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Abstract

We investigate images of higher-order differential operators of polynomial algebras over a field k. We
show that, when char k > 0, the image of the set of differential operators {ξi − τi | i = 1, 2, . . . , n} of
the polynomial algebra k[ξ1, . . . , ξn, z1, . . . , zn] is a Mathieu subspace, where τi ∈ k[∂z1 , . . . , ∂zn ] for
i = 1, 2, . . . , n. We also show that, when char k = 0, the same conclusion holds for n = 1. The problem
concerning images of differential operators arose from the study of the Jacobian conjecture.
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1. Introduction

Throughout the paper, k denotes a field. The Jacobian conjecture, a long-standing open
problem in affine algebraic geometry, asserts that, when char k = 0, a polynomial map
F : kn → kn is invertible if its Jacobian determinant is a nonzero constant (see [2, 3]).

The study of images of differential operators of polynomial algebras is closely
related to the Jacobian conjecture. On the one hand, van den Essen et al. [5] showed
that the two-dimensional Jacobian conjecture is equivalent to saying that the image,
Im δ, of every k-derivation δ of the polynomial algebra k[x, y] with 1 ∈ Im δ and
divergence zero, is equal to k[x, y]. On the other hand, Zhao [9] showed that if the
following image conjecture IC(n) (or its special case SIC(n)) holds for all n ≥ 1, then
the Jacobian conjecture has an affirmative answer for all n ≥ 1.

Image conjecture (IC(n)). Let A[z] = A[z1, . . . , zn] be the polynomial algebra in n
variables over a commutative k-algebra A. Let a1,a2, . . . ,an ∈ A be a regular sequence
of A and let D be the set of differential operators

a1 − ∂z1 , a2 − ∂z2 , . . . , an − ∂zn .

Then Im D :=
∑n

i=1(ai − ∂zi )A[z] is a Mathieu subspace of A[z].
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Recall that a1, a2, . . . , an ∈ A is a regular sequence if the ideal (a1, a2, . . . , an) is
not equal to A and each ai is a nonzero divisor of A/(a1, a2, . . . , ai−1). A subspace
M of a commutative k-algebra B is a Mathieu subspace if the following property
holds. If f ∈ B is such that f m ∈ M for all m ≥ 1, then, for every g ∈ B, there exists a
positive integer mg such that g f m ∈ M for all m ≥ mg. Mathieu subspaces are a natural
generalisation of ideals and named after a conjecture of Mathieu in [8]. They were
first proposed by Zhao in [10] and further studied in [7, 11].

Remark 1.1. The image conjecture here is taken from [4, 6]. The original version in [9]
is a little more general. It asserts that when char k = 0, the same conclusion holds for n
commuting differential operators of order one with constant leading coefficients, that
is, differential operators of the form ∂zi (q) − ∂zi , i = 1, 2, . . . , n, where q ∈ A[z].

Let ξ = (ξ1, . . . , ξn) be n new variables. Taking A = k[ξ] = k[ξ1, . . . , ξn] and ai = ξi
in IC(n) gives the so-called special image conjecture.

Special image conjecture (SIC(n)). Let k[ξ, z] = k[ξ1, . . . , ξn, z1, . . . , zn] be the
polynomial algebra in 2n variables over k and let

D = {ξ1 − ∂z1 , ξ2 − ∂z2 , . . . , ξn − ∂zn}.

Then Im D :=
∑n

i=1(ξi − ∂zi )k[ξ, z] is a Mathieu subspace of k[ξ, z].

Several special cases of IC(n) have been proved: if char k > 0, then IC(n) holds for
all n ≥ 1 [6, Theorem 2.2]; if char k = 0 and Aa1 is a radical ideal, then IC(1) holds
[6, Theorem 2.8]; and if char k = 0 and A is a UFD, then IC(1) holds [7, Theorem
5.1]. In particular, SIC(n) holds for all n ≥ 1 when char k > 0 and holds for n = 1 when
char k = 0.

Images of differential operators (including derivations) of polynomial algebras are
far from being well understood and only a few results are known. The IC(n) involves
differential operators of order one. The purpose of this paper is to investigate images
of higher-order differential operators. More precisely, we propose the following
conjecture.

