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Abstract

We consider a classic competing-species model with the rates changed to include Gaussian
white noise. We show that if the noise is not too large, then the stochastic version
is ergodic. An explicit relation between the noise and the original competing-species
parameters gives a sufficient condition for ergodicity.

Keywords: Competing species; stochastic; Itd process; Brownian motion; ergodic

2000 Mathematics Subject Classification: Primary 60H10
Secondary 60G99

1. Introduction

Consider the coupled ordinary differential equations

dx; = x; (1 — Ayr + yx;) de,

(D
dyr = yi(—a + Bx; + 8y,) dt,

where u, A, o, and B are positive constants and 6 and y are real-valued constants. This is
a well-known classical model of the population dynamics of two interacting species; see, for
example, [13]. The pair (x;, y;) represents the population sizes of the two species at time ¢ > 0.
Under certain conditions on the parameters, the solution produces a limit cycle, that is, the
solution lies on a deterministic contour. When the current population size is (x, y), the rates of
population growth are

ri(x,y)=p—2ry+yx and rx,y) =—a+ px+dy. (2)

When y = 0 and § = 0, this model becomes the prey—predator process. When y < 0 and
8 < 0, the two species have self-limitations in the sense that, for a species of fixed size, the rate
of the other species is negative when its population size is large. This case is the well-known
competing-species model. Other combinations of y and§,e.g. ¥ > 0,5 <Oandy > 0,6 > 0,
can be considered but, as indicated in [13], they are not of interest as population dynamics
models.

Suppose that

Yy =pu—ay"+yx* =0 and ra(x*,y") = —a+px* +8y* =0
have the simultaneous solution (x*, y*) € R2, where R = {x : x > 0} is the set of positive

real numbers. Then both the prey—predator and competing-species models from (1), with initial
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Stochastic competing species and ergodicity 739

condition (xg, yo) = (x, y) € R2, have nice solutions that are periodic and circle about the
fixed point (x*, y*) of the deterministic equations ri(x, y) = 0 and rp(x, y) = 0.

In this note, we consider the case in which the rates (2) are subject to random fluctuations.
Specifically, 71 (x;, y;) dt is replaced by r1 (x;, y;) dt 4+ o1 dW,(l), that is, the rate is perturbed
by Gaussian white noise. The rate r, is similarly perturbed by an independent Gaussian white
noise. Thus, we consider the stochastic competing-species model

dxy = x(u — Ayr + yx) dt + o1x; dW;(l),

@ 3)
dyr = yr(—a + Bx; + 8yr) dt + o2y, AW, ™,

where {(W,(l), W,(z)) : t > 0} is a standard two-dimensional Brownian motion. The rate param-
eters are the positive constants u, A, &, and 8 and the negative constants y and §. The noise
parameters are o and o7.

In this paper, we study the ergodicity properties of (3). We show that if the roots of (2)
are in R%r and the noise parameters o7 and o9 are sufficiently small, then the solution of (3) is
ergodic. The method of proof gives an explicit relation between the noise parameters and the
rate parameters that guarantees ergodicity. The proof is based on the methodology of [1]. We
modify the results there since [1] gave conditions in terms of radial or Euclidean distances that
are not readily applicable to a process on Ri.

In Section 2, we discuss some of the recent literature on competing-species models. In
Section 3, we discuss the main result, the construction of the associated stopping times, and
the proof. The sufficient condition involved in the main result has a very nice geometric
interpretation: if a certain ellipse is a subset of ]R%_ then the process (3) is ergodic. In Section 4,
we discuss and compare our sufficient condition with those obtained in a recent paper by
Rudnicki [14]. In Section 5, we discuss some other extensions based on the methods we use. In
Appendix A, we show that the solution of (3) is in R%r with probability 1; Chessa and Fujita [3]
showed a similar result. Our proof easily extends to multiple species as it depends only on
showing properties of the hitting time of the boundaries of Rf_, via a Markov inequality.

