Bull. Aust. Math. Soc. 110 (2024), 468-479
doi:10.1017/S0004972724000108

NON-POLYA FIELDS WITH LARGE POLYA GROUPS
ARISING FROM LEHMER QUINTICS

NIMISH KUMAR MAHAPATRA ©* and PREM PRAKASH PANDEY

(Received 26 December 2023; accepted 14 January 2024; first published online 11 March 2024)

Abstract

We construct a new family of quintic non-Pélya fields with large Pélya groups. We show that the Pélya
number of such a field never exceeds five times the size of its P6lya group. Finally, we show that these
non-Pdlya fields are nonmonogenic of field index one.
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1. Introduction

Let K be an algebraic number field and Ok be its ring of integers. Let Int(Og) =
{f € K[X]| f(Ok) € Ok} be the ring of integer-valued polynomials on Ok. Then the
number field K is said to be a Pélya field if the Ox-module In#(Ok) has a regular basis,
that is, a basis (f;,) such that for each n € N U {0}, degree (f,,) = n (see [26]). For each
n € N, the leading coefficients of the polynomials in In#(Ok) of degree n together with
zero form a fractional ideal of Ok, denoted by J,(K). The following result establishes
a connection between J,(K) and the Pélya-ness of the number field K.

PROPOSITION 1.1 [1, Proposition I1.1.4]. A number field K is a Polya field if and only
if 3,(K) is principal for every integer n > 1.

It follows immediately from Proposition 1.1 that if the class number of K is one,
then K is a Pdlya field. However, the converse is not valid in general. That is, if the
class number /g of K is not one, then we cannot decide whether K is a Pdlya field or
not: for instance, every cyclotomic field is a Pdlya field (see [26, Proposition 2.6]).

Let CI(K) denote the ideal class group of K. For each integer n > 1, let [J,(K)] be
the ideal class in CI(K) corresponding to the fractional ideal J,(K). The Pélya group
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Po(K) of K is defined to be the subgroup of CI(K) generated by the elements [J,,(K)]
in CI(K). Therefore, K is a Pélya field if and only if Po(K) = {1}.

It is an interesting problem to look for explicit families of number fields that are
Pélya or non-Pélya (for example, see [9, 10, 19, 23]). The classification of Pdlya
fields of low degree is of significant interest. Towards this, Zantema [26] completely
characterised quadratic Pélya fields.

PROPOSITION 1.2 [26, Example 3.3]. Let p and g be two distinct odd primes. A
quadratic field Q(Vd) is a Pélya field if and only if d is of one of the following forms:

(1) d=2,ord=-1,0rd=-2,0ord=—pwhere p=3(mod4), ord = p;
(2) d=2p, ord = pqwhere pq = 1 (mod 4) and, in both cases, the fundamental unit
has norm 1 if p = 1 (mod 4).

REMARK 1.3. The classification of quadratic Pélya fields can also be obtained from
Hilbert’s theorems (see [13, Satz 105 and Satz 106]).

Leriche [17] completely classified Galois cubic Pélya fields. In the same article,
Leriche also classified cyclic quartic and cyclic sextic Polya fields. Moreover, she
obtained similar classifications for some more families of bi-quadratic and sextic
fields (see [17, Theorems 5.1 and 6.2]). Recently, there have been several attempts to
provide families of Pélya and non-Pélya fields in the remaining cases of bi-quadratic
extensions (see [9, 10, 19, 23]). In [3], the authors constructed a new family of totally
real bi-quadratic fields with large PSlya groups.

In this article, we characterise the Pélya-ness of a special family of quintic fields
arising from Lehmer qunitics. For each integer n € Z, the Lehmer quintic f,(x) € Z[x]
is defined by

fu@) =X + n?x* — 2n + 61% + 10n + 10)x° + (n* + 507 + 11n* + 150 + 5)x*

+ (7 +4n* + 10n + 10)x + 1.

