected components. Each connected component is a circle that contains no orbifold
points. A (bordered) prestable map to the pair (X, L) is a map u : (X£,9%) — (X, L), where X
is a prestable bordered orbifold Riemann surface such that u o v : £ — X is holomorphic, where
v : 3 — ¥ is the normalisation (so 3 is a possibly disconnected smooth bordered orbifold Riemann
surface); a prestable map to (X, £) is stable if its automorphism group is finite. The topological type
of a stable map u is given by the degree 8’ = ii,[Z] € Hy(X,L;Z) (where X and L are the coarse
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moduli spaces of X' and £ respectively, and it : £ — X is the map between coarse moduli spaces) and
A = u[R;] = (ui, A;) € HI(L;Z) = Z X G, (where y; € Z is the winding number and A; € G is the
monodromy). Given 8’ € Hy(X, L;Z) and

A= (1, A1),y (n, An)) € Hi(L;2)".

Let /V(g,h)’n()(,ﬁ | B, i) be the moduli space of stable maps of type (g, h), degree B’, winding
numbers y; € Z and monodromies A; € G, with n interior marked points.

3.5. The tangent-obstruction complex and the virtual dimension

Similar to [49, Section 4.2], the tangent space 7;1 and the obstruction space 7? at a moduli point

§ = [I/t : ((Z,XI, oo ,Xn), az) - (X’ ‘C)] € M(g,h),n(‘)(vﬁ | ﬁ/9 ﬁ)
fit into the following exact sequence of real vector spaces:

0 - Aut((Z,x1,...,%,),0%) — HY(Z, 0%, u*Tx, (ulgs) Tr) — Tg_l

7
—Def((Z,x1,...,%,),0%) = H'(Z,0%,u T, (ulox) Tr) — T2, @

where

o Aut((XZ,xy,...,x,),0X) is the space of infinitesimal automorphism of the domain
((Z,x1,...,%,),0%) and is equal to H*(Z, 0%, Ts (- Z;?:] x;),Tss) when X is a smooth bordered
orbifold Riemann surface;

o Def((X,x1,...,x,),0%) is the space of infinitesimal deformations of the domain, and is equal to
H! (Z,0%,Ts (- 27:1 x;), Tgx) when Z is a smooth bordered orbifold Riemann surface;

o HY(XZ,d%,u*Ty, (ulss)*Tr) is the space of infinitesimal deformation of the map for a fixed domain;
o HY(Z,0%,u*Ty, (ulsx)*Tr) is the space of obstructions to deforming the map for a fixed domain.

Globally on the moduli space ﬂ(g,h),n(/l’ ,L, B, [i), there is an exact sequence of sheaves
0—-B —-B,—>T' 5B, —>Bs—>T*>0 (8)

whose fibre at the moduli point £ is equation (7).
Let M4 1),» be the moduli of prestable bordered orbifold Riemann surfaces of type (g, h) with n
interior marked point. Then M, 1) » is a differentiable stack (with corners) of real dimension

3(2¢ — 2+ h) +2n = dimg Def((Z, x1, ..., x,), 0X) — dimg Aut((Z, x1, . .., X,), 0%). 9)
There are evaluation maps (at interior marked points)
ev; :M(g,h),n(X,E | B, 1) - IX, j=1,...,n.

Given v = (vi,...,Vv,), where v, ..., v, € Box(X), define

n

Mgy 5 (X, LB, i) = ﬂev;l(Xv,).
j=1

Suppose that & € M(g, n.5(X,L | B’,fi). By the Riemann-Roch theorem for prestable bordered
orbifold Riemann surface (which can be derived by combining the proof of the Riemann-Roch theorem
for prestable bordered Riemann surfaces and prestable orbifold closed Riemann surfaces),
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dimg H(Z, 0, u*Tx, (ulos) Te) — dimg H' (2, 0%, u*Tx, (ulos) Tr)
n

=3(2—2g—h)—22age(vj). (10)

J=1

The above equation (10) is the relative virtual dimension of ./\_/l(gﬁ)’g(.)(, L| B, fH) — Mg ny,n that

sends a stable map to its domain. The virtual (real) dimension of ﬂ(g’ n),5 (X, L] B, fi) is equal to
dimg 72:1 — dimg ’7? = 22(1 —age(v;)),

J=1

where age(v;) € {0, 1,2}.

3.6. Torus action and equivariant invariants

Let Ty, = U( 1)? be the maximal compact subgroup of T/ = (C*)?. Forany ¢ € T,,themap ¢, : X — X
given by x > ¢ - x is an automorphism of the smooth toric DM stack &', and ¢, (L) = L, so Ty, acts on
the moduli spaces M( a.h).n(X, L] B, [i); here we use the notion of group actions on stacks in [65]. Let

F c ﬂ(g‘h),n(X ,L | B, i) be the substack of Ty, fixed points. The restriction of the exact sequence
equation (8) to the substack F is the direct sum of two exact sequences

0—-B] -B] -7 - B] - Bl -7 >0, (11)

0— B> By > T" - B> BI' > T>™ >0, (12)

where equation (11) is the subcomplex fixed by the torus action. The virtual tangent bundle 7'FVir of F'is
Toir = TV _2.f

whose ranks can be different on different connected components of F. We will see that each connected
component of F is a compact orbifold and that ’7}"“ is equal to the tangent bundle T of F. So

[F]™" = [F].
The virtual normal bundle N''" of F in M (g i) (X, L | B', fi) is
Nvir — T],m _ 7—2,m.

Givenyy,...,yn € H}, CR(X;Q) = H;;, CR(X,Q), we define
, -

<719-~-77n> T/R’ (13)

X,L,T, ._/ [T (evivilr
gp L [F]vir eT/R(NVir)

where QT& is the fractional field of H;‘r, (point; Q), and
R

1 er, (T>™) _ex (B{")er, (BY)

er, (N~ eq, (Th™) e (BY)er, (BY)

More precisely, the definition in equation (13) also requires an orientation on the virtual tangent bundle
T — T2, which we will specify later.
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3.7. Tangent weights: the 3-torus, the Calabi-Yau 2-torus, and the framing 1-torus

Let o, = C* X BG, be the unique 1-dimensional T-orbit that intersects the Aganagic-Vafa A-brane L,
where 7 € X(2), as before. Let [ be the closure of 0., and let £, be the coarse moduli of . Then ¢; is
either P! or C.

Definition 3.1. We say £ is an inner brane if £, = P!; we say L is an outer brane if £, = C.

If £ is an outer brane, let o € X(3) be the unique 3-cone such that (7,0) € F(X); if £ is an inner
brane, we choose o € Z(3) such that (7,0) € F(Z), and let o— € Z(3) denote the other choice, so that
po and p,_ are the two torus fixed points in ;. For inner branes, we also denote o = 0.

By permuting by, ..., b, if necessary, we may assume that /. = {1,2,3}, and (11,0) = (1,0),
(12, 07) and (73, o) are three flags in the toric graph in the counterclockwise direction such that

I ={23}, I, ={3,1}, I, ={12}.

Here we fixed an orientation of R2. If £ is an inner brane, we assume in addition / o ={2,3,4}.
Recall from Section 2.4 that for any flag (7,0) € F(X), x(r,o) € Hom(G,C") is the character of
the 1-dimensional G representation T, _[. Let

1:=7r(1,0)=|G,/G;|, m:=|G./K|.
Then we have the following two short exact sequences of finite abelian groups:

X(r,0) X('f},(f)
16 —>Gy — p,—1, 1-5K—G; — u, — 1.

Note that forany 2 € G+, ¥(r,o) (1) = 1 and x(z,, o) (1) X (z5,0) (A) = 1. Let A denote the unique element
in {0, 1,...,m — 1} such that

Q) = eZn\/ji/m.

Let u3 € M be defined as in Section 3.1, so that {u3, b;) = 1. We may choose a Z-basis {vi,Vv,v3} of
N such that (us, v;) = 6; 3, and

1;1 =1TV] — SV +V3, BzZmV2+V3, 53 = V3.
Moreover, the choice (vi, Vs, Vv3) is unique if we require s € {0, 1,...,t — 1}. Let {uj, u,us} be the
Z-basis of M that is dual to the Z-basis {vi,va,v2} of N. Let {wy, w>, w3} be the Q-basis of Mg that is
dual to the Q-basis {b1, b, b3} of Ng = N ®z Q. Then

1 S 1 sS+m
Wy = —Up, Wp = —Uu;+ —Up, W3 = —
T m m m

1
u; — —Uuz + Us.
m
Moreover, for i € {1,2, 3},

w; = e7(Ty, lr;) = e7(Ox (D)) o

o

The inclusion T’ € T induces the following surjective ring homomorphism
H*(BT;R) = R[uy, uz,us] — H*(BT";R) = R[uj, i3], up—uj, iUy, u3—> 0,  (14)

where R =Z or Q.
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Given a framing that is an integer f € Z, let Ty C T’ be the kernel of the character uj — fuj] €
Hom(T’;C*). Then Ty = C* is a 1-dimensional subtorus of the Calabi-Yau torus T’. The inclusion
Ty < T’ induces a surjective ring homomorphism

H*(BT’;R) = R[u},uj] — H*(BTy;R) =R[u], uj+—u, u)— fu, (15)

where R = Z or Q. Fori = 1, 2, 3, let w; denote the image of w; under the ring homomorphism equation
(14), and let wlf denote the image of w; under the ring homomorphism in (15). Then

1 3 1 s+m 1
’ ’ ’ ’ ’ ’ ’ ’ ’ ’ 2 ’ ’ ’
Wi = —Uj, W, = —U; + —U,, Wy =——U] — —U,=-w; —w, € H(BT’) = Qu] @ Qu,, (16)
1= e W= Tt e W 1T 2 1 2 1 2
and wlf = w;u, where w; € Q are given by
1 s+1f -m—-s—1f
wy=-—, wy= , W3=-—-W]—wp= ——.
T m m

3.8. Disk factors as equivariant open GW invariants

A framed Aganagic-Vafa Lagrangian brane is a pair (£, f), where £ is an Aganagic-Vafa brane together
with a choice of a flag (1,0) € F(X) such that o, is the unique 1-dimensional orbit intersecting £
and a choice of framing f € Z. Given a framed Aganagic-Vafa Lagrangian brane (L, f), we choose an
isomorphism 711 (£) = ZXG ; such thatif 4 = {79 (dy, A) (where 1.7 is defined in Section 3.3); then

27r\/—ld0(wz—%)

)= eZn\/jdowl’ X(r,o)(h) = e s X(m.o)(h) =e

X(T],(T)(h ZK\/jdo(W3+T’Tll).
Let ¢ be the coarse moduli of [, as before. Let p € £, be the coarse moduli of p, = BG -, and let
S :=LN{¢ =S be the coarse moduli of S; = LN, = S! x BG,.

