
GROUP THEORY AND THE P R I N C I P L E OF DUALITY 

A . H . L igh t s tone 

( r ece ived July 1, 1967) 

1. In t roduc t ion . In [ l ] the P r i n c i p l e of Dual i ty of 
m a t h e m a t i c a l logic (which s t a t e s that the dua l s of equ iva len t 
w e l l - f o r m e d f o r m u l a s a r e a l so equivalent ) i s e s t ab l i shed 
by f i r s t showing tha t c e r t a i n t r a n s f o r m s r e l a t e d to the dual i ty 
t r a n s f o r m , a l so p o s s e s s th is p r o p e r t y . The t r a n s f o r m s 
involved a r e /I ,J/l , (ft , and Jj which a r e defined as 
fo l l ows . 

Defini t ion of fl : 

(1) 72 (A ) = A if A i s a t o m i c 

(2) 71 (-.A) J 

~A 

172(B) 
|7?(~c) A7?(-D) 

131( 72 (-E)) 

(3) /2(CvD) =7Z(C)v 72(D) 

(4) # ( V t E ) = Vt (71(E)) 

Defini t ion of l/L : 

(1) HI (A) = ~A if A is a t o m i c 

(2) ]Jl (-A) =1 

A 

TfliB) 

V t ( ^ ( ~ E ) ) 

if A i s a t o m i c 

if A = -vB 

if A = C V D 

if A = V t E 

wheneve r C v D i s a 
w e l l - f o r m e d f o r m u l a 
wheneve r V t E i s a 
w e l l - f o r m e d f o r m u l a 

if A i s a t o m i c 

if A = ~B 

if A = B ^ C 

if A = V t E 
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(3) ^ l ( C V D ) = %(C) A T T I P ) w h e n e v e r C v D i s a 
we l l - fo rmed f o r m u l a 

(4) T a ( V t E ) = 3t(7/[ (E)) 

Defini t ion of (f< 

w h e n e v e r V t E i s a 
wel l - fo rmed f o r m u l a . 

(1) 

(2) 

(R(A) = <v 

(R(~A) H 

-A if 
( 

A 

# ( B ) 

~R(A) 

A i s a t o m i c 

if A i s a t o m i c 

if A = <v,B 

o t h e r w i s e 

(3) ( R ( C v D ) = $ ( C ) N / $ . ( D ) w h e n e v e r C ^ D i s a 
wel l - formed f o r m u l a 

(4) ( f t ( V t E ) = V t ( $ ( E ) ) w h e n e v e r V t E i s a 
wel l - formed f o r m u l a . 

Def ini t ion of 

(1) 

(2) 

c£(A) = 

<£>(-A) 

A if 

= ^ 

; A 
1 

c8(B) 
L£(~B)> 

A i s a t o m i c 

if A i s a t o m i c 

if A = ~B 

/ ^ ( ~ C ) if A = Bs/C 

V t ( W ~ E ) if A = y t E 

(3) J(CvD) = J)(C)Ao£p) 

(4) $( V t E ) = 3 t(<§(E)) 

w h e n e v e r C V D i s a 
wel l - formed f o r m u l a 

w h e n e v e r y t E i s a 
wel l - formed f o r m u l a . 

The idea i s to p r o v e tha t fl (A) = A and tha t 7/lA. = ~A 
w h e n e v e r A i s a wel l - fo rmed f o r m u l a , and tha t \~ (£l(A) 
w h e n e v e r r A. The P r i n c i p l e of Dual i ty , n a m e l y tha t <-, 
9)(A) = f J ^(B) w h e n e v e r A = B , fol lows by o b s e r v i n g tha t &D 
can be f ac to red up to e q u i v a l e n c e , i . e . tha t ( $ ( ^ ( A ) ) 5 <^(A) 
w h e n e v e r A i s a we l l - fo rmed f o r m u l a . Th i s p r o c e d u r e 
i s c a r r i e d out i n [ l ] . Ac tua l ly , 9^ can be f ac to r ed in a m o r e 
s t r a i g h t f o r w a r d m a n n e r ; n a m e l y , Jfl (f^ = 9) , i . e . 
/ % ( $ ( A ) ) = o^ (A) w h e n e v e r A i s a we l l - fo rmed f o r m u l a . 
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The t ransforms 71 >ul » an(^ QO follow a simple pattern; 
the t ransform (^devia tes slightly from this pattern, at a slight 
gain in simplicity. Sadly, this is more than offset by 
complications in the theory. Here, we shall replace (fl. by 1)<J , 
a t ransform that achieves the same goal as /Q, namely of 
revers ing the effect of ffl on atomic well-formed formulae, 
and fits the pat tern of Jl, Jft , and ^ . This requires only a 
slight change in the definition; but the advantages are immediate 
and impress ive . The technique is to consider all the t ransforms 
that fit the pat tern of 71 M , and $ , and to show that they 
form a group under composition. Using elementary group 
theory we can determine certain relationships between these 
t rans forms . In par t icular , we shall prove that 9) =ffl (Q! = 0Çl/^î 
moreover , Jj can be expressed as the product of two o ther 'pa i rs 
of t ransforms in the group. 

