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Abstract

We investigate images of higher-order differential operators of polynomial algebras over a field k. We
show that, when chark > 0, the image of the set of differential operators {& —7;|i=1,2,...,n} of
the polynomial algebra k[&,...,&,,21,...,2,] is a Mathieu subspace, where 7; € k[0,,,...,d,,] for
i=1,2,...,n. We also show that, when char k = 0, the same conclusion holds for n = 1. The problem
concerning images of differential operators arose from the study of the Jacobian conjecture.
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1. Introduction

Throughout the paper, k denotes a field. The Jacobian conjecture, a long-standing open
problem in affine algebraic geometry, asserts that, when char k = 0, a polynomial map
F : k" — k" is invertible if its Jacobian determinant is a nonzero constant (see [2, 3]).

The study of images of differential operators of polynomial algebras is closely
related to the Jacobian conjecture. On the one hand, van den Essen et al. [5] showed
that the two-dimensional Jacobian conjecture is equivalent to saying that the image,
Im 8, of every k-derivation § of the polynomial algebra k[x,y] with 1 € Im¢ and
divergence zero, is equal to k[x, y]. On the other hand, Zhao [9] showed that if the
following image conjecture IC(n) (or its special case SIC(n)) holds for all n > 1, then
the Jacobian conjecture has an affirmative answer for all n > 1.

Imace consecture (IC(n)). Let Alz] = Alzi, ..., 2,] be the polynomial algebra in n
variables over a commutative k-algebra A. Let ay,ay, . . .,a, € A be a regular sequence

of A and let D be the set of differential operators
ay—0;,a2—0y,,...,a, — 0,

n

Then Im D := Y7, (a; — 0;,)Alz] is a Mathieu subspace of A[z].
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Recall that ay,ay,...,a, € A is a regular sequence if the ideal (a;, ay,...,a,) is
not equal to A and each q; is a nonzero divisor of A/(aj,as,...,a;-1). A subspace
M of a commutative k-algebra B is a Mathieu subspace if the following property
holds. If f € B is such that f* € M for all m > 1, then, for every g € B, there exists a
positive integer m, such that g /™ € M for all m > m,. Mathieu subspaces are a natural
generalisation of ideals and named after a conjecture of Mathieu in [8]. They were
first proposed by Zhao in [10] and further studied in [7, 11].

Remark 1.1. The image conjecture here is taken from [4, 6]. The original version in [9]
is a little more general. It asserts that when char k = 0, the same conclusion holds for n
commuting differential operators of order one with constant leading coefficients, that
is, differential operators of the form d,(q) — 0.,,i=1,2,...,n, where g € A[z].

Let & = (£1,...,&,) be n new variables. Taking A = k[¢] = k[£1,...,&,] and a; = &
in IC(n) gives the so-called special image conjecture.

SPECIAL IMAGE CONJECTURE (SIC(n)). Let k[¢,z] = k[é1, ..., & 215 -+ 20] be the
polynomial algebra in 2n variables over k and let

D={& - 611762 - 6127 N 6zn}-
ThenImD := 3" (& — 0,)k[€, 2] is a Mathieu subspace of k[€, z].

Several special cases of IC(n) have been proved: if chark > 0, then IC(n) holds for
all n > 1 [6, Theorem 2.2]; if chark = 0 and Aa; is a radical ideal, then IC(1) holds
[6, Theorem 2.8]; and if chark = 0 and A is a UFD, then IC(1) holds [7, Theorem
5.1]. In particular, SIC(n) holds for all n > 1 when char k > 0 and holds for n = 1 when
chark = 0.

Images of differential operators (including derivations) of polynomial algebras are
far from being well understood and only a few results are known. The IC(n) involves
differential operators of order one. The purpose of this paper is to investigate images
of higher-order differential operators. More precisely, we propose the following
conjecture.

HiGHER ORDER IMAGE CONJECTURE (HIC(n)). Let k[&,z] := k[é1, ... €ns 205 - - - » 2] De the
polynomial algebra in 2n variables over k and let

D={& -711,6 -7, — T,

where T; € k[0,,,...,0,] for i=1,2,...,n. Then ImD =} (& — T)kl[€,2] is a
Mathieu subspace of k[¢, z).