Higher order image conjecture (HIC(n)). Let k[ξ, z] := k[ξ1, . . . , ξn, z1, . . . , zn] be the
polynomial algebra in 2n variables over k and let

D = {ξ1 − τ1, ξ2 − τ2, . . . , ξn − τn},

where τi ∈ k[∂z1 , . . . , ∂zn ] for i = 1, 2, . . . , n. Then Im D :=
∑n

i=1(ξi − τi)k[ξ, z] is a
Mathieu subspace of k[ξ, z].

Our original idea was to find counterexamples to HIC(n) so as to understand the case
of order one better. However, it seems that the higher-order case behaves similarly to
the case of order one. In fact, we show in Section 2 that HIC(n) holds for all n ≥ 1
when char k > 0 and it holds for n = 1 when char k = 0. The theory of D−modules
plays an important role in our proof. This method was proposed in [4] to deal with the
case of order one and characteristic zero, and we develop it to deal with higher order
and arbitrary characteristic.

https://doi.org/10.1017/S0004972717000454 Published online by Cambridge University Press

https://doi.org/10.1017/S0004972717000454


[3] Images of higher-order differential operators 207

2. Main results

We begin with the basic properties of Weyl algebras and D−modules. The Weyl
algebra of rank n over k, denoted by An(k), is the algebra of differential operators
(with polynomial coefficients) on the polynomial ring k[x1, . . . , xn]. When char k = 0,
An(k) is isomorphic to the associative k-algebra k[∂1, . . . , ∂n, t1, . . . , tn] generated by
free generators ∂1, . . . , ∂n, t1, . . . , tn with relations

∂i∂ j = ∂ j∂i, tit j = t jti, ∂it j − t j∂i = δi j, 1 ≤ i, j ≤ n. (2.1)

When char k = p > 0, the relations ∂p
i = 0, 1 ≤ i ≤ n, should be added to (2.1). A

D−module means a (left) An(k)-module.
The following result is well known (see, for example, [4, Proposition 3.2]). For

α = (α1, . . . , αn) ∈ Nn, we write |α| =
∑n

i=1 αi and tα = tα1
1 tα2

2 · · · t
αn
n .

Proposition 2.1. Let An(k) = k[∂1, . . . , ∂n, t1, . . . , tn]. Let M be an An(k)-module and
f ∈ M. Suppose that each ∂i is nilpotent on f , that is, there exists some positive integer
mi such that ∂mi

i f = 0. Then f can be written uniquely as

f =
∑
α

tα fα, fα ∈
n⋂

i=1

Ann ∂i (with αi < p if char k = p > 0).

Now we consider the image of the set of differential operators

D = {ξ1 − τ1, ξ2 − τ2, . . . , ξn − τn},

on the polynomial algebra k[ξ, z] = k[ξ1, . . . , ξn, z1, . . . , zn], where τi ∈ k[∂z1 , . . . , ∂zn ]
for i = 1, 2, . . . , n. Let ci be the constant term of τi. We always assume that ci = 0 (by
the coordinate transformation ξ′i = ξi − ci), which ensures that τp

i = 0 if char k = p > 0.
When char k = 0 and τi = ∂zi , Zhao [9] constructed a linear map l : k[ξ, z]→ k[z]

with l(ξαzβ) = ∂αz (zβ), where we use the notation ∂αz = ∂α1
z1 ∂

α2
z2 · · · ∂

αn
zn , and showed that∑n

i=1 Im(ξi − ∂zi ) = ker l. We will show that a similar result holds for higher-order
differential operators in arbitrary characteristic.

Definition 2.2. For D = {ξ1 − τ1, ξ2 − τ2, . . . , ξn − τn}, where τi ∈ k[∂z1 , . . . , ∂zn ] for
i = 1, 2, . . . , n, define L : k[ξ, z]→ k[z] to be the k-linear map such that

L(ξαzβ) = (τα1
1 τ

α2
2 · · · τ

αn
n )(zβ).

Proposition 2.3. With the notation of Definition 2.2, Im D = ker L.