3.8.1. (L, f) is a framed outer brane

In this case ¢ = C. Let D C ¢, be the disk that contains p, with boundary S, oriented by the complex
structure on ¢, and let b = [D] € H>(X, L;Z). Given (dy, ) € H|(L;Z) = Z X G, where dy > 0,
define

M(do, 2) = Mo,1y,1(X, L | dob, (do, 2)).

The virtual real dimension of M (do, A) is 2(1 — age(h(d, 1)), where h(do, 1) := ') (dy, 1) € G-
Define the disk factor

X,L,T,
— Lo ly
Day,a = <1h(d0”l)>0,dob,(do,/1)’

which is a rational function in w{, w/, homogeneous of degree age(h(do, 1)) — 1. The disk factor is

computed in [1 1] when G is cyclic and in [66, Section 3.3] for general G . In our notation, the formula
in [66, Section 3.3] says?

L0 Jage(h(do.)~1 ( dow)
rW/)age(h(do,/l))—l 1 [q, 7, e (;)TWIZ +a—cz(h(d0,/l)))

b (™ . ,an
- ( dolG-| £
T

do

2The disk function in [66, Section 3.3] and our disk factor are the same when h(dy, 1) # 0. When h(dy, 1) = 0, the
disk function is ( )ffjﬁ (no insertion), while the disk factor is (1 )_‘Y’ﬂ (one insertion of 1), so there is an additional factor of

(&) %0,n(do-) i the disk function in [66, Section 3.3].
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where ¢;(-) € QN [0, 1) is defined in Section 2.7. More explicitly,

Q@@MD%%M—%>

3.8.2. (L, f) is a framed inner brane
In this case £, = P!. It contains two torus fixed points p, = p and p_ = p,_, where o_ € %(3). The
circle S is the intersection of two disks D, and D_ that contain p, and p_, respectively. Let
b=[D] € Hy(X,L:Z), a=[l] € H2(X;Z).
Then [D_] =a — b € Hy(X, L;Z). Given (dy, ) € H|(L;Z) = Z X G, where dy # 0, we define

M(do, 1) = Mo,1),1(X, L | dob, (do, 1)), do > 0,
Mo, (X, L | =do(a = b), (do, 1)), do < 0.
Then

1 —age(h*(do,d)), do >0,

virtual dimension of M (d, ,A) =
(o0 L—%WH%J» do < 0,

where i (do, 1) = {77 (dy, ) € G, . Define

XL, Ty

(Lit (do. )0, (o) do > 0,
Dgya =
X,L,T,
0.0,y (a-b). (.00 D0 <0
Then D4, 4 is a rational function in uf, uj, homogeneous of degree age(h*(dy, 1)) — 1 if +dy > 0.

More precisely, the disk factor Ddo, 2 1s defined up to a sign depending on choice of orientation of
M(dy, A), which will be clarified in Section 3.11 by relative GW invariants.

3.9. Normal bundle to |,

Let £ be an inner brane so that [, is a proper smooth toric DM curve. Let {; be the image of [, under
the morphism X — X "€, We have

IT—>fT—>I;ig—>€TEP1,

where [, — [, is a K-banded gerbe, I, - IrT is a p,,-banded gerbe and [, — IrTig is a G-banded
gerbe. The normal bundle I, in & is a direct sum of two T-equivariant line bundles over [:

Ny jx =L, ® L3,

where Ly = Oy (1)2)|I and L3 = Oy (D3)|I . The total space of Ny_,x is a smooth toric DM stack that
is isomorphic to the open substack ) := X, U X, of X. Let @i be the image of D; under X — X' "¢,

Then
NfT/Xl'ig = Z42 2] 239
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where Ly = Oy rie (@Z)hT and L3 = Oy rig (@3)|TT' The total space of Nj_, y s, is a toric orbifold that is

isomorphic to the open substack V€ = X 1€ U X 1¢ of the toric orbifold X 1€,
Let Z( be thg siinpl_icia_l fan in N consisting of o, o_ and their subcones. The stacky fan of yrig ig
given by (X, (b1, b2, b3, by)), where

1;1 =1TV] — SV +V3, l_)z = mvjp + V3, 133 = V3, 154 = —T_V]+cCcVy +V3,
where c is some integer. For inner branes, we also denote t, = r. We have ) = [U/Gy], where

U={(Z1,22,23,24) € C* : (21, 2Z4) # (0,0)},

Go={(f1, 72, 13,7) € (C)* : 7 (fa) ™" = (W) °B'T5 = ol = 1},
We have a short exact sequence of abelian groups:

X1XX4
1—>ﬂm—>G0 -5 Gr,r-_’l’

where Gy, = {(f1,74) € (C*)? : f1(4)™" = 1} and x;(71,%,13,71) = f;. The subgroup p,, of Go
acts trivially on V = {(Z,,Z»,7Z3,2Z4) € Uy : Zy = Z3 = 0}, so the Gp-action on V factors through a
G, ,_-action on V, and

I, =[V/Gol, BE=[V/Grx]= Fer,

where F; ;. denotes the football obtained by glueing [C/p, ] and [C/p,_] along [C*/p,] = [C*/u, ] =
C*. The two torus fixed points in [7° are

P = [({(0,0,0)} X C)/Gro] = Bpy, vy = [(C" % {(0,0,0)})/Grr| = Bp,_,

and IrTig —{px, Py} = C*. We have a surjective group homomorphism Z&Z — Pic(IrTig) sending (ny, 1)
to OIrTig(nxpx + nypy); the kernel is Z(x, —r_).

Let O(-1) denote the tautological line bundle over BC* associated with the fundamental represen-
tation C* — GL(1,C), t — ¢. Given a line bundle L over a DM stack Z and a positive integer m, let
VL /Z denote the following fibre product (compare to [14, Definition 2.2.6]):

VL/Z = Z xpe BC* —2 BC*

| Jom

Z LN BC*
where the morphism ¢; : Z — BC" is defined by L (so that ¢; O(~1) = L), and BC* — BC" is
induced by the mth power map from C* to itself. Then p; : YL/Z — Z is a u,,-banded gerbe. Let
VL := p;0(-1) € Pic(YL/Z). Then (¥L)®™ = p:L: that is, YL is an mth root of p}L.
It is straightforward to check that

o 1, is isomorphic to I O iz (5Px — cPy)/ 192 as a p1,, -banded gerbe over 18 = F; . , and

o L, = m/OIrTig(spx —cpy), Is= igl ® p’[@lgg(—px —py), where p; : I, - If,ig and Olgg(—px -py)

is the cotangent bundle of If,ig.
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3.10. Degeneration

Let X; = {{0},Rxvi,R59(—Vv1)} be the complete 1-dimensional fan in Rv; = R, and let X, =
{{0}, R5pv4, R50(—v4)} be the complete 1-dimensional fan in Rvy = R. Then Xs, = Xx, = P'. The
stacky fan (X, (xv, —r_v;)) defines the 1-dimensional toric orbifold F; _, , and the stacky fan

Xo = () X Zo, (b] =1vy, b} = =t vy, by = v4,b) = —vy))

defines the 2-dimensional toric orbifold F; . X P!. The 1-dimensional cones in the fan ¥; x =, are
{pi = Rsob] : 1 < i < 4}. Let X’ be the fan obtained by adding a 1-dimensional cone ps = Rxobx,
where b, = —v; — v4. Let &’ be the 2-dimensional toric orbifold defined by the stacky fan X’ =
(%', (b1, b5, b5, by, by)), and let I = V(p;) € S’ be 1-dimensional closed toric substack associated
with the ray p;. The morphism £’ — Xg of stacky fans induces a morphism v : S’ — Fy, x P! of
toric orbifolds; v contracts the divisor I to the torus fixed point [0, 1] X [0, 1] = By, in Fyy X P!
Let p : Frr. X P! — P! be the projection to the second factor. The composition 7’ := p o v is a flat
morphism, and

(=)7([0.1) =1, (=) ([1.0]) =L UL,
where [ = i, 1) = Fyy,and [ = F; , . The torus fixed points in S” are
Py =Nl =By, p)=Unl=Bu,, py =101, =Bu, py =N =By, p,=1nI,

where p is a scheme point.
Given any f € Z, define

§ = 3O (sl - ety + [1)/8",

which is a p,,-banded gerbe over S’, and let § : S — &’ = 8" be the morphism to the rigidification.
Define 7 := gon’ : S — P!, and letI; ¢ S be the divisor that corresponds to [[cS underg:S — &'

Then §; := 4}y, : PR I = f?g is a u,,,-banded gerbe. We have
a0, 1) =Tz =1, =7 '([1,0]) =T Uls.

Define L,, L3 € Pic(S) by

Ly = }fOs (sl = cly+ 1) Ly:=15' @ ¢ Os (-1} = 1)).
Then

iz|13 = /Oy (spY — cp)) = Ly, i3|13 = /O, (=spQ +cp)) ® 4;@;(-192 -p)) = Ls.