Our original idea was to find counterexamples to HIC(n) so as to understand the case
of order one better. However, it seems that the higher-order case behaves similarly to
the case of order one. In fact, we show in Section 2 that HIC(n) holds for all n > 1
when char k > 0 and it holds for n = 1 when chark = 0. The theory of D—modules
plays an important role in our proof. This method was proposed in [4] to deal with the
case of order one and characteristic zero, and we develop it to deal with higher order
and arbitrary characteristic.
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2. Main results

We begin with the basic properties of Weyl algebras and ©—modules. The Weyl
algebra of rank n over k, denoted by A,(k), is the algebra of differential operators

(with polynomial coefficients) on the polynomial ring k[x1, ..., x,]. When chark = 0,
A, (k) is isomorphic to the associative k-algebra k[dy,...,0,,t1,...,1,] generated by
free generators dy, ..., 0y, t1, ..., t, with relations

6,'6]' = 6]'6,', Litj =1;t;, 6,'[1‘ - t.,-ai = 5,']', 1< i,j<n. 2.1

When chark = p > 0, the relations 6{7 =0,1<i<n, should be added to (2.1). A
D—module means a (left) A, (k)-module.

The following result is well known (see, for example, [4, Proposition 3.2]). For
a=(ay,...,a,) €N, we write [a| = Y7, @; and t* = £]'137 - - - 1,".

ProrosiTioN 2.1. Let A, (k) = k[01,...,04,t1,...,1,]. Let M be an A, (k)-module and
f € M. Suppose that each 0; is nilpotent on f, that is, there exists some positive integer
mj such that 8" f = 0. Then f can be written uniquely as

=) 0 fa€ QAnnai (with a; < p if chark = p > 0).

Now we consider the image of the set of differential operators

D= {fl _71,62_729---,&1 _Tn}a

on the polynomial algebra k[¢, z] = klé1,....&q, 215 - -, 20), Where T; € K[D;,,...,0,,]
fori=1,2,...,n. Let ¢; be the constant term of 7;. We always assume that ¢; = 0 (by
the coordinate transformation & = &; — ¢;), which ensures that Tf.’ =0ifchark=p>0.
When chark = 0 and 7; = d,,, Zhao [9] constructed a linear map [ : k[¢, z] — k[z]
with [(£*2) = 3%(F), where we use the notation 07 = 85922 - - - 95", and showed that
" Im(& — 0,,) = ker [. We will show that a similar result holds for higher-order
differential operators in arbitrary characteristic.

DeriniTioN 2.2. For D = {¢) — 11, & — 12, ..., &, — 7,), where 1; € k[3,,,...,0,,] for
i=1,2,...,n,define L : k[£, 7] — k[z] to be the k-linear map such that

LEP) = @ -1 @).
Prorosition 2.3. With the notation of Definition 2.2, Im D = ker L.

Proor. Let f € ImD. Then f = Y7, (& — 1) f; for some f; € k[, z]. By the definition
of L and since 7; € k[0;,,...,0,,], we know that L(¢;f;) = 7,(L(f;)) and L(7;(f;)) =
7;(L(f;)). Thus

n

L) = Y (LES) = L) = 3wl = (L) =0.
i=1

i=1
SoImD CkerlL.
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For the converse, set Az, (k) = k[0¢,,...,0¢,,0.,,...,0,,,¢1,...,én, 21, ..., 20]. Note
that k[¢, z] has a natural A,,(k)-module structure. Define a k-algebra morphism

,0 Aﬂ(k) = k[ah A ’an’tlv AR ) tn] i A2n(k)
by p(0;) = 0g, p(t;) = & — 7;. The definition is reasonable, since
‘9&‘95,- = afjafx"
& -1 — 1) =& — 1) — T,

05(&j — 1)) = (& — 7))0¢ = bij
(92% =0 (when chark = p > 0).

Thus k[¢, z] has an A, (k)-module structure defined by
{fif =& -1)fs
0if = 0¢,(f).