2. Literature review

Other authors have considered stochastic systems obtained from the classical population
dynamics modelled by (1). Gard and Kannan [6] studied the classical prey—predator model
with the rates perturbed by Gaussian white noise. They studied (3) in the case that y < 0 and
8§ < 0, and showed that, on the set of realizations where it remains bounded for all time, the
solution converges to the fixed point (x*, y*) [6, Theorem 3.1] or converges to the boundary
of the bounding set [6, Theorem 3.2]. As mentioned above, Chessa and Fujita [3] studied
the prey—predator model and showed that the solution remains in Ri. Renshaw [13] gave a
good review of the stochastic competing-species models, but did not include ergodic results.
Gard [5] studied the transient behaviour of some population dynamics models, including the
classic stochastic model we consider here. In a very interesting related paper (discussed in
more detail in Section 4), Rudnicki [14] studied a process similar to the one studied here. The
diffusion or variance functions in (3) are o1x and o2 y.

More recently, there has been work on some variations of the diffusion functions. For
example, Mao et al. [12] considered diffusion functions of the form ox™ and looked for
conditions such that the solution is defined for all time when m > 2; that is, such that the
solution does not explode in finite time. Manthey et al. [11] considered a random two-species
interacting population model living on a bounded space @ C R?. They noted that ‘... as far
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we know the stability of solutions to stochastic partial differential equations of multi-species
population dynamics is not well investigated’. We have found that the ergodic properties of
the population dynamics of the type of stochastic systems studied here have not been well
investigated. In [15], the transient behaviour of stochastic prey—predator systems with time-
dependent rate parameter was studied, while in [8] the stochastic prey—predator system (3) with
8 = y = 0 was studied under the condition that o1, 0o — 0. In the latter paper, it was shown
that the solution escapes to infinity. In [10], a stochastic competing-species problem similar
to (3), but with @ < 0, was studied, and the probability of extinction obtained.

The proof of our main result is based on the ideas of [1], where conditions were given in
terms of radial or Euclidean distances F(x, y) = %+ yz)l/ 2. This is not a natural distance
for us to use, as the solution to (3) takes values in the upper quadrant, that is, in the region Ri_.
Mao et al. [12] used a distance function

F(x,y) = +/x —log(x) + \/y — log(y),

which enabled them to show that their process is nonexplosive. This function is not well suited
to showing ergodicity in the competing-species model. Rather, in this paper, we use the function

F(x,y) = Aix — Az log(x) + Azy — Aglog(y) +c, “

with judicious choices for the constants A1, Az, Az, A4, and ¢, to play the role of the contour
based on the distance (x2 ~|—yz)1/2 in [1]. For example, in Theorem 1, we take A1 = 8, A2 = «,

A3 =X, Ay = u, and
=—a+al — ) —pu+npl —
c=—a+alo n+ plo .

In particular, with appropriate constants in (4), in Section 4 we are able to weaken the sufficient
condition in [14]. Thus, this sufficient condition is not necessary for the process to be ergodic.

The literature on deterministic population dynamics is still quite active. A recent example
is [9], in which the prey—predator system with rate parameters having a periodic component was
studied. Many of these equations have solutions that behave nicely under conditions in which
either the initial condition is perturbed or the rates are perturbed in a deterministic manner. One
consequence of the results shown here is that, under a random perturbation of the rates, the
process can change from being stable over time to being unstable. In some cases, the process
may be ergodic under small random permutations.

3. Competing species, ergodicity, and ellipses

Consider the competing-species model (3), where u, A, o, and B are positive constants. In
this section we give Theorem 2, the main result.

In Lemma 1, we rewrite the process in a useful form, which is then studied in Theorem 1.
The proof of this theorem is based on finding an appropriate nonnegative function tending to
infinity at the boundaries of Ri and judicious use of bounds on expectations of some stopping
times. This leads to a nice geometric condition sufficient for ergodicity.

Lemma 1. Suppose that y§ > 0O; that is, either y < 0and§ < Qory > 0and§ > 0. Let
gy =vy/B and &, = §/A. Rewrite (3) as

dx; = xi [ — Ayr + &1 (Bxy — a))1dt + o1, th(]),
dy, = yil—a + Bxt + &5y — )1 dr + ooy, AW,
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for appropriate constants i’ and o'. If either
i) y>0and0 <6 < ar/u, or
(i) 6 <0and —uB/a <y <0,

then W' > 0and o’ > 0.

Proof. Comparing the coupled stochastic differential equation (SDE) in this lemma with (3)

yields
1)
&} =%, 8/22)_»’ W —ed = u, o + ey =a.
Solving for 1’ and o’ gives
,_pkew,_ a-eu
1+ ¢je’ 1+¢jeh’

When &{ ¢} > 0, we have 1’ > 0 and &’ > 0 if and only if either y > 0and 0 < § < o)/ or

8 <0and —upB/a < y < 0, as required. This completes the proof of Lemma 1.

