
Canad. Math. Bull. Vol. 37 (1), 1994 pp. 13-20 

ON THE LATTICE OF EXISTENCE VARIETIES 
OF LOCALLY INVERSE SEMIGROUPS 

KARL AUINGER 

ABSTRACT. The mapping E: V i—> {EOS) | S G (V] which assigns to each existence 
variety V of locally inverse semigroups the class of all pseudosemilattices of idempo-
tents of members of V is shown to be a complete, surjective homomorphism from the 
lattice of existence varieties of locally inverse semigroups onto the lattice of varieties 
of pseudosemilattices. 

1. Introduction. As defined by Hall [3,4,5], a class V of regular semigroups is 
an existence variety (or ^-variety) if V is closed under taking direct products, regular 
subsemigroups and homomorphic images. The collection of all ^-varieties of regular 
semigroups forms a complete lattice under inclusion containing the lattices of inverse 
semigroup and of completely regular semigroup varieties as ideal sublattices. For the 
subclass of all orthodox semigroups the concept of ^-variety has been introduced under 
the term "bivariety" by Kadourek and Szendrei [6]. For this class, the analogy to usual 
varieties of universal algebras is particularly strong: in each ^-variety of orthodox semi­
groups there exists for any non-empty set X a "bifree object" on X which is an adequate 
analogue to the usual free object. Furthermore, ^-varieties of orthodox semigroups can 
be characterized as classes which consist of all semigroups satisfying certain sets of "bi-
identities" (for définitions see [6]). The problem of whether analogues to free objects 
exist in other £-varieties of regular semigroups has been solved completely by Yeh [16]: 
using the slightly modified notion of an "^-free object", he showed that such semigroups 
exist in an ^-variety V of regular semigroups if and only if V is contained either in 
the ^-variety LI of all locally inverse semigroups or in the ^-variety £ 5 of all E-solid 
semigroups. Using the methods of [16], the author [1] introduced the concept of biiden-
tities in a form suitable for locally inverse semigroups and established a Birkhoff-type 
theorem for £-varieties of locally inverse semigroups (similar to the orthodox case [6]): 
these can be characterized as classes consisting of all locally inverse semigroups which 
satisfy certain sets of biidentities. In addition, in [1] it is shown that in each £-variety V 
of locally inverse semigroups all free products exist. 

For any locally inverse semigroup S, the set of all idempotents E(S) of S is equipped 
in a natural way with the binary operation of forming the sandwich element. In this 
way, E(S) is an algebraic structure of its own, called a pseudosemilattice. The class of 
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14 KARLAUINGER 

all such algebras forms a variety. The main purpose of the present note is to obtain a 
natural connection between the lattice of ^-varieties of locally inverse semigroups and 
the lattice of varieties of pseudosemilattices. It is shown that the mapping which assigns 
to each <?-variety V of locally inverse semigroups the class of all pseudosemilattices 
of idempotents of members of V is a complete, surjective homomorphism. This will be 
established in Section 3. The tools to prove this result include two kinds of 'Tree objects". 
The definitions of these, and further preliminaries are the content of the next section. 

2. Preliminaries. For any semigroup S denote by E(S) the (biordered) set of idem­
potents of S; for x G S let V(x) — {y G S \ x = xyx,y = yxy} be the set of (gener­
alized) inverses of x in S. Given two idempotents e,f G E(S) then S(e,f) = JV(ef)e is 
the sandwich set of the pair (e,f). If S is regular then S(e,f) ^ 0 for any e,f G E(S) and 
S(e,f) Ç V(ef)P\E(S). For the definition of (regular) biordered sets see Nambooripad [9]. 
A regular semigroup is locally inverse if the local submonoid eSe is an inverse semigroup 
for each e G E(S). It has been shown by Nambooripad [9, Theorem 7.6] that a regular 
semigroup is locally inverse if and only if \S(e,f)\ = 1 for all e,f G E(S). This fact has 
been used by Yeh [161 to introduce another binary operation A on any locally inverse 
semigroup. Given xny G S then x Ay denotes the unique element of the sandwich set 
S(y'y,xx') where x' G V(x) and y' G V(y), and A will be called the sandwich operation. 
The definition of A does not depend on the choice of the inverses x' respectively y'. The 
following important lemma has been proved by Yeh [16]. 

LEMMA 2.1. Let S, T be locally inverse semigroups. Then each (semigroup) homo­
morphism </>: S —> T respects the sandwich operation A. 