Let 6, € Cbe aroot of f,(x) = 0. If we set K,, = Q(6,,), then [K,, : Q] = 5 and the fields
K, are called Lehmer quintic fields [16]. Our main theorem is the following result.

THEOREM 1.4. Let {K,} be the family of Lehmer quintic fields. If m, = n* + 5n° +
1512 + 25n + 25 is cube free, then:

(1) K, is a Polya field if and only if m,, is a prime or m,, = 25;
(2) Po(K,) = (Z/5Z)*"™)~! where w(t) is the number of distinct prime divisors of t.

Moreover, there are infinitely many non-Polya fields in the family {K,,}.
Let G be a finite group. If m > 1 is an integer, then the m-rank of G is the maximal

integer r such that (Z/mZ)" is a subgroup of G. The following folklore conjecture is
widely believed to be true but it is still open.
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CONJECTURE 1.5 [5, Conjecture 1.1]. Letd > 1 and m > 1 be two integers. Then the

m-rank of the class group of K is unbounded when K runs through the number fields
of degree [K : Q] =d.

It is known that when m = d, or more generally when m | d, this conjecture
follows from class field theory (see [5, Conjecture 1.1]). The following corollary to
Theorem 1.4 gives an alternative and elementary proof of the conjecture for the case
m=d=235.

COROLLARY 1.6. The 5-ranks of the class groups of the non-Polya Lehmer quintic
fields K,, are unbounded.

Recall the classical embedding problem: is every number field K contained in a field
L with class number one? In 1964, Golod and Shafarevich [6] gave a negative answer
to this question. The corresponding embedding problem for Pélya fields was confirmed
affirmatively by Leriche [18]. Leriche proved that every number field is contained in a
Pélya field, namely its Hilbert class field (see, [18, Theorem 3.3]).

A minimal Pélya field over K is a field extension L of K which is a Pdlya field and
such that no intermediate field K € M C L is a Pdlya field.

DEFINITION 1.7. [18, Definition 6.1] The Pdélya number of K is
pox =min{[L : K] | K € L, Lis a Pdlya field}.

We study the Plya number poy of the non-Pdlya field K, and obtain an upper
bound for pog in terms of the size of the corresponding Pdlya group Po(K),).

THEOREM 1.8. Let K,, be the family of Lehmer quintic fields such that m, is cube-free.
Then poyg < 5|Po(K,)|.

Let K be a number field and 6 € Ok be a primitive element. The index [Ok : Z[6]]
is called the index of # in K and is denoted by I(6). The index of the number field
K is defined by I(K) = gcd{I(0) | 8 € Ok and K = Q(6)}. If I(K) > 1, then the number
field K is not monogenic, that is, Ok # Z[6] for any 6 € K. However, the converse is
not true in general. That is, there exist nonmonogenic number fields K with /(K) = 1.
These are basically fields which are not monogenic, but not for a local reason (see [25]
for more details). In this direction, we prove the following result.

THEOREM 1.9. Let {K,,} be the family of non-Pdolya Lehmer quintic fields such that m,
is cube-free. Then K, is not monogenic and 1(K,) = 1.

In Section 2, we develop some preliminaries required to prove Theorem 1.4.
Section 3 contains the proofs of Theorem 1.4 and Corollary 1.6. In Section 4, we
study the Pélya numbers of Lehmer quintic fields and prove Theorem 1.8. In the
same section, we also study the monogenicity of the non-Pdlya number fields K, and
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give the proof of Theorem 1.9. Finally, in Section 5, we present some computations
performed with SageMath.

2. Preliminaries

In this section, we assume that the number field K is a finite Galois extension of Q
and for any prime number p, we denote the ramification index of p in K/Q by e,,.

In [2], Chabert obtained a nice description for the cardinality of Po(K) for cyclic
extensions K/Q.

PROPOSITION 2.1 [2, Corollary 3.11]. Assume that the extension K/Q is cyclic of
degree n.