The form of the SDE in Lemma 1 is of use in proving ergodicity, whereas the original
form (3) is not so immediately useful.

Theorem 1. Consider the SDE process

dx, = [ — hye +e1(Bx — )]dr + o1x AW, 5)
dyr = yil—a + Bxi + 20 — 11 + 02y, dW,2,

where u, A, o, and B are positive constants, with initial condition (xg, yo) = (x, y) € Ri. If
& < 0and g1 < 0 are such that

2 2 2 2
oy + o5 U ora+ o5 U
A7 2P g and 0 < 12—22

0
= 202 u

< —&),

then the solution to the SDE (5) is ergodic.

Theorem 2. Consider the stochastic competing-species process (3). Suppose that y < 0 and
8 <Oandlete| =y/p and €, = §/A. Also suppose that

2.,/ 2.,/ 2.7 2,/
oo’ + o oy’ + o
0<12—/22M —SIIZ—Z<E and O<12—/22M<—8,2,
(o) B« (1)
where
+&a o — &
/ﬂ:u—/l, and o/:—/zlf.
1+ &8 1 +¢)&

Then the solution to (3) is ergodic.

Proof. Theorem 2 is a corollary of Theorem 1, which applies since, by Lemma 1, we have
a' >0and u' > 0.
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Remark 1. Theorem 2 says that if the noise coefficients o1 and o, are sufficiently small, if the
damping terms y x; and 8y, in the drift of the x component and y component in (3), respectively,
are negative, and if one further condition holds, then the stochastic competing-species process
is ergodic. The extra condition is —fu/a < y < 0. The damping term §y; in the drift of the
y component only requires § < 0 for the system to be ergodic.

Notice that the solution to (2) with vanishing rates is

() = 5o (i)

) ys+Br \Bu+ra

Thus, x* > Obut y* > Oifandonlyif Bu+ya > Oor, equivalently, ifandonlyif /o > —y /8.
This extra condition is very natural, requiring that the deterministic competing-species system
has a fixed point in Ri. Hence, if the self-damping effect of x; is not too large, if the noise is
sufficiently small, and if the deterministic system has a fixed point in Ri, then the stochastic
competing-species model is ergodic.

The proof of Theorem 1 can be modified to show that if the noise is sufficiently large, the
stochastic competing-species process is transient. This is discussed at the end of this section.

Proof of Theorem 1. Let

F(x,y) = Bx —alog(x) + Ay — ulog(y) +c, (6)

c=—« —i—alog(%) —/L+,ulog<%>.

Thus F(a/B, u/2) = 0and F(x,y) > 0if (x,y) # («/B, u/A). Also, F(x,y) — o0 as
(x, y) tends to the boundary of R%r. This choice of F is a particular case of (4) with A| = 8,
Ay =o,A3 = A,and Ay = .

An application of Itd’s lemma to F; = F (x;, y;) yields

where

dF, = [e1(Bx: — @)* + 20y — )* + Yot + of )1 dr
+o1(Bx — ) AW, + o (hyr — ) AW, %

Since ¢1 < 0 and &7 < 0, the drift is bounded above in Ri and, thus, by Lemma 3, below, the
solution is in Ri with probability 1. Consider the region

(x —a/p)? G-/ 1}
(ofa+o7mw)/2le11f? (o} +o071) /262122 ~ )

D={(x,y):

which has an ellipse as its boundary. Notice that

le1] > ofe + o5 =2 /—012“+622“
202 B 2ler|p?

O 2= T e
2 2u2 Py 2ean2

Thus, the conditions on &1 and &> imply that D C Ri.
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Let k = L(02a + o2 ). There then exists a constant > 0 such that
A oM

k k
g—( —2+d>>0 and E—( —2+d>>0,
B le1]B A lea| A

which imply that
. (x —a/B)? (v — w/r)? } 2
D* ={(x,y): + <1 CRy.
{ WV/lelB2+d)?  (Jk/|ealr? + d)? "

To be specific, we can take

d—l o alza—i-azz,u A 1% alza—i—azzu
S 2\8 2le1|B? A 2ea|a? )

Since d > 0, we also have D C D* C R%L.
Consider D*€ relative to Ri:

D {(x, per2: —C T R e V00 1}
WK/l + ) (Vk/le2ld? + d)?

