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Abstract. Packing topological entropy is a dynamical analogy of the packing dimension,
which can be viewed as a counterpart of Bowen topological entropy. In the present paper
we give a systematic study of the packing topological entropy for a continuous G-action
dynamical system (X, G), where X is a compact metric space and G is a countable infinite
discrete amenable group. We first prove a variational principle for amenable packing
topological entropy: for any Borel subset Z of X, the packing topological entropy of Z
equals the supremum of upper local entropy over all Borel probability measures for which
the subset Z has full measure. Then we obtain an entropy inequality concerning amenable
packing entropy. Finally, we show that the packing topological entropy of the set of generic
points for any invariant Borel probability measure p coincides with the metric entropy if
either u is ergodic or the system satisfies a kind of specification property.

Key words: packing topological entropy, amenable group, variational principle, generic
point
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1. Introduction

In 1973, in a profound and influential paper [3], Bowen introduced a definition of
topological entropy of subsets inspired by Hausdorff dimension, which is now known as
Bowen topological entropy or dimensional entropy. For dynamical systems over compact
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Hausdorff spaces, Bowen showed that Bowen topological entropy on the whole space
coincides with the Adler—Konheim—McAndrew topological entropy defined through open
covers.

Bowen topological entropy can be viewed as dynamically analogous to Hausdorff
dimension and has exhibited very deep connections with dimension theory in dynamical
system and multifractal analysis ever since its appearance (see, for example, [19]). It
is natural to consider the analogous concepts in dynamical systems for other forms of
dimensions. For pointwise dimension (of a measure), its dynamical correspondence is the
Brin—Katok local entropy [4]. For packing dimension, its dynamical correspondence is
the packing topological entropy, which was introduced by Feng and Huang [9]. Applying
the methods in geometric measure theory, they also provided variational principles for
Bowen topological entropy and packing topological entropy. Other works on packing
topological entropy can be found in [27], where the packing topological entropy for certain
non-compact subsets was considered.

In this paper we focus on packing topological entropy in the framework of countable
discrete amenable group actions.

1.1. Amenable packing entropy and local entropies. Let (X, G) be a G-action topo-
logical dynamical system, where X is a compact metric space with metric d and G is
a topological group acting continuously on X. Throughout this paper we assume that G
is a countable infinite discrete amenable group unless otherwise specified. Recall that a
countable discrete group G is amenable if there is a sequence of non-empty finite subsets

{F,} of G which are asymptotically invariant, that is,
F, A gF,
im En o8l frang e,
n—-+00 | Fy |

Such sequences are called Fglner sequences. One may refer to [14, 18] for more details on
amenable groups and their actions. A Fglner sequence {F,} in G is said to be tempered if
there exists a constant C > 0 which is independent of n such that

U 'R

k<n

Let F(G) denote the collection of finite subsets of G. For F € F(G), let dr be the
metric defined by

< C|F,| forany n. (1.1)

dr(x,y) = ma;g d(gx,gy) forx,yeX.
g€

Let ¢ > 0 and x in X; we denote

Bp(x,e) ={y € X :dr(x,y) < ¢}
and

Br(x,e)={y € X :dr(x,y) <&},

which are respectively the open and closed (F-)Bowen balls with center x and radius €.
When we want to clarify the underlying metric d, we also denote the above balls
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by Bfr(x,¢e,d) and EF(x, e,d). For a Z-action (or N-action) topological dynamical
system (X, T) (T is the homeomorphism (or the continuous onto map) on X), let F =
{0,1,...,n—1}:=[0,n — 1]. The (F-)Bowen balls will be written as B, (x, e, T) or
B,(x,¢,d).

Definition 1.1. Let {F},,} be a sequence of finite subsets of G with |F;,| — oo (which need
not be Fglner). For Z C X, s > 0, N € Nand ¢ > 0, define

P(Z,N, &5, {F}) =sup ) _ exp(—s|Fy)),

1

where the supremum is taken over all finite or countable pairwise disjoint families
{Epni (xi, €)} such that x; € Z,n; > N for all i. The quantity P(Z, N, ¢, s, {F,,}) does
not increase as NN increases, hence the following limit exists:

P(Z,e,s,{F,})) = lim P(Z,N,e¢,s,{F,}).
N—+o00

Define
+00 +00
P(Z, e, 5, {Fy)) = inf{ Y PZies{F): |z Z}.
i=1 i=1
It is easy to see that if Z C j:f Zi, then P(Z,¢,s,{F,}) < j:f P(Zi, e, s, {Fy}).
There exists a critical value of the parameter s, which we will denote by hfgp(z , & {Fyu)),
where P(Z, ¢, s, {F,}) jumps from +oo0 to 0, that is,

O’ s > ht};p(z’ €, {Fl'l})’

+00, s <hb(Z, e {F.}).

P(Z,¢e,s,{F,}) = :

It is not hard to see that A%

top(Z , &, {F,}) increases when ¢ decreases. We call

hiop(Zs (Fa)) 1= lim hig, (Z, &, (Fu))

the amenable packing topological entropy (amenable packing entropy or packing entropy,
for short) of Z (with respect to the Fglner sequence {F},}).

Let M (X) denote the collection of Borel probability measures on X.

Definition 1.2. Let {F,} be a sequence of finite subsets of G with |F,,| — oo. For u €
M (X) and Z € B(X) (the Borel o-algebra on X), denote

_ 1
hl:C(Z,{Fn}):/ lm 1im sup — —— log u(Br, (x. £)) di

7 &0 n>4o0o Fyl

and

n*(Z, {F,,}):/ lim lim inf ——— log (BF, (x, €)) du,

7 e=>0n—>+oo | F,|

which are called the upper local entropy and the lower local entropy of u over Z (with
respect to { F,}), respectively.
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In the Z-action or N-action case, if the sequence {F},} is chosen to be F,, = [0, n — 1]
(hence { F, } is naturally a Fglner sequence), the local entropies of a topological dynamical

system (X, T') will be denoted by ﬁt’c(z , T) and Eifc(Z , T), respectively.

By the Brin—Katok entropy formula for amenable group actions (see [26]), if p is in
addition G-invariant and {F,} is a tempered Fglner sequence which satisfies the growth
condition

lim !
im
n—+o0 log n

= 400, (1.2)

then the values of the upper and lower local entropies over the whole space X coincide
with the measure-theoretic entropy of the system (X, G).

We will prove the following variational principle between amenable packing entropy
and upper local entropy.

THEOREM 1.3. Let (X, G) be a G-action topological dynamical system and G a countable
infinite discrete amenable group. Let {F,} be a sequence of finite subsets in G satisfying
the growth condition (1.2). Then for any non-empty Borel subset Z of X,

hE(Z, () = sup(h,*(Z. (Fa)) : o € M(X), w(Z) = 1),

1.2. Amenable packing entropy inequalities via factor maps. Let (X, G) and (Y, G) be
two G-action topological dynamical systems. A continuous map 7 : (X, G) — (¥, G) is
called a homomorphism or a factor map from (X, G) to (Y, G) if itis onto and w o g =
gom,forall g € G. We also say that (X, G) is an extension of (Y, G) or (¥, G) is a factor
of (X, G).

For a subset Z of X, we denote by h{{,g (Z, {Fy,}) the upper capacity topological entropy
of Z (defined in §2). We will show in §2 that the packing entropy can be estimated
via the upper capacity topological entropy with parameters (Proposition 2.7). This is a
dynamical version of the fact that the packing dimension can be defined via the upper
Minkowski dimension. Applying Proposition 2.7, we can prove the following packing
entropy inequalities for factor maps.

THEOREM 1.4. Let G be a countable infinite discrete amenable group and w : (X, G) —
(Y, G) be a factor map between two G-action topological dynamical systems. Let {F,,} be
any tempered Fglner sequence in G satisfying the growth condition (1.2). Then, for any

Borel subset E of X,
hiop(T(E), {Fa}) < hioy(E, {Fy)) < hio (x(E), {F,})
+sup hS (), (Fa)). (1.3)
Y€

We remark here that for Z-actions, the inequalities were proved in [24]. But for
amenable group actions, except employing Bowen’s idea in [2] and the quasi-tiling
techniques developed by Ornstein and Weiss [18], we need a crucial covering lemma for
amenable groups built by Lindenstrauss while proving pointwise theorems for amenable
groups in [15].
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1.3. Amenable packing entropy for certain subsets. Let M(X, G) and E(X, G) be
the collection of G-invariant and ergodic G-invariant Borel probability measures on X,
respectively. Since G is amenable, M (X, G) and E(X, G) are both non-empty. For
nw e M(X, G),let h, (X, G) denote the measure-theoretic entropy of (X, G) with respect
to w.

For u € M(X, G) and a Fglner sequence {F,} in G, let G, (F,) be the set of generic
points for u (with respect to {F;,}), which is defined by

Guir) = {x eX: nBToo ﬁ Z f(gx) = /;( fdu, forany f € C(X)}.
8EF,

For simplicity, we write G, (F,} as G, when there is no ambiguity over {F,}. But we
should note that for different Fglner sequence {F}}, the corresponding G, may not
coincide. When p is ergodic and the Fglner sequence {F},} is tempered, G, has full
measure for v (see Remark 5.1). But when p is not ergodic, the set G, could be empty.

For the case G = Z, Bowen [3] proved that the Bowen topological entropy of G, equals
the measure-theoretic entropy of w if u is ergodic. Pfister and Sullivan [20] extended
Bowen’s result to the system with the so-called g-almost product property for invariant
Borel probability measure . And the results for the amenable group action version were
proved by Zheng and Chen [26] and Zhang [23]. The g-almost product property (see [20])
is an extension of the specification property for Z-systems and was generalized to amenable
systems in [23] (called the almost specification property there). It was shown in [23]
that weak specification implies almost specification for amenable systems. We defer the
detailed definitions of almost specification and weak specification to §5.