Fori € {2,3}, define L} = Z,-|i4 and L7 = I:i|i;' Then

L3 = 3Oy (sps + fpa). L= yfOr(=spS ~ Fp2) © 3504 (-2,
L;= “\’/(91;(—6‘13?’ - o), L3 = 3/Ou (cv5 + £p2) © G500 (—py).

To summarise:

o Sisa degeneration from fT to a nodal DM curve {4 U f5, and 8’ = 8¢ is a degeneration from the
football [5% = 7, ,_ to the nodal DM curve UL
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o Fori =2,3, the line bundle L; on S defines a degeneration of the line bundle ﬁ,- — fT to a line
bundle on I4 U 5 that restricts to ﬁ;r on [y and ﬁi‘ on Is.
o8, L1 15, and I:t?' depend on f, while §’, [; and [{ do not.

Moreover, the total space of L, ® L3 — S is a 4-dimensional toric orbifold Y defined by a stacky fan
(Z¢, (b1, b2, b3, ba,va, —Va, —vi — fva —Va)), (18)

vyhere Xr is a simplicial fan in @?:1 Rv;, and (by,...,—v| — fva — v4) is a 7-tuple of vectors in
N @ Zvy4 = Z*. Let WV be the 4-dimensional smooth toric DM stack defined by the the stacky fan

(X5, (b1, b2, b3, ba,va, V4, —V1 — U2 —Vy)), (19)

where V;,V, € N are lifts of v{,vo € N, so that (by,...,—V; — f¥ — v4) is a 7-tuple of elements in
N @ Zvg. Then W is a K-banded gerbe over V) = W"i¢ and is a degeneration from the total space ) of
N1,/ to the total space Vo of a direct sum L @ L3’ of line bundles over a nodal DM curve 1, U 1_;

[, UL is a K-banded gerbe over 4 Uls and a G -banded gerbe over [ UIZ. Fori = 2,3, let L =L>"|,.
Then L7 is the pullback of ﬁf. Let pg = BG; be the node that is the intersection of I, and I_, and let
P~ be the unique torus fixed point in [ — {py}. Then p, = BG, and p_ = BG_. Define T’ weights

wi = (e (T, 17),  wy = () (La)lp,, W5 = (e (L3)lp, € H*(BT') = Qu} @ Quj.

Then w; = w is given by equation (16), wi + w3 +w3 = 0, and

1 c —c+m 1
Wy =——u}, w,=—ujl+—u;,, w;= up — —ub. 20
1 o 2T 2 3 T (20)
‘We also have
. A .
(e (Tyle) = Fu], (e (LY, = r—— (e (L3 )y

The above weights are summarised in Figure 7 below.

" w-fu -
+ i ’ -
Wy Ui\ Y Wy
P+
Po
w; _u—fu]
m

Figure 7. Degenerated Ny, ;x and the T’-weights.

https://doi.org/10.1017/fms.2022.57 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2022.57

Forum of Mathematics, Sigma 29

3.11. Disk factors as equivariant relative GW invariants

When d; > 0, let mo,l (14 /90, (dp, A)) be the moduli space of relative maps to (1., pg) with the relative
condition (dp, 1), where A € G [1]. A relative stable map to (1, po) is a morphism to L, [m] that is the
union of [, and a chain of m copies of P! x BG,. Let Mo.1(1:/po, (do, A)) € Mo.1(1+/Po, (do, A)) be
the open substack where the target is [, [0] = [;. The tangent space Tfl and the obstruction space T§ at
a moduli point & = [u : (C,x,y) — (I,P0)] in Mo.1(1/po, (do, 1)) (Where u~'(pg) = doy as Cartier
divisors) fit into the following exact sequence of complex vector spaces:

0 —Ext®(Qc(x +y),0c) — H(C, u*(Ty, (=po)) — 7~§1

2D
—Ext'(Qc(x +y),0c) = H'(C,u" (i, (o)) — TZ.
Globally on My 1 (L+/po, (do, 1)), there is an exact sequence of sheaves
0->B —-B,>T' 5By —>Bs—>T>—>0 (22)

whose fibre at the moduli point £ is equation (21).
Let  : Uy — My, 1(L:/po, (do, 1)) be the universal domain curve, and let F, : U, — I, be the
evaluation map. We define

Vo = R°m.FI (L3 ® L) € K (Mo,1(Ly/po, (do, 1)),

where R°®m. is the K-theoretic push-forward.
For dy > 0, we define

X,L, T
— >~ IR
Day.a = L o) o,y ety 0

/ eV (I ay.n)er (Vg ).
[Mo,1(L+,po, (do, ) ]V

When dj < 0,let Mo (I /po, (—=do, A~1)) be the moduli space of relative stable maps to (I_, pg) with
relative condition (—do, A~!), and let Mo 1 (I_/po, (=do, 17")) be the open substack where the target is
. Letm : U- — Mo,1(I-/po, (=do, 271)) be the universal domain curve, and let F_ : U_ — [_ be the
evaluation map. We define

Voy = ROmF:(L; @ L) € K (M1 (L /po, (<do, 7))

and define

X,L,T!
Ddo,/l = <1h_(d0,/l) >(),—d0(i—b),(d0,xl))

=/ eV (Li=(ap.0))er (Vg p)-
[Mo,1 (I-,po, (=do, A=) ¥

Letu : (C,x,y) — 1, be a relative stable map that represents a point in M. Suppose that u is fixed
by the torus action. Recall that ¢; : G, — [0,1) N Q is defined by y; (k) = exp(2nV—1c;(k)). In the
computation below, let k* = h*(do, A). For j = 1,2,3,let €; = ¢;(k*). Then ¢ = (‘f—f). We have the
following weights
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ldowi]
chy (HO(C,u*L})) = e“@, chy (H'(C,u*L})) =0,
a=0
u—fu

chy (HO(C,u" L} ® Oy)) = 6 (dpmy-epy0e ™ chp (H'(C,u" L} ® Oy)) =0,

0

v
, |
W,+(a—e

§ ez( z)a(,’ f>0,

0 *
che (H(C,u*Ly)) = e | el
0, /<0,
0, f=0,
h (Hl(C *L+)) _ J-ldowm-e]-1 v
chy su Ly w'2+(a—€2)% f<0
a=1
0 (ame) L
wW.+(a—€3) -
e’ Y <0
0 * P ,
chy (HY(C.u"LY)) =4 __ &t |
0, f=0,
0, f <0,
h r(Hl(C *L+)) _ ) -ldows—e]-1 v
che(H'(C.u"L3 R T,
a=1
and the following identities
0 v ~ldom—el-1+6agw,-6y)0 /

1 Y
ew§+(a—63)70 e—w§+(62—a)d—0

a=—|wsydo—e ] a=dywi+e+€

df9+€2+63—l
—wsdo+1-€; ] 5]

’

u) u
ewg+(u—53)% _ z : e—w’2+(52—a)d—zJ

a=1 a==dow2— & |[+3(aywy-e)

d

dowi + e+ €3 = {—EJ +age(k*).
s
1

The T’-equivariant Euler classes are

ex (B = 1,
7\ Ldow1 |
m ul
et (By') = Ldow1]! A ,
(B™ Ldow: J+age(k*)-1 ’
er (B5') - (_1)deWZ—621+LdoW1J+ag€(k+)—1 (Wé +(a- 62)&)'
eT/(BT) a=1 do
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Since |Aut(f)| = do|G |, by localisation,

1 er(BY")er(BY)
|Aut(f)| er (BY )er (B]')

TR | P (VAN GRS )

Dgya=D(do, k", k™) =

= . (_1)rd0W2*€2-|+|_d0W1J+age(k*)71
do|G-| Ldow | !(:_(I))Ldowlj

Ldowi |+age(k*)~1  dow) _
ui )age(k+)—1 1 a=1 sTW, +a 62)

1
do

:(_1)fd()WrEz'lHdoWlJ+age(k+)*1 ( .
do|G| Ldow1]!

nl Ldow1 J+age(k*)-1

d()W/
a=1 (STW'? ta- 62)

=— (_I)Ldow_g+;“ij(ﬁ)age(k+)—l 1

do do|G | Ldow1]!
Letu :=%u) € Hz(Tf;Z). Then H*(Ts;Q) = Q[u] and L*fué = fu. Define Dgy a5 = t'; D gy a-

£ f
Hence when dy > 0,

Day,a.f
) h*(do,1))-1 Ldowr J+age(h* (do,A))-1 _
— _(_1) Ld()W3+T’“—lJ (i)age( (do.4)) ) 1 a=1 ! (dOWZ +a 02(h+(d0, /l)) .
do do|G-| Ldow1 ]!
If dy < 0, similar computation shows (notice A1 = (I=630)(m- De{0,...,m-1})

dow,, 1_4—_5_ u
Dy, 5 = —(—I)L 0% +( m A,())J (do
l—ILLliolwl_J+age(h'(do,/l))—1(dow; —c3(h (dy, ) +a)

' —do|G-| Ldow? ]!

)age(h'(do,/l))—l

If £ is an outer brane, it is the same as dy > 0. Define

down |+age (h(do,))-1
i)age(h(do,/l))—l 1 Lzolwlhdge( oD (dows +a — c2(h(do, 1))

do do|G+| Ldow1]!

a
Dayas = _(_I)Ld0W3+mJ(

3.12. Open-closed GW invariants and descendant GW invariants

For any torus fixed point p, of X, where o~ € £(3), we have

Hig (o) = P Qli,  Higp(00) = €D QIw, wh]1.

keGy, keGs

The inclusion ¢ : ps <— X induces

tow P Hog p(Po) = Hp (Ipo) — Heg (X)) = Hy (ZX).
Define

ok = toelp € Hig (X), @7 = 1560k € Hig p, (X).
Proposition 3.2 (framed inner brane). Suppose that (L, f) is a framed inner brane and

:L_Z = ((,ul’lj)a tee (:uhvﬂh))’
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where (uj,A;) € HI(L;Z) = ZXBGr. Let J. = {j € {1,...,h} : £u; > 0}, and let k;—.' =h*(u;, 4;).
Then

h
X (L.f) _ ’
Vi) g i = l_! D 2y
=

bl

/ ( H?:] evl. Yi Hj€J+ eV"+j¢(r+,(h+(do,/lj))’1 HjEJ, evn+j¢(r_,(h’(d0,/lj))’l)
[Mg,rwh (X’ﬁ)]vir

h ucu _ g .
) (G = dns)
where

BeH(X)., B=p+( Y )b ( D w)l@=b)eH(x.0).