Restricting the operation A on S to the set of idempotents E(S) one gets the pseu-
dosemilattice E(S) of the locally inverse semigroup S. As a structure of its own, pseu­
dosemilattices have been studied, for instance, by Schein [15], Nambooripad [10], 
Meakin [7], Meakin and Pastijn [8]. The class (PS of all so obtained pseudosemilattices 
forms a variety of binary idempotent algebras [10]: the lattice of all subvarieties of TS 
will be denoted by L((PS). From Nambooripad [11], it follows that the class LI of all 
locally inverse semigroups forms an ^-variety (Hall [3]): the lattice of all sub-<?-varieties 
is denoted by Le(LI). In order to prove the mentioned result, we need the following 
concepts. 

DEFINITION 1. Let V be an <?-variety of locally inverse semigroups and let X be 
a non-empty set. Then the free idempotent generated semigroup in *V on X (or free 
semihand in V on X) is a semigroup FI^(X) G V, together with a mapping t: X —> 
E(FI^(X)) satisfying the following universal property: for any S G V and any map­
ping 4>: X —> E(S) there is a unique homomorphism </>: FI^(X) —* S extending <j>, that is, 

The existence of FI V{X) follows from [ 1, Theorem 6.7] : it is isomorphic to the 1 -̂free 
product of |X| copies of the trivial semigroup. It is clear thatFI^(X) is (up to isomorphic 
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THE LATTICE OF EXISTENCE VARIETIES 15 

copies) uniquely determined by the cardinality |X|. Throughout the paper, we shall iden­
tify X and Xt and consider X as a subset of FI^(X). Notice that FI^(X) is the closure of 
X under the operations of multiplication • and of forming the sandwich element A. 

DEFINITION 2. Let E be a pseudosemilattice. The locally inverse semigroup F(E) is 
the free locally inverse semigroup with respect to the pseudosemilattice E if it satisfies 
the following properties: 

(1) E(E(E))=E 

(2) F{E) is generated by E (under the operation •) 
(3) for any locally inverse semigroup S and any (pseudosemilattice) homomorphism 

0: £ —̂  E(5) there is a homomorphism 0: F(E) —> S such that 4>\E = 0. 
The existence of F(E) for any pseudosemilattice E follows from a more general result 

of Nambooripad [9, Theorem 6.9]. Uniqueness of F(E) and uniqueness of the extension 
0 in Definition 2 follow immediately. 

DEFINITION 3. Let E be a pseudosemilattice. Then the locally inverse semigroup 
T(E) is characterized by the following properties: 

(1) E(T(E))=E 
(2) T(E) is fundamental 
(3) if S is fundamental and E(S) = E then S is isomorphic to a full regular subsemi-

group of T(E). 
We call T(E) the Nambooripad semigroup with respect to the pseudosemilattice E. Fur­
ther, let E denote the subsemigroup of T(E) generated by the idempotents E. 

Existence and uniqueness of T(E) and of E follow from more general results of Nam­
booripad [9, Section 5]. 

3. The lattice of £-varieties of locally inverse semigroups. 

THEOREM 3.1. Let X be a non-empty set and let X be the closure ofX in FILI(X) 
under the sandwich operation A. Then X — EyEILI(X)) and the algebra (X, A) is the 
free pseudosemilattice on X. 

PROOF. X is closed under A and consists of idempotent elements of EILI(X). Hence 
(X, A) is a pseudosemilattice. Consider the inclusion mapping i\ X —> EILI(X), e \—> e. i 
is a (pseudosemilattice) homomorphism of X into E ( F I X J ( X ) ) . Hence there is a (unique) 
homomorphism 0: F(X) —> EILI(X) extending the mapping t. 0 respects both operations 
• and A. On the other hand, F(X) is a locally inverse semigroup. Therefore, the mapping 
x i—> x (x G X) can be (uniquely) extended to a homomorphism -0: EILI(X) —> F(X). 
Now 00 is a homomorphism E\LI(X) —> E\LI{X) extending the mapping x \—> x (x G 
X). Consequently, -00 is the identity mapping on EILI(X). On the other hand, the closure 
of X in F(X) under • and A contains X and thus is a full regular subsemigroup of F(X). 
But F(X) is generated by its idempotents X under • so that F(X) is the only full regular 
subsemigroup of F(X). That is, F(X) is generated by X under the operations • and A. 
Hence JC0-0 = x for all x G X implies that s00 = s for all s G E(X) because the 
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homomorphism ^ respects both operations • and A. So (/>0 is the identity mapping on 

F(X). Hence cj> and i/> are mutually inverse isomorphisms between F(X) and ¥\LI(X) so 

that X = XL = X</> = E(F(X))</> = E(FIUCY)). NOW let G be any pseudosemilattice 

and \:X —-> G be any mapping. There exists a locally inverse semigroup S such that 

E(S) = G. By definition of ¥\LI(X) there exists a homomorphism \ : ¥ILI(X) —> 5 such 

that xx = *X f ° r e a c n * £ X. Now x|X = x |E(FI£/ (X)) is a homomorphism X —» G 

which extends \ . The extension x \X is necessarily unique since X is generated by X under 

A. • 

REMARK. The free pseudosemilattice on a set has been described by Meakin [71. 