={<x,y)eR2+: le1|(Bx — o) e2l Gy —p)* 1}.
Wk + VIellBd)?  (Vk + le2lrd)?

Therefore, if (x, y) € D*C then

le1](Bx — a)? + |eal(hy — w)? > (Vk +min{y/|e1|Bd, V/]e21Ad})* > k + do,

where
do := min{,/|e1|8d, \/|82|)xd}2 > 0.

It follows that, for (x, y) € D* and (x, y) € R2,
—le1|(Bx — a)” — |2l (Ay — w)* + S(ofa + o5 p) < —do <O
or, since €1, &2 < 0, that
2 2, 1,2 2
e1(Bx — a)? + e2(hy — W? + Lo + 0Fp) < —do < 0.

Let (x,y) € R%r — D*, and let (x;, y;) be the solution to (5) with initial value (x, y). Let
T =inf{t > 0: (x;, y;) € D*}, let m be sufficiently large that

X 1 1
D"CDpy:=—m|x|—,m],
m m
and define 7, = inf{t > 0: (x¢, y;) € D;,}. By Lemma 3, 7, — oo almost surely as m — oo.
Below, E(y,y) and P, ) respectively denote the expectation and probability measure for the

diffusion process with initial condition (xg, yo) = (x, y). From (7), we have

E(x,y) F(xr/\rm’ yr/\r,,,) <F(x,y)—do E(x,y)[T A Tyl
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FIGURE 1: Nested ellipses and their semimajor axes.

Since F(x,y) > 0 for (x,y) # («/B, /1), it follows that

E(x,y) F(xt/\rms yr/\rm) = E(x,y)[F(xtm, }’tm) 1(r > )]

> min F(M, U) P(x,y)[t = Tm],
(u,v)€d D,y

where 1(-) denotes the indicator function. Clearly,

min  F(u,v) > 00 asm — o0
(u,v)ed Dy,

and, thus,
F(x,y)

min, v)eyp,, F U, v)

P(x,y)[f > Tl < -0

as m — 00. Since 7,; — 00, we have P(, )[t = co] = 0 and, hence, (x;, y;) is recurrent.
From (7), we also have

1
EGplt Atnl < —F(x, ).
dp

By an application of the monotone convergence theorem and the convergence t,, — 00, we
thus have

1
E@ynt = d—F(x,y).
0

Furthermore we can choose a; > 0 and b; > 0 such that the ellipse

_ 2 _ A 2
D**z{(x,y): (x 0;/:3) +(y l;/ ) :1}
ai by

lies between the boundaries of D* and D,,,.

Figure 1 shows nested ellipses illustrating the construction of D, D*, and D**. The figure
shows the semimajor axes (which lie in the x-direction). The semimajor axis of the central
ellipse has length a;, while those of the other two ellipses have lengths a; 4+ d; and a; + d>.
Since, by the choice of a;, o/8 — a1 > 0, it is clear that we can choose d; and d> to satisfy
0 < d; < d, and still have the ellipses D* and D** to the right of a line x = 1/m, where
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1/m < a/B—aj. Similarly, we can simultaneously choose d| and d», with0 < d| < d»,soasto
have the three nested ellipses in the rectangular region D,,. Figure 1 uses the competing-species

parameters
ar—yp ad+pu) (8 1
y8+Br ys+pr) \3°6)

1
sup Exypyt=<— sup F(x,y) <oo.
(x,y)eD** 0 (x,y)eD**

Since D** C D*°, we have

Notice that an ellipse centred at («/f8, /1) can be viewed as measuring the distance from
(x, y) to (a/B, i/A). In the construction above, we have three nested ellipsoidal regions

D C D* C convex hull(D**).

D* is open and contains («/8, t/A) in its interior. Applying [1, Lemma 3.4] then shows that
the process (5) is ergodic.
This concludes the proof of Theorem 1.

Remark 2. We should note that [1, Lemma 3.4], which is based on the natural Euclidean
distance in R, uses circles. However, said lemma follows from [1, Lemma 2.6], which applies
to open sets U and their closures U. By choosing these to be ellipses, it is immediate that
[1, Lemma 3.4] can be restated in terms of nested ellipses. We now give the result corresponding
to [1, Lemma 3.4]. To satisfy the conditions of this lemma, we let D* correspond to the open
‘ball’ of radius ro > 0 around z = («/B, /1), and let D** correspond to the contour at
distance r; > rp.