JeJs JeJ-

Proof. There exists 8 € Hy(X) such that

B=p+( D mi)b+ Y (~upia-b).

JEeJ4 JeJ-

Let (k;f) be the cyclic subgroup generated by k;, and let r; be the cardinality of (k;f) for j € J, and r;
be the cardinality of (kj‘.) forjeJ_.

‘We have
Mgmyn(X. L | B i = U Fr
IeGgn(X,L|B )
Meanen (X, B)% = Mg (X, B)" = U Fy.

FeGgnin (X.B)
In the remaining part of this subsection, we use the following abbreviations:

M= Mg (X, LB [, M=Mgun(X,B),

M'Z E(O,l),l(‘x’ﬁ|/~1jb9(,uj’/l))’ j€J+
Mo (X, L] —pjla D), (uj,A), JjeEJ-

g= Gg,n(X,E | ﬂ/,ﬁ), g’; = Gg,n+h()(y,3)
X=(xl,~-’xn)7 y=(y],...,yh).

Given u : (Z,x,0%) — (X, L) that represents a point & € M™®, we have

ZZCUODJ',
=1

where C is an orbicurve of genus g, x1,...,x, € C, Dj = [{z € C| |z| < 1}/Z,,], C and D intersect
aty; = BZ,;. Letu; = u|p; and i = ulc. Then

1. Forj=1,...,hu;: (D;,0D;) — (X, L) represents a point in M%.
2. @ : (C,x,y) — X represents a point £ € M, and a(y;) = [ps, (k;—.')‘l] eIp. CIXifje ..
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Let x,+; = y;. Let Fr be the connected component of MT associated to the decorated graph I € G,
and let Fy be the connected component of M™= associated to the decorated graph I" € G. Then for any
eg there exists " € G such that

eVt (Fp) = (P, (k?)_l) €Ip. CIX

if j € J., and Fr can be identified with Fy up to a finite morphism. More precisely,

vir _ |GO'+| |G(r'| vir
[Fr] —jﬂ rj|Allt(1/lj)| 1_[ rJ|Aut(uJ)I[F]

S
— 1 [F ]Vlr

‘We have

1 _ e, (B")er, (BY') L er, (B er, (BY)
e, (NI~ e (BY)en (BY)"  ex, (N) ~ exy (By)ery (BY)’

where
er, (BY") = e (BY"),

¥, Nz
eT/(B )_eT/(B )1—[( TjMj r_j)l—[(”]ﬁlﬁ_r_j)

JeJs JeJ-

Fork=0,1andj=1,...,h,let
HY(D;) = H*(D;,0D;,uiTX, (u;lop,;) TL).
Then there is a long exact sequence
O—>B2—>Bz@@H (D) = P05 e P1, 1)
JjeJs JjeJ-

— Bs HESG@H](DJ) — 0,
j=1

where (Tp, X) % denote the k’;-invariant part of T, X'. Note that

k*
(Tp.X)0 =T i TX =Ty 451 TX

er, (H'(Dj)™)

————————— = |ui||G|Dy; ;-
e, (H(Dj)™) illG 1D,

Let

ex, (NF) 1= ¢ emy (NF) = ey ()

-
uj=u,uy=fu

ety (NE") = (per (NE") = exy (NE")

u'I:u,u’Z:fu
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Given yy,...,yn € HéR’Tf (X)), we define

n *
X, (L,f) . (T evivi) I
<71,-..,7h> xnen (unsdn)) = ‘/[Fr]m —_—

----- er, (N}1)
T. r h
=[1=11—-T10wilIG<IDw; 2,.5)
jeds Tikj jed- iHj j=1

/ (I evivi ey, eV, P (k) [Tjes eV;+j¢fr_,(k7)71)|Fr
J
[F JVII'

u wn-%- l;n-#' i
Mjer, (b = 225 [Ty (o = B2, (NY)
S * S
~ ﬁ Iy / (1—1111 eVﬂ’i HjeLr eVn+j¢0_ (kD) Hjej, evn.;.j‘po__’(k;)—l)'Fr
= A .
i1 Hj:Aj.f [Fp]vir HJ | ﬂ l//n+j)eTf (NVH)
where
Dy
dow’t k*)—1
(e (L) L M oy +a— ey
-\ 3 m — Tt ) 0 k)
d() I_dolerJ!
_ Ldow| J+age(k™)-1 _ _
(1) ldows +(1—7—5/10)J( )dge(k O N Py (dowy —c3(k™) +a) dy <0
dy —dy Ldowl_J! ’ '

Suppose that (L, f) is a framed outer brane. Define

’ p—
Ddo,/l,f -

do [dow1]! '

_(_I)Ld0W3+%J (i)age(k) T n[doW1J+ag€(k) l(dOWZ ta— Cz(k))
do

where k = h(dp, 1). By the dy > 0 part of the proof of Proposition 3.2, we obtain:

Proposition 3.3 (framed outer brane). Suppose that (L, f) is a framed inner brane and i =
((u1s A1) -+ (Hns An)), where (puj, A7) € Hi(L;Z). Then

h S
iS50 <[ / (N2 &7 T 590 1)
s )n ;= A, . . N
g'B J:l K f [Mg,nJrh(X,ﬁ)]V“ ﬁl 1 :} :J wn+1)
where

BeHy (X)., B =B+ (Zh:,uj)b.
j=1

3.13. Generating functions of open-closed GW invariants

From now on, we assume the generic stabiliser K is trivial so that X = X g js a toric Calabi-Yau
3-orbifold. Then

X3 . GT N Ilmv A— ezﬂ\/jlﬂ_./m
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is a group isomorphism. We have N = N and b; = b;. In particular,
bl =1TV|] —SVy + V3, b2=mV2+V3, b3 = V3.
There exists m,, n, € Z, such that
b3+a=maV1+l’laV2+V3, a=1,...,k.

Introduce variables {X; | j = 1,..., h}, and let

m
T2 = Z Til,
i=1

where u;,...,u,, form a basis of H(Z:R(X ; Q). We choose T’-equivariant lifting of 7, as follows: for
each u; € H2,(X;Q), we choose the unique T’-equivariant lifting u € Hip 1 (X;Q) such that
L’(‘Tuj.r' =0¢ HéR’T,(p(T;Q), where (. : HéR,T,(X;Q) — H(21R,’]I" (po; Q) is induced by the inclusion
map (s : po — X.

We define &y :=e™”" V=1/m 1f (L, f) is a framed outer brane, define

(L,
F;h( f)(7'27Qb,Xl7--~,Xh)

* (L)
(W)™ h . ;
S By (p1,20) 55 (s An) ] A
_ Z Z 8B (11,4 HisAn l_[(Qij)p] '60]1,11*1®"'®§oh1/121’
J=1

!
Bn20 (.)€ (L:Z) "
(23)
which is a function that takes values in H¢ (BG¢; C)®" where
Hig(BG;C) = EB Cl,.
AeG+
When A = 1 is the identity element of G, 1; = 1 is the unit of H' (BG;C).
If (L, f) is a framed inner brane, define
* (L, 1)
((r)my o)) N
FX’(‘C'»f)(Tz Qb Xl . Xh) — Z Z f g’,g’(/‘]’ l) ’’’’’ (ﬂh» ll)
g’h 9 9 9 b ‘
Bn20 (4.4 eH (£Z) " o
b i b-a M A An
[T @xpm [ @ xp)-ge-081,0,
je{l,...h} je{l,...h}
;1_,>>O ;1_,-<0

which is a function that takes values in H¢, (BG; C) ek,
3.14. The equivariant J-function and the disk potential
Let {ui}fil be a homogeneous basis of H7. . (X;Q) and {ui};\:’] be its dual basis. Define
N
T= ZT[M,‘ =T0+T2+7T>o,

i=1
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where
70 € HY o (X:C), 713 € H (q(X;C), Tsp € HIpn(X;C).

The J-function [71, 26, 40] is a H. T, 7 cr (X)-valued function:

| N u \XT
J(t,2) =1+ Z ;Z<LT”’1—Z@> u'.
Ti=1

£2>0,n>0 0.8
Then

(e J(1,2)

= > @l

up=u, uz=fu, uz=0
1=U, lx=f"u, u3 k<G

where

X,Ty

N o‘|¢
2=+ Y %Z<1 (& T)" >

B>0,n>0

—_

0.5

As a special case of Proposition 3.3,

( >X (L, 5) =D / (i evivi V ev"+1¢(h+(do )~ )
VYis-w-sY —
n70,B8+dob,(dy,k) do, A, f [Mo.net (X.8) ]V d_()(d_o - ¢n+1)
s X
(h*(do,2))~! .
= Diio,/l,f<1’71’ e Vns i—jlﬁ> 5
do 0.8
. x,(L, 1
Fyi (12,0, X)) = Z Z <(‘f )" ﬁidoi?(dom(QbX)dOfglﬂ
Bon20 (do,A) el (£:Z) T
1

= — b do f u i
Gl (LZ)(Q Y (Tz’ d_o)folrl-
do,)eH | (L;

Proposition 3.4. Let X = Q" X,. If (L, f) is a framed outer brane, then

X.(L.f) _ 1 d f Uy .1
FO,I (12, X) = m Z X ODd() A fJO' h*(dy,A) (Tz, d_o)fo 1/171'
T (do.A) eH\ (L:Z)

If (L, f) is a framed inner brane, then

X.(L.f) 1 dorms P Uy
Fo,1 (Tz,Q,X)——lc | Z X UDdo/lme I (do. ,1)(72’ do)gol/l,l
T (do, ) eH | (L£:Z),do>0
1 d —dya u T, i
1G] 2. XNQTD 1 g Ty e (dm( z’d_o)'r__fola—l-

(do,) €eH\(L;Z),dp<0
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4. Mirror symmetry for the disk amplitudes
4.1. The equivariant I-function and the equivariant mirror theorem

We choose pi,...,pr €LY N Nef y such that

o {p1,...,px}is a Q-basis ofL(\é.

o {p1s...,Ppr} is a Q-basis of H>(X; Q).
o pag=Dsgfora=k"+1,... k.