We will prove for packing entropy the following theorem.

THEOREM L1.5. Let (X, G) be a G-action topological dynamical system with G a
countable infinite discrete amenable group and let p € M(X, G) and {F,} be a Fglner
sequence in G satisfying the growth condition (1.2). If either u is ergodic and {Fy,} is
tempered or (X, G) satisfies the almost specification property, then

b (G (F}) = hu(X, G). (1.4)

In geometric measure theory, a set is said to be regular (or ‘dimension-regular’) if it has
equal Hausdorff and packing dimensions [22]. As a counterpart in dynamical systems, we
have the following definition.

Definition 1.6. A subset is said to be regular in the sense of dimensional entropy (or
regular for short) if it has equal Bowen entropy and packing entropy.

An affirmative task in the study of packing entropy is to compute the dimensional
entropies (including packing entropy and its dual, Bowen entropy) for various subsets and
to make clear which subsets are regular. From Theorem 1.5 and results in [23, 26] for
Bowen entropy, under the conditions in Theorem 1.5, the set G, is regular since both of
its dimensional entropies equal the measure-theoretic entropy for .

1.4. Organization of the paper. In §2 we give some properties of amenable packing
entropy including connections with Bowen entropy and upper capacity entropy. We devote
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§3 to the proof of Theorem 1.3, the variational principle between amenable packing
entropy and upper local entropy. This extends Feng and Huang’s result in [9] from
Z-actions to amenable group actions. In §4 we prove the packing entropy inequalities for
factor maps (Theorem 1.4). Finally, in §5, we give the proof of Theorem 1.5 and provide
some examples to discuss the regularity for certain subsets. These examples include subsets
of symbolic dynamical system and fibers of the (7, T~!) transformation. Some detailed
computations on these examples are included in Appendix A.

2. Properties of amenable packing entropy
Due to the definition of packing entropy in §1, it is not hard to prove that the packing
entropy has the following properties.

PROPOSITION 2.1. Let {F,} be a sequence of finite subsets in G with |F,)| — oo, and let
Z,7Z' and Z;(i = 1,2, ...) be subsets of X.
(1) IfZ C Z, then

top(Z { }) = htop(z/v {Fn})
) Ifzc U+°° Z;, then for any ¢ > 0,
(Z,e,{F,}) <suph

i>1

t()p t(]p(Zi987 {Fn})

Hence

oy (2 AFi)) = 3up hig (Zi: (F):

(3)  If{Fy,}is a subsequence of {F,}, then
tOp(Z {Fnl\}) = htop(z7 {Fn})

In the following we recall the definition of amenable Bowen topological entropy which
was introduced in [25].

Let { F,,} be a sequence of finite subsets in G with |F,| - co.ForZ € X,s >0, N € N
and ¢ > 0, define

M(Z, N, &5, {Fy)) = inf ) exp(—s|Fy, ).
i
where the infimum is taken over all finite or countable families { B Fy, (xi, &)} such that x; €
X,n; > N and Ul- BFn,- (xi, &) 2 Z. The quantity M(Z, N, ¢, s, { F,}) does not decrease
as N increases and ¢ decreases, hence the following limits exist:

M(Z,¢e,s,{F,}))= lim M(Z,N,¢&,s,{F,})
N—+o00

and

M(Z, s, {Fn}) = lin}) M(Z, &, 8, {Fu}).

The Bowen topological entropy htop(Z , {F,}) is then defined as the critical value of the
parameter s, where M(Z, s, {F,}) jumps from 400 to 0, that is,
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0 s> hB

, (Z. (Fa)),
M 27 ’ Fn = lop
F D= e ¢ < hE (2 (B,

Next we will compare packing topological entropy with Bowen topological entropy.

PROPOSITION 2.2. Let {F,} be a sequence of finite subsets in G with | F,| — oo. For any
ZCX,

hiop(ZAFaY) < higy(Z, {Fu}).

top

Proof. The proof for the case hgp(Z,{F,,})zo is obvious. Now assume htlf,p
(Z,{F,})) >0andlet0 < s < hgp(z, {F,)).
Let {Z,-}l.J’:OfJ be any covering of Z. For each i, for any n € N and ¢ > 0, let

{BF, (xi, e)}f’;l be a disjoint subfamily of {BF, (x, &)}yez with maximal cardinality

N;. Then

N;

U Bp, (xi,j,3¢) 2 Z;.

i=1
So

M(Zi,n, 3¢, s, (Fa}) < Nie TS < P(Zi n e, 5, {Fa)),
and hence
M(Zl9 38’ S$ {Fn}) S P(le 8, S, {Fn})'

Thus

+oo “+00
M(Z’ 38’ S, {Fn}) S Z M(Ziv 387 S’ {Fn}) S Z P(Zi9 87 S’ {Fn}),
i=1 i=1
from which we deduce that

M(Z, 38» s’ {Fn}) S P(Za 87 S’ {Fﬂ})'
Since s < hth(Z, {F,}), we have M(Z, s, {F,}) = +00. So

0]
1 S M(Z’ 385 s, {Fn}) S P(Za 83 S, {El})
whenever ¢ is sufficiently small. This implies that
higp(Z. &, (Fa)) = 5.

Letting ¢ — 0, we have ht’;p(Z, {F,}) > s. Hence

hE(ZAF)) < hEo(Z, A Fa). -

COROLLARY 2.3. Let w e M(X,G), Z < X with u(Z) =1 and {F,} be a Fplner
sequence in G. Then

hu(X,G) < hb (Z,(F,}).

top
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Proof. Let {F,,} be a subsequence of {F,} which is tempered and satisfies the growth
condition (1.2). By [26], h,(X, G) < hfép(Z, {Fy,})). Together with Proposition 2.2 and
(3) of Proposition 2.1, we have

hu(X, G) < hiy (Z, (Fu ) < hipy(Z, {Fa)). a

Lete >0,Z C Xand F € F(G). Asubset E C Z is said to be an (F, ¢)-separated set
of Z if, for any two distinct points x, y € E, dr(x, y) > ¢. Let sp(Z, ¢) denote the largest
cardinality of (F, ¢)-separated sets for Z. A subset E C X is said to be an (F, €)-spanning
set of Z if, for any x € Z, there exists y € E with dr(x, y) < e. Letrp(Z, ¢) (sometimes
we use rr(Z, €, d) to indicate the accompanied metric d) denote the smallest cardinality
of (F, ¢)-spanning sets for Z. For a sequence of finite subsets {F},} in G with | F;,| — o0,
the upper capacity topological entropy of Z is defined as

hgS(Z, {Fy}) = lim lim sup log sr,(Z, &) = lim lim sup log rr,(Z, €).
e=>0 p—+oo |Fn| e~>0 n—s+o0 |Fn|
The second equality comes from the following simple fact:
rr,(Z,2¢) < sp,(Z,2¢) < rf,(Z, ¢). 2.1

For convention we denote

1
hioy (Z, &, {Fy}) = lim sup F log sf, (Z, €),

t
op n——+00 n|

and then

higy (Z, (F}) = lim higg (Z, &, {Fa}).

We note here that for the case Z = X and where {F),} is a Fglner sequence, the quantity

htl(],pc (X, {F}) coincides with hp(X, G), the topological entropy of (X, G).

PROPOSITION 2.4. Let {F,} be a sequence of finite subsets in G satisfying the growth
condition (1.2). Then for any subset Z of X and any ¢ > 0,

hop(Z, &, AF)) < ho$(Z, &, {Fa}).

Hence

ho(Z. {Fa}) < hES(Z, (F)).

top

Proof. Let ¢ > 0 be fixed. The proposition is obvious for the case h{;p(Z , &, {F,}) =0.

(Z,e,{F,})) >0andlet0 <t <s <hP (Z, &, {F,}). Then

P
Assume & top

top
P(Z’ £, S, {Fn}) 2 P(Zs g, S, {El}) = +OO

Thus for any N, there exists a countable pairwise disjoint family {Epnl_ (xi, &)} withx; € Z
and n; > N forall isuch that 1 <}, e 1S For each k, let my be the number of i with

n; = k. Then we have
Z eilF"ils — Z mke—leIS_
i k>N
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Since {F},} satisfies the growth condition lim,_, (| Fy,|/log n) = +o0, Zkzl elFilt=s)
converges. Let M =) ;. elfKl=5)  There must be some k > N such that my >
(1/M)e! el otherwise the above sum is at most

3 L B -1l _
M

k>1

So sp (Z,€) > my > (1/M)e!F¥l! and hence

1
hlE(Z, e, {F,}) =limsup — log s (Z, &) > 1,
|F) ¢

fop k— 400 k|
from which we deduce that htl(’)p(Z, e, {F,}) < hgg(Z, e, {Fy}). O

As a corollary, we have the following result.

COROLLARY 2.5. If {F,} is a Folner sequence that satisfies the growth condition (1.2),
then

(X, (Fa}) = hiop(X. G).

Proof. By Corollary 2.3, for any u € M(X,G), h,(X,G) < hgp(X, {F,}). Apply-
ing the variational principle for amenable topological entropy (cf. [17, 21]), we
have h{o’p(x,{Fn})zhmp(X, G). By Proposition 2.4, we have h{gp(x, {F,) <

hiop(X, G). O

Remark 2.6.
(1) By [8] (see also [25]), if {F;,} is a tempered Fglner sequence and satisfies the growth
condition (1.2), then
hiop (X, {Fa}) = hiop(X, G) = hp, (X, {Fy}).

