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GROUP THEORY AND THE PRINCIPLE OF DUALITY

A.H. Lightstone

(received July 1, 1967)

1. Introduction. In [1] the Principle of Duality of
mathematical logic (which states that the duals of equivalent
well-formed formulas are also equivalent) is established

by first showing that certain transforms related to the duality
transform, also possess this property.
involved are 72 ,WZ , ﬁ , and 08 which are defined as
follows. »

Definition of /2 :

7] (a)

A if A is atomic

1

~A

70 (nay ={ 1B)
7S A7 (D)

3t(/] ~E))
72 (cvD) =TT (D)
7 (VtE) = Vt(7(E))

Definition of ]/Z :

Wl (A) = ~A if A is atomic

’

A

M)
e =Y v )

V t(J]] (vE))
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The transforms
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is atomic

= B
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CvD
VtE

whenever CwvD is a

well-formed formula
whenever VtE is a
well-formed formula
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if
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is atomic
= ~B
BvC
VtE
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(3) m(CVD) W[,(C)/\?]L(D) whenever CvD is a

well-formed formula

(4) 771 (VtE) 3 t(7R(E)) whenever V tE is a

well-formed formula.

Definition of (R :

(1) R(A) = ~A if A is atomic
A if A is atomic
(2) REA) =¢ ®(B) if A = B
~R(A) otherwise
(3) R(CvD) = ® (C) v &(D) whenever Cv D is a

well-formed formula

(4) ﬁ‘(V tE) = Vt({R(E)) whenever V tE is a

well-formed formula.

Definition of ob:

(1) OB(A) = A' if A is atomic

A if A is atomic
2) Da) = @(B) if A = B
DEBMPC) if A = BVC
| v t@(mE) if A = VtE
(3) oB(CVD) = o%(C)AOB(D) whenever CVD is a
well formed formula
(4) o%( VtE) = 3 t(@(E)) whenever v tE is a

well-formed formula.

The idea is to prove that 72 (A) = A and that J2A = ~A
whenever A is a well-formed formula, and that '—CQ(A)
whenever "A. The Principle of Duality, namely that
O%(A) = 0%(B) whenever A = B, follows by observing that 02
can be factored up to equivalence, i.e. that (R(WL(A)) = $(A)
whenever A is a well-formed formula. This procedure
is carried outin [1]. Actually, can be factored in a more
straight'forward manner; namely, WZ ﬁ =0$, i.e.

WZ(@(A)) = @(A) whenever A is a wellformed formula.
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The transforms 72,72 , and o% follow a simple pattern;
the transform@deviates slightly from this pattern, at a slight
gain in simplicity. Sadly, this is more than offset by
complications in the theory. Here, we shall replace @by &' )
a transform that achieves the same goal as (Q, namely of
reversing the effect of 772 on atomic wellformed formulas,
and fits the pattern of //, /) , and o% This requires only a
slight change in the definition; but the advantages are immediate
and impressive. The technique is to consider all the transforms
that fit the pattern of /7 ,}J) , and o), and to show that they
form a group under composition. Using elementary group
theory we can determine certain relationships between these
transforms. In particular, we shall prove that 0@ =772 052' =@'WZ;
moreover, 08 can be expressed as the product of two other ‘pairs
of transforms in the group.

2. Normal transforms. The first step is to recognize
the pattern shared by 7] , ), and o% Notice that for each of
these transforms, say 7J , f(A) is either A or ~A if A is
atomic, J (Cv D) is either § (C)vJ (D) or J (COaJ (D), and
T(VtE) is either V t(J(E)) or 3 t(f)’(E)). Moreover, the image
of a well-formed formula of the form "~A'" can be
reconstructed from the remaining three parts of the definition
of For example if A is atomic, then :r('vA) = A if
T (A) = ~A, whereas J (~A) = ~A if T (A) = A. So, the
transforms?Z ,7/[ , and C,8are characterized by three

parameters that we shall denote by 'm'", "d", and "Q'".
Generalizing this observation, we present the notion of a normal
transform.

DEFINITION 2.1: A syntactical transform Tis said to be
normal if and only if

(1) T (A) = nA  if A is atomic.

mA if A is atomic
T®) if A = ~B
@ Ta) = JB)cJ(~C) if A = BVC
qt(J (~E)) if A = VtE

(3) T(C\/D) = T(C) d T(D) whenever CV D is a
well-formed formula.
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(4) J(VtE) = QiT(E)) whenever VtE is a wellformed
formula.

where n is ~ or is blank, m is ~ or is blank, and m # n;

{d,c} ={v.,Aa}; and {Q,q = {V,3}.

We are primarily interested in four of the eight normal
transforms, namely 72 s w R (Q', and o% , whose parameters
are given in Table 1.

n d Q
77 v \4
M|~ ~ 3
R ~ v \4
D N 3

TABLE 1

The following lemmas are useful; throughout, 3’- is a normal
transform with parameters n, d, and Q.

LEMMA 2.1. J (nA) = A whenever A is atomic.

LEMMA 2.2. (mA) = ~A whenever A is atomic.