We define charges m ) e Qby D; =yk, m(“)pa
Let g, q1, ... qx be k + 1 formal variables, and define ¢# = q<’” B <p""ﬁ> for B € K. We take

the equivariant lifting p/ € HZ(X Q) of p, € H*(X; Q). The equivariant I functlon isan H, R (X)-
valued power series deﬁned as follows [47]:

I(qé,q,z)zew Z Bl_[ [T r;Di,ﬁl]s_D_?+(<Di’ﬁ>_m)Z)
sy izt LLn=o(D; + ((Di, B) —m)z)
[, o0 (D B) = m)z1
5, (D, gy —myz “¥"

i=r'+1

where ¢# = T1¥_, ¢ {pa-B) Note that (pg, ) > 0 for B € Keg. The equivariant /-function can be
rewritten as

. e DT .

I(q(])’ q’z) _ elogz}m—Zfl:Zl Y logqa Z - qﬁ — lr_[ Hm:RDi’ﬁgliT + <D,,,8> - m)
B)+age(v . ;

Ker © izl [l=(== +(Di, B) —m)

H:Z:[(D,-,Bﬂ ((D;,B) —m) 1
Mo ((Di, By —m) 7"

i=r’+1

where p =D +---+ D, 65;\_».
Since X is a Calabi-Yau orbifold, age(v) is an integer for any v € Box(X). Then

CR T(X) = Hp p(X) @ HéR r(X).

Let Q = Q(uy, Uz, u3) be the fractional field of Hz.(point; Q):
Hp 1(X:Q) = Q1

k/
Haz(0:Q) =(Dopl e (P QL.
a=1 v eBox(X)
age(v)=1

Recall that the embedding of the stacky fixed point ps is to : P — X. We choose the lifting ﬁz such
that ¢ p7 = 0.

Fori =1,...,r, we will define Q; c K. — {0} and A;(g) supported on Q;. We observe that if
B € Kegand v(B) =0, then (D;,B) € Zfori=1,...,r

o Fori=1,...,r let
Q; = {B eKes: v(B) =0,(D;,B) < 0and (D;,B) > Ofor j € {1,...,r} — {i}}.

https://doi.org/10.1017/fms.2022.57 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2022.57

38 Bohan Fang et al.

Then Q; C {B € Keg : v(B) =0, 8 # 0}. We define

3 pEL O D -

Ai(q) =
. [jeq,...ry—i3(Djs B!

o Fori=r"+1,...,r,let

Q ={BeKeg:v(B) =b;,(Dj,B)¢Zoforj=1,...,r},
and define
((Dj,B) —m)
A; B m— [{D;.B)] J
w=3¢[] M50 (D, ) —m)

BeQ; j=1

Let o be the smallest cone containing b;. Then

b; = Z cj(bi)bj,

Jely

where ¢;(b;) € (0,1) and X ;;, c;(b;) = 1. There exists a unique D € Lg such that

1, j=i,
(D;,D})=1{-c;(b)), jell,

Then

Ai(q) = ¢ + higher order terms

I(gh,q,7) = 1+ = <logq01+ZIog(qa>pa +ZA (@)D] + Z A(@)1p) +0(z7).

i=r'+1

Fori=1,...,r’
DT Zm(a) 7—+/1“
where 1; € H(BT;Q). Let S,(q) := 10, m'“ 4;(g). Then

1(g4,q.2) = 1+~ <<logqo+ZM <q>)1+2<1og<qa)+s (@)7] + Z Al(@)Ly,) +o(z7").

i=1 i=r'+l

Recall that the T-equivariant J-function for X is

J(r,z2) =1+ Z

1
_'<1’T >XT i
B=0,n>0 i=1 = -

M=

where {u;}Y, is an H*(BT)-basis of H3(X:Q) and {u'}Y  is the dual basis. Assume uo = 1, uq = p;
fora=1,...,kandu, =1, ., fora = k'’ +1,...,k. The mirror theorem for toric orbifolds [27]
implies the following theorem.

a+3
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Theorem 4.1 (Coates-Corti-Iritani-Tseng [27]). If the toric orbifold X satisfies Assumption 2.6, then

ro(qo a)

J(12(q).2) = 1(q(.9.2),

where the equivariant closed mirror map (q(, q) = 70(q, q)1 + T2(q) is determined by the first-order
term in the asymptotic expansion of the I-function

) 70(4, )1 +72(q) _
1(gh,q,2) = 1+ —2 - +o(z7").

More explicitly, the equivariant closed mirror map is given by

7 = log(gg) + > AiAi(q),

i=1

_ {10g(qa) +84(q), 1<ac<k,
L=

, . (25)
Auss(q), k'+1<a<k.

4.2. The pullback of the disk potential under the mirror map

By Proposition 3.4, if (£, f) is a framed outer brane, then

1 4 /_l
|G o g /I)ZH: y Z)X ODdO /lchr h(do.) (7'2, —O)folﬂ_l,
0,4) €M (L

Foi ) (r2.0.%) =

Let F¥-(£:1) (g, X) be the pullback of F()Xl’(ﬁ’f) (72, Q, X) under the closed mirror map.
By Proposition 3.4, if (£, f) is a framed inner brane, then

Fy 57 (12,0.%)

1 " )
[ Xd()D’ Jf . (TZ, _)g/ll .
Gol (do,/l)eH%;Z),d(po o f T it (do. )\ 72 g )50 74
—1 d, d, f u |
16,1 X0 Dy a o e (aoon (Tz’d_o) oL

(do,k*,k™)€H7 o\ o ,dp<0

Given o € X(3), k € G4, and f € Z, define I-(’;k(q, z) by

i1(q.2)

f
= I L)1k
uj=u, up=fu, u3=0 k;ﬂ_ (T,k(q )

Since a toric Calabi-Yau orbifold satisfies the weak Fano condition, by the equivariant mirror theorem
(Theorem 4.1), we may write F*-(£:7) (g, X) in terms of I£ . (¢,2) in case of an outer brane and in

terms of I£+’k+(q, z) and Ii,k- (g, z) in case of an inner brane.

Lemma 4.2. If (L, f) is a framed outer brane, then

-dy7o(q) f

1 )

X,(L, —4070\9)

For (g, %) = 1Gol D, XUDhase I (Q»—)f(/)llkh (26)
TV (do. ) eHy (£:2) do

https://doi.org/10.1017/fms.2022.57 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2022.57

40 Bohan Fang et al.

If (L, f) is a framed inner brane, then

X, (L, f*f~
Foi ST (g, %)

—1 d, ’ M f u /_l
"Gl Z XPDayare o ntan (q’ d_)§0 Ly
TV (do,d) €H1 (£32),do>0 o
—1 don—-doa ~do7o(9) u T, i
* |G(T| XTo DdO’/l’fe Io-,,h'(do,/U (Q’ d_(]) . r__é:() 1,1*1.

(do,A) eH 1 (L£;Z),dp<0

Let (L, f) be a framed brane, and let 7, o = o, o be defined as in Section 3.3. Recall that

I ={ie{l,....r'}:pico}={1,2,3}, I,={l,...,r}\ 1.,
IL={ie{l,....r'}:p;ct}={2,3}, IL;={1,...,r}\ I,
Kef,o = {,BELQ (D, B) € Zsy fori € 1,}.

In case that £ is inner,

I, ={2,3,4}, I, ={1,....r}\I,.
Kefr,o— ={B € Lo: (Di,B) € Zspfori eIy, }.

Let by = L;DIT € H%(pU;Q) = H*(BT;Q) for 1 <i < r,and thenb; =0 for 7’ +1 <i < r. For
B € Kegr, o, define an H*(BT; Q)-valued

. Hﬁ:[(Di,ﬁﬂ (bo',i + (<Dl,,8> - m);—(‘))
1o =] | = o o

i=1 do

27)

Recall that Lfrﬁz =0, so

. L loga;
Lo-l(qu)lz:i = Z el quoqﬁl(o—’ﬂ)lv(ﬁ)'
“ ﬁEKeffo'

With the above notation, if £ is an outer brane, we can rewrite F(;Y l’(L’f ) (¢g,X) as
X,(L, 1 d 1
il laX =Gy >, D pE L,
TV (do, ) €H, (£:Z) BeKer, o,V (B)=h (do,A)
Where If (0-’ ﬁ) = I(O-’ ﬁ) |U1=U, U2=f u, U3=07 and

log g/ — T
.= Xexp( g4, 0(‘]))

up

is the B-brane moduli parameter.
Following [51, 59], we define extended charge vectors

(m (@ a0,k _ (Wl wa ( )W3 L 0 )
i = - a =l [l
i i=1,..., r {mi }lq:l .... !
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0)

such that ml( =w;fori=1,2,3and m}o) =0fori=4,...,r.Recall that

TU+ZTapa + Z Talp,,; = 1og qo+210g daPa +ZA (9)D] + Z Ai(q)1p,.

a=k'+1 i=r'+1

We pull back the above identity under ¢},.. Since

mOy

l u,

vypy =0, D]

U1UU2fUU30

we get

r/
’ ’ 0
70(qg, q) =log g+ ) m” Ai(g)v,
i=1

So the open mirror map is given by
log X =logx + Z mEO)A,v(q). (28)
i=1

If £ is inner, we further set Q = ¢. Denote the pullback of the disk potential W*>(%-f) (g, x) to be the
pullback of FOX ! (L) (¢, X) under this open mirror map. Then by Lemma 4.2,

qBDd /sz (o, ﬁ)fo 1,1, L is outer,
d0>0’/3€Kef‘F,(r
v(B)=h(dy,d)
d, ’ yl
G WEEN gy =4 >, x%dD 1 (0 pE L

d0>0,B€Keff’o—+
v(,B):hJ'(ﬂlo,/l)r _
4+ xdoqﬁ*doﬂl):io’/hf 1’ (o-’,,B)g(/)'l/r] , L isinner.
T dp<0,8eKefr, o
v(B)=h"(dy,A)

(29)
Given ﬁ = (do, B) € Z X K, define the extended or open sector pairing to be
(D, By = m{®dy + (D, B).