Theorem 3.1 implies a similar situation for an arbitrary <?-variety of locally inverse 

semigroups, which we now prove. 

COROLLARY 3.2. Let V G Le(LI). Then F(FIV{XJ) is the closure ofX in FlV(X) 

under A. The pseudosemilattice (E(F/1^(X)), A) is a relatively free pseudosemilattice 

on X. 

PROOF. Let </>: ¥ILI(X) —+ ¥\V(X) be the canonical homomorphism. That is, <j> is 

the unique homomorphism satisfying xc/> = x (the set X is interpreted as a subset of 

¥\LI(X) as well as of ¥W(X)). Let e G E ( F I ^ ( X ) ) . By Lallement's Lemma, there is 

/ G F(¥\LI(X)) such that/</> = e. By Theorem 3 . 1 , / is in the closure of X in ¥\LI(X) 

under A. Since <j> respects A, e is in the closure of X(j> = X in FI1^(X) under A. 

Let 9\X —> F(¥\V{X)\ Ç ¥\1/{X) be any mapping. There is a homomorphic ex­

tension 0: FI^(X) —• FI^ (X) of 6. Then 9\¥{¥l(l/(X)) is a homomorphic extension of 

0 to the pseudosemilattice E(FI V(X)). The uniqueness of this extension follows from 

the fact that E(¥ll/(X)) is generated by X. In particular E(FI1^(X)) is free on X in the 

class | E ( F I ^ ( X ) ) }. By a standard universal algebra argument (see [2, §24, Theorem 5]), 

E(FI^ (X) ) i s f ree on X in the variety generated by itself. • 

The following is an essential definition of the paper. 

DEFINITION 4. For any ^-variety V of locally inverse semigroups let 

E V = {E G (PS | E = E(S) for some S G <]/}. 

THEOREM 3.3. For each e-variety 1/ of locally inverse semigroups, El/ is a variety 

of pseudosemilattices. 

PROOF. Let V be an ^-variety of locally inverse semigroups. 

(1) Let / be an index set and £,• E E ^ for each / G /. For each / there is S{ G V such 

that Ef = F(Sj). Now n St G V and E(n St) = U E(S,) = n #/ and therefore n £/ GEO/. 

(2) Let E G EV and G Ç E be a subpseudosemilattice. Let E' = {e' \ e G E} 

be a set of cardinality \E\, e i—> e' being a bijection between E and £' , and let G' — 

{g' \ g £ G} Ç. E'. Consider the free idempotent generated semigroup in V on E'. 

Now G' is a subset of £ ' so that ¥l(l/(G') is a regular subsemigroup of ¥l*V(Ef). There 
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is S G V such that E(S) = F. Let </>: FII^F') —•» S denote the unique homomorphism 
extending the mapping E' —> F, e' i—> <?. Let F = ¥\V{G')^> Ç 5. Then F is a regular 
subsemigroup of 5. Hence T £ l/. Obviously, G Ç E(T). Let £ G E(F). By Lallement's 
Lemma there i s / G E(Fia/(G/)) such that/0 = e. By Corollary 3.2,/ = w(e\,. ..,e'n) 
for certain <?• G G7 and w is a polynomial with respect to the binary operation A. Now 
e — f<t> — w(^</>,..., <?'7</>) = vv(^i,...,en) where £/ = <?•</> G G. Since G is closed under 
A, e G G. That is, E(F) = G. In particular, G G E^ . 