Proof. Let f ∈ Im D. Then f =
∑n

i=1(ξi − τi) fi for some fi ∈ k[ξ, z]. By the definition
of L and since τi ∈ k[∂z1 , . . . , ∂zn ], we know that L(ξi fi) = τi(L( fi)) and L(τi( fi)) =

τi(L( fi)). Thus

L( f ) =

n∑
i=1

(L(ξi fi) − L(τi( fi))) =

n∑
i=1

τi(L( fi)) − τi(L( fi)) = 0.

So Im D ⊆ ker L.
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For the converse, set A2n(k) = k[∂ξ1 , . . . , ∂ξn , ∂z1 , . . . , ∂zn , ξ1, . . . , ξn, z1, . . . , zn]. Note
that k[ξ, z] has a natural A2n(k)-module structure. Define a k-algebra morphism

ρ : An(k) = k[∂1, . . . , ∂n, t1, . . . , tn]→ A2n(k)

by ρ(∂i) = ∂ξi , ρ(ti) = ξi − τi. The definition is reasonable, since
∂ξi∂ξ j = ∂ξ j∂ξi ,
(ξi − τi)(ξ j − τ j) = (ξ j − τ j)(ξi − τi),
∂ξi (ξ j − τ j) − (ξ j − τ j)∂ξi = δi j,
∂

p
ξi

= 0 (when char k = p > 0).

Thus k[ξ, z] has an An(k)-module structure defined by{
ti f = (ξi − τi) f ,
∂i f = ∂ξi ( f ).

For any f ∈ k[ξ, z], since ∂i is nilpotent on f by Proposition 2.1, f can be written as

f =
∑
α

tα fα, fα ∈
n⋂

i=1

Ann ∂i,

and thus

f = f0 +
∑
α,0

(ξ1 − τ1)α1 · · · (ξn − τn)αn fα, f0 ∈
n⋂

i=1

Ann ∂i.

When char k = 0,
⋂n

i=1 Ann ∂i =
⋂n

i=1 ker ∂ξi = k[z], so f0 ∈ k[z]. When char k = p,
n⋂

i=1

Ann ∂i =

n⋂
i=1

ker ∂ξi = k[z, ξp
1 , . . . , ξ

p
n ],

and thus

f0 = g0 +
∑
β,0

(ξp
1 )β1 · · · (ξp

n )βn hβ(z) = g0 +
∑
β,0

(ξ1 − τ1)pβ1 · · · (ξn − τn)pβn hβ(z),

where g0 ∈ k[z].
In conclusion, f can be written as f = g + h, where g ∈ k[z] and h ∈ Im D ⊆ ker L.

So L( f ) = L(g) + L(h) = g + 0 = g. If f ∈ ker L, then g = L( f ) = 0 and consequently
f = g + h = h ∈ Im D. It follows that ker L ⊆ Im D. Therefore, ker L = Im D. �

In what follows, for f ∈ k[ξ, z], we denote by fi the homogeneous part of f with
degree i in z. If degz f = d, then f = f0 + f1 + · · · + fd, where fi =

∑
|α|=i cαzα, cα ∈ k[ξ].

Lemma 2.4. Let g =
∑
α cαzα ∈ Im D, where cα ∈ k[ξ], and let degz g = d. Then cα ∈ I

for all α with |α| = d, where I = (ξ1, . . . , ξn) is the ideal of k[ξ] generated by ξ1, . . . , ξn.

Proof. By Lemma 2.3, g ∈ ker L, that is, L(g) = 0. Since g =
∑
|α|=d cαzα +

∑
|α|<d cαzα,

we know that 0 = L(g) =
∑
|α|=d cα(0)zα + lower order terms, and thus cα(0) = 0, that

is, cα ∈ I when |α| = d. �
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Theorem 2.5. Suppose that char k = p > 0. Then HIC(n) holds for all n ≥ 1, that is,
Im D :=

∑n
i=1(ξi − τi)k[ξ, z] is a Mathieu subspace of k[ξ, z].