(1) IfKis real and N(Og) = {1}, then |[Po(K)| = ([ ], e,)/(2n).
(2) Inall other cases, |Po(K)| = (], ep)/n.

When K is a cyclic number field of odd degree, all ramification indices e, are
odd and case (1) of Proposition 2.1 does not occur. We record this in the following
corollary.

COROLLARY 2.2. IfK/Q is a cyclic extension of degree n and n is odd, then |Po(K)| =
(Hp ep)/n.

Zantema [26, Section 3] showed that Po(K) is the subgroup of CI(K) generated by
the classes of the ambiguous ideals of K. In other words,

Po(K) = {[a] € CI(K) : a" = a for all T € Gal(K/Q)}.

Next, we state some results on Lehmer quintics and their discriminants. In
[22], Schoof and Washington showed that f,(x) is irreducible for all n € Z and its
discriminant is (n> + 512 + 10n + 7)2(n* + 51 + 15n% + 25n + 25)*. Let 6, € C be a
root of f,(x) =0. If we set K, = Q(6,), then K, is a cyclic field for all n € Z [22,
Theorem 3.5]. We denote the ring of integers of K, by O,. Now we recall some results
of Jeannin [15] on the discriminant d(K,,) of K,,.

LEMMA 2.3 [15, Lemme 2.1.1]. All the prime divisors p #5 of n* + 5n° + 15n% +
25n + 25 satisfy p = 1 (mod 5).

LEMMA 2.4 [15, Théoreme 2.2.1]. The discriminant d(K,) = f(K,)*, where the
conductor f(K,) of K, is given by

b
fKy=5"1] p. .1
p=1 (mod 5)
vp(n4+5n3+15n2+25n+25)$0 (mod 5)
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Here v, (k) denotes the exponent of the highest power of the prime p dividing a nonzero
integer k and

- {O 751, 2.2)

2 if5]|n.

We quote the following result due to Erdds [4] which plays a crucial role in the
proof of our main theorem.

THEOREM 2.5 [4, Section 1]. Let f(x) be a polynomial of degree d >3 whose
coefficients are integers with highest common factor 1 and whose leading coefficient is
positive. Assume that f(x) is not divisible by the (d — 1)th power of a linear polynomial
with integer coefficients. Then there are infinitely many positive integers n for which
f(n) is (d — 1)th power free.

Next we state a deep result on power-free values of polynomials (see [11, 12, 21]).

THEOREM 2.6 [21, Theorem 1]. Let f(x) € Z[x] be an irreducible polynomial of
degree d > 3 and assume that f has no fixed (d — 1)th power prime divisor. Define

NJQ(X) =#{p < X : p prime, f(p) is (d — 1)-free}.
Then, for any C > 1,

/ o X
N/(X) = ¢m(X) + oc,f((log—x)c),

as x — oo, where

, oY
v U(l - )
and p'(d) = #n (mod d) : (d,n) = 1,d | f(n)}.

Let f(x) be an irreducible polynomial with integral coefficients and f(m) > O for

m=1,2,.... Let w(m) denote the number of distinct primes dividing m. For primes
p, the following result due to Halberstam [8] determines the distribution of values of
w(f(p)).

THEOREM 2.7 [8, Theorem 2]. Let f(X) € Z[X] be any nonconstant polynomial. For
all but o(X/log X) primes p < X,

W(f(p)) = (1 + o(1)log log X.

Now we state some results on the number of integral solutions of a Diophantine
equation of the type

Y™ = f(X). (2.3)

When m = 2 and f(x) is a monic quartic polynomial, the following result due to Masser
[20] gives a specific bound for integral points on the curve.
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THEOREM 2.8 [20]. Consider the Diophantine equation Y* = f(X), where f(X) is a
polynomial of degree four with integer coefficients. Assume that f(X) is monic and its
discriminant is not a perfect square. Then any integer solution (x,y) of the equation
satisfies |x| < 26H(f)?, where H(f) denotes the maximum of the absolute values of the

coefficients of f(X).

3. Proof of Theorem 1.4

PROOF. We consider the set
P={neZ:m,=n"+5n+ 150 + 25n + 25 is a cube-free integer}.
Forn € P,
m, = S’PAB’. GB.D

Here b = 0 if n is not divisible by 5 and b = 2 otherwise, and A, B are square-free
natural numbers which are relatively prime and 5 ¥ AB. From Lemma 2.3 and (2.1),

f(K,) =5°AB and d(K,) = (5’AB)". (3.2)

Since K,/Q is Galois and of degree 5, we see that for any prime p, the ramification
index e, of p in K,, is given by

5 ifp|5AB,
e, =
P 1 otherwise.

Thus,

1_[ ¢, = 5K = 50m), (3.3)
P

Now from Corollary 2.2,
|Po(K,)| = 50" (3.4)

Thus, for n € P, the Lehmer quintic field K, is a Polya field if and only if m, is a
prime or a square of a prime. We claim that m,, is a square of a prime if and only if
my,, = 25. This claim will prove Theorem 1.4(1). To prove the claim, consider the curve

Y2 = f(X) = X* + 5X° + 15X? + 25X + 25. (3.5)
From Theorem 2.8, any integral solution (x, y) of (3.5) satisfies
bl < 26 x 25% = 406250.

Using a SageMath program, we find that for x € [-406250,406250], the only integral
point on the curve Y2 = f(X) is (X, Y) = (0, 5). In other words, m,, is not a square for
any nonzero integer n unless m, = 25. This establishes the claim.
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We have Gal(K,,/Q) ~ Z/57Z. Let o be a generator of Gal(K,,/Q) and [J] # [1] be
an ambiguous ideal class in K,,. Then

[31° = [SISISISIS] = [SNUSI7[S17 317 [317 = [N@)] = [1],
where N(3J) € Q denotes the norm of the ideal J. We conclude that the order of any
nontrivial ambiguous ideal class in the class group of K, is 5. From the structure
theorem for abelian groups,
7 )tu(m,,)—l

PoK) = (==

This completes the proof of Theorem 1.4(2).

From (3.1), we see that m,, cannot be a prime whenever 5 | n. Thus, K, is a non-Pélya
field whenever n # 0,5 | n and n € . Next we show that there are infinitely many such
n. To do this, we show that there are infinitely many k such that ms is cube-free. Note

that
msi = (5k)* + 5(5k)* + 15(5k)? + 25(5k) + 25
= 25(25k* + 25k + 15k> + 5k + 1) = 25g(k). (3.6)
If h(k) = ak + b is a linear polynomial such that a(k)* | g(k), then for t = —b/a € Q,
g =0 = 25" + 25 + 152 +5t+1 =0, (3.7
g =0 = 100 + 75 + 30t +5 =0, (3.8)
g () =0 = 3007 + 1507 + 30 = 0. (3.9)

This contradicts the fact that t € Q. Thus, from Theorem 2.5, it follows that g(k) is
cube-free for infinitely many k. Since 5 1 g(k) for all &, it follows that msy is cube-free
for infinitely many integers k. This proves that # is an infinite set and completes the
proof of the theorem. |

REMARK 3.1. From the proof of Theorem 1.4, it follows that for any n # 0, the Lehmer
quintic field K5, is non-Pélya whenever ms, is cube-free. However, there are non-Pdlya
fields Ks, with ms, not being cube-free (see the entry for n = —53 in Table 1).

Conjecturally, there are infinitely many n € Z such that m, is prime and thus the
family {K},} should have infinitely many P6lya fields. Under the assumption that m,, is
cube-free, Theorem 1.4 asserts that there are infinitely many Pélya fields in the family
K, only if there are infinitely many primes of the form m,,.

PROOF OF COROLLARY 1.6. From the above remark, it is enough to find integers
n such that ms, is cube-free and w(ms,) goes to infinity as n goes to infinity. Let
g(k) = (25k* + 25k + 15k* + 5k + 1). From Theorem 2.6, for a positive proportion of
primes p, we see that g(p) is cube-free. Consequently, ms), is cube-free for a positive
proportion of prime numbers p. Now, we only consider those primes p such that ms,
is cube-free. There is a positive constant ¢ such that for any large real number X, there
are at least cX/log X many primes. From Theorem 2.7, it follows that w(ms,) goes to
infinity as p goes to infinity. ]
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n ms, Cn,, #Po(Ks,) n ms, Cn,, #Po(Ksy)
-60 7966342525 1 52 1 1775 1 5!
—-59 7446286775 1 52 2 16775 1 52
-58 6952119275 1 52 3 71275 1 5!
—57 6482966275 1 52 4 206525 1 52
-56 6037969025 1 53 5 478775 1 52
-55 5616283775 1 52 6 959275 1 5!
-54 5217081775 1 53 7 1734275 1 5!
—-53 4839549275 1331 52 8 2905025 1 5!
—52 4482887525 1 53 9 4587775 1 5!
—-51 4146312775 1 54 10 6913775 1 53
-50 3829056275 1 53 11 10029275 1 52
—49 3530364275 1 52 12 14095525 1 5!
—48 3249498025 1 5! 13 19288775 1 52
—47 2985733775 1 53 14 25800275 1 52
—46 2738362775 1 52 15 33836275 1 53
—45 2506691275 1 52 16 43618025 1 52
—44 2290040525 1 52 17 55381775 1 53
—43 2087746775 1 52 18 69378775 1 52
—42 1899161275 1 52 19 85875275 1 5!
—41 1723650275 1 52 20 105152525 1 5!
—40 1560595025 1 5 21 127506775 1 53
-39 1409391775 1 52 22 153249275 1 52
-38 1269451775 1 52 23 182706275 1 5!
-37 1140201275 1 5! 24 216219025 1 52
-36 1021081525 1 52 25 254143775 1 53
-35 911548775 1 52 26 296851775 1 52
-34 811074275 1 52 27 344729275 1 53
-33 719144275 1 5! 28 398177525 1 52
-32 635260025 1 5! 29 457612775 1 5!
-31 558937775 1 53 30 523466275 1 52
-30 489708775 1 52 31 596184275 1 52
—29 427119275 1 53 32 676228025 1 52
-28 370730525 1 52 33 764073775 1 5!
-27 320118775 1 52 34 860212775 1 52
—26 274875275 1 52 35 965151275 1 53
—-25 234606275 1 5! 36 1079410525 1 52
-24 198933025 1 53 37 1203526775 1 52
-23 167491775 1 53 38 1338051275 1 53
-22 139933775 1 5! 39 1483550275 1 52
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TABLE 1. Continued.

n msy Cm5n PO(KSn) n msy Cmsn PO(KSn)
-21 115925275 1 53 40 1640605025 1 52
-20 95147525 1 53 41 1809811775 1 52
-19 77296775 1 52 42 1991781775 1 53
—18 62084275 1 53 43 2187141275 1 54
-17 49236275 1 52 44 2396531525 1 5!
—16 38494025 1 52 45 2620608775 1 52
—15 29613775 1 5! 46 2860044275 1 52
—14 22366775 1 52 47 3115524275 1 53
-13 16539275 1 52 48 3387750025 1 53
-12 11932525 1 52 49 3677437775 1 54
—11 8362775 1 5! 50 3985318775 1 5!
-10 5661275 1 5! 51 4312139275 1 5!
-9 3674275 1 53 52 4658660525 1 52
-8 2263025 1 52 53 5025658775 1 52
-7 1303775 1 52 54 5413925275 1 52
-6 687775 1 53 55 5824266275 1 53
-5 321275 1 52 56 6257503025 1 53
-4 125525 1 5! 57 6714471775 1 53
-3 36775 1 5! 58 7196023775 1 52
-2 6275 1 5! 59 7703025275 1 53
-1 275 1 5! 60 8236357525 1 52

4. Pélya numbers and monogenicity of Lehmer quintic fields

The genus field (respectively, genus field in the narrow sense) of K is the
maximal abelian extension I'y (respectively, I';) of K which is a compositum of
K with an absolute abelian number field and is unramified over K at all places
(respectively, all finite places) of K. The genus number of K is defined to be the degree
gk = [’k : K].If K is abelian, then Leriche showed that the genus field I'x is Pélya and
hence

Pog < gk, 4.1)

where poy denotes the Pélya number of K. However, Zantema proved that both the
cyclotomic and real cyclotomic fields are Pélya fields [26]. Thus, for abelian number
fields K, if f is the conductor of K and ¢(f) is the value of the Euler totient function,
then

o o)

(K : Q] pog < 2K -0l if K is real. 4.2)

pog <
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For the general case, when K is a Galois number field (not necessarily abelian) with
class number /i,

pog < hg. (4.3)

To prove Theorem 1.8, we need the following result due to Ishida [14] on the genus
number of a cyclic number field of prime degree.

THEOREM 4.1 [14, Theorem 5]. Let K be a cyclic number field of degree q, where q is
an odd prime. If t is the number of primes p such that p is totally ramified in K, then
the genus number gx of K is

q if q is totally ramified in K,
8k = —1 .
q otherwise.

PROOF OF THEOREM 1.8. We have already seen in the proof of Theorem 1.4 that
the number of primes p such that p is totally ramified in K,, is w(m,). Now applying
Theorem 4.1 to the family of number fields K,,,

gk, = 5S¢ = pog, < 5e(ma) (4.4)
Substituting (3.4) in (4.4),
pog, < 5|Po(K,)|. o
REMARK 4.2. Generally, pog and Po(K) are mutually independent, but here in the
case of non-Pdlya Lehmer quintic fields, we have an unexpected relation.

To prove Theorem 1.9, we need the following result of Gras [7] on the monogenicity
of cyclic number fields of prime degree.

PROPOSITION 4.3 [7, Section 5]. If K is a cyclic number field of prime degree p > 5,
then K is monogenic only if 2p + 1 is prime and it is the maximal real subfield of the

cyclotomic field Q({>p+1).
Lastly, we recall a result of von Zylinski [24].

PROPOSITION 4.4 [24]. If K is a number field of degree n, then I(K) has only prime
divisors p satisfying p < n.

PROOF OF THEOREM 1.9. Let K,, be the family of non-Pdlya Lehmer quintic fields.
We know that Gal(K,,/Q) ~ Z/5Z. From Theorem 1.4,

|[Po(K,)| > 5. 4.5)

Since real cyclotomic fields are Pélya fields, K, never occurs as the maximal real
subfield of a cyclotomic field. From Proposition 4.3, it follows that K, is not
monogenic.
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Next, we aim to show /(K,) = 1 for all nonzero n for which K, is non-Pélya. We
recall the relation

d(6,) = U0 d(K,). (4.6)
As mentioned earlier,
d@,) = (n® + 5n% + 10n + 7)*(n* + 51> + 150% + 25n + 25)*.

From Lemma 2.3, (n* + 5n® + 15n% + 251 + 25) is not divisible by 2 or 3. It is easily
seen that (n® + 51 + 10n + 7) is also not divisible by 2 or 3. Consequently, we
conclude that 1(6,) is not divisible by 2 or 3. Now, from the result of Zylinski, it follows
that 1(6,) = 1. o

5. Computation

The computations summarised in Table | show that there are many non-Pdlya fields
in the family Ks,. For n € {-60, =59, ...,59,60}, we see that ms, is cube-free with
the only exception occurring at n = —53. For all n in this range, the Pdlya group is
nontrivial. In fact, for n = =53, ms, is not cube-free but the field K5, is non-Pdlya. In
Table 1, C,,,, denotes the cube part of ms,. We performed the computations using the
SageMath software. The program can be obtained by writing to the authors.
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