For any f € k[¢, z], since 0; is nilpotent on f by Proposition 2.1, f can be written as

=)t fac ﬁAnnai,
03 i=1
and thus

F=hh+ D E =) E -t for foe[ | Annd,.
i=1

a#0
When chark =0, ., Ann0; = (_, ker d;, = k[z], so fy € k[z]. When chark = p,

ﬂ Annd; = ﬂ kerdg, = klz.&7,.... &1,
i=1 i=1

and thus

fo=go+ D (EP - EPrhg(2) = 8o+ D (& = TP - (€n = TP hg(2),

B#0 B#0

where g € k[z].

In conclusion, f can be written as f = g + h, where g € k[z] and h € Im D C ker L.
So L(f)=L(g)+ Lh)y=g+0=g. If f ekerL, then g = L(f) = 0 and consequently
f=g+h=helImD. It follows that ker L C Im D. Therefore, ker L = Im D. O

In what follows, for f € k[¢£, z], we denote by f; the homogeneous part of f with
degreeiinz. Ifdeg, f =d, then f = fo + fi + -+ + fa, Where f; = 3,1 CaZ?, Co € k[€].

Levma 2.4, Let g = 3, coz® € Im D, where ¢, € k[€], and let deg_ g = d. Then c, € 1
for all @ with |a| = d, where I = (&1, ...,&,) is the ideal of k[€] generated by &1, ... ,&,.

Proor. By Lemma 2.3, g € ker L, that is, L(g) = 0. Since g = }}j41=4 CaZ” + Xjaj<d CaZ”>
we know that 0 = L(g) = }4j=4 €2(0)z” + lower order terms, and thus ¢,(0) = 0, that
is, ¢, € I when |a| = d. O
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THEOREM 2.5. Suppose that chark = p > 0. Then HIC(n) holds for all n > 1, that is,
Im D := )7, (& — 1)k[€, 2] is a Mathieu subspace of k[, z].

Proor. Since ffk = (& — ;)P hfor any h € k[£, 7], It follows that IPk[£, z] € Im D, where
we write I = (§1,...,&,) for the ideal of k[£] generated by &, ...,&,.
Let f =3, co2® € k[£, 7] be such that fP € Im D, where ¢, € k[£].

Claim. c,, € I for all a.

Suppose the claim is true. Then f7 = (3, c,z®)” = Y, chz% € IPk[£, 7). Thus, for
any g € k[¢, z], we have gf™ = fP(gf™P) € IPk[£,z] € Im D for all m > p. It follows
that Im D is a Mathieu subspace. It now remains to prove the claim.

Write f = fo + fi + -+ + fq, where f; = },=; co2”. Since

fP=f+f+-+f)elmD,

by Lemma 2.4, all coefficients of f] = (2j41zq Ca2™)? = Yjaj=a Caz"? belong to 1, that
is, ci € I and so ¢, € I for all |a| = d. It follows that c;, € I”. So f} € I’k[£,z] € Im D.
Then (fo + fi + -+ fa-1)! = fP — ff € Im D. The claim follows by induction on
d=degf. O

THEOREM 2.6. Suppose char k = 0. Then HIC(1) holds, that is, on the polynomial ring
k[&, z] in two variables, Im(¢ — 7) is a Mathieu subspace, for T € k[0,].

Proor. Recall that L : k[&, z] — k[z], L(£%Z") = 79(z?). By Proposition 2.3, we have
Im(¢ — 1) = ker L. We may assume, without loss of generality, that

=00+ a0 + -+ agd’,
where a; € k. Define a linear map

Lo : k[€,2] = k2], Lo(¢'2") = (0D)“(2).

Consider the w-degree on k[¢, z], where w = (=7, 1). Then deg,, & b = b — ar. For any

h € k[¢,z], we denote by h the highest homogeneous part of & with respect to w-degree.
Let s =deg, h. Thenh =}, ;< cijf'7, h = 2 jcir=s cijé'z) and

L =L Y )= . @+ ad o+ agdlye
Jj—ir<s Jj—irss
= Z ¢ij(00)'z’ + lower order terms in z
Jj-ir=s

= Ly(h) + lower order terms in z.