Proof. Since ξp
i h = (ξi − τi)ph for any h ∈ k[ξ, z], It follows that Ipk[ξ, z] ⊆ Im D, where

we write I = (ξ1, . . . , ξn) for the ideal of k[ξ] generated by ξ1, . . . , ξn.
Let f =

∑
α cαzα ∈ k[ξ, z] be such that f p ∈ Im D, where cα ∈ k[ξ].

Claim. cα ∈ I for all α.
Suppose the claim is true. Then f p = (

∑
α cαzα)p =

∑
α cp

αzαp ∈ Ipk[ξ, z]. Thus, for
any g ∈ k[ξ, z], we have g f m = f p(g f m−p) ∈ Ipk[ξ, z] ⊆ Im D for all m ≥ p. It follows
that Im D is a Mathieu subspace. It now remains to prove the claim.

Write f = f0 + f1 + · · · + fd, where fi =
∑
|α|=i cαzα. Since

f p = f p
0 + f p

1 + · · · + f p
d ∈ Im D,

by Lemma 2.4, all coefficients of f p
d = (

∑
|α|=d cαzα)p =

∑
|α|=d cp

αzαp belong to I, that
is, cp

α ∈ I and so cα ∈ I for all |α| = d. It follows that cp
α ∈ Ip. So f p

d ∈ Ipk[ξ, z] ⊆ Im D.
Then ( f0 + f1 + · · · + fd−1)p = f p − f p

d ∈ Im D. The claim follows by induction on
d = deg f . �

Theorem 2.6. Suppose char k = 0. Then HIC(1) holds, that is, on the polynomial ring
k[ξ, z] in two variables, Im(ξ − τ) is a Mathieu subspace, for τ ∈ k[∂z].

Proof. Recall that L : k[ξ, z]→ k[z], L(ξazb) = τa(zb). By Proposition 2.3, we have
Im(ξ − τ) = ker L. We may assume, without loss of generality, that

τ = ∂r
z + ar+1∂

r+1
z + · · · + ad∂

d
z ,

where ai ∈ k. Define a linear map

L0 : k[ξ, z]→ k[z], L0(ξazb) = (∂r
z)

a(zb).

Consider the w-degree on k[ξ, z], where w = (−r, 1). Then degw ξ
azb = b − ar. For any

h ∈ k[ξ, z], we denote by h the highest homogeneous part of h with respect to w-degree.
Let s = degw h. Then h =

∑
j−ir≤s ci jξ

iz j, h =
∑

j−ir=s ci jξ
iz j and

L(h) = L
( ∑

j−ir≤s

ci jξ
iz j

)
=

∑
j−ir≤s

ci j(∂r
z + ar+1∂

r+1
z + · · · + ad∂

d
z )iz j

=
∑

j−ir=s

ci j(∂r
z)

iz j + lower order terms in z

= L0(h) + lower order terms in z.

So L(h) = L0(h), where L(h) means the highest homogeneous part of L(h) ∈ k[z] in
terms of z.
Claim. If f m ∈ Im(ξ − τ) = ker L for all m ≥ 1, then degw f < 0.

Suppose that d := degw f ≥ 0 and write d = qr + r0, where 0 ≤ r0 < r. Since
L((ξq f )m) = τqmL( f m) = 0, it follows that (ξq f )m ∈ ker L. In addition, degw ξ

q f =

(−qr) + d = r0. Replacing f by ξq f , we may assume that degw f = r0 with 0 ≤ r0 < r.
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So f =
∑

j−ir=r0
ai jξ

iz j, ai j ∈ k. Write

f =
∑

n0≤i≤n1

ciξ
izir+r0 with ci ∈ k.

For any m ≥ 1, L0( f
m

) = L0( f m) = L( f m) = 0.
Now we show that we may assume that f ∈ Q[ξ, z], that is, all the ci belong to Q.

Since L0(ξazar+b) = (∂r
z)

a(zar+b) = ((ar + b)!/b!)zb,

0 = L0( f
m

) = L0

(( ∑
n0≤i≤n1

ciξ
izir+r0

)m)
= L0

( ∑
n0≤i1,i2,...,im≤n1

ci1 ci2 · · · cimξ
i1+···+im z(i1+···+im)r+mr0

)
=

∑
n0≤i1,i2,...,im≤n1

ci1 ci2 · · · cim
((i1 + · · · + im)r + mr0)!