Theorem 3. Suppose that one of the following is true:
(i) y <0,8 >0 and 2u — 0?)/ (2 + 03) < min{—y/B, A/8};
(i) ¥y <0,6 <0,and Qu — 612)/(20( + 022) < —y/B;
@iii) y >0and$ > 0.
Then the process (5) is transient.

Proof. We first prove that the claim follows from part (i). Choose two positive constants,
Aj and Ay, such that A4/A; = min{—y /8, 1/§}. Then

yAz + BA4 <0, A4 — LA <0.

In (4),let Ay = A3 = 0 and ¢ = 0. Writing F; = F(x;, y;), and applying It6’s formula, we
have

—dF; = [A2(i — 307) — Aa( + 303) + (8As — LAy + (y Az + BAD X1 di
+ Aroq th(l) + Agop th(Z)
< [Ax(u — o) — Ag(@ + SoP)]dr + Aror AWV + Agor dW,2.

Since A (u — %012) — Ag(a + %0'22) < 0 and

lim sup & =1
t—oo +/2tloglogt
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we have
[Ax( — Yoy — Ag(a + LoDt + Aro1 W + Ay WP — —c0.
Hence,
—F(xs, y1) > —o0, t — 00,
and, since

—F(x;, y) = log(x{2) log(y**) = log(x/2y**)

and the constants A, and A4 are positive, we obtain x,A 2y,A * — 0. Thus, (x;, y;) is transient.
The proof that the claim follows from part (ii) is similar to the previous argument, and is
actually the result of [14].
We now prove that the claim follows from part (iii). Take an £ > 0 such that %6012 < g1 and
%6022 < g7, and define

X
H(x) = / e~ dr.
1
Then lim,_, o, H(x) < 00. Recall the definition of F in (6). From (7), we have
dH(F,) = H' (F)le1(Bx: — @)* + 200y — 0)* + Lofa + of )1 dr
+ YH"(F)lof(Bxi — @)* + 05 (hy, — w)*1dt
+ H' (F)o1(Bx — ) AW + H'(F)o2 (yr — ) AW,
=" f1[(e1 — $LoD)(Bxi — @)” + (2 — 307) by — W)* + 3 (07 + 05 )] di

+e Fig (Br, — ) AW + e Fioy Gy, — ) dW, 2.

Let D(r) = {(x,y): F(x,y) <r}. Fix an rp > 0 and consider the region D(rg). Suppose
that (x, y) € D(ro) and let t be the hitting time of the set D (rg) for the process (5) with starting
value (x, y). We will show that P(, y)(t < o0) < 1 or, equivalently, P(, y)(z = o0) > 0.

There exists an r > rg such that (x, y) is in the interior of D(r). Let

7, = inf{t > 0: (x;, y;) € D(r)}

be the hitting time of D(r). From Lemma 3 and the properties of F, it follows that 7, — oo as
r — oo. Taking expectations, we then have

Ex,yyH(Fear) = H(F(x,y))
TAT,
+Eey) [ /0 e l(er — 3Lo?) (Bx — @)’
+ (82 — 300 My — w)? + Yoo + o3 )] dt:|
> H(F(x,y)),
since the integrand is nonnegative. Note that H (F;) = H (r¢) and H(F;,) = H(r); thus

H(F(x,y)) < E@yHFAz)
=E@ ylH(F) 1(t <))+ E[H(F,) 1(r > 7,)]
= H@ro) P plt < o]+ H@FT)Pu ylt > 1]
= H(ro) + (H(r) — H(ro)) Px [t > 7]
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and, therefore,
H(F(x,y)) — H(ro)
H(r) — H(ro)

Puyplt > ol >

By letting r — o0, we obtain

. HF (. y) — H(ro)
- H@r)—H(ro)

P(x,y)[f = o0] > 0.

This concludes the proof of Theorem 3.

4. Comparison with other results

In this section, we will make a detailed comparison of our results with those of [14]. In
order to facilitate this comparison, in this section we use the notation of [14]. Table 1 gives the
correspondence between parameters.

Rudnicki [14] studied a system related to ours, but with the Brownian noise wh = w®,
He also made some statements on the case in which W) and W® are independent Brownian
motions. His main results concern a system that has a singular diffusion noise term. We study
a case in which W and W® are independent Brownian motions. Our method is based on
the idea of [1] and thus requires a nonsingular diffusion. Hence, we make comparisons only
with the relevant parts of [14].