Recall that {D; : i € I,} is a Q-basis of L(é =~ QF and a Z-basis of K). = ZF. Let v, = D3 for

a=1,... k. andlet {hq}a=1 k is a Z-basis of K, = ZK,
and

..........

k
Keff,u’ = Z ZZOha-
a=1

Given any (dy, B) € Z X K, define

k
¢ =x0gf = x| | qreP.

a=1
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Define
Ker (X, L) = {B = (do, B) € ZX Kepr, o : (D1, B) € Zs0,dy # O}.

Theorem 4.3. Assuming the Aganagic-Vafa brane (L, f) is either inner or outer,

WX,(ﬁ,f)(q’x) — Z qﬁAg’(ﬁ’f)fgl,rl, (30)

BeK(X.L)
v(B)=h(dy.1)

where

xiegy __—DEPA) T((Ds )
B=(do-B)  mdy [Ties (D, f)! T({Da2, By + 1)

Proof. Assume £ is an outer brane. Let 8 = (d, 8), and let €j = c;j(v) for j = 1,2, 3. By equation (29)
(and recall that |G | = tm),

1 -
X,(L, _ d 1
WY ED (g = — Y 2Dy 1 (o gL
dp>0
ﬁEKeff,(r
v(B)=h(do,1)

Given any 8 € K o, we have [(D},8)] —€; = (D;,p) for j = 1,2,3, and [(D;, 8)] = (D;, 8) for
i € I,. The disk factors

age(h(do,1)) nb‘gwl]"’age(}l(do’ﬂ))—l (dowa +a — &)

A, (U
o - (2]

do \ do Ldow ]!
(D) I_d()W3+%J T(u age(h(dp,1)) 1 ' I'(-w3dy + €3)
do \ dy F(Wldo—él +1) F(W2d0—€2+1).

The pullback of the coefficients of the /-function is

r _(u —age(h(do,A)) 1

v =(z) M TCD B + 1)

) F(Wldo — €+ 1) ) F(W2d0 —€e+ 1) ) F(W3d0 — €+ 1)
LD,y +1)  T(DyBy+1)  T({DsBY+1)

Hence
X, (L.f) o0
WAL (g, x) = Z xdoqﬁA(do(”g)f)g(/)ll/rl’
BeKer (X, L)
v(B)=h(do,)
where

Ai(v(ﬁvf) — (_I)L(D3,E)J -1 1 _ . F(_<Dis:§>) ]
B mdo [[;e;, T(Di, By +1) T((D2,B) + 1)

Note that Kegt (X, £) C Zoo X Kefr. o> and for any (do, B) € (Zso X Kefr,or) \Ketr (X, L), Az‘;’()(é;f ) - 0.
In case L is inner, by equation (29),

WX’(C’f)(q,x) =1, +1,
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where

I = Z xdo g -1 (=1)lwydo+(Ds.B)]
do>0.3 €Kt ry mdo [lier,. T(Di, B) +1)
v(B)=h"(dp,A)

[(-w3do — (D3, B))
"T(wido + (D2, B) + DI (wido + (D1, ) + ])60 s

1 (=1)bwadot(D2f)]

I_ = xd()qﬁ*d()a/ -
d0<0»,;Kerf o mdy niEIu* (D, B)+1)
v(B)=h" (do,d)

' [(-wydo — (D2, 8)) 511 .
L(wydy +(D3.B) + DI (wydo +(Da. ) + )70
w, do+(D2,
- Z xdogB—docx _dl (_I)LFZ ;< zﬁ”]
Beken o mdo [Ties,- T((Di, B) + 1)

(B.Da)+wy do€Zso
do<0,v(B)=h"(do,)

. [(-w3do —(D2,B))
F(W:,:d() + <D3,ﬂ> + I)F(Wl_do + <D4,ﬂ> + 1)

f(/)il/l’]'

We have
(Di,a) =wj, (Dy,a)=wj—-w,, (D3, a)=wj—-w;, (Dsa)=-w],
and (D;,a) = 0fori € I1\{1,2,3,4}. So for B € Kefr.o_»
(D1, B) = (D1, B — doa) + dow},
wydo + (D2, B) = wydy + (D2, 8 — doar),

wido + (D3, B) = wido + (D3, — do),
dow| + (D4, B) = (D4, B — do).

Since the conditions (8, D4) + Wi do € Z5, and B € Kegr, - imply (do, B — do) € Keg (X, L),

do B-doa -1 (—l)l-werdO"'(DLﬁ*d()a/)J
mdo [lier,. T((Di, B = doa) +1)

I_= > x

(do,B—doa) €Ker (X, L)
d0<0

['(-w3do — (D2, B — doa))

A
. F(W;d() + <D3,ﬁ — d()CY> + ])F(w'{'do + (Dl’ﬁ _ doa/) + 1)601/1—1.
So
1(D3.B)] ~ )
DN e [(=(D3, ) 1,01,
Bekur(X.C) mdo [1,e,, T(Di.B) +1) T({D2.B) + DI((D1. By + 1)

v(B)=h*(do,)
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Remark 4.4. When L is an outer brane, the condition E = (dp, B) € Keg (X, L) implies dy > 0. One has

k 3
D (Dass, BYbars = = Y (Di, BYbi.
a=1 i=1

Since (D443, 8) = 0, the fan X is convex, and this is an outer brane, every 1-cone b; is on the same side
of the plane spanned by b;, b3. Therefore, (8, D) < 0. From wdo+(D1, 8) € Z>¢, we see that dy > 0.

4.3. The B-model and the framed mirror curve

The mirror B-model to the toric Calabi-Yau threefold & is another noncompact Calabi-Yau hypersurface
Y c C? x (C*)2, constructed as the Hori-Vafa mirror [45]. It is equivalent to an affine mirror curve
C, C (C*)2. We state the relevant mirror prediction for disk amplitudes from [6, 5].

4.3.1. Toric degeneration
The main reference of this subsection is [61, Section 3].
The set

©p = ﬂ ZQZODi c Lé

IeAiel
is a top-dimensional convex cone in LY, = Q. The cone @ together with its faces is a fan in Ly denoted

by ©. This fan determines a k-dimensional affine toric variety Xg.
Consider the exact sequence induced from equation (4) (notice Ny = 0)

v — "
0o—m Sy o

bl

where M’ = M /{v3) and M’ = 1\71/(¢v (v3)). Let Dl’.T be the image of Dl.T when passing to M’. For any
proper subset € {1,...,r} and a cone v € ©, define

5= 00D, 810 =) W)NE;.

iel
Define a fan

©={0;,11 <{l,....r},v e ®}L{0}.

This fan determines a toric variety Xg. There is a fan morphism p” : © — O, which induces a flat
family of toric surfaces p : Xg — Xeo.

Let ©) C L(é be the cone spanned by py, ..., pr.LetL"Y = @zzl Zp and let L’ be the dual lattice.
Then L"" is a sublattice of LY of finite index, and L is a sublattice of L” of finite index. Let © and @7
be the dual cones of ®) and ®,, respectively. We have inclusions

0, C By, ©ycoy.
Since ®; N L is a subset of ®" NL’, we have an injective ring homomorphism

Cley NL] - C[O) NL'] =Clqi, ..., qxr],
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where g1, . .., gk are the variables in Section 4.1. Taking the spectrum, we obtain a morphism
AK = Spec(Clq1, ..., qx]) — Xo = Spec(C[®y NL])

and a cartesian diagram

,:l "l 31

Ak%X@

where p : ¥ — A¥ is a flat family of toric surfaces.