(2) If we replace X by a G-invariant compact subset, the above equality also holds and
hence any G-invariant compact subset is regular (when the Fglner sequence {F,} is
tempered and satisfies the growth condition (1.2)).

At the end of this section we will give further relations between packing entropy and
upper capacity topological entropy.

PROPOSITION 2.7. Let ¢ > 0, Z be a subset of X and let {F,} be a sequence of finite
subsets in G satisfying the growth condition (1.2).

(1) We have
o0
hE(Z, e, (Fu)) < inf{ sup Sz e AR 2= zl-}.
= i=1
Hence
o0
hE(ZAFa)) < inf{ sup h2S(Z;, (F)) - 2 = | zi}.

izl i=1
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(2) Forany § > 0, there exists a cover Uﬁl Z; = Z (which depends on both ¢ and §)
such that

(Z, e, {F, })+8>suph

i>1

top top (Zl’ 3e, {Fn}).

Proof. Forany Z = | J;2, Z;, by Propositions 2.1 and 2.4,

top

hiop(Z. &, (Fy)) < sup hmp<z,-,s, (Fa}) < sup hoS (Ziv e, (Fa)).
i>1
Hence

hE(Z, e, (F })<1nf{?uphmp (Zi, e, \Fy)) : Z = U }

For the opposite direction, we may assume that htop(Z, &, {F,}) <oo.Let § >0 be
fixed and set s = hgp(Z , & {Fn}) + 8. By the definition of the amenable packing entropy,

we have that P(Z, ¢, s, {F,}) = 0. Then there exists a cover U;Oil Z; 2 Z such that
Y P(Zie.s. {Fa)) < 1.
i>1
For each Z;, when N is large enough, we have P(Z;, N, ¢, s, {F,}) < 1. Let E be any

(Fn, 3¢)-separated subset of Z;. Noting that the closed Bowen balls EFN (xi, &) (x;j € E C
Z;) are pairwise disjoint, we have

|Ele IVl = Ze_leN|<P(Z,,N e, 85, {F,)) < 1.

x;eE
Hence sfy (Z;, 3¢) < eS1FN1 | which leads to htop (Z;, 3¢, {F,}) <s.Thus we have
top(Z 8 {F }) + 5 > Sup htop (Zh 389 {Fn}) D
i>1

Remark 2.8. Proposition 2.4 is motivated from the equivalent definition of packing
dimension through Minkowski dimension in geometric measure theory, which was due
to Tricot [22] (see also [16] for reference). It is unclear to us whether

ht(Z, (F, })_mf{suphmp(Z,,{F}) Z= U i}
i=1

3. A variational principle for amenable packing entropy
In this section we will give the proof of our Theorem 1.3, the variational principle for
amenable packing topological entropy. We assume in this section that {F;,} is a sequence
of finite subsets in G and satisfies growth condition (1.2).

3.1. Lower bound.
PROPOSITION 3.1. Let Z C X be a Borel set. Then

hiop(Z, {Fu}) = SUP{h “(ZAF)) s € M(X), u(2) = 1).

https://doi.org/10.1017/etds.2021.126 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2021.126

490 D. Dou et al

For the proof, we need the following classical 5r-lemma in geometric measure theory
(cf. [16, Theorem 2.1]).

LEMMA 3.2. (5r-lemma) Let (X, d) be a compact metric space and B = {B(x;, ri)}ier
be a family of closed (or open) balls in X. Then there exists a finite or countable subfamily
B = {B(x;, ri)}ier of pairwise disjoint balls in B such that

U B < | B 5m).
BeB iel’
We also need the following lemma, which comes directly from the definition of the

packing entropy.

LEMMA 3.3. Let E C X and s > 0. Then for any 0 < &1 < &3,

P(E7 €2, 8, {Fn}) S P(E’ &1, S, {Fn})

Proof of Proposition 3.1. Let u € M(X) with u(Z) = 1 and assume E]:C(Z, {F,}) > 0.
Let 0 <s < EEC(Z, {F,}). Then there exist ¢,§ > 0 and a Borel set A C Z with
w(A) > 0 such that for every x € A,
Eu(x» &, {Fn}) > s+,
where £, (x, &, {F}) := lim sup,,_, , oo —(1/|F,|) log j1(BF, (x, €)).
Let E C A be any Borel set with u(E) > 0. Define
E,={x € E: u(Br, (x,g) < e 6Ty e N,

Then U::;v E, = E forany N € N, and hence ,u,(U:;X;v E,) = u(E).Fix N € N. There
exists n > N such that
1
E,) > —u(E).
u(Ey) > Py 1)“( )
Fix such n and consider the family of Bowen balls {Bf,(x, e/5) : x € E,}. By the
Sr-lemma, Lemma 3.2 (we use metric df, instead of d), there exists a finite pairwise
disjoint family {BF, (x;, £/5)} with x; € E,, such that

U Br, (xi, €) O U Bp, (x, g) D E,.
i xeE,
Thus
P(E, N, g s, {F,,}) > P(E,,, N, g s, {Fn}> > Xl: e~ | Fuls — olFuld Xl: o~ Ful(s+8)
> e 3" (B, (xi, 2)) = P (E,) > ﬂuw).
B - " - “nn+1)

L
By the growth condition (1.2) of the sequence {F},}, we have
|Ful8
e

— — 400 asn — +00.
nn+1)
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Letting N — 400, we obtain that

P<E, g s, {Fn}> - fo0.

Note that this equality holds for every Borel set E C A with u(E) > 0.
Let {A;}72, be any covering of A. Then by Lemma 3.3,

&€ — &
Xi: P(A,', E,S, {Fn}) > Xl: P<Ai, g, s, {Fn}>

Since there must exist some A; such that A; N A (which is a Borel set now) contains a
Borel subset E C A; N A with u(E) > 0, we have

> P(Ai, %, s, {Fn}> > P(E, g s, {Fn}> = too.

i
Thus

& &
P<Z’ E» s, {Fn}) > 7)<A, E’ s, {Fn}) = +OO,

from which we deduce that
&
hiop(Z, {Fn)) = h{;p(z, o {Fn}> > 5.
Since s is chosen arbitrarily in (0, E,L(Z , {Fu})), we finally show that

hE(Z, (Fa)) = B (Z, (Fa)).

This finishes the proof of Proposition 3.1. O

3.2. Upper bound. The following proposition is the upper bound part of the variational
principle. In fact it is valid for any analytic set Z. Recall that a set in a metric space is
said to be analytic if it is a continuous image of the set A/ of infinite sequences of natural
numbers. In a Polish space, the collection of analytic subsets contains Borel sets and is
closed under countable unions and intersections (cf. [11]).

PROPOSITION 3.4. Let Z C X be an analytic set with ht (Z,{F,}) > 0. For any

top
0<s < htf)p(Z, {F.}), there exist a compact set K C Z and n € M(K) such that

RS (KL (Fa) = .
The following lemma is needed.

LEMMA 3.5. Let Z C X and s, ¢ > 0. Assume that P(Z, ¢, s, {F,,}) = 400. Then for any
given finite interval (a, b) C R with a > 0 and any N € N, there exists a finite disjoint
collection {EFn[ (xi, €)} such that x; € Z,nj > N and )_; exp(—|Fy,|s) € (a, b).

Proof. See [9, Lemma 4.1]. O]
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Proof of Proposition 3.4. Since Z is analytic, there exists a continuous surjective map ¢ :
N — Z. Let Uyypy.on, = {(m1,ma,..) € N imy <nj,ma <na,...,mp, <n,}and
let Zn],...,np = ¢(Fn1 ..... np)-

For0 <s < hl (Z,{F,)}), take ¢ > 0 small enough to make 0 < s < hl (Z, e, {F,})

top top
and take ¢ € (s, htf)p(Z, e, {F,})). Following Feng and Huang’s steps (which are inspired

by the work of Joyce and Preiss [12] on packing measures), we will construct inductively
the following data:

(D-1) asequence of finite sets (Ki);;of with K; C Z;

(D-2) asequence of finite measures (Mi)f°f with each u; supported on K;;
(D-3) asequence of integers (ni)l?;of and a sequence of positive numbers (y;

(D-4) asequence of integer-valued functions (m; : K; — N);;Of.

400,
)1217

Moreover, the sequences (K;), (i;), (n;), (i) and (m;(-)) will be constructed to satisfy

the following conditions.

(C-1) For each i, the family V; := {B(x, ¥i)}xek; is disjoint. Each element in V;; is a
subset of B(x, y;/2) for some x € K;.

(C-2) Foreachi,K; C Zy, . andpu; =)

(C-3) Foreachx € K; and z € B(x, y;),

vek; e Fmobs with 1 < i (Kp) < 2.

B, @e)n | B,y =0 3.
YeKi\{x}
and
ni(Bx,y)) =1l <% T T ol < (1427 (B, ),
YEEi11(x)
(3.2)

where Eit1(x) = B(x, i) N Kiy1.
We will give the construction later.

Suppose the sequences (K;), (i), (n;), (¥;) and (m;(-)) have been constructed. By
(3.2),for V; € V;,

V) < it (V)= > (V) < (427D (v,
VeViy,vay;

Repeatedly using the above inequalities, we have for any j > i and any V; € V;,
J
wi(V) < (V) < [ A+27wmiVi) < CuaVi, (3.3)
n=i+1

where C := [ (1 +27") < +o0.
Let i be a limit point of (u;) in the weak™ topology. Let

K:ﬁOUKi.

n=1i>n
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Then [ is supported on K. Furthermore,

By the continuity of ¢, applying Cantor’s diagonal argument, we can show that

;iﬁ Znypony = ﬂ;rf; Zn,....n,- Hence K is a compact subset of Z.