2. Normal t ransforms . The f i rs t step is to recognize 
the pat tern shared by ^ >7/l * anc^ o^* Notice that for each of 
these t ransforms, say J" , J~(A) is either A or ~A if A is 
atomic, T ( C v D ) is either 3~(C)\/j~(D) or ^ ( Q A ^ F P ) »

 a n d 

3~(VtE) is either V t(J(E)) or 3 t(^(E)). Moreover, the image 
of a well-formed formula of the form !,~A" can be 
reconstructed from the remaining three par t s of the definition 
of J . For example if A is atomic, then J (~A) = A if 
5* (A) = ^A, whereas 3~(~A) = ^A if (f (A) = A. So, the 
t ransforms 7? >77l » a n d o2 ) a r e characterized by three 
pa rame te r s that we shall denote by "n", n d n , and "Q n . 
Generalizing this observation, we present the notion of a normal 
t ransform. 

DEFINITION 2 . 1 : A syntactical t ransform j is said to be 
normal if and only if 

(1) ^T(A) = nA if A is atomic. 

(2) 5VA) ={ 

f m A if A is atomic 

J~(B) if A = <vB 

J~KB)c J""(~C) if A = B N / C 

qt(^(~E)) if A = V t E 

(3) T (CVD) = T(C) à J~(D) whenever C v D is a 
well-formed formula. 
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(4) j ~ ( V t E ) = Qt ( J (E) ) w h e n e v e r Vt E i s a we l l - fo rmed 
f o r m u l a . 

w h e r e n i s ~ or i s b lank, m i s ~ or i s b lank , and m ^ n; 
{ d , c } = {v ,A } ; and {Q, q} = {V, 3 } . 

We a r e p r i m a r i l y i n t e r e s t e d in four of the eight n o r m a l 
t r a n s f o r m s , n a m e l y Jl , Jfl , (]Ç\ and ^n , whose p a r a m e t e r s 
a r e g iven in Tab le 1. 

71 
1ÎI 
(R' 

£ 

n 

<"U 

'V, 

d 

\/ 

A 

N/ 

A 

Q 

V 

3 
V 

3 

T A B L E 1 

The following l e m m a s a r e usefu l ; th roughout , J i s a n o r m a l 
t r a n s f o r m with p a r a m e t e r s n, d, and Q. 

LEMMA 2 . 1 . J~(nA) = A w h e n e v e r A i s a t o m i c . 

L E M M A 2 . 2 . 3* (mA) = ~A w h e n e v e r A i s a t o m i c . 

L E M M A 2 . 3 . 0 ~ ( A d B ) = CT(A)x/]T(B) w h e n e v e r A d B i s a 
wel l - formed f o r m u l a 

L E M M A 2 . 4 . J ( A c B ) = T ( A) A J ( B ) w h e n e v e r A c B is a 
wel l - formed f o r m u l a 

L E M M A 2 . 5 . T ( A A B ) = T ( A ) C T ( B ) w h e n e v e r A A B i s a 
we l l - fo rmed f o r m u l a 

L E M M A 2 . 6 . T ( Q t E ) = V t ( ^ E ) w h e n e v e r Q t E i s a 
we l l - fo rmed f o r m u l a 

L E M M A 2 . 7 . (f(qtE) = 3 t( X E ) w h e n e v e r q t E is a 
we l l - fo rmed f o r m u l a 

L E M M A 2 . 8 . T ( 3 t E ) = q t ( ^ E ) w h e n e v e r 3 t E i s a 
we l l - fo rmed f o r m u l a 
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We shall show that normal t ransforms form a group under 
composition. Let n t T T n denote the transform that 

associates T ( J ~(A)) with A whenever A is a well-
1 2 

formed formula. F i r s t , we point out that J jXL is normal 
1 2 

whenever J and J are normal . Indeed, it is easy to show 

that the pa rame te r s of J . J a re related to the p a r a m e t e r s 

of j and J as follows. We shall express f,n is blank" 

by writing Mn = bl11. 
THEOREM 2 . 1 . Let T be a normal transform with 

^1 
pa rame te r s n , d,, and Q . and let J _ be a normal 

1 1 1 2 
t ransform with pa ramete r s n , d , and Q . Then J J 

Là £* Ù, J. L* 

is a normal transform and its pa ramete r s are n, d, and Q where 

n, if n , = bl fd if d9 = V (Q if Q = V 
1 2 1 2 1 1 2 

, d =/ , and Q =< 
| m i i f n2 = * ^ if d2 =A [^ if Q2 = 3 

Using this result , it is easy to verify the following facts . 

THEOREM 2 .2 . J~ J~= 72 whenever is normal . 

THEOREM 2.3.3*71 = T whenever ^ is normal . 

This establishes that normal t ransforms form a group 
under composition; /I is the group identity, and each group 
element is i ts own inverse . It is well known that each group of 
charac ter i s t ic two is abelian. So, we obtain our next resul t . 