Rudnicki [14, Lemma 2] constructed the solution to an SDE as the solution of an operator;
see his equations (19)—(21). This is equivalent to obtaining a strong solution to the SDE (3);
that is, the solution is a specific functional of the Brownian motions WD and W@, This is a
very interesting idea, which may be exploited further. Rudnicki [14, Lemma 5] then gave the
proof of the main part of his Theorem 1, based on a Khasminskii function.

We have the analogue of [14, Theorem 1(III)] in our Theorem 3, and [14, Theorem 1(I)] is a
sufficient condition slightly different from our Theorem 2. We will show in Lemma 2, below,
that if 8¢ — wey = 0 then (3) is ergodic under certain conditions on ¢ and p. Thus, while
dc1 — ney > 0 is sufficient, it is not necessary.

Our proof is based on exploiting a function of the form (4). When A; > 0,i = 1,2, 3,4,

C = A 10 —_— - 1 + Az 10 —_— - l

TABLE 1: The correspondence between our notation and that of Rudnicki [14].

This paper  Rudnicki [14]

" o
A B
-y 2
a %
B 8
-8 v
o] o
o o
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so that F > 0 except at (x, y) = (A2/Ay, As/A3) (at which point F' = 0), and F(x, y) = o0
as (x, y) tends to the boundary of Ri. From It6’s lemma applied to (3), we then obtain

dF; = H(x;, y,)dt +dM,,

where M, is a zero-mean martingale and H (x, y) is a quadratic function of x and y.

Theorem 4. Suppose that we can find positive constants Ay, Ay, Az, and A4 for the function (4)
such that H(x,y) = 0 is an ellipsoidal subset of R, where H is the drift function above.
Equivalent conditions on H are that

(i) H(x,y) > 0 on the interior of this ellipse, and

(i) H(x,y) < 0 on the exterior of this ellipse, which is guaranteed if
H(0,0) <0, H(x,0) <0, H(,y) <0.

Then the SDE (3) is ergodic.

Proof. We can proceed, in the manner of the proof of Theorem 1, to construct bounds on the
stopping times of return to the central region and, hence, obtain ergodicity using the method
of [1]. This concludes the proof.

Rudnicki [14, Theorem 1(I)] obtained a result of asymptotic stability under the sufficient
conditions ¢; > 0 and 6c; — pucy > 0, where ¢c1 = @ — %02 andcp =y + %,02.
Choose constants A} = 1, A, = kj, A3 = A, and A4 = Ak,, whence

F(x,y) = x — kilog(x) + A(y — kalog(y)) + c.

Then
H(x,y) = —pu(x —k)? — Av(y — ko) + (=B + A8 (x — k) (y — k2)
+ (o — ki — Bko)(x — k1) — A(y — k1 + vk2)(y — ko)
+ 3%k + Ap*ky). )

After some algebra, we obtain
H(0,0) = —ki (@ — 30%) + Aka(y + %) = —kici + Akacy.
The contour H (x, y) = 0is an ellipse if and only if
(AS — B)> —4Auv < 0,

and the ellipse is a subset of R%r if H(x,0) < 0and H(0,y) < 0. The function H(x, 0) is a
quadratic form in x and, hence, H(x, 0) < O for all x if and only if H(x, 0) = 0 has no real
roots, since the coefficient of x is negative. Similarly, H (0, y) < 0 if and only if H(0, y) =0
has no real roots. Thus, a set of conditions equivalent to those guaranteeing condition (ii) of
Theorem 4 is

du(—ciky + Acaka) + (a + pky — Adka)* < 0,

4Av(—ciki + Acaky) + (—Ay + Bk + Avks)? < 0,

(=B + A8)> —4Apv < 0.
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Finally, we take k; = bd and Ak, = bu, for some positive constant b. Then H (0, 0) =
—b(5cy — pucp) and the conditions of Theorem 4 are satisfied if §¢; — uco, > 0, b > 0,
o < 4ub(scy — pcy), and

[b(wv + B8) — Ay 1> < 4Avb(Sci — pcs).
Since A and b are arbitrary, we can take

_ b(uv + B3)
14

A

such that the previous inequality holds. Thus, we obtain the analogue of [14, Theorem 1(I)],
that is, the ergodicity of (3).