By (3.3), for any x € K;,
el = pi(Bx. yi)) < A(B(, 1)) < Cui (B(x, i) = Ce™miool,
In particular,

1< Y wi(B,y) < i(K) < Y Cui(Blx, n) <2C.

xek) xek,
Note that K C UxeK[_ B(x, yi/2). By (3.1), the first part of (C-3), for each x € K; and
z € B(x, y;), reads
(Br, (2, €) < i(B(x,yi/2)) < Ce™Fmiwl,
Foreachz € K andi € N, z € B(x, y;/2) for some x € K;. Hence
[i(BE, (2, ) < Ce Tk,

Define u = i/i(K). Then u € M(K). For each z € K, there exists a sequence k; 4
+00 such that ,u(BFki (z,8)) < Ce*‘Fki‘S/[L(K). Hence i_zifC(K, {F,}) = s.

Now the only thing left is to give the inductive construction of the data (K;), (u;),
(n;), (yi) and (m;(-)). The inductive steps are as follows.

Step 1. Construct the data K1, w1, n1, y1 and mq(-).

Since t € (s, h{;p(z, e, {F,}))), we have that P(Z, ¢, t, {F,}) = 4+00. Let

H=| JJUcX:Uisopen, P(ZNU. &, {F,}) = 0}.

Then by the separability of X, H is a countable union of the open sets U. Hence
P(ZNH,e, t,{F,}))=0.Let Z =Z\H=ZNX\H).ItPZ NU,e,t,{F,})=0
for some open set U, then

P(ZOU,S, t? {Fn}) E P(Z/OU, 85 t? {Fn})+7D(ZmH9 8’ t? {Fn}) =0’

So U C H and then Z' N U = @. Hence for any open set U C X, either Z’NU =@ or
P(Z'NU, e, t,{F,)) > 0.

Because P(Z, e, t, {F,})) < P(Z, e, t, {F,)) +P(ZNH, e, t,{F,}) =P, e, t,{F,)),
we have P(Z', e, t,{F,}) = P(Z, e, t,{F,}) = +0o. Then P(Z', ¢, s, {F,}) = +00.

By Lemma 3.5, we can find a finite set K| C Z’, an integer-valued function m(x) on
K such that the collection {Ele ) (x, €)}xek, 1s disjoint and

Z e—lle(x)ls e (1,2).

xekKy
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Define u; = ZXEKI e_lF’”l(x)ISSx, where §, denotes the Dirac measure at x. Take y; > 0
sufficiently small such that for any function z : K1 — X with max ek, d(x, z(x)) < y1,
we have for each x € K,

(B(z(x), y1) U BF, , (2(x), £)) N ( U

B(z(), ¥1) U BE, (, @), 8)) = 0.
yeKi\{x}

(3.4)

Since Ky C Z', we have P(Z N B(x, y1/4),s,t,{F,})) > P(Z' N B(x, y1/4), &, t,
{F,}) > 0 for each x € K. Therefore we can pick a sufficiently large n; € N so that
Z,, D Kyand P(Z,, N B(x, y1/4), &, t, {F,}) > O foreach x € Kj.

Step 2. Construct the data K», w2, n2, y» and mo(-).

By (3.4), the family of balls {B(x, y1)}xeck, are pairwise disjoint. For each x €
K, since P(Z,, N B(x, y1/4), &,t, {F,}) > 0, similarly to Step 1, we can construct a
finite set E2(x) C Z,, N B(x, y1/4) and an integer-valued function my : E>(x) — NN
[max{m(y) : y € K1}, +00) such that:

(2-a) for each open set U with U N Ex(x) # @, P(Z,, N U, ¢, t, {F,}) > 0;
(2-b) the elements in the family {E]-’nz(),) (3, &)}yeE, (x) are pairwise disjoint and

i) < Y e Fmol < (1427 ((x)).
YEEL (x)
To see this, we fix x € K. Denote V = Z,, N B(x, y1/4). Let

Hy:=| JIU c X :Uisopenand P(V N U, &,1, {F,}) = 0}.
Set V/ = V' \ H,. Then as in Step 1, we can show that
P(V/, 83 t’ {Fn}) = P(Vs 89 ts {Fn}) > O

Moreover, for any open set U C X, either V'NU =@ or P(V' NU,¢,t,{F,}) > 0.
Since s < t, we have that P(V', ¢, s, {F,}) = +oco. By Lemma 3.5, we can find a finite
set Ex(x) C V/ and a map my : Ex(x) — NN [max{mi(y) : y € K1}, +00) such that
(2-b) holds. Notice that if an open set U satisfies U N Ez(x) # @, then U NV’ # @. So
P(Zy, NU,e,t,{F,}) =P(V' NU,e,t,{F,}) > 0. Hence (2-a) holds.

Since the family {B(x, y1)}xek, is disjoint, so is the family {E£>(x)}yck,. Define

K> = U Ey(x) and pp = Z e_lsz(«V)‘S(Sy.
xek, yekKy

By (3.4) and (2-b), the elements in {Epmz(y>(y, €)}yek, are pairwise disjoint.
Hence we can take 0 < y» < y1/4 such that for any function z : K» — X satisfying
maxyek, d(x, z2(x)) < y2, we have for x € K>,

(B(z(x), y2) U BF,,,, (2(x), £)) N ( U

B(z(), ¥2) U BE,,(,, 2(9), 8)) = 0.
yeKo\{x}

(3.5)
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Choose a sufficiently large n, € N so that Z,, ,, D K> and
P(Zf’ll,rl2 m B(x9 V2/4)» 89 ta {Fn}) = O

for each x € K.

Step 3. Next we suppose that the data K;, u;, n;j, y; and m;(-) i =1, ..., p) have been
constructed. We will construct the data K 1, ip41, np41, Vp+1 and mp41(-).

Assume that we have constructed K;, u;,n;,y; and m;(-) for i =1,..., p. And
assume that for any function z : K, — X with d(x, z(x)) < y, forall x € K, we have

(B(z(x), yp) U BF, ,(z(x),£) N ( U BGO. v UBE,,, GO, 8)) =9
yer\{X}

(3.6)

for each x € K); and Z,, ., D K, and P(Z,,
eachx € K.

Note that the family of balls {E(x, Yp)lxe K, are pairwise disjoint. For each x € K,
since P(Zp,.., n, N B(x,yp/¥), e, t, {Fy}) > 0, similarly to Step 2, we can construct
a finite set Ep11(x) C Zy,,..., np N B(x, yp/4) and an integer-valued function m,y :
Epi1(x) — NN [max{m,(y) : y € Kp}, +00) such that:

(3-a) foreachopenset U with U N E11(x) # W, P(Zy,,.n, NU, &, 8, {F,}) > 0;
(3-b) the elements in the family {Epmp+l o s &)}yeE i1 (x) Are pairwise disjoint and

n, VB, yp/4), e, t,{F,}) >0 for

.....

ppla) < D0 T Tmen 0l < (g 27Dy (),
YEEp11(x)

By (3.6) and (3-b), the family {EFmp-H(y) (v, &)}yek,,, is disjoint. Hence we can take
0 < ¥p+1 < yp/4 such that for any function z : K1 — X withmax,cg, , d(x, z(x)) <
Yp+1, we have for each x € K11,

p+1

(B(x). vp+DUBF, (@), €))

ﬁ( U E(Z()’)aVp+1)UEF,,IPH(},)(Z()’),8)>=®~ 3.7
}’GK[)+I\{X}

Choose a sufficiently large n,.1 € N so that Z,,
B(x, yps1/4), 6,1, {F,}) > Oforeach x € K.
Then we finish the required construction and complete the proof of the proposition. [

,,,,,

4. Packing entropy inequalities for factor maps
In this section we will prove Theorem 1.4. The proof is a combination of Bowen’s method
in [2] and quasi-tiling techniques for amenable groups.

4.1. Preliminaries for amenable groups. Let G be a countable infinite discrete amenable
group. Let A and K be two non-empty finite subsets of G. Recall that B(A, K), the
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K-boundary of A, is defined by
B(A,K)={geG:KgNA#Pand KgN (G \ A) # 0}.

For § > 0, the set A is said to be (K, 8)-invariant if

|B(A, K)|
LGS
[Al

We say a sequence of non-empty finite subsets { F;,} of G becomes more and more invariant
if, for any 6 > 0 and any non-empty finite subset K of G, F, is (K, §)-invariant for
sufficiently large n. An equivalent condition for the sequence {F},} to be a Fglner sequence
is that { F;;} becomes more and more invariant (see [18]).

Let F be a collection of finite subsets of G. It is said to be S-disjoint if for every A € F
there exists an A’ C A such that |A’| > (I — §)|A| and such that A’ N B = @ for every
A#BeF.

The following is a covering lemma for amenable groups by Lindenstrauss.

LEMMA 4.1. (Lindenstrauss’s covering lemma, [15, Corollary 2.7]) For any & €
(0, 1/100), C > 0 and finite D C G, let M € N be sufficiently large (depending only
on §,C and D). Let F;; be an array of finite subsets of G where i =1,..., M and
j =1,..., N;, with the following two requirements.

(1) Foreveryi, F;, = {Fi,j};v;l satisfies

U FiiFix

k' <k

< C|Fi,]<| fork=2,...,Nl~.

(2) Denote F; ,, = IE‘M< The finite set sequences F; , satisfy that for every 1 <i <M
and every 1 <k < N,,

= (L+O[Fixl

U DF ik

i'<i
Assume that A; j is another array of finite subsets of G with F; jA; j C F for some finite
subset F of G. Let A~ = J; Ai,j and

_ minj<i<py [DA;
|F|

Then the collection of subsets of F,
]:'z{Fi,ja:1§i§M,1§j§N,~andaeA,~’j},

has a subcollection F that is 108'/*-disjoint such that
u-

4.2. Proof of Theorem 1.4. LetG, {F,}andm : (X, G) — (Y, G) be as in Theorem 1.4
and E C X be a Borel set. Let d and p be the compatible metrics on X and Y, respectively.