THEOREM 2 .4 . T T = X 2 T> whenever J " 

and ^p a re normal . 

Next, we work out the pa ramete r s of §\} [fl • By 
Theorem 2 . 1 , they are bl, A , and j » these a re the 
pa rame te r s of 9 \ 

LEMMA 2 .9 . (fcl 171 = $) 
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COROLLARY 2 . 1 . ^ $ ' = <g 

The next result can be established by applying Theorem 

2.1 or algebraically as follows. 

COROLLARY 2.2. $ (R* = "l 

Demonstration. $& =7/1 (R*&=7/l ^ = ^ 

Notice that the transforms / / ,/// , ffi , and ĉ y form a 
subgroup of our group. Consider the four remaining normal 
transforms, 6L > (o > C » a n ( ^ 6? » whose parameters are 
listed in the following table: 

a 
e 
c 
I 

n 

*Xr 

O» 

d 

A 

V 

A 

V 

Q 

V 

3 

V 

3 

TABLE 2 

Applying Theorem 2. 1 it is easy to work out the table for our 
group operation. In particular, we observe that /n can be 
factored as follows. 

THEOREM 2.5. 

Here is a useful property of normal transforms that can 
be established by applying the Fundamental Theorem about well 
formulated formulas. 

THEOREM 2.6. Let T be any normal transform; then 
J (~A) = *\f (A) whenever A is a well-formed formula. 

3. Principle of Duality. By applying the Fundamental 
Theorem about well-formed formulas it is easy to verify the 
following statements. 

LEMMA 3.1 • /2(A) A whenever A is a well-
formed formula. 

LEMMA 3.2. 7)2 (A) = ~A whenever A is a well-
formed formula. 
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Of c o u r s e , t h e nex t two l e m m a s follow f r o m t h e s e r e s u l t s . 

LEMMA 3.3. 71(A) = 72(B) if A = B. 

LEMMA 3.4. ^71 (A) = /7Z(B) if A = B. 

M o r e o v e r , us ing the F u n d a m e n t a l T h e o r e m about P r o v a b l e 
we l l f o r m u l a t e d f o r m u l a s we can ver i fy th is fac t about np) x. 

LEMMA 3 . 5 . f- (fi A if f- A. 

To s ee the va lue of T h e o r e m 2 . 6 , we can p r o v e 

LEMMA 3 . 6 . $ » ( A - > B ) = $ f ( A ) - * $ ' B wheneve r A - B 
i s a wel l f o r m u l a t e d f o r m u l a . 

M o r e g e n e r a l l y , we can e s t a b l i s h 

LEMMA 3 . 7 . L e t 3 be a n o r m a l t r a n s f o r m such tha t 
d = V ; then J ( A - * B ) = T(A) -* J ( B ) wheneve r A - * B 
i s a wel l f o r m 

D e m o n s t r a t i o n . T ( ^ A V B ) = T ( ^ A ) v T(B) = ~ J ( A ) v T Î B ) 
by T h e o r e m 2 . 6 . 

Re tu rn ing to ^ ', we poin t out that 

LEMMA 3 . 8 . $ !(A) = $ f(B) wheneve r A E B . 

Using t h e s e r e s u l t s i t i s e a s y to e s t a b l i s h the P r i n c i p l e 
of Dua l i ty . 

P r i n c i p l e of Dua l i ty . Jjj) (A) = ^ (B) wheneve r A = B . 

D e m o n s t r a t i o n . Le t A = B ; then / ^ ' ( A ) = ()R.f(B), 
so IJl (^J(A)) = / /Z( (K f ( B ) ) - T h u s > by Coro l l a ry 2 . 1 , 
# ( A ) = ^ ( B ) . 

H e r e i s a wel l known p r o p e r t y of t ) that follows f r o m our 
r e s u l t s . 

T H E O R E M 3 . 1 . [ A if and only if [ ~ J 0 ( A ) . 

COROLLARY 3 . 1 . f- ^ ( A ) if and only if f~ ~A. 

49 

https://doi.org/10.4153/CMB-1968-006-9 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1968-006-9


Using this resu l t it is easy to verify 

THEOREM 3 .2 . (- cB(B)-* j 5 (A) if [ A - B . 

Of course, the group involving all normal t ransforms has 
many four-member subgroups; indeed { ^ i j " , » J" 7> "T" T" -} 

is a subgroup whenever J ^ J , J~ ^ 7? , and J Î Jt • 

It is easy to verify that S = { J | J is normal and J (A) = J (B) 
whenever A = B} is a subgroup of our group. We have already 
established that {% , JH , (fl\ $ } CS ; so ei ther S = {/£ , 'J/l , 
(j\ > dj} o r S is the set of all normal t r ans fo rms . We shall 

show that CI € S. Let A = FxV ~ Fx and let B = Vy(Gy) -* Gz. 
Clearly, A = B; however, it is easy to verify that '££ (A) E # ( B ) n 

is fa lse . This proves that $. € S; we conclude that 
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