The condition (6c; — pcy) > 0 can be weakened to include (6c; — ucy) = 0. It is also
assumed that the deterministic competing-species differential equation has a fixed point in R%_.

Lemma 2. Suppose that (§¢cy — jtc2) = 0. Then the system of equations

a — pky — Bky =0,
y —8k1 + vk =0,

has a positive solution (ki, ky). Let A = /6.
Ifo > 0.and p > 0 satisfy the following inequalities then (3) is ergodic:

3%k + p*Aky) < pki,  3(0%ki + pPAk) < Avks.

Proof. The proof follows from the method used in the proof of Theorem 1, once we have
chosen the positive constants k1, k2, and A, in (8), such that the ellipse H (x, y) = 0 is a subset
of Ri. Then the stopping times constructed from this ellipse are obtained, and Battacharya’s
results will apply as they did to Theorem 1.

In (8), we take k1 and kj to satisfy

o — pky — pky =0,
y — 8k +vky =0,
that is,
Zﬂy+av’ kzzaé—w_
BS + nv BS+ v
Clearly, k1 > 0 and k> > O if and only if ®é — y > 0. Note that

ki

b =y =8 —30°+30%) — uly + 30° = 307
= dc1 — pea + 5807 + pp?)
= 380> + up?)
is positive, since §c; — e = 0. Now H simplifies to

H(x,y) = —p(x — k1) — Av(y — k2)* + (=B + A8 (x — k) (y — k2)
+3(0%k1 + Apky).
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Since A = B/5, we see that H simplifies further to
H(x,y) = —p(x —kp)® = Av(y — k2)* + 5(0°k1 + Ap’ka).

Notice that the constants k1, k>, and A are all positive and do not depend on the noise coefficients
o and p.
Next consider the ellipse H (x, y) = 0, the set of pairs (x, y) satisfying

plx —k)? + Av(y — ka)* = 3(0°ki + Ap°ka) =:

or, equivalently,
(x—k)?  (y—k)?
L/ £/Av
This will be a subset of Ri when the conditions of the lemma hold.
This concludes the proof of Lemma 2.

5. Discussion

We have shown that, under certain conditions and bounds on the noise, the stochastic
competing-species process (3) is ergodic. The method of proof involves a very natural geometric
object, an ellipse. The region D, given below (7) in the proof, plays a key role. If it is contained
in the interior of REL then the process is ergodic.

A special case of (3) is when the extra damping terms with coefficients y and § are zero,
that is, y = § = 0. This is the prey—predator system. In this case, (7) becomes

dF, = Yoo + o2y di + o1 (Bx, — ) AW, + o2 (hyy — ) AW,

and, hence, has constant positive drift when the noise coefficients are positive. There is no
ability to control this drift in this case. The stochastic prey—predator system, given by (3) with
y = & = 0, is not ergodic if there is any noise present. In fact, we find that

E F(x;, y) = 3(ofa + 031t + F(xo, yo) — 00

ast — oo. Since F(x,y) — oo as (x, y) tends to the boundary of R2, the pair (x;, y;) tends
in probability to the boundary of Rﬁ_ as t — oo. However, this result does not say to where
on the boundary (x;, y;) goes: it could tend to (0, 0) or x; could tend to infinity. A classic
paper [4] discussed a class of diffusions that wander out to infinity, although this stochastic
prey—predator system does not obey the conditions in that paper. The result for the stochastic
prey—predator system is very different from the stable case of the classical deterministic one,
that is (3) with no noise. This problem was further studied in [2].

The stochastic prey—predator process is also quite different from the stochastic competing-
species process (3). With any noise parameter o1 > 0 or o, > 0 it is never ergodic, whereas (3)
is ergodic with sufficiently small but nonzero noise.

We could interpret a stochastic version of (3) as a Stratonovich integral (S-integral) instead
of an It6 integral. We then have

dx; = x; (0 — Ay + yx,)dt £o1x 0 dW,(l), ©)
dy, = yi(—a + Bx; + 8y) dt £ ory; 0 dW P,
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where b(x;) o dW; denotes the Stratonovich integral. We consider the cases of adding or
subtracting the S-integral separately, as they lead to different results. The S-integral is related
to the Itd integral by

b(x;) dW;.

1db(x,)
b(x) 0 dW; = - =~ !