> (@ —8H|F).
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For any ¢ > 0, there exists § > 0 such that, for any x1, x» € X with d(x1, x2) < §, one
has p(mw(x1), m(x2)) < e. Now let {y; }k | C 7(E) be any (Fy, £)-separated set of 7w (E)
and choose for each i a point x; € n_l(yl) N E. Then {x; }l:1 forms an (F},, §)-separated
set of E. Hence

sg,(w(E), ¢) < sg,(E, §)
and

hgs (T(E), &, {Fy}) < hg

S(E, 8, {Fy}). 4.1)

top

By Proposition 2.7(2), for any n > 0, there exists a cover | J;=, E; = E such that
Hip(E+8/3 (Fa) + 1 = sup hmp (Ei. 8. (Fa)).

Then we have

(w(E), &, {F,}) < sup hE (T (E;), &, {F,}) (by Proposition 2.1(2))

top top

< sup hmp (m(E;), ¢, {F,}) (by Proposition 2.4)

< sup hYC(E;, 8, {F,}) (noting that 4 also holds for each E;)

top
< hfzp(E, 8/3, {Fa}) + 1,
which implies that
top(n(E) {F }) =< h[op(E9 {Fn})

To get the upper bound, we need to prove the following inequality for amenable
upper capacity topological entropy, which extends a result by Bowen [2, Theorem 17] to
amenable group actions.

THEOREM 4.2. Let G be a countable infinite discrete amenable group and w : (X, G) —
(Y, G) be a factor map between two G-action topological dynamical systems. Let {F,} be
any tempered Folner sequence in G satisfying growth condition (1.2). Then for any subset
E of X,

hiS (E, (Fy)) < h(S (x(E), {Fy )+ sup hiS (= (), {Fu)). 4.2)
ye

Proof. If sup hgg (m~'(y), {F,}) = oo then there is nothing to prove. So we assume that
yey

= sup higs (17 (1), {Fa}) < 00
yeY

To verify (4.2), we need some preparations in the following three steps.
Step 1. Construct F; ;, the array of subsets of G.

Fix 7 > 0. For any ¢ > 0, let 0 < § < min{e, 1/100} be small enough. Let C > 0
be the constant in the tempered condition (1.1) for the Fglner sequence {F,} and let
D ={eg} C G, where e¢ is the identity element of G. Let M > 0 be large enough as
in Lemma 4.1 corresponding to §, C and D.
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For each y € Y, choose m(y) € N such that for any n > m(y),

log ri, (m ' (y), &,d) < hQS (xR ) + T <a+T. (4.3)

| Ful

Here recall that r g, (r~Y(y), &, d) denotes the smallest cardinality of (F,, €)-spanning sets
for n_l(y). Let Ey be an (F,(y), €)-spanning set of a1 (y) with the smallest cardinality
|Ey| = rpm<y)(n_l(y), ¢, d). Denote

Uy ={p € X : there exists g € Ey such thatdp,,, (p, q) < 2¢},

which is an open neighborhood of P (y). Since ﬂy>0 i (m) = (y), we
have (X \ Uy) ﬂ(ﬂy>o 7Y (B(y, y, p))) = ¥. Hence by the finite intersection property
of compact sets, there is a Wy := B(y, yy, p) for some yy > 0 such that Uy D> 7~ (W,).
Since Y is compact, there exist yi1, . . . , ¥1,-, such that Wyu, R Wyu1 cover Y. List the
Fdlner sets in the collection {Fm()’l,k) 11 <k<ri}by

Foiys Foygseoos Fnlv,\,1 whereny | <nip < - <nin.

Note that N1 = #{Fm(}‘l,k) 1l <k<r}=<n.

Foreach y € Y, choose m(y) > nj y, such that (4.3) holds for any n > m(y). Repeating
the above process, we can obtain y, 1, ..., y2,, € Y such that Wy st Wyz,rz cover Y.
We then list the Fglner sets in the collection { Fn(yog) 1<k <n}

Fuyps Frggs - - s F,,ZYN2 where ny | <nzp < -+ <non,.

Note that No = #{Fu(y,,) 1 1 <k <2} <ra.
Repeating the above steps inductively, we can obtain, foreach 1 <i < M:

(1) acollection of points y; 1, . . ., yi; € Y suchthat Wy, ,..., Wyi,r,- cover Y;
(2)  acollection of Fglner sets {Fy,; |, Fu,,, .- s Fuy .} (= {Fngyp 1 1 <k < ri}) with
nij1 <njp <---<nn; and N; <r;.

From the above construction, for each 1 <i < M — 1, we have n; y, < n;41,1. More-
over, n;41,1 can be chosen sufficiently large compared with n; y, such that, for every
l<i<Mandeveryl <k <N;,

-1
U Fni/,*Fni?k

i'<i

= (1 4+ 8)[Fp kl- (4.4)

For simplification, we denote F; ; = Fn,.’j foreach1 <i <M and 1 < j < N;, which
is the array of G we required.

Step 2. Produce quasi-tilings from F; ;.

Let 1 be a common Lebesgue number of the family of open covers {Wy, |, ..
with respect to the metric p. Denote n = (11/2).

Let N be large enough such that, for every n > N, F, is (F; U {eg}, §)-invariant for
alll <i <M.

Foreachy € Y andn > N, let

i Wyi,ri}
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Ajj={a € F,: F; ja C F, and there exists 1 < k < r; such that Fy,(y,,) = Fi;
and B(ay, n, p) C Wy i b

We note here that A; ; depends on y.

For any g e F, \ B(F,, F; «U{eg}), we have F;.g C F,. Since ni(=2n) is a
Lebesgue number of {W, . WYi,r,-}’ B(gy, n, p) is contained in some W,,, and
then g € A; .. Hence

i1

Ajx 2 Fy \ B(Fy, Fix Uleg))

foreach 1 <i < M, and

_ minj<i<y |[DAjx|  minj<i<py |A; 4

= >1-3.
| Fhl | Fl

We are now able to apply Lemma 4.1: the temperedness assumption for {F,} makes
requirement (1) of that lemma hold and (4.4) makes requirement (2) hold. From the
collection of subsets of F,,,

F={Fja:1<i<M,1<j<N;andae A},

1/4

we can find by Lemma 4.1 a subcollection F which is 10§"/*-disjoint and

UF| 2 @=8"HIFl = —8-8"F. @5)

In fact, this subcollection F is a 108!/4 quasi-tiling of F,, subordinate to y € Y (see, for
example, [14] for the detail definition of quasi-tiling).

There may exist overlaps between elements in F. Since F is 108'/4-disjoint, there exits
T’ C T for each T € F such that |T'|/|T| > 1 — 108'/# and the collection {T’ : T € F}
is disjoint. Denote this new collection by F'. By (4.5),

1 ) I
‘U]:‘SZ|T|SWZ|T|SW|FM (4.6)
TeF TeF
and
’U F|= Z IT'| > (1 — 108" (1 — 8 — 8Y*)|F,|. 4.7
TeF

Step 3. Cover n’lBFn (y, n, p) through F,-Bowen balls in (X, G).
CLAIM. When § is sufficiently small, for any y € Y and n > N, there exist [(y) > 0 and
vi(y), v2(y), . .., vy (¥) € X such that

1(y)
U Br, (vi(y). 46, d) 2 7~ (BE, (3. 1. p)
i=1

and

[(y) = exp((a + 27)| Fy D).
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Proof of the Claim. For each T = F; ja € F, since a € A; j, by the construction of A; ;,
there exists some point in {y; 1, i 2, .. ., Yi }, denoted by yr, such that E(ay, n, p) C
Wy, and Fy(yp) = Fij-

In the following we will recover the F;,-orbits of (X, G) from the T-orbits.

Let E C X be any finite e-spanning set under the metric d. For any sequence of points
{zr}7reF with each z7 € Ey, and any sequence of points {z¢}4cF,\ur With each z, € E,
let

V(yi{zrh {zgh) == {u € X :dp(u,a 'zr) < 2sforall T = Fja € F,
d(gu,zg) <2¢eforallg € F, \ U ]:’}.
It is not hard to verify that

U VvOiter) iz 277 (B, (. 0. p)).

{zr}{zg}

that is, the family {V (y; {z7}, {z¢}) 127 € Ey;, T € F,zg € E, g € F, \ |J F'} forms an
open cover of n_l(Bpn (¥, n, p)). We also note that some of the V(y; {z7}, {z4}) may be
empty.

We pick any point v({zr}, {z¢}) in each non-empty V (y; {z7}, {z¢}). Then

Brp,(v({z7}, {z¢})), 4e.d) 2 V(y; {z1}, {zg))-
Enumerate these v({z7}, {z¢}) by ¥1, ¥2, . . ., Yi(y). We then obtain

1(y)

U Br, (> 46, d) 2 27 (BE, (v, 1, p)). (4.8)
i=1

Now the only thing left is to estimate /(y). Clearly,
Iy = l_[ |Eyr - l_[ |E| = l_[ rFm(,vT)(”_l(y)’g» dy - |E|'F-1UF

TeF geF,\UF’ TeF
< exp ( > 1Fnonl@+ o+ (1R = | 7) tog |E|)
TeF
1
< exp ((m(a +1)+ (1 —(1—108"H1 -8 —5%)) 1og |E|>|Fn|)
(by (4.6) and (4.7))
<exp((a + 27)|F,|) (when § is sufficiently small). O

We now proceed to prove (4.2). For any subset E of X, let H be an (F},, n)-spanning
set of w(E) with minimal cardinality rf, (w(E), n, p). Then by the above claim, the set
R={vi(y):1<i<I(y),y € H} forms an (F,, 4¢)-spanning set of E, since

1(y)

U U Br @i, 4e.d) 2 | ) # 7' (Br, (.0, p)) 2 7~ '7(E) D E.

yeH i=1 yeH
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Hence
ri, (E, 4e,d) < rf,(m(E), n, p) - exp((a + 2T)| Fy). 4.9)
From this we deduce that

hJS(E, (Fu)) < h{S @ (E), (Fa) +a +2t.