(mr0)!
zmr0 .

Observe that L0( f
m

) = 0 means that (cn0 , . . . , cn1 ) is a (nonzero) zero point of the
homogeneous polynomial gm in the variables xn0 , . . . , xn1 , where

gm :=
∑

n0≤i1,i2,...,im≤n1

xi1 xi2 · · · xim
((i1 + · · · + im)r + mr0)!

(mr0)!
.

Since all these homogeneous polynomials gm are over Q and have a common nonzero
zero point (cn0 , . . . , cn1 ) in k, it is well known that they must have a common nonzero
zero point (cn0 , . . . , cn1 ) in Q. Replacing cn0 , . . . , cn1 by cn0 , . . . , cn1 , we may assume
that cn0 , . . . , cn1 ∈ Q, that is, f ∈ Q[ξ, z].

Assume, without loss of generality, that cn0 = 1. Then, for any prime number p,

0 = L0( f
p
) = L0

((
ξn0 zn0r+r0 +

∑
n0<i≤n1

ciξ
izir+r0

)p)
= L0

(
ξn0 pzn0rp+r0 p +

∑
n0<i≤n1

cp
i ξ

ipzirp+r0 p + p
∑

n0 p< j<n1 p

d jξ
jz jr+r0 p

)
=

(n0rp + r0 p)!
(r0 p)!

zr0 p +
∑

n0<i≤n1

cp
i

(irp + r0 p)!
(r0 p)!

zr0 p + p
∑

n0 p< j<n1 p

d j
( jr + r0 p)!

(r0 p)!
zr0 p,

where d j ∈ Z[cn0+1, . . . , cn1 ]. Thus

1 +
∑

n0<i≤n1

cp
i

(irp + r0 p)!
(n0rp + r0 p)!

+ p
∑

n0 p< j<n1 p

d j
( jr + r0 p)!

(n0rp + r0 p)!
= 0.

Since i > n0, we see that (irp + r0 p)!/(n0rp + r0 p)! is an integer divisible by p and,
since j > n0 p, also ( jr + r0 p)!/(n0rp + r0 p)! is an integer. So p|1 in Z[cn0+1, . . . , cn1]
for any prime number p. Note that cn0+1, . . . , cn1 ∈ Q, so there exists an l in Z such that
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cn0+1, . . . , cn1 are integral in Z[1/l]. So Z[cn0+1, . . . , cn1 , 1/l] is integral over Z[1/l].
When p - l, pZ[1/l] is a prime ideal of Z[1/l]. There exists a prime ideal α of
Z[cn0+1, . . . , cn1 , 1/l] such that α ∩ Z[1/l] = pZ[1/l] (see, for example, [1, Theorem
5.10]). Since p|1 in Z[cn0+1, . . . , cn1 ], α = Z[cn0+1, . . . , cn1 , 1/l], which contradicts the
fact that α is a prime ideal.

This proves the claim, that is, if f m ∈ Im(ξ − τ) for all m ≥ 1, then degw f < 0. Then,
for any g ∈ k[ξ, z], degw(g f m) = degw g + m degw f < 0 for all sufficiently large m, and
thus L(g f m) = 0 for such m. It follows that Im(ξ − τ) = ker L is a Mathieu subspace of
k[ξ, z]. �

Acknowledgements

The authors are grateful to Professor van den Essen for discussions on the image
conjecture and Mathieu subspaces during his visit in Jilin University.

References
[1] M. F. Atiyah and I. G. Macdonald, Introduction to Commutative Algebra (Addison-Wesley,

Reading, MA, 1969).
[2] H. Bass, E. Connel and D. Wright, ‘The Jacobian conjecture: reduction of degree and formal

expansion of the inverse’, Bull. Amer. Math. Soc. 7 (1982), 287–330.
[3] A. van den Essen, Polynomial Automorphisms and the Jacobian Conjecture, Progress in

Mathematics, 190 (Birkhäuser, Basel, 2000).
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Commutative, groupes quantiques et invariants, Reims, 1995, Sémin. Congr., 2 (Soc. Math.
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