We choose a Kihler class [w(1)] € H*>(Xsx;Z) associated to a lattice point n € LV; [w(n)] is the
first Chern class of some ample line bundle over Xs. Then it determines a toric graph I' € M} = R?
up to translation by an element in M’ = Z? (see Section 3.2). The toric graph gives a polyhedral
decomposition of Mg in the sense of [61, Section 3]. It is a covering P of Mg by strongly convex lattice
polyhedra. The asymptotic fan of P is defined to be

Yp ={limaE c M/ : E € P}.
P {a_>0a Q }

The fan Xp = en p'~1(0) defines a toric surface S, which is the same as the toric surface given by the
defining polytope A. For each IT € P, let C(I1) C Mg . X Qs0 be the closure of the cone over E X {1} in
M ’ X Q. Then

Spi:={oisafaceof C(II) : 1€ P} =On 2" "H(Qson)

is afanin M@ X Q with support |§7)| = M@ X Qx0. The projection 1’ : M@ X Q — Q to the second factor
defines a map from the fan Sp to the fan {0, Qsp}. This map of fans determines a flat toric morphism
Xy o A, where X5 is the toric 3-fold defined by the fan Sp. Let 7 be a closed point in A', and
let X, denote the fibre of 7 over ¢t. Then X; = S for t # 0. As shown in [61], when ¢ = 0, we have a
union of irreducible components, where each S, is the toric surface defined by the polytope A ,, (recall
that each 3-cone is a cone over a triangle A,, C A in Ng)

Xo = U S,.
vex(3)

If v/ € £(2), v € £(3) and v’ C v, v’ corresponds to a torus invariant divisor D, C S,,. We have the
following commutative diagram:

S X

| | G | (32)
{O} c 5 Al c 5 Ak

The polytope Hull(b1, ..., b,) C N lies on the hyperplane (¢ (u3), ®) = 1. It determines a polytope

on N = {{¢¥(u3),®) = 0O} up to a translation. The associated line bundle £ on Xg has sections
u;, i =1,...,r associated to each integer point in this polytope. Define

M—Zu,, =u"'(0).
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The divisor € ¢ Xg- Let € := vl ((~S) C X be the pullback divisor under the morphism v : X — Xg.
Then € — AX is a flat family of curves over AX.
For g # 0, €, = p~'(g) N € can be identified with the zero locus of

k
Hy(x,y) = Xy oyl Z Sa(g)x™Mayra=lma (33)
a=1
where X"y = ujuz!, y™ = upuz! while sq(g)x™ay"a~Sma = yz it fora =1,... k. Here x,y

are affine coordinates of the toric surface S.
For any B € K, let 8 = [15_, s$P«) 1f we write py = YX_, pbDypys, we have

k
sa=| gy =4 (34)
b=1

Denote 58 = x4 58 forﬁ: (do, B).-
When g = 0, we have a union of irreducible components

€= ] G
veX(3)

Each irreducible component S,, of the central fibre Xy is given by the equation {u; = 0, b; ¢ v}. On
S¢, . the coordinates in the affine chart uz # 0 are

Ky =gty = w3

while on S-_, the coordinates are

M4M§] — (qa/xfl)s’ynﬁx’f’ uzu;l — ym'
Here by = mvy + njvy +v3, m; = —s~ and a = [[;]. Define
— oy k K-k . .
U={(q1,...,9%) € (C)*xC : €, is smooth

and intersects dS transversally at distinct points}.
Then U is a dense open subset of A

4.3.2. Mirror curve and the mirror conjecture for disk amplitudes
When g # 0, we denote Cy = €, \ (4S). Thus the mirror curve Cy4 C (C*)? is given by equation (33).
On Cy,,,, when x = 0, there are m points, called large radius limit (LRL) points. They are given by

If £ is outer, these points are smooth points in Cy , C €; if £ is inner, they are the nodal points
C(),U-+ N C()’a-f.
The group G%. = {(11,12) € (C*)zltf = 5,5 = 1} fits into the short exact sequence

l> i -G, - u, — 1,
where G}, — uj, is given by (#1,12) +— 1. Let

1 15 1L
X1 = (EZHﬁr,l) X2 = (eZHﬁ ZHﬁ"[).

m
N tl’e
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Then G%, = {x{ x}lj € {0,...,t = 1},1 € {0,..., m — 1}}. It pairs with G, by
Xl(h) — eZn\/jcl (h)’ XZ(h) — e2ﬂV?1cz(h)’ heG

and acts on the family of compactified mirror curves C by
(X, Y, Sq) = (ezmﬁtx v, e 27r\/jcl‘f(bn+3)sa)’

s+rf o
Yo (5,7, 54) = (eznf X, eznxf,:ly e “27V-1c§ (b,,+3)sa)'

Here c¢{" (b443) is defined as l_1a+3 = Z?: 1 €7 (bay3)b;. The group uj, acts freely and transitively on the
set of LRL points (x =0 on Cp 4, ).
Given7j € {0, 1,...,m — 1}, let € G% be the element associated to the character

27vV=1 _ )
na|.
m

Xn :GT_)C*7 Xn(ﬁ):exp(

Then 77 — 7 is a bijection from {0, 1, ..., m — 1} to G%. Given n € G%, define u,, € €y by

y = (O’eﬂ\/:(—l+2f])/m)-
For a small €, one can always find small €’(€) < € such that when ||¢g|| < €’(¢) the following set

Uee = {(x,9), x| <€, U}, Lisouter;
{(x,9), x| <€, ]qg%"| < € whenever ||g|| < €'}, L is inner;

is not empty. Let U€ = U €'(€) x {||q|| < €’(€),q € U} c €. When € is sufficiently small, U¢-€"(€) is
a disjoint union of m small contractible regions when L is outer, or is a disjoint union of m annuli when
L is inner. Let U}, be the unique connected component of U containing u,,. So log y is well defined on

U}, up to an integral multiple of 27rV-1, and it could be written as a power series in x when L is outer,
and a Laurent series in x when £ is inner.
Define

= Z X?](/l 1)1/1

/leG

Then {¢,, : n € G} is the canonical basis of H¢ g (Bpuw), and

1, = Z Xl](/l)(ﬁ?]'

NEUy

We prove the following mirror theorem for disk amplitudes. Note that the ambiguity in log y does
not play any role in the statement.

Theorem 4.5.

x— Z (log ylug) ey = ( ax) W& (g, x) —(

8\
) FX (L, f)(TZ’ Y)
7]Eﬂ

Ox

Here s and q are related by equation (34). The A-model flat coordinates T2, X and the B-model
coordinates q, x are related by the mirror maps in equation (25) and equation (28).
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Remark 4.6.

(i) Theorem 4.5 for smooth toric Calabi-Yau 3-folds was conjectured in [6, 5] and proved in [33].
(ii) Theorem 4.5 can also be written as

/ Z (10gy—|UU) “:”WX (L1 (q,x),

e,

where the integral is indefinite and “ = ” means their instanton parts are equal in the following sense.
The left side is the sum of a power series with no constant term in x and an extra term in the form of
f(g)logx + c. The power series part is equal to the right side. Note that the constant ambiguity in
the indefinite integral is irrelevant here. If X is a smooth variety, then g, is trivial, and we revert
to the original form of the conjecture in [6, 5]. We will prove this conjecture in the next subsection.

4.4. Open mirror theorem for disk amplitudes

Lemma 4.7. The solution v to the exponential polynomial equation

k
Z g€ —e" +1=0 (35)

around tog = - -+ =ty = 0,v = 0 is in the following power series form:

rolo+...rl — 1 bl
v = (rolo lk' k l ?(l‘” * l)té’...tff. (36)
’’’’ T1=0 0. Lt
(lo ..... 1;)#0
Here we adopt the Pochhammer symbol
aa-1)---(a-n+1), n>0;
(@) I'la+1) 1( )0 ( )
ap=s——==1L n=0;
I'a-n+1) | _
@@ <0
where a € Candn € Z.
Proof. See Appendix A. O

Starting from the above observation, we prove Theorem 4.5 in this section. To find the expansion of

logy on U,], we assume

27V - v(q x) av-1 . vig,x)
1 =1 + —-1+27)+ ,
ogy =logé&o ( )

where v is a power series in ¢ and x. Setting
27V
g?} = e w7 >, lo=Xx (fOé:n) 5 rf’ ro = —war,

a_fma
9

tg = Saxma (f()é:ﬁ)n“_fm“, g = -
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the mirror curve is
k
H(x,y) = Ztaer"v —-e"+1=0.

Let Degr(X, £) = {8 = (do, f) € Zx L|(B, D;) € Zso,i # 2,3}. So Ker(X, L) € Degr(X, £). By
Lemma 4.7,

(rolo+ .. .rely — 1)(10+ A—1) nt
ol

_ (foé;_)—m(Dz,,B) (=(D2, B> 1)( (D2,B)—(D3.8)-1) o S<D‘”3’ﬁ~>
E I7i | | ¢
EEDeﬂ”(X,ﬁ) lEIT <Dl’ﬂ>' _

(D3 B) = Doyt
= Z (fo)—m(Dzﬁ)(f )—m(D 2.8 (l() 2[3)‘( 3.8)-1) doqﬁ
EEDeﬂ(X,C) l€I< l’B>

Suppose that £ is an outer brane. For any 8 = (do, B) € Deg (X, L), we have
d()(V] +fV2) - V(ﬁ) +N,eG CGy = N/N(r.

LetA =do(vi+ fvo) —v(B)+ Ny € G.. Then h(dy, 1) = v(B) € G . If L is an inner brane, we replace
o by o in the above discussion and define A € G similarly. Then

(D2, B) € %+Z, (D3,B) € —% +7Z.

So

~D2B) _ 2av-1 |
é:ﬁ = eXp (_ m 7]/1) Xn (/1 )
It follows that

Z (1 gy)U,7¢77

Y et
5, 40(=(D3.8) = Vo, - sy
=- Z (&) ™ (P-R) 2’~' = Z XA g gP
BeKer (X,L) M [lier (Di. B)! nem,
h(do, )=v (B)
5, 90(=(D3.B) = D_ o, -1 1
- _ Z (é_«o)—mL(DS,ﬁ)J 2»~ : 3, Z (fo)/l)(n(/l—l)qsnxdoqﬁ
EeKeﬁ(X,L) m HiEIT <Dlvﬁ> neul
(o, )=v (B)
= > (koA _dol(=(D3.B) xgPedt .
EEKCE(XsE) mr(<D2’ﬁ>+l)Hi€IT F(<Dtvﬁ>+1)

h(do,)=v(B)
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On the other hand,
9\ wxuc.r)
() WHED )
5 doT'(—(D3, B, i
- Y LR _DDAD3B) _ avgpely
EEKCE(XsE) mF(<D2,ﬂ>+ l) HiEIT F(<Dl9ﬁ>+l)

h(do.)=v(B)

Thus Theorem 4.5 follows.

A. Proof of Lemma 4.7

In this appendix, we obtain a power series solution to the following exponential polynomial where

ra €R
k
1—e¥+ Z tge™” =0 (37)
a=1
around #; = --- = t; = 0 by oscillatory integral and inverse Laplace transform. Note that the notation

here is slightly different from that in Lemma 4.7: the sum in the above equation (37) starts from a = 1,
whereas the sum in equation (35) in Lemma 4.7 starts from a = 0.
We also consider the following equation where f,r, € Z¢:

k
LX,Y)=1+XY 7 +7V+ Z s.Y" =0, (38)

a=1
Let X = ¢ and Y = 7. This equation identifies with equation (37) after setting X = 0 and a change
of variables v = V=1m — y, 1, = (—1)"as,.