Letting 7 tend to 0, (4.2) is proved. O
Proof of the upper bound of h

proof of Theorem 4.2.
From (2.1), we first convert inequality (4.9) into

top(E , {Fn}). What we need in fact is inequality (4.9) in the

s, (E, 8¢, d) < s, (n(E), n, p) - exp((a + 27) [ Fy ).
This implies that
hs (E, 8, {F,}) < hi$ (r(E), 0, {Fa}) +a +2t.

top

By Proposition 2.7(2) again, for any § > 0, there exists a cover U?i] V; = w(E) such
that

g T (ED- 1/3. (Fa)) 4 = sup hif (Vi n. ().

Using an similar argument to that in the proof of the lower bound,
(E. 8¢, {Fa)) < sup hmpm*l(m Be. (F)) < sup hos (x =1 (Vi), 8e, {F,))

top

< sup hmp Vi, n, {Fp}) +a +2‘L’

< hf;p(n(E), n/3, {Fu}) +8 +a +2t.
Hence

p(E {F.) < hb op(T(E), {Fy}) +a+ 2.
Since t > 0 is arbitrary, we finally obtain
hiop (B, {Fn}) < hip, ((E), {Fa}) + sup hes G, {Fu). 0

5. Amenable packing entropy for certain subsets

5.1. The set of generic points. Recall that for u € M (X, G) and a Fglner sequence { F},}
in G, the set of generic points for u (with respect to {F,}) is defined by

G,=1xe€X: lim
n—+00 |Fn|

Z fgx >—/ f d, foranyfecoo}

Remark 5.1. If u € E(X, G) and {F,} is a tempered Fglner sequence then u(G,) = 1.
To show this, let { f;}72, be a countable dense subset of C(X) and denote
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Xi=43xeX: lim
n——+00 |F|

(ex) = /X 5 du}.

By the pointwise ergodic theorem, p(X;) = 1. Hence G, = ﬂ?il X; has full measure.

The system (X, G) is said to have the almost specification property if there exists a
non-decreasing function g : (0, 1) — (0, 1) with lim,_,¢ g(r) =0 (a mistake-density
function) and a map m: (0,1) - F(G) x (0,1) such that for any k € N, any

£1,82,...,& € (0, 1) and any xi,x2,...,x; € X, if F; is m(g;)-invariant, i =
1,2,...,k and {F; } _, are pairwise disjoint, then
() Blg: Fixin ) # 0,
1<i<m

where B(g; F,x,¢e):={ye X :|{he F :d(hx, hy) > ¢}| < g(¢)|F|}, the Bowen ball
allowing a mistake with density g(¢).

Remark 5.2. Tt was shown in [23] that the weak specification implies the almost
specification. Recall that in [6] the system (X, G) (the group G need not be amenable)
has weak specification if for any ¢ > 0 there exists a non-empty finite subset ' of G with
the following property: for any finite collection F1, . . ., Fy, of finite subsets G with

FENFj =@ forl<i,j<m,i#]j,
and for any collection of points x, . . ., x,; € X, there exists a point y € X such that
d(gxi,gy) <e forallge F;,1 <i <m,
that is,
ﬂ Br, (xi, &) # 0.
1<i<m

In this section, we will prove Theorem 1.5, that is, if © € M (X, G), the Fglner sequence
{F,} satisfies the growth condition (1.2) and either u is ergodic and {F},} is tempered or
(X, G) has almost specification, then

(Gu, {Fn)) = hu(X, G). G.D

top

The idea of the proof comes from Pfister and Sullivan [20] (see also [23, 26] for
amenable group actions).

5.1.1. Upper bound for htop(GM’ {F,}). In the following we are going to prove
top(Gﬂ’ {Fu}) < hu(X, G) assuming that the Fglner sequence {F,} satisfies the growth
condition (1.2).
For u € M(X, G), let {K,,}men be a decreasing sequence of closed convex neighbor-
hoods of x in M (X) such that (). Km = {u}. Let

Z 8xog_1 I= Km} form,n e N,
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and

1
RN,mz{xeX:foranyn>N,mg 8xog_leKm} form, N € N.
n
g€k,

Then for any m, N > 1,
Rym= () Awm and G, S ) Rim.
n>N k>N

For ¢ > 0 and Z C X, recall that sr, (Z, ¢) denotes the maximal cardinality of any
(Fy, &)-separated subset of Z. Then we have

lim sup log sF, (RN m, €) < lim sup

log sf, (Apm,€) foranym, N > 1.
n——+00 n| n— 400 n|

(5.2)

By the claim in [26, p. 878] (we note that it also works for non-ergodic invariant
measures),

. . . 1
lim lim lim sup
e=>0m—>400 n, 100 |Fpl

10g SF, (An,ms g) < hu(X, G).

Hence for any n > 0, there exists 0 < ¢ such that, for any 0 < ¢ < &1, there exists M =
M (e) € N such that

1
lim sup
n—+00 |Fn|

log sk, (Anm, €) < hu(X, G) +n,
whenever m > M. Especially,

1
lim sup
n——+0o0o |Fn|

log sp, (Anm, &) < hu(X, G) + 1. (5.3)

Taking (5.2) and (5.3) together, for any 0 < ¢ < &1, we have that for any N € N,

1
lim sup F log sp, (Ry.m,€) < hy(X, G) +n.

n— 400 n

Since for any N € N, G, € |y Rn.m, by Propositions 2.1 and 2.4,

hiop(Gus € {Fa}) < sup hio,(Rw.m» €, {Fy)) < sup lim sup

log sf, (RN .M, €),
N>N' N>N’' n—>+00 | Fyy

from which it follows that
hiop(G i & {F}) < hu(X, G) + 1.

Letting ¢ — 0 and then n — 0, we obtain that ht‘gp(Gu, {F.) < hu(X, G).
5.1.2. Lower bound for hfgp(Gu, {F,}). For the case where u is ergodic and {F},} is
tempered, since u(G,) = 1, Corollary 2.3 gives the lower bound.

For the case when u € M(X, G) and the system (X, G) has almost specification
property, the proof of the lower bound becomes rather complicated because of
the quasi-tiling techniques for amenable groups. But it was shown in [23] that
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h (G, {Fa}) = hu(X, G). Hence by Proposition 2.2, we obtain hf, (G, {Fa}) =
hu(X, G).

5.2. G-symbolic dynamical system. Let A be a finite set with cardinality |A| > 2 and let
AY = {(xg)geG : x4 € A} be the G-symbolic space over A. Consider the left action of G
on AY:

g (X)geG = (xgg)gec forall g’ € G and (x)eec € AC.

(A%, G) forms a G-symbolic dynamical system or a G-acting full shift (over A). For
any non-empty closed G-invariant subset X of AC, the subsystem (X, G) is called a
subshift. For x = (x,)gec and a finite subset F' C G, denote by x|r = (xg)geF € A the
restriction of x to F and denote [x|r] = {w € A : wg = X, for all g € F'} (whichis called
a cylinder).

Fix any tempered Fglner sequence {F,} of G with Fo ={eg} C F1 C F» C ... and
U, F» = G. Note that {F,} satisfies the growth condition (1.2) automatically. We can
then define a metric d on AY associated to {F,} as follows:

1 if x and y are not equal on Fy,

dx,y) = 5.4

e Bl n = max{k : x|p, = y|g}.

To discuss the regularity for subsets of (AG, G), we need to consider the relation
between Bowen entropy (packing entropy) and the corresponding Hausdorff dimension
(packing dimension). Before that, we recall the definitions of Hausdorff dimension and
packing dimension (cf. [16]).

Definition 5.3. Let (X, d) be a compact metric space. Let 0 < s < oco. For E C X and
e > 0, put

P{(E) =sup ) (diamB;)*

where the supremum is taken over all disjoint families of closed balls {B;} such that
diamB; < ¢ and the centers of the B; are in E.
Then set P*(E) = lim,_,¢ PS(E) (since PJ(E) is non-decreasing on ¢) and define

o0 o0
PS(E) = inf{ Z PS(E;)): E = U Ei}.
i=1 i=1
The packing dimension of E is then defined by
dimp (E) = inf{s : P*(E) = 0} = sup{s : P°(E) = oo}.
Let H*(E) = limg_o HI(E), where
o o0
HI(E) = inf{ Z(diamE,-)s ‘EC U E;, diamE; < e}.

i=1 i=1
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The Hausdorff dimension of E is then defined by
dimpy (E) = inf{s : H*(E) = 0} = sup{s : H*(E) = o0}.

Comparing with the definitions of dimensional entropies, we have the following
proposition.

PROPOSITION 5.4. Let the Fglner sequence { F,} satisfy the following two conditions:
(1) FuF, C Fyqy foreachm,n € Ny
) limy oo ((Fut1)/Fa) = 1.

Then for any E C A°,

hyo(E.(Fu}) =dimyE and hio,(E, {F,}) = dimpE,

where the dimensions dimy and dimp are both under the metric d defined in (5.4).

Proof. See Appendix A.l. O

Remark 5.5.

(1) Due to [10], the sequence of finite subsets {F,,} of G satisfying condition (1) in
Proposition 5.4 is called a regular system. If G is a finitely generated group, and
letting F), be the collection of elements in G with word length (with respect to a
finite symmetric generating subset) no more than n, then { F,, } satisfies condition (1).