So L(h) = LO(E), where L(h) means the highest homogeneous part of L(h) € k[z] in
terms of z.

Claim. If f™ € Im(¢ — 1) =ker L for all m > 1, then deg,, f < 0.

Suppose that d :=deg, f >0 and write d = gr + ry, where 0 < ry < r. Since
L((&1fY™y = T L(f™) = 0, it follows that (£7f)" € ker L. In addition, deg,, é9f =
(—gr) + d = ro. Replacing f by £7f, we may assume that deg,, f = ro with 0 <rp < r.
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So ? = Zj—ir:ro aijfizj, ajj € k. Write

F= D cdmn withe ek,

np<i<n;

Forany m> 1, Ly(f ) = Ly(f") = L(F") = 0. _
Now we show that we may assume that f € Q[¢, 7], that is, all the ¢; belong to Q.
Since Lo(£%29*) = (8)*(z**?) = ((ar + b)! /b)),

0= =Lof( Y ee )

no<i<n

E i1+t (T i) r+mr
LO( Ci] Ciz e Ci,,,fll lmZ(ll i) 0)

NO<i,12 i<

(G + -+ ip)r + mrg)! .,
= Z Ci\Ciy = ** Ci, (nro)] zmo.
NOSE] 5000l <N 0/):
Observe that Lo(?m) = 0 means that (c,,,...,c,) is a (nonzero) zero point of the
homogeneous polynomial g,, in the variables x,,, ..., x,,, where

8m =

Im

Z iy + -+ + ip)r + mrg)!

X,‘l X,‘z s X
mry)!
ROSi1 32y <1 (mro)

Since all these homogeneous polynomials g, are over Q and have a common nonzero
zero point (¢p, . . ., Cy,) in k, it is well known that they must have a common nonzero
zero point (¢, ..., Cy,) in Q Replacmg Cnys> -+ +»Cny DY Cys .., Cpy, WE May assume

that ¢y, ..., € Q that is, fe Q[§ z].
Assume, without loss of generality, that ¢,, = 1. Then, for any prime number p,

0= Lo(F) = LO((é:noZnorJrro + Z Cié_-iZiHro)p )

np<i<n
=LO(§noﬂzn0rp+r0[7 + Z Cipfzpzzrpwop +p Z dj§]Z]r+r0/7)
no<i<ng nop<j<nip
_ (norp + rop)! 7 4 Z pUrp + rop)! D4 p Z (Jr +rop)!
! | dj | ",
 (op)! o (rop)! nop=Tanip ~(op)!

where d; € Z[cyy41, . . ., €y, 1. Thus

| i !
1+ Z p(lrp+rop) i p Z d. Gr+rp)! _

¢ | J |
il (norp + rop)! ropTamp (norp + rop)!

Since i > ng, we see that (irp + rop)!/(norp + rop)! is an integer divisible by p and,
since j > ngp, also (jr + rop)!/(norp + rop)! is an integer. So p|l in Z[cyy+1, - - > Cn
for any prime number p. Note that ¢y +1, . .., ¢, € Q, so there exists an / in Z such that
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Cn+1s - - - » Cp, are integral in Z[1/1]. So Z[cyy+1, - .., Cn,» 1/1] is integral over Z[1/[].
When p {1, pZ[1/I] is a prime ideal of Z[1/[]. There exists a prime ideal a of
Zlcpy+1s - - - > Cny» 1/1] such that @ N Z[1/1] = pZ[1/1] (see, for example, [1, Theorem
5.10]). Since pll in Z[cpy415 -5 Cn 1, @ = Z[Cyys1s - - - » Cny» 1/1], which contradicts the
fact that « is a prime ideal.

This proves the claim, that is, if /™ € Im(¢ — 1) forall m > 1, then deg,, f < 0. Then,
for any g € k[£, 7], deg,,(gf™) = deg,, g + mdeg,, f < O for all sufficiently large m, and
thus L(g ™) = 0 for such m. It follows that Im(¢ — 7) = ker L is a Mathieu subspace of

k[, z]. mi
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