Lemma A.1. For equation (37), one can expand v as a power series in t,, where each coefficient is a
rational function of r . For equation (38), the variable Y can be expanded as a power series of (—1) s,
and (=1)7 X around Y = —1 with each coefficient rational in r, and f. One can also expand Y as a

4 . . . .
power series of s, and (—=X)7T around Y = 0 with each coefficient rational in r, and f.

Proof. This is done by elementary recursive calculation. We illustrate the expansion at ¥ = 0 for
equation (38). The equation can be written as

k
Yy e N syt = (X))

a=1

1 1 1
Implicit function theorem (applying to Y (Y + 1 + Zfl:l §qY7@)F = (=X)7)says Y is analytic in (—-X) 7
and s, around (X, Y, s) = (0,0, 0), and recursive calculation shows each coefficient is a rational function
of lower degree coefficients. O

We consider an affine curve
C:={(X,Y) € (C")* | L(X,Y) = 0}

and its partial compactification C ¢ C? with two points (X,Y) = (0,0) and (X,Y) = (0,-1 + O(s))
added. Let e™™ be the branch point of the map (X,Y) + X such that e™ = —41‘ + O(s). Let y be the
oriented Lefschetz thimble that passes through the ramification point (e 0, ¢™0) = (—% +0(s), —% +
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O(s)) and goes from (X,Y) = (0,-1+ O(s)) to (X,Y) = (0,0). So the coordinate on 7y, is z such that
x — xo = z2. We choose the sign of z such that (X,Y) = (0,0) is at z = +oo.

Lemma A.2.

k k l
/ yde= Y VTR ) P (fut Ygzy Fala) Moz Sd
¥s 1.5 50 C((f+Du+ 325 (ra=Dlg+1) 11! i

Proof. Consider a Landau-Ginzburg model Wy : (C*)? — C, where

k
Wy =X]X2_fX3+X2X3 + X3 +ZSaX;aX3 —ulog X;.

a=1

Define f] = X]X;‘fX3,f2 = X2X3,f1 = X]ng ,fz = Xz.

Let X3 € I'sz be a cycle that counterclockwise encircles the positive real axis, starting and ending
on the positive real infinity. We require that the argument of each X3 € I'; takes every value in (0, 27)
once. Define the relative connected cycle I to be

FS ={(X1,X2,X3) S (C*)3 | f] > O,fz > 0,X3 (S F3,When X3 <0Oands = 0,X2 (S R_}.

When |s| < € for small €, the superpotential Re(W) — oo in the noncompact direction of I'y. On Iy the
logarithm is taken in the following way: when X3 < 0 and s = 0,

arg(Xy) = —(f + Dr, arg(Xp) =-x, arg(X3) =7

Since the cycle Iy is simply connected and deforms continuously with respect to s, this choice is fixed.
Evaluate the following oscillatory integral of Wi:

1(w) :/ oW dX, dX, dX3
X1 X X3

dt1 dl‘z dX3

h X

k
=/ exp(—Zsat “Xl "a —fil—th— X3+ulogf + fulogi, —

:/ —Za lsavr“X] ra_fi—fh— X;i’ui{fu —(f+Du(log X3—V—17) —(f+1)rnu dtl dl2 dX3
Iy

nh b X3
= — o (F+IV-Tmu Z (- l)Zal(ra—nlal—[( sa)" (/

o, ) i1>0

. (/ e_tth o Falatfu- ldl‘g) . (/ e_x3e(1ogx3—ﬁn)(z§:l(1—ra)1a—(f+1)u—1)dx3)
>0 2 Xz€l3

k l k
2N Te~F+DV=Tru Z (=1)Zbzt 7ala 1_[ sa _ TU(fu+tXg rala) _
Iyl 20 p L' T((f+ Du+ ZE e = DI+ 1)

e la

Here we use the Hankel’s formula:

V-1 =208 ()~VTm) yt gy 1
2r T3 F(Z)
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By Hori-Igbal-Vafa [44], this oscillatory integral could be reduced to a Laplace transform on the
curve C. Introduce two variables v*, v~ € C, and the extended cycle

Define H = % Define the holomorphic volume form

X dX
Q_EQCZL = dx dydl
X1 Xz v

We reduce the oscillatory integral to the curve C as follows. Let T'req = {(f1,72)| arg 7} = arg ) x{v* =

7).

I(u) = ! / ~X3(H-v'vT) p-ux X dX; —ZdXzdvtdv~
2V-1n X X
1 dX, dX
= / S(H — vty )e = 2L 222 gyt gy~
2 V_17T ~red Xl X2

/ s dX v
TredN{H-v*v==0} X1 Xo v”

This integration is further reduced to the curve C = {H (e, e™>) = 0} as follows:

I(u):—/ _”xdxdy——ZV ﬂ/ X ydx.
[eaN{H-v*v-=0}

Notice that we use the fact that d(e””ydx%) = —e "*Qnear [eq N {H —vtv™ =0}. O

The function % is a meromorphic function on the partially compactified curve C with the only pole at

xo. Its expansion at (X, Y) = (0, -1+ O(s)) is a power series in X, while its expansion at (X, Y) = (0, 0)
1

is a series in X7 . Denote g*(x) = Zg |;=:yx—xg- Then g~ is a power series in X and s,, while g* is a

dy _ Xay

power series in X 7 and s,. Since they are expansions of 7= = $7% regarding the curve equation (38),

as series of (—1)f X, (=1)"s, and (—X) 7 s Sa respectlvely, their coeflicients are rational in r, and f by
Lemma A.1.

By Lemma A.2, the ‘classical Laplace transform’ is

6 = [ e (g0 - g ()dx o)

d
:/ e_“(x_x‘))( y)d(x x0) = ue" / e "“ydx
x—xp€R* dx s

k k ly
— Z ue“xoer”( (f+1)u+Zu | Tala) F(u)F(fu + Za:I rala) a=15a
W0 D((f+ Du+XE_ (rg = Dig+1) I !

By the inverse Laplace transform formula,
u=+coV=1+T
)= 6 (1)) du
u=—coV—14T

where T is large enough that all poles of ®(u) are on the left of the integration contour. Here the inverse
Laplace transform takes residues around poles of I'(u) and I'( fu + Z];:l rqlg). Taking the residues
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around all poles (other than the possible pole at u = 0) of T'(fu + Z];:l rala) gives a series of (=X )fi
with coefficients rational in r, and f, denoted by A*

k

1
b= Z thl ..... Ir 1_[ SZI((_X)]‘ )l

10,01, 1k 20 a=1

— r(-4H)Rr r k kol

- Z (=l/f)e LG SO ’ul”)(X%)l ( f) = (Fu+ Zgmy rala) | J
i ]

1>0,1),....1; 20 F(—@ + Zﬁzl(ra - Dig+1) L. 1!

r(-4) < sl

a=1

(_l(ff+l) +Z§:1(ra — Dl + 1)fl!11!...lk!’

= > (UNEDT
r

1>0,11,...,lx =0

while taking residues around the poles of I'(«) (other than the possible pole at u = 0), we get a power

series in X
k k la
W= (—l)Xleﬁ”(’(f”)l*‘ZZ:l rala) Resy = (T'(u))T'(-f1 + DIpa rala) |
150,01l 20 C(=(f+DI+35_ (ra = Dig+ 1) ! !
C(=fl+ 3k ral kK ((=1)ragy)la
= > D X (-f kza—l ala) Ha_l(‘( ) ' Q)
1>0,01,...,1x 20 F(_(f"' 1)l+2a=1(ra -Dig+ l)l' Il I

So g* — g~ = h* + h™ + const., where the constant difference (in X) arises since we don’t consider the

1
residue around u = 0. For any degree [ > 1, choose f > I such that the term ((=X)7 )’ §:1 sl; in g*

is not a monomial in X and thus can only come from %*. Since the coefficient of the term is rational in
£, it has to be equal to the corresponding term h;’ - for all f > 0. Therefore g* = h™ + const. and
—g~ = h™. Note here that g~ is the expansion of d—i, and since yis analyticin X at (X,Y) = (0, -1+0(s)),
—g~ has no degree 0 term and does not differ from ~~ by a degree O term in X.

Suppose the expansion of y at (X,Y) = (0, =1+ O(s)) is y = Ag + Y=o A; X', then the expansion of

4y at this point is

dx

__dy !
== =- 1A X",
8 dx Z 1

>0
Therefore, for [ > 1,
k ko g
A =— Z e\/jﬂ(*fHZf;:] rala) D(-f1+ §a=1 rala) rl'azl Sa' ) (39)
w550 C(=(f+ DI+ X5 (ra=Dlg+1) bl !

We prove Lemma 4.7 by induction. The statement is true for k = O trivially. Assume it is true for
k=m-1(m > 1). For k = m, we first assume ry;, € Z.o and all other r, (@ = 1,...,m — 1) are
positive integers. By the induction assumption, we know the expansion is given as in Lemma 4.7 for
terms of degree O in t,,. Let f = —ry,. After a change of variables v = V=1nr - y, (=1)"es, = t, for
a=1,....m—-1land X = (—1)f tm, we obtain Equation (38). Then from Equation (39), we know the
expansion of y for positive degree terms in X and thus conclude that for positive degree terms in #,,, the
lemma also holds. Then for all degrees, the lemma holds

b (rili+ .o oride = Dgaeostp-1) A
L. 0! Lok

Iy
(L seeesli) #0
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Each coefficient is a rational function of ry, ..., ry. The above equation holds for ry,...,rm—1 € Z>9
and ry, € Z<g, so it is true for all r, € R.
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