(2) There are examples of amenable groups which admit Fglner sequences satisfying
the conditions in Proposition 5.4. An abelian example of the group G is Z¢, with
F, = [—n, n]?. An non-abelian example of the group G is the dihedral group, with
F,, chosen to be the collection of elements with word length no more than n (see [5]).

By Proposition 5.4, we have the following result.

PROPOSITION 5.6. Let the Fglner sequence { F,,} satisfy the conditions in Proposition 5.4.
Then any subset E C A€ is regular in the sense of dimensional entropy if and only if E is
dimension-regular (under the Fglner sequence {F,,} and metric d).

By Remark 2.6, any non-empty closed G-invariant subset X of A is regular in the sense
of dimensional entropy. Hence we have the following corollary.

COROLLARY 5.7. Let the Fplner sequence { F,} satisfy the conditions in Proposition 5.4.
Then any non-empty closed G-invariant subset X of AS is both regular in the sense
of dimensional entropy and dimension-regular (under the Fglner sequence {F,} and
metric d).

LetO<a <pB <land A ={0,1}. Let H C G such that

.. HNOF| . |H N Fyl
liminf ——— = and limsup ————— =4,

n—+00 | Fy n——+00 |
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that is H is a subset of G with lower density « and upper density 8 with respect to {F},}.
Now we define Xq C {0, 139 by

Xop = {(xg)gec 1 xg =0if g ¢ H}.

Assume in addition that {F},} satisfies the conditions in Proposition 5.4. Then we have the
following proposition.

PROPOSITION 5.8. hgp(xa,ﬁ, {F,}) =alog?2 and h{;p(xa,ﬁ, {F,}) = B log 2. Hence
Xy g is not regular.

Proof. See Appendix A.2. O

5.3. Fibers of {T, T~'} transformation. Random walk in random scenery (RWRS) is a
class of stationary random processes which are well studied in both probability theory and
ergodic theory. RWRS provides measure-theoretic models with amazingly rich behavior
(see [1, 7]). Among the class of RWRS, {7, T~!} transformation, although apparently
simple, is possibly the best known in the history of ergodic theory since it is a natural
example of a K-automorphism that is not Bernoulli [13]. In spite of its measure-theoretic
aspect, we will consider the topological model of the {7, T~!} transformation and
investigate subsets of the topological system.

Definition 5.9. (Topological {T, T~'} transformation) Let A = {1, —1}, and by conven-
tion we denote the shift map on AZ by 7, which is defined by

(T(x))i =xj41 forany x = (x;)jez € AZ.
The {7, T~} transformation, denoted by S, on AZ x A” is defined by

T, T(h))  ify=1,

S(r,y) =
STV w0, Ty e = —1.

Then §" (x, y) = (T (x), T"y) for n € Z, where
Z?;é yj ifn >0,
w(y,n) =10 ifn =0,
—Z,;l” y; ifn<0.

Clearly for the system (A% x A%, §), the acting group G here is the integer group Z.
The Fglner sequence {F},} is chosen naturally tobe F,, = {0, 1,...,n — 1} :=[0,n — 1].
Define a metric p on AZ x A% by

p((x, y), (¥, ¥)) = max{d(x, x'), d(y, Y},
where d is the metric on AZ defined by
d(x,y) =2"" where n = min{|i| : x; # yi}.

We note that the metric d here is different from (5.4).
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Let 7 : AZ x AZ — A” be the projection to the second coordinate. Then it induces
a factor map between (AZ x AZ, S) and (AZ, T). For any y € AZ, let Ey = AZ x {y}
denote the fiber of y under the factor map . We denote by

hiop(Ey, §) = hio (Ey, {F,}) and  h{ (Ey, S) = h (Ey, {Fu)),

the packing and Bowen entropies of Ey, for the Z-system (AZ x AZ, S), respectively.
For n > 0, denote

M(y,n) = max w(y,i) and m(y,n) =0min w(y,i).
n n

0<i< <i<

PROPOSITION 5.10. For the packing and Bowen entropies of E, we have:
(1) hE(Ey, S) =limsup,_, oo (M (y,n) —m(y, n))/mhop(A%, T);
) hE,(Ey, S) =liminf, oo (M(y, n) —m(y, n))/n)hiop(A%, T).
Here htop(AZ, T)(= log 2) is the topological entropy of the symbolic dynamical system
(AZ, T). Hence Ey is regular if and only if lim,_, 4 oo (M (y, n) — m(y, n))/n exists.

Proof. See Appendix A.3. O
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A. Appendix. Proofs of Propositions 5.4, 5.8 and 5.10
In this appendix we will give detailed proofs of Propositions 5.4, 5.8 and 5.10.

A.l. Proof of Proposition 5.4. Let E be a subset of the compact metric space (A%, d)
as defined in §5.2. Recall that in Proposition 5.4 the Fglner sequence {F},} satisfies the
following two conditions:
(1) FuF, C Fy4, foreachm,n e N;
() im0 ((Fut1)/Fp) = 1.

We divide the proof of Proposition 5.4 into two parts.

Part 1. Proof of hgp(E, {F,})) = dimyE. Let s > hgp(E, {F,,}). From the definition of

Bowen entropy, we have
M(E, ¢e,s,{F,}) =0 foranye > 0.

Hence for any N > 0, M(E, N, 1, s, {F,}) = 0. For any § > 0, there exists a countable
family {Bpni (x, D} withx’ € E, n; > N and U; Bpn,_ (x%, 1) D E such that

E e_le”il < §.
i
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Notice that
Br, (&', 1) ={y € A% : p(gx', gy) < 1, forall g € Fy,}
={y € A% : (gx")eg = (8))e;. forall g € Fy,}
= [x'|f, ] (A1)

7|Fni

and diam[x! | F"i] =e | < ¢~ N1 Since the family of cylinders {[x' Fy, 1} covers E, we

have
H i (E) < ) el < 6.
i

Therefore HZfIFN\ (E) = 0 and then ‘H*(E) = 0. This means that dimyg E < s. Since s >
hgp(E, {F,}) is arbitrary, h{gp(E, {F,}) > dimy E.

Now we will show hfgp(E, (F,}) <dimyE.

If hf)p(E, {F,}) = 0, then there is nothing to prove. Assume hE (E, {F,}) > 0 and let

top
0<s < hf)p(E, {F,}). Then there exists 0 < £ < 1 such that

M(E, e, s, {F,}) > 1. (A.2)

Assume ¢ € (e~ Fkl e~IFi-11] for some k € N and let > 0 be fixed. By condition (2),
there exists N’ > k such that
ARl
|Fn7k|
By (A.2), there exists N > N’ such that M(E, N, ¢, s, {F,}) > 1.
Let {E;}72 be any countable family that covers E and diamE; < e~ 1PN+l for each i. By
~IFuil for some n; > N + k. Choose any point

<1+n whenevern > N'.

the definition of the metric d, diamFE; = e
x! € E;. Then E; C [xi|Fni].
Noticing that
BFni_,((xi, e)={ye A% ,o(gxi, gy) <e, forall g € Fy, ¢}

={ye AY . p(gxi, gy) < ¥l for all g € Fy, i}
={ye AC . (gxi)|Fk = (gY)|F,, forall g € F, _«}
={y € A ixileF,li,k = VIR F, ) = [inFani,k]
D [x'|g, 1 (since FyFn i S Fy,), (A3)

the family {BFni_k (xf, e)}72, also covers E (with each n; —k > N). So

o
S eIkl = M(E N, 6,5, (F)) > L.
i=1

Hence

o0 o0 o0
3 e AEME | e/ e 1Dl syl 5 3 o=l 1,

i=1 i=1 i=1

which implies that 7/ (E) > 1/ gy > | Thus dimg E > (s/(1 + n)).
e

~IFN 4]
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Letting n — 0, we have dimg E > 5. Since 0 < s < h
we obtain that htlf)p(E, {F,}) <dimgE.

top(E, {F,,}) is chosen arbitrarily,

Part 2. Proof of htop(E {F,}) = dimp E. We first show htop(E {F,}) > dimpE.

Lets > hfgp(E {F,}). Then, for any 0 < ¢ < 1, we have that htop(E, e, {F,}) < s and

hence P(E, ¢, s, {F,}) = 0. So for any 6 > 0, there exists a countable covering {Ei}?il of
E such that

Z P(E;, e, s,{F,}) <.

i=1

For each i, we can find N; € N sufficiently large such that
8
P(El’ Nl’ 87 s, {F)’l}) < P(El7 87 S, {Fl‘l}) + E’

Let {B;, j}j?ozl be a family of disjoint closed balls in AS (with centers x'/ € E; and

diamB; ; < e 1N ‘) such that
> 8
Py (Ei) < ) (diam B; j)° +
j=1
From the definition of the metric d, diam B; ; = e_lF"inf | for some n; j > N;. Noticing that
L A VT N |
Bij=B(x",e ") =[x |F,,l.’j]

D) Ep”i ; (xi’j, g) (here we have assumed ¢ < 1),

{_ (x’ J 5)}OO | is also a pairwise disjoint family. Hence
oo (0.¢] 5
Fy;
PS(E)<ZPS(E)<ZP—FN(E)<Z<Z el +2z>
i=1 i=1 j=1

52 P(E;i, Ni, &, s, {Fy })+5<Z<P(El,s s, {Fa)) + 8)+5

i=1
< 36.