If the diffusion coefficient function is b(x) = o x, then
b(x;) odW; = O’ xt + ox; dW;.
Thus, (9) gives the equivalent Itd process
dxe = xe([p % o1 = Ay + yx) dr + o1x, dw,,
dy; = y(—[a F %022] 4+ Bx; + 8yy) dt + ooy dWl(z).
This is of the form (3), with the added constraints
,u:l:%012>0 and aq:%022>0.

Theorem 1 will again yield a result of the form of Theorem 2, provided that the above positivity
conditions hold. The weakest version of these will be for oy > 0 and 0, < 0. If the noise
parameters o1 and o, are sufficiently small then the S-integral stochastic competing-species
process (9) is ergodic. If either of the noise parameters is too large then the ergodicity conditions
will fail. Karlin and Taylor [7, p. 352] made some remarks about the use of It6 integrals versus
Stratonovich integrals in applications of stochastic integrals.

In Lemma 2, we are also able to weaken the condition of Rudnicki [14] for the ergodicity
of (3) to (6¢c; — pucp) > 0. Rudnicki has a slightly different conclusion — that the process is
asymptotically stable — while our conclusion is that the process is ergodic.

Appendix A.

This section gives two technical lemmas, for completeness. The first says that the stochastic
competing-species solution is defined for all finite time and, in particular, that the solution does
not reach the boundary of Ri in finite time. The second says that, for any compact set, if the
process starts from the interior it will hit the boundary in finite expected time.

Chessa and Fujita [3] proved that a stochastic prey—predator process of the type studied here
has solution on ]R%_. Below, we show that this holds more generally as the proof is based on
an appropriate choice of nonnegative function used to show that the boundary is not reached in
finite time.

Lemma 3. Let (x;, y;) be an It process on R2 with respect to the two-dimensional standard
Brownian motion W, = (W; W )T ( where u' means transpose of the matrix u), with
initial value (x,y) € R2 Suppose that there exists a positive function F : R — Ry, such
that F(x,y) — oo as (x y) converges to the boundary of R2 Suppose also that

dF (x¢, y1) = f(xe, yo) dt + o0 (xg, y) dW,,
where o (-, -) is continuous and f(x, y) < c for some constant c. Let
T =inf{t > 0: (x;, ) € aRi}

be the hitting time of reaching the boundary B]R%r ()fRi. Then P[t = o0] = 1.
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Proof. Let m > 0 be an integer such that
1 1
x,yeky=|—m|x|—,m),
m m

T = inf{t > 0: (x;, y1) & K}

and define

Then t > 1, and
E F(x¢,nts Yount) < F(x,y) +ct.
Since min, y)esk,, F(u,v) — 0o asm — oo, we have
Plt, <t] < — Fovy) 4 et — 0 asm — oo.
ming yyeyk,, F @, v)
Since P[r < t] < P[t,, < ] for all m > O sufficiently large, it follows that P[t < ¢] = 0O for
all finite #. This concludes the proof of Lemma 3.

Lemma 4. Let D be any closed subset of R%L. Consider the SDE (5) with initial condition
(x0, yo) € D, the interior of D. Let

T =inf{t > 0: (x;, y;) € 0D}
be the hitting time of the boundary of D. Then E (x,, y5) T < 00.

Proof. Consider the functions F, given by (6), and H(u) = e, where c is a positive
constant to be determined later. Notice that H is nonnegative and monotone increasing. Let
F; = F(xt,y;) anda = %(01205 + azzu). Then

dH(F,) = L(x;, y;)dt +dM;,
where M; is a zero-mean martingale and the drift term is given by the function
L(x,y) = cH(F(x,y))(a — {le1|(Bx — a)* + |e2| (hy — p)*}
+ 3e{of (Bx — ) + 05 (hy — 1)*})
= cH(F(x, )+ {(3cof — |e1)(Bx — &)* + (5co3 — |ea])(hy — w)*)).

Since D is bounded and L is continuous, we can choose a ¢ such thatn = inf y y)ep L(x, y) > 0:

{2|81| 2|82|}
¢ >maxy——, ——% (-

gy ‘722
Then
T
Eugny H(Fe) = H(Fo) + Egepy) / Lz, yo)dr
0
> H(Fy) +nEg,y) T
and, thus,

sup H(F(x,)) = E(x,yo) H(Fr) = H(Fp) + nExq,y0) T,
(x.y)eD

where D is the closure of D, and

1
E(xoy0) T < = sup H(F(x,y)) < oo.
(x,y)el_)

This concludes the proof of Lemma 4.
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