J
LEMMA 2.3. 7T (AdB) = J(A)NJ (B) whenever AdB is a
well-formed formula

LEMMA 2.4. 7J(AcB) =J(A)AJ (B) whenever AcB is a
wellformed formula

n

T(A)CT(B) whenever AAB is a
wellformed formula

LEMMA 2.5. J (AAB)

Vt(j/E) whenever QtE is a
wellformed formula

LEMMA 2.6. J (QtE)

1]

I

9 t(J E) whenever qtE is a
wellformed formula

LEMMA 2.7. 7 (qtE)

n

LEMMA 2.8. J (3tE) qt(J E) whenever JtE is a

wellformed formula
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We shall show that normal transforms form a group under

composition. Let "j;]’z" denote the transform that
associates :]‘1( TZ(A)) with A whenever A is a well-
formed formula, First, we point out that ‘Ti]; is normal

whenever 3’1 and j—z are normal. Indeed, it is easy to show
that the parameters of j;j-z are related to the parameters
of j-i and :r; as follows. We shall express ''n is blank"

by writing '"n = bl".

THEOREM 2.1. Let j; be a normal transform with
parameters n,, d and Q1, and let TZ be a normal

1’ 1 _
transform with parameters nz, d2’ and QZ. Then J1]_2

is a normal transform and its parameters are n, d, and Q where

n

v

o]
.
=
=}
1"

. :\, .
1 2 bl d1 if d2 Q1 if Q2

.

5
=8
=]
"
4

. =A .
1 > cy if d2 q, if Q

Using this result, it is easy to verify the following facts.
THEOREM 2.2. j_ T= 72 whenever Tis normal.
THEOREM 2.3. J /] = J whenever J is normal.

This establishes that normal transforms form a group
under composition; 72 is the group identity, and each group
element is its own inverse. It is well known that each group of
characteristic two is abelian. So, we obtain our next result.

—

/.
THEOREM 2.4. J1j; = J, T, whenever T
and TZ are normal.

Next, we work out the parameters of &'% By
Theorem 2.1, they are bl,A, and J ; these are the
parameters of 08

LEMMA 2.9. R = D
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COROLLARY 2.1.71@' Z@

The next result can be established by applying Theorem
2.1 or algebraically as follows.

COROLLARY z.2. D R'= (/A
Demonstration. D@@' :772@'@':772 72 = 772

Notice that the transforms 72 ,72 , ﬁ', and 02 form a
subgroup of our group. Consider the four remaining normal
transforms, d , R , and , whose parameters are

listed in the following table:

n d Q
a Ny
B Vo3
Cl ~ N
el ~ v 3
TABLE 2

Applying Theorem 2.1 it is easy to work out the table for our
group operation. In particular, we observe that ﬂ can be
factored as follows.

THEOREM 2.5. of) NR 4B -C&

Here is a useful property of normal transforms that can
be established by applying the Fundamental Theorem about well
formulated formulas.

THEOREM 2.6. Let :r be any normal transform; then
T(«-A) = '\J—(A) whenever A is a wellformed formula.

3. Principle of Duality. By applying the Fundamental
Theorem about wellformed formulas it is easy to verify the
following statements.

A whenever A is a well-
formed formula,

m

LEMMA 3.1. 7] (&)

~A whenever A is a well-
formed formula.

LEMMA 3.2. /7] (A)
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Of course, t he next two lemmas follow from these results.

LEMMA 3.3. 7/(aA) =7/ (B) if A = B.

i

LEMMA 3.4. 77 (A) =/]J(B) if A = B.

1

Moreover, using the Fundamental Theorem about Provable
well formulated formulas we can verify this fact about ﬁ .

LEMMA 3.5. |R'A if |} A.
To see the value of Theorem 2.6, we can prove

LEMMA 3.6. R'"(A-B) =R '(A) »R'B whenever A - B
is a well formulated formula.

More generally, we can establish
LEMMA 3.7. Let T be a normal transform such that

V; then J (A= B) = J(A)— T(B) whenever A— B
is a well form

Q.
1]

Demonstration. T(~AV B) =J(ANT(B) =~TJlawT (B)
by Theorem 2.6.

Returning to @ ', we point out that
LEMMA 3.8. OQ '(A) = ﬁ '(B) whenever A = B.

Using these results it is easy to establish the Principle
of Duality.

Principle of Duality. (ﬁ (A) 502 (B) whenever A = B.

Demonstration, Let A = B; then ﬁ'(A) = R'(B),
so M (R'(A) = JN(R'(B)). Thus, by Corollary 2.1,

Dy = pE).

Here is a well known property of (ﬂ that follows from our
results.

THEOREM 3.1. } A if and only if | ~)(A).

COROLLARY 3.1. } OB(A) if and only if | ~A.
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Using this result it is easy to verify

THEOREM 3.2. }'oﬁ(B)-»_j,(A) if F A->B.

Of course, the group involving all normal transforms has
many four-member subgroups; indeed {72,:]"'1, T 57 T 1 j' 2}

is a subgroup whenever j. # _,r )1 # 7). and fz + 7.

It is easy to verify that S = { ) | j is normal and J (A) = J (B)
whenever A = B} is a subgroup of our group. We have already

estabhshed that {7], /]Z 33/} CS; so either S={/,/// ,

' } or S is the set of all normal transforms. We shall
show that /{ ¢ S. Let A = FxV ~Fx and let B = Vy(Gy) = Gz.
Clearly, A = B; however, it is easy to verify that 'ﬂ (A) -a(B "
is false. ThlS proves that { € S; we conclude that

N7 R}
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