Thus PS(E) =0 and dimpE <s. Since s > h
dimpE < htop(E {F,}).
Next we will show htop(E, {F,}) <dimpE.
Assume htop(E {F,}) > 0, otherwise there is nothing to prove. Let 0 <s <
top(E {F,}). Then there exists 0 <& < 1 such that htop(E, e, {F,}) >s. Assume
g € (e Mkl e=1Fi-11] for some k € N and let n > 0 be fixed. Similarly to Part 1, by
condition (2), there exists N > k such that

| Frl
|Fn—k|

tOP(E, {F,}) is arbitrary, we obtain

< 1+4n whenevern > N.
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Let {E;}72 | be any countable family that covers E. Then

Y P(Ei e, 5, {F)) = P(E, e, 5, {F,}) = 00

i=1

For each i, let N; > N be sufficiently large such that

1
(S/(1+77))(E ) < P(S/(1+77))(El.) + 5

A

Let {Epnl_j (x, £)}32 be a disjoint family with x'J € E; and n; ; > N; for each j such
that

o0

—s|F,. . 1

P(E;, Ni, ¢,5,{Fy}) < Z e S 51 + >
j=1

With similar discussion to (A.3), BF y (x'+, &) D[xh/ |, j+k] and hence {[x/ |, j+k]}?°=1
is a disjoint family of closed balls with ' '

. i 7 —|Fy. . —
diam[x™/ |5, 1= e Tt < oIl
)

Therefore

00
P(S/(1+'7))(El_) > Z e_(s/(1+’l))|Fni’j+k"

IFN; +k |
Jj=1

Thus we have

& 0o 00
Z pO/AEM (g > Z P(sl/g/-l;rl)l)(Ei) 1> Z o O/AFMIE il
i=1 i=1 i=1 j=1
o o0 00 00
— Z Z o~ S/ AFMIUE jid /g jDIEw; ;14 > Z Z oSl _
i=1j=l i=1 j=1

.qug

<P(Ei9Ni9€’s, {Fn}) - %) _1

1

> P(E;, &,5,{Fy}) —2=00

'MS

i=1

which implies that P¢/U+M)(E) = oo and then dimp E > (s/(1 + 1)).
Letting  — 0, we have dimp E > 5. Since 0 < s < hf (E, {F,}) is chosen arbitrarily,

we obtain that il (E, {F,}) < dimpE.

top

A.2. Proof of Proposition 5.8. Recall that for Proposition 5.8 we let 0 <o < 8 <1,
= {0, 1} and let H C G such that
|H N F,|

|H N Fy| .
—_— = and limsup ————— = 6.
| Fy n—+00 | Fl

lim inf
n—+00
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Xa,p C {0, 1}¢ is defined by
Xap = {(xg)gec : Xg =0if g ¢ H}.

Let u € M(Xq,g) such that u([x|g,]) = (1/2‘HHF”|) for every x € Xo g and n € N.
Noticing that Bf, (x, 1) = [x|f,] (see (A.1)), we have

1
R (Xa.p. {Fu)) :f fim Tim inf —— | log u(BF, (x, €)) du

Xqp 670>+ n

1
> lim inf — log n([x|F,1) du
/Xa,ﬁ n—+oo ||

= lim inf ——— lo
n—>+oo | Fy,]|

gm:alogl

and similarly,
—1
By (Xap, {Fa}) = B log 2.

Applying [25, Theorem 3.1] (the variational principle for amenable Bowen entropy) and
Theorem 1.3 (the variational principle for amenable packing entropy) respectively, we have

hp(Xap, (Fa)) = alog2 and  hi,(Xep, (Fa)) = B log 2.

To prove hff)p(Xa,ﬂ, {F,}) < alog?2, by Proposition 5.4, we only need to prove that

dimp (Xqg) < a log 2.
Let

E, ={(xg)gec : xg =0if g ¢ H N F,}, (A4)

which is a subset of X, g with cardinality #E, = 21#"%! Note that { J, . [x|F,]1 2 Xo.p
and diam[x|f,] = e~ 1Frl for each x € E,. Let 8 > 0 and N € N be fixed. Whenn > N,
8) log 2 — o
H;;N)\ 0g (Xap) < Z o (@ +8)10g 2|Fu| _ log 2|F, [((IHNFy |/ Fa)—a—d)
xekE,

Since lim inf,,_, { o (|H N F,|/| F,]) = o, we have

a+38) log 2
e IFNI

H(Ol+5) log Z(Xa,ﬂ) =0 and H(Dl+8) log 2(Xo[,ﬂ) = lim H
e N—o0

~IFy| (Xe,p) =0.
Thus

dimp (Xe,g) < (@ + ) log 2,
from which we deduce that

dimpy (X¢ ) < a log 2.

Finally, we will prove that ht’;p(Xa,,g, {F,}) < Blog2.
Let ¢ > 0 such that & € (e~ %!, e~1Fk=11] for some k € N. Noticing that [x|fg,,, ] €
BF, (x, &) (see (A.3); here condition (1) of Proposition 5.4 is used), one can check that

the set E, , defined by (A.4), is an (F),, ¢)-spanning set of X, g. Hence rg, (X4, &) <

https://doi.org/10.1017/etds.2021.126 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2021.126

512 D. Dou et al

21HNFuiikl Then

: 1 . |H N Foyil
lim sup log rf, (X, €) < lim sup ————log 2 = B log 2,
n—+oo |Fl’l| n—>—+oo |Fl’l|

where for the last equality we use condition (2) of Proposition 5.4. Thus

hiop(Xarps {Fu}) < hipS (Xap, {Fa}) < B log 2.

top

A.3. Proof of Proposition 5.10. (1) For any ¢ > 0 and x € AZ, in the system (A% x
AZ, S), we have

By((x,y), 8, 0) NEy ={(x",y) : p(S'(x', y), S (x,y)) <&, forO<i <n—1})
={(/, y) : d(T?VD ("), T®OVx) < ¢, forO<i <n—1}
= Bim(yn-1)My.n-1](X, &, d) x {y}. (A.5)

Let u be the {%, %} Bernoulli measure on (A%, T') and dy be the Dirac probability measure
at the point y. Then

—1 o 1
h:Cxay(Ey, S) = / lim lim sup — log(p x 8y)(Bn((x, ), &, p)) d(u X &y)

Ey £20 n>+oo

. 1
= / lim lim sup —— log (B (yn—1),M(yn-1(X, & d)) du
AZ =0 o400 N
M ) - s
— lim sup 21 = mEY ”)hmp(AZ, ), (A.6)
n

n——+00

where for the last inequality we use the simple facts that M(y,n — 1) < M(y,n) <
M(y,n—1)+1land m(y,n — 1) — 1 <m(y,n) <m(y,n — 1). Hence by Theorem 1.3,
we have

_ M(y.n) — ’
/’ltf)p(Ey, S) > hfiéy(Ey, $) = lim sup (y,n) - m(y, n)

n—oo

hop(AZ, T).

Let E x {y} be any (n, ¢)-separated set for E,. Note that, from (A.5), E must be an
(m(y,n — 1), M(y,n — 1)], e)-separated set for A%, We have

M s - )
(Ey, $) < lim sup L =M yve 42
n

n——+00

M ) - s
= lim sup . 1) = m(y. n) hiop(AZ, T).
n

n—+o0o

uc
htop

By Proposition 2.4,

M ) - s
hYC (Ey. §) < lim sup v ")n M)y AR T,

n—o0

hiop(Ey, S) <

This finishes the proof of (1).
(2) Similarly to (A.6), we have

B
S, (B = [ tim i i tog( x ) (Ba(Ce ). o) i x )
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o]
= / lim lim inf ——log u(Bpm(yn—1).M(yn-11(x, €, d)) du
A

Z e—~>0n—>+o00 n

.. . My,n)—m(y,n)
= lim inf

n——+0o n

hop(AZ, T).

Hence by [25], the variational principle for amenable Bowen entropy, we have

M(y,n)_m(y,”)

B 1 P Z
hgp(Eys S) = WS (Ey, S) = liminf . hiop(AZ, T).
We now prove the upper bound for hgp(E y), that is,
.. M(y,n)—m(y,n)
hip(Ey, §) < lim inf - hop(AZ, T).

Let § > 0 be fixed. For any ¢ > 0, there exists k € N such that for any x, z € AZ,
whenever x; = z; for every |i| < k, we have that d(x, y) < ¢. Hence for any interval [m.n]
of integers, we have

B (x, &, d) 2 [x|[—k+mk+n1)s
where [x|[—k4+mi4n)] == {z € A% . z; = x;, for every —k +m <i <k + n}isthe cylin-
der in AZ.
Let
E,={x¢€ AZ:xi =1lifi¢[—k+m@Oy,n—1),k+MQ,n—1)]}.
Consider the family

{Bl’l((x’ )’), g, p)N Ey}xEEn~

This evidently covers Ey, since B,((x, y), &, 0) N Ey = Binyu—1),Mya—1)(X, &, d) X
{y} (by (A.5)). Hence for any N € N, we have forany n > N,

M(Ey, N, ¢&,s,{F,}) < (#HE,)e "
— 2M(y,n—l)—m(y,n—1)+2k+le—sn

— en(((M(y,n—1)—m(y,n—l)+2k+l)/n) log 2—s)‘

Note that there exist infinitely many n € N such that

My,n—1)—-—m@,n-0D+2k+1 . . M(y,n)—m(y, n)
< lim inf + 4.
n n—+00 n

Then for any s > (lim inf,,—, oo (M (y, n) — m(y, n))/n) + §) log 2, we can deduce that
M(Ey, N, e, s, {F,}) =0.

Letting N — 400, ¢ — 0 and then § — 0, from the definition of the Bowen entropy, we
can conclude that

M —
hE (E,, S) < lim inf G, n) = mQ,m)

n— 00 n

heop(AZ, T).

This finishes the proof of (2) of Proposition 5.10.
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