(3) Let E G E ^ and let F' = Fc/> be a homomorphic image of F. First, there is 
S G V such that E(S) = E. For any locally inverse semigroup T let ^i(F) denote the 
greatest idempotent separating congruence on T. Now S/ p(S) G V and since S/ p(S) is 
fundamental, S/ p(S) is isomorphic to a full regular subsemigroup of the Nambooripad 
semigroup T(£). Then E is isomorphic to a regular subsemigroup of S/ p(S) and therefore 
E £ V. Let F(F) and F{E') be the free locally inverse semigroups with respect to the 
pseudosemilattices E respectively E'. Let </>: F(£) —* F(F') be the unique homomorphic 
extension of </>: £ —> F'. Let p be the congruence on F(E) induced by </> and let pT be the 
greatest congruence on F{E) having the same trace as p (see Pastijn and Petrich [14]). 
The greatest idempotent separating congruence on F(E)/ p is given by pT/p (see [14]). 
Consequently, F(E)/pT ^ F(E!)/p(F(E')). Again by [14], p(F(E)) Ç pT and therefore, 
the natural mapping F{E) —» F(E)/pT can be factorized as x i—> xp(F{E)} I—* xp r . 
Hence the mapping 

F(E)/p(F(E)) -> F ( £ ) / / - , F{É)/p(F{É)), 

xp(F(E)) ^xpT^x4>p(F(E')) 

provides a homomorphism which extends <\> (here the pseudosemilattices E(F(F)) 

and E(F(E)/P(F(E))) as well as E ^ F ' ) ) and E(F(E')/p{F{E'))\ are identified). 

Now F(E)/p(F(E)^J is (isomorphic to) a full regular subsemigroup of F(F) and 

F{E')/p(F(E')^j is (isomorphic to) a full regular subsemigroup of T(Ef). In particular, 

there is a homomorphism ^ of a full regular subsemigroup of T(E) onto a full regular 

subsemigroup of T(E') which extends the pseudosemilattice homomorphism </>. Restric­

tion of -0 to F yields F0 = F7. Since £ e ^ also F G ^ and thus, F' = E(F) G E ^ . 
• 

The kernel of the mapping E can be described in terms of the pseudosemilattice of 
idempotents of free idempotent generated semigroups. 

PROPOSITION 3.4. Let V, W G Le(LI) and X be a countably infinite set. Then 

EV = EW & E(FlV(X)) ^ E(FlW(X)). 

PROOF. Let X be a non-empty set and V G Le(LI). By Corollary 3.2 we know that 
E(FI^(X)) is a relatively free pseudosemilattice on X. Let F(E^)(X) denote the free 
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object in the variety El/ on the set X. There is a locally inverse semigroup S G V 
such that E(S) = F(E1^)(X). The mapping x \—> x can be extended to a homomor-
phism Q:Ell/(X) —> S. Restriction of 9 to E ( F I ^ ( X ) ) yields a surjective homomor-
phism r: E ( F I ^ ( X ) ) —> E(S) = F(E1^)(X) which extends the mapping x i-» x U G X). 
By E(FI^(X)) e E ^ w e infer that F(E^)(X) ~ E(FI^(X)). Since each variety is 
determined by its free object on a countably infinite set X we get 

EV = E<W & F(E<l/)(X) = F(EW)(X) <=> E(FI^(X)) ^ E(FI'MX)) 

for the countably infinite set X. • 

DEFINITION 5. A pseudosemilattice identity u — v holds in the locally inverse semi­
group S if it holds in the pseudosemilattice E(S) of S. It holds in the class V of locally 
inverse semigroups if it holds in each member of V. 

We now are able to prove the mentioned result. 

THEOREM 3.5. The mapping E: Le(LI) -> L(¥S), V •-> {E(S) \ S G V] is a 
complete surjective homomorphism. 

PROOF. Let / be an index set and Vx G Le(LI) for each / G /. Clearly E(f| V\) Q E ^ 
for each / G / so that E(fl Vï) £ f | E ^ . Conversely, let F G R E ^ . That is, E G E ^ 
for each / G /. As pointed out in the proof of Theorem 3(3), E G V{ for each / and thus 
F G 0 V. Since E(F) = F it follows that F G E(f| ^ ) and f| E(Vt Ç E(f| ^ ) . 

For the join, the inclusion X/El/j Ç E(V ^/) is trivial. For the reverse inclusion it 
suffices to show that each pseudosemilattice identity vv = v which holds in \JEl/j also 
holds in E(V ^ ) - Suppose that vv = v holds in V El/, and thus in El/, for each /' G /. This 
identity therefore holds in l/\ for each / G /(according to Definition 5) and thus also holds 
in|J l/\. If S G V ^thenSisahomomorphicimageof a regular subsemigroup of a direct 
product of certain members of IJ l/{ (see Yeh [16, Lemma 4.8]). Therefore, if vv = v 
holds in IJ ^/ then vv = v holds in V l/[ and thus also holds in E(V !/[)• Consequently, 
E ( V ^ ) ^ V ^ . 

Let 1/ G L(/PS) be any variety of pseudosemilattices and let Fl/(X) be the free 
object in 1/ on a countably infinte set X. Consider the free locally inverse semigroup 
F(F1/(X)) with respect to the pseudosemilattice Fl/(X). Let *W denote the ^-variety 

of locally inverse semigroups generated by F(F1/(X)}. Then E[F(FV(X)\ j = Fl/(X) 
so that Fl/(X) G UW. In particular, 1/ Ç EW. Again by [16], if S G W then S is 
a homomorphic image of a regular subsemigroup of a direct product of a collection of 
semigroups all of which being isomorphic to F(F1/(X)). If F is a homomorphic image 
of a locally inverse semigroup U then the pseudosemilattice E(F) is a homomorphic 
image of the pseudosemilattice E(U). Applied to the above situation we observe that E(S) 
divides a direct product of isomorphic copies of Fl/(X). Hence E(S) G 1/. In particular, 
EW Ç l/. Hence E1A? = 1/ and E is surjective. • 

Immediately we have the following corollaries. 
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COROLLARY 3.6. For each variety V of pseudosemilattices there are unique e-

varieties of locally inverse semigroups 1^ and (VE such that E - 1 *]/ is the interval sub-

lattice [VE,n/E] in Le(LI). 

COROLLARY 3.7. Let V G L(¥S) and let E be any pseudosemilattice which gener­

ates *]/ (for instance, E = Fl/(X)foran infinite set X). Then 1/E is the e-variety generated 

by~È. 

PROOF. Let V G L((PS) and £ G V such that E generates V. As in the proof of 

Theorem 3(3), Ë G U for each 11 G Le(LI) for which EU = V. Hence Ë G VE and 

thus VE contains the <?-variety W — (E) which is generated by E. Then also E*W Ç 

EVE = ^ since E is monotone. On the other hand, E G EW SO that ^ Ç E ^ and thus 

^ = E ^ . By definition, ^ is the least ^-variety 1i such that Ell — V. Therefore, we 

also have the reverse inclusion VE Ç CW. • 

COROLLARY 3.8. Let V G L(TS) and B{ V) be a basis of identities for V. Denote 

by Ll{B(Vj) the class of all locally inverse semigroups which satisfy all identities from 

B{V) {according to Definition 5). Then VE = Llfol/)). 

PROOF. It is easy to see that Ll(B(lS)) is an é>-variety. Furthermore, ELl(B(l/)) Ç 

V since by definition all members of ELl{B{V)^j satisfy all identities of B(V) and there­

fore all identities which hold in V. On the other hand, F(FV{X)) G Ll{B(V)) where 

EV{X) is the relatively free object on X in V and F(F1/(X)) is as in Definition 2. Then 

F<V(X) G ELI(B{V)) and thus V Ç ELI(B(V)) since V is generated by FV(X) 

for any infinite set X. We have ELl{B(V)) = V and thus Ll{B{V)) Ç VE. Con­

versely, let S G VE\ then E(S) G 1/ and thus S satisfies all identities of (U. In particular 

S G Ll{B(V)) and we have the reverse inclusion VE Ç Ll{B(V)), too. • 

Little is known about the lattice L(fPS) of varieties of pseudosemilattices. By 

Schein [15], a pseudosemilattice is associative if and only if it is a normal band. Hence 

L(fPS) contains the well known lattice of varieties of normal bands L(9^B) as an ideal 

sublattice. L(9^B) consists of the following eight varieties: 

T trivial semigroups 

LZ left zero semigroups 

%Z right zero semigroups 

S semilattices 
(R$> rectangular bands 

L9\Q$ left normal bands 
(R9^B right normal bands 

9^B normal bands 

For each V G L(9^B), VE = V (the V on the right hand side being considered as an e-

variety of locally inverse semigroups rather than a variety of bands). The corresponding 
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<?-varieties VE can be seen to be the following: 

T £ = Q (groups) 

LZE = LQ (left groups) 

%ZE=<RÇ (right groups) 

SE = / (inverse semigroups) 

^ B £ = CS (completely simple semigroups) 

L9^BE — LÇI (left generalized inverse semigroups, see Hall [4]) 
CR9&E — %QI (right generalized inverse semigroups, see Hall [4]) 

9^BE — Œ.SLI (£-solid locally inverse semigroups) 

The lattice of ^-varieties of E-solid locally inverse semigroups Le(%SLI) is therefore 
the disjoint union of the intervals [T, Q\ [LZ,LÇ], \%Z,%Q\ [SJl [%!B,CS], 
[L*L% LÇI], V&&, %gil [fAgB